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MATHEMATICIANS AND THE ELECTIVE 
SERVICE REGULATIONS 


On January 10, 1944, Selective Service Headquarters released 
amended Local Board Memoranda 115 and 115B, which become ef- 
fective on February 1, and also an amended Activity and Occup’.- 
tional Bulletin No. 33-6, which becomes effective on February 15. 
These vitally concern all chairmen of'departments of mathematics 
for they deal with the occupational classification of both teachers and 
undergraduate students. This communication contains a summary of 
the provisions of these directives. 

Mathematicians are still included in the List of Critical Occupa- 
tions. It is specifically stated that the titles included in Part II 
(Professional and Scientific Occupations) of the List of Critical Oc- 
cupations “shall be considered as also including persons engaged in 
full-time teaching of these professions. A person may be considered 
as engaged in full-time teaching if he devotes not less than 15 hours 
per week in contact with students in actual classroom or laboratory 
instruction." The problem of securing the proper classification of a 
teacher of mathematics differs in accordance with the age group into 
which he falls. 


I. Deferment of Mathematicians in 18-21 Age Group 


All requests for new or additional occupational deferments for reg- 
istrants in this age group who are teachers of mathematics must be 
made on Director of Selective Service Form 42-A Special. An original 
and two copies of this form must be presented by the employer to 
. the State Director in whose state is located the registrant's principal 
place of employment. 

Effective February 1, no registrant in this group, at the time he is 
classified, may be considered as a “necessary man" entitled to be 
placed in Class II-A or Class II-B unless: 

(a) the State Director of Selective Service has endorsed his Form 
42-A Special with a statement that, based on the information fur- 
nished therein, he recommends that the local board except the regis- 
trant from the general restrictions against occupational deferment of 
registrants aged 18 through 21. 

(b) he is classified as (1) belonging to the Personnel of the Mer- 
chant Marine or Army Transportation Corps or (2) as a student who 
qualifies under AOB 33-6. 
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Registrants in this group who are classified II-A or II-B on Febru- 

ary 1, 1944, will, in general, not have deferments terminated before 

' the expiration date. (This, however, does not apply to students cov- 
ered in the new AOB 33-6.) g ' 

The President and Secretary of the Society have addressed a mem: 
orandum to State Directors of Selective Service, calling attention to 
the vital need for these mathematicians to handle the mathematics in 
the Army Specialized Training Program and the Navy College Train- 
ing Program. i : 


Il. Deferment of Mathematicians in 22-37 Age Group 


In making requests for occupational deferment, one copy of Form 
42-A must be filed with the local board, as heretofore."The local board 
may, without going further, classify the registrant in II-A or II-B, 
as requested. 

If the registrant is not classified in II-A or II-B and if reference 
to the United States Employment Service was not made by the local 
board prior to classification in I-A, I-A-O or IV-E, it must be made 


immediately after such classification. Upon suitable certification from `- 


the USES, the local board must reopen che case. The cases of regis- 
trants who are qualified for professional and scientific occupations 
will be forwarded by the USES to the National Roster. In all cases 
in which reference to the USES is made, the local board is directed 
not to issue an order to report for induction until it has received a 
report from the USES or until the expiration of 30 dáys after referral, 
whichever occurs first. If, during the 30-day period, the USES certi- 


E 


fies to the local board that the registrant is qualified and that his , 


removal would adversely affect the maintenance of his employer's 
required production, the local board must reopen the case and con- 
sider the new evidence as a basis for further deferment. 


Even though a registrant is not employed in the area in which his - 


local board is located, the registrant's local board must refer the case 
. to the local USES office in the local board area and any. further refer- 
ence of the case to the USES office in which the registrant is employed 
will be undertaken and accomplished by the USES. \ 

In view of these provisions, department chairmen are urged to register 
their needs for personnel with the USES office where the college or unt- 
versity is located and in the USES office where the registrant's local board 
4s located. It is probable that the USES will be unable to supply any 
mathematicians but this is the best way to establish the fact that 


there is a shortage. If the USES does not have calls for mathemati- , 


cians, physicists, engineers, chemists, etcetera, it will have no reason 
to believe that there is a shortage. 
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The USES offices are required to refer cases involving scientific 
personnel to the National Roster. (Information has come to the Secre- 
tary to the effect that the USES offices are not now referring cases 
to the Roster.) If department chairmen believe that the advice given 
by the local USES office to the local board is inadequate or incorrect, 
the employer is advised to call the attention of the USES office to 
the instructions in Sections 5300—5309 of the USES Manual (which 
contain instructions involving the National Roster). If Roster advice 
is not sought, the chairman will do well to report all facts in the case 
directly to the Roster. 

Department chairmen are urged to make the original requests for 
occupational deferment as strong as possible and to make all possible 
appeals. Despite the curtailment of certain college training programs, 
chairmen are advised to continue requests for deferment, for the 
shortage of qualified mathematicians is still critical. 


III. Department of Undergraduates 


In Activity and Occupation Bulletin 33-6 the position is taken that 
the Army and Navy Training Programs will provide adequately for 
the needs of the armed forces. Student deferment is for civilian needs 
in war production and in support of the war effort. 

Students who will graduate on or before July 1, 1944, in a consid- 
erable number of fields (including. engineering branches, bacteriology, 
chemistry, forestry, geophysics, mathematics, meteorology, optome- 
try, pharmacy, and physics including astronomy) are eligible for oc- 
cupational deferment on certification by the institution and the 
National Roster. 

An undergraduate who is a full-time student of chemistry, engineer- 
ing, geology, geophysics, or physics who will graduate after July 1, 
1944, will be eligible for occupational deferment, if he is properly 
certified by his institution and the National Roster and will graduate 
within 24 months from the date of certification and provided the na- 
` tional quota of 10,000 is not exceeded. Mathematics was not included 
in the list mentioned above, in spite of the strong protests of our 
Washington representatives. For undergraduate students in the 18- 
21 age group, requests for deferment are made in duplicate on DSS 
Form 42 Special; for students over 22 years of age, Form 42 is used. 

A national quota of 10,000 has been established for students who 
should be occupationally deferred at any one time by reason of pursu- 
ing courses of study in chemistry, engineering, geology, geophysics, 
and physics. Students deferred to graduate on or before July 1, 1944, 
and students deferred for reasons other than pursuing a course of 
study will not be counted against this quota. 
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Requests for information needed by the National Roster to set up 
institutional quotas, et cetera, have already gone out to college presi- 
dents. Information regarding the procedures to be followed by insti- 
tutions and departments concerned will be issued by the National 
Roster to college presidents in the near future. The departments con- 
cerned should be on the lookout for such information. 


* * s kok k k X 


Department chairmen are requested to inform the Secretary of 
cases in which mathematicians are improperly classified. In this man- 
ner the War Policy Committee, through its Washington representa- 
tives, wiil be better able to present the needs of the mathematicians. 

' M. H. STONE, 
President 
J. R. KLINE, 
Secretary 
January 17, 1944. 


MAPPINGS BY MEANS S OF SYSTEMS OF AN ALYTIC 
FUNCTIONS OF SEVERAL COMPLEX VARIABLES 





£ 
W.T. MARTIN 
1. Introduction. An analytic mapping, of a domain D in the space 
En of k complex variables £c +, 3, is a mapping defined by 
(1.1) T: z? = fj(s1;--- , Sa); : j=ui,---,&, 


where the f;(s) are analytic in D. We shall consider only univalent 
; (schlicht) domains D contained in the finite portion of the space Es. 
*An important result in the theory of analytic mappings states that 
‘the mapping is topological ‘(that is, 1-1 and pieconpauons) d if, and 
if, the Jacobian i 
^2) J(s) = (fu: fi/0(ss «++, Be) 
M different from zero at each point of D (Carathéodory [125. 1 
“An analytic mapping T is called an inner mapping of a domain D 
SETA It is called an automorphism of D if T is 1- 1 and if TD=D. 
In 1907 Poincaré [17] showed that, given two domains D and D’, 
"it is not always possible to map D onto D’ analytically. Since that 
ftime, several general problems have been considered. One of these 
5 problems is to indicate some general rules which tell whether or not 
-^9 given domains can be mapped analytically upon each other. A 
ond problem is to determine a family of special domains, in terms 
me simple properties, the family to be such that every domain 
be mapped analytically onto one of these special domains. 
an this talk I shall deal with a special case of the first of these two 
i ' problems together with certain results on the second problem. The 
j work on the first problem which will be presented is based upon 
‘Henri Cartan’s theory of mappings of domains onto domains of circu- 
"lar type. The work given on the second problem-is based upon Berg- 
1 man's theory of representative domains. Ín preparing this talk, I have 
j used freely the excellent résumé on analytic mapping contained in 
the book on several complex variablés by Behnke and Thullen T4]. 
D have also used freely. material from the manuscript by Bochner . 
‘and the speaker of a book on several complex variables, now in prepa- 


‘ation [10]. I am indebted to Professor Bochner for permission to use 


3 An address delivered before the New York meeting of the Society on October 30, 
71943, by invitation of the Program Committee; received by the editors November 9, 

4 ! 1943. 

N 1 Numbers in brackets iefet to the Bibliography at the end of the paper. 
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material from this manuscript. The approach used in much of thi: 
. talk follows the approach of that manuscript, and in addition certair 
so far unpublished results from it are given here. 

Let D be a domain containing the origin, and let (1.1) be an analyt 
ic mapping of D onto a domain D', with a fixed origin. We shall fre- 
quently write (1.1) in the form 


(1.3) T: sj = 01485: dec + arge + (higher powers), 
j17-,À, 

to mean that the analytic functions f(z) defining T have the expan- 

siong 

(1.4) J2) = aimi +--+ + agr + (higher powers) 


in a neighborhood of the origin. 

Again, if D is a domain containing the origin snd if f(z, +++, 24) is 
analytic in D we shall sometimes have occasion to develop f in the 
neighborhood of the origin in terms of homogeneous polynomials 
(a diagonal series) 


(1.5) fest) m È Pals +. . j 


The expression P,(s) is a homogeneous polynomial of degree n anc 
is given'by i 


1 as 
(1.6) P.(z) = — xf. f(ne?,---., id 
ftis z in a sufficiently small neighborhood W of the origin. From i 6) 
we see that if |f(z)| S M in N, then 
(1.7) | | Pa(s)| S M, for 2€ N, pu 
2. Some uniqueness properties of analytic mappings. H Cartan 
[13] and C. Carathéodory [12] have proved two very elegant results 


on the uniqueness of analytic mappings. We shall give a two re- . 
sults here: 


THEOREM 1 (CARTAN). Let D be a domain containing the origin an 
let T. be añ analytic mapping of D into a bounded domain D'CD. i . 
the linear part of T ts the identity, that ts, if T has the form . 


(2.1) T:' af = f(s, + , 2s) = d, + (higher powers), j =1,--+, k, 
then T is actually the identity 
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98.2) Jil) = Zi j=1,--,k. 


. PRoor. Expand the f;(z) in terms of homogeneous polynomials: 
" i 1 
2.3) Je) = zi + Prle) + Praal) 4 


with r;an integer not less than 2. In writing f;(2) in this form, we are 

, assuming that the polynomials P of degree n for 1<n<r;all vanish 
identically. Now iterate the mapping. We find that T? has the ex- 
pansion 


(2.4) T: af! = sf + Pye) o ms IPS, 
and in general 
(2.5) T". i =z, + mP; (2) p.e. 


Now T maps D into a bounded domain D’CD, hence the same is 
true of all the iterates T?, T°, - - - . Thus the mapping functions 


00.6) iie tati qe 


are uniformly bounded in D. By the result given at the end of $1, 
this impligg that 

| mP; (2| € M, forjzeií--,Ehmcoi2.., 
lor sina sufficiently small neighborhood of the origin. This implies 
that P} (s) 50 and hence (2.2) holds. 


Carathéodory's uniqueness theorem follows almost immediately 
from Cartan's theorem. 


, THEOREM 2 (CARATHÉODOXRY). There exists at most one 1-1 analytic 
mapping of a domain D onto a bounded domain D' which maps a point 
2 of D onto a point O' of D' and whose first partial derivatives $n O have 
arescribed values. 


, Proor. If S and T are two such mappings, then the mapping ST-! 
is a mapping of D' onto itself and the hypotheses of Theorem 1 are 
‘satisfied. Thus 


STI=] or S=T. 


Y An important corollary has been derived from Theorem 2. First 
Ve make a definition. A circular domain is a domain which is mapped 
onto itself by all the mappings 


T(0): zj = ez; j=1,---,k;0 S0 < 2r. 
A circular domain is called proper if it contains the origin. Circular 
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domains were introduced by Behnke [1] and Carathéodory [11] and 
have been investigated by various writers. We shall return to them 
in $4. For the present we give only the following result. 


COROLLARY. Every automorphism of a proper bounded circular do- 
main which leaves the origin fixed is a homogeneous linear iransfor- | 
mation. 


Proor. Let 
xS pi ox tia j2iíe.RE 
n=l 
be any such automorphism. Then 7(6)A has the form 
m T()A: af = X rin. D 
and ATY(0) has the form 
AT(0): 3] = È rie", ttt PU = De PA. 


Since D is circular and A is an automorphism, both transformations 
T(@)A and AT(0) are automorphisms of D, with the origin fixed. 
Also, ‘both have the same linear parts. Hence, by Theorem 2, they 
are the same. This can happen, however, only if Pi(s)z0 for n>1, 
that is only if A is linear. 

The corolary has been proved by Behnke [2], Bergman [5], 
H. Cartan [13], and Welke [18]. Bergman's proof, which is by a 
different method, will be given in $5. 


.3. Inner mappings and automorphisms with a fixed point. Cartan's 
theorem tells us that if we have an inner analytic mapping T of a 
domain D containing the origin into a bounded domain D’, and if 
the linear part of T is the identity, then T is actually the identity. 
Now suppose we have a general inner analytic mapping of a bounded 
domain D with the origin as a fixed point: 


(3.1) T: sj — Gym db umb. | july, k 
Denoting by Ar the value of the functional determinant at the 
origin: 

(3.2) Ar = | tiil ien T 

Cartan [14] and Carathéodory [12] have shown that 


\ 
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(3.3) 5 [alsi 
holds for every inner mapping, with the equality 
(3. ^" l ‘| Ar| =1 


holding if and only if T is an automorphism. This result is very im- 
portant in the theory of analytic mapping and will be useful to us 
in a later section. 

The result has ied bees generalized a little by Bochner and 
, the speaker [10]. Denoting by X, * - - , X, the characteristic roots of 
; the matrix (a«j), they have shown, chat i 


3.5) ESEE sd 
„olds fot every inner transformation (3.1) and 
(3.6) Ix 9 slal- 


holds if and only if T is an automorphism. 
We shall not give the proofs of these results. 


4. Groups of automorphisms of a bounded domain with a fixed 
point. Near.the end of $2 we introduced the notion of a circular 
domain, a domain which with a point (z°) contains also all the points 


(4.1) "se meee OR 2 050 <2r. 
Cartan [13] has generalized this notion as follows: Let (mi, + - + , mi) 
be k integers (positive, negative, or zero). Then an (m +++, mi)- 
circular domain is one which, with a point (s?), contains all the points 
(4.2) XE eaa 056 «2. 
The domain is called proper if it contains the origin. 

'The domains of circular type play in several respects the role of 
the circle in one complex variable. It is, therefore, natural to question 
whether every bounded domain D can be mapped analytically onto 
some domain of circular type, or if not, which ones can. In the first 
place, an (mi, - - - , m4)-circular domain admits an infinite number of 
automorphisms with the origin as a fixed point, namely those of (4.2). 
Therefore, if it is possible to map analytically a given domain D onto 
an (mi +++, m;)-circular domain, the domain D must admit an in- 
finite number of automorphisms leaving an interior point fixed. 
Cartan [13] (for & —2) has shown that this condition is also sufficient. 

- Following the résumé given by Behnke and Thullen [4], we shall 
' give a brief outline of Cartan's argument. 


= 
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' THEOREM 3 (CARTAN). The group G of all automorphisms of a 
bounded domain D which leave the origin fixed (OCD) ts isomorphic 
with a compact group Y of homogeneous linear transformations; the 
determinant of each transformation of T is of absolute value unity. 


By Carathéodory’s theorem, Theorem 2, the group IT consists 
merely of the linear parts of the members of G, and by (3.4) the de- 
terminant of each transformation of G is of absolute value unity. 

An infinite compact group I' of homogeneous linear transformations 
(in the space of two complex variables) always leaves invariant an 
Hermitian form 


(4.3) Aww + Baz + Cus + Ciz 

` (Weyl [19]). By a suitable linear transformation L this Hermitian 
form will be transformed into a normalized form 

(4.4) ; wm s | 

which is invariant under the corresponding group.I'* =LI L-1. 


THEOREM 4 (Cartan). Every infinite compact group of homogeneous 
linear transformaitons, which leave tnvartant the form (4.4), contains a 
subgroup of the form 


(4.5) Tm p8): w = wet, g = gef?) 0 S98 « 2s. 
Let Go be the subgroup of G which is isomorphic to the group 


(T... (0). Denoting by 4(0) the isomorph in RG of T,,,(0), we know 
that A(0) must have the form 

: w = f(19, 2; 0) = mwt, 
(4.6) A(): > 

a’ = g(w,2;0) = eig +... 
Now define : 


F(w, 2) - f fw 3; 0)e-"*d0 

: i 2T Jo PT 1 

(4.7) E 
1 ar 

G(w, 3) = xl g(w, 2; 0)e-i»*d0. 


I 


Then Cartan showed that except possibly for certain exceptional ` 
cases the mapping 


(4.8) S: w'=F(w,s), z =G(w, 3) 


is a 1-1 analytic mapping of D onto a proper (m, )-circular domain 


je 
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with SO — O. (It is easily geen that the linear part of Sis the identity.) 
In the exceptional cases, Cartan showed that S can be replaced by a 
_ mapping S which has the requisite properties. Hence, we have: 


THEOREM 5 (Cartan). If a bounded domain D admits an infinite 
group G of automorphisms with the origin as a fixed point (OED), then 
- D can be mapped $n a 1-1 analytic manner on a bounded proper (m, p)- 
circular domain D’ with the origin going into the origin. 
- The structure of the group tells one what type of circular domain 
it will go into. 

It is known that there exist bounded. domains D which possess the 
following property: given any point P.in D, the automorphisms of 
D which leave P- fixed are finite in number [13]. Hence, not every 
bounded domain can be mapped onto an (m, p)-circular domain. 

This concludes our résumé of Cartan’s work. Certain aspects of it 
have been generalized. We shall indicate this generalization. 

Let D’be a bounded domain in Eg containing the origin, and let 
G be a group of, automorphisms of D with the origin as a fixed point. 
If T(o), T(8), and so on, are elements of G, and if we write the ex- 
pansion of T'(o) in the form 


T(a): sf = a(a)zı +--+ + as(a)se 


4.9) ^ a 
( + 27 a1, .. (est. OU Bh, 
apes 7 ' 
then Carathéodory’s uniqueness theorem, Theorem 2, states that if 
(4.10) ai(a) = o(p), fateh 
then ES l 
' (4.11) al.. (a) = = Gas (B); j=l, rus | kint ee +m, 2 2. 


Actually a little more than this has recently been proved [10], 
namely: 


THEOREM 6 (BocHNER AND Mass. If T(a), T(8), and so on, are 
elements of a group G of automorphisms of a bounded domain D with 
the origin as a fixed poini, and if G, m,-++, ni) is any fixed multi- 
indes, then es to any €>0, there exists a 5>0 such that 


(4.12) x | ao) — af(f)|'s è 
implies l 


(4.13) i | NE a... (B) | Se. 
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(The a's are the coefficients in the expansion of ihe T's as in (4.9).) 


The proof of this theorem uses strongly the uniqueness theorem of 
Carathéodory. We shall omit the proof. By use of Theorem 6, Bochner 
and the speaker [10] have obtained the following theorem which is 
related to Cartan's theorem, Theorem 5. 


THEOREM 7. If {T(a)} is a group G of automorphisms of a bounded 
domain D with the origin as a fixed point, then there exists a change of 
coordinates S in the neighborhood of the origin 


` S: sf = g; + (higher powers), j2t:e.h 


such that the given automorphtsms are linear transformations 4n the new 
` coordinates, 
L(T(a)) = ST(a)S1. 


We shall outline the proof of this theorem as given in [10]. 

By Theorem 2 each T(o) is uniquely determined by L(T(o)) and 
hence by the k? complex numbers a7(o), p, j=1, - - - , k. Thus, every 
element of G can be identified with a point in Euclidean space E of 
2k? dimensions, and G itself with a bounded point set in E. Also since 


L(T(o)- T(8)) = L(T(a))-L(T()), 
the group product Ba of any two elements a, B of G is given by 


k 
on(Ba) = 2,a(B)mm(, — mol: 
pel 
Thus in the ordinary Euclidean topology of E, the group product pa 
is a continuous function of B and a. 
Now, since G is bounded, there exists an additive measure u on G 
with the following properties among others: 
(i) the measure of the total set G is 1, 
(ii) the measure is group invariant, and 
(iii) every function f(a) on G which is uniformly continuous on G 
(in the topology of E) is integrable. i 
Now Theorem 6 states that each coefficient of 7(o) is uniformly 
continuous on G. Hence, by property (iii) each coefficient of T(a) is 
integrable relative to our measure. It follows that the transformation 
L(T(a-1))- T(a) is measurable and it can be shown that the desired 
change of coordinates S is given by 


, 


Sz f Poe” -T(a)du(a). 
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5. Bergman’s representative domains. In connection with the 
second problem of the theory of analytic mapping mentioned in the 
introduction, Bergman [5] has introduced the notion of'a repre- 
sentative domain of a class of equivalent domains, and in a series of 
papers he has developed several interesting aspects of the theory. A 
portion of his work has been simplified by Welke [18] and parts of 
it have been summarized by Behnke and Thullen [4] and by Bochner 
and the speaker [10]. In this section we shall follow the latter sum- 
mary for the most part. ^ 

First we give two definitions due to Bergman. 

Normalized mapping—An analytic mapping of a domain D con- 
taining the origin is called normalized (with respect to the origin) if 
its linear part is the identity. 

Equivalent. domains—Two domains D and D’ are called equivalent 
if they can be mapped onto each other by a 1-1 analytic normalized 
mapping. f 

We shall use these two notions later in this section. 

Let D be a domain in Ey and denote by [3 the set of all functions 
f(#:, +++, 34) analytic in D and such that the norm 


6.1 tal =[ f iro pas J” 


is finite (do, —dxidyi - + - dxidy,). 

If D has finite volume then every bounded analytic function in D 
belongs to 3. If D is also bounded this includes all polynomials. For 
the sake of simplicity, we restrict ourselves to bounded domains D. 
The space Ls is then a Hilbert space. 

Now take a point in D, call it the origin and expand all functions 
f(2) of Lz in power series about the origin. It can be shown that there 
exists a unique minimal function 


(5.2) fo(z) = 1 + (higher powers) 
such that | l l 

(5.3) llzdl < [Al 

for every f of La with the development 

(5.4). f(s) = 1 + (higher powers). 


The same is true for functions of the form 


(5.5) J2) — 2; + (higher powers), 


+ 
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ra 


that is for each j=1,-:+,2 there exists a unique function f2) of La : 
l for which i ! . 
S6 00 -HA «1i 

holds for every-f C.(3 in D with the development 

(5.7): . 'f(s) = z; + (higher powers). 


Bergman has shown that these (k--1)-minimal functions possess 
some beautiful forms of invariance. Consider a 1-1 normalized . 
analytic transformation 


- (5.8) 5; -8565,::7, af) =sf+ (higher powers) _ 
from D onto a domain D' with nonvanishing Jacobian 
(5.9) J(s!) = alen +++ , 8)/A(sf, +++ , 34). 

* Now, by the ordinary transformation of variables 


G39, J IOo = f Lio] v0 Iron, 


. and it is not hard to see that, 


(5.14) — JO e f(67)J (G^) 
is a 1-1 transformation of .(4(z) onto Laz). ` Also since - 
(5.12) J(g) = 1 + (higher powers) 
we have ` : : ; 
(13 . — fra) afr We), je clases 


where f?(z) and f? (z") are the minimal functions for D and D’ re- 
spectively. Hence at least in a neighborhood of the origin 


6.19 — — fte )/fe(a(s)) = f? EUR (s), jedeah 


and thus these quotients are absolute avanan Omitting the super- . 
script D, we denote these functions by w(s), . ++, w,(s) and we ob- 
serve that they have the expansion ' 


(5. 15) w;(z) = 3; + (higher — j21:c.k 


' Now assume that our domain D is such that tor D these k functions 
have the special form , 


' (5.16) wi(s) = Bh j =1,---+,&k. 
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Transcribe them by (5.8) onto D'. Being invariants they go over into _ 


(5.17) — wj(z)-—s(Gi: a!) = sj + (higher powers). 


Hence they cannot have the specialized form (5.16) i in the domain D’ 
unless the transformation (5.8) is the identity s;=3}. In other words 
the specialized form (5.16) cannot occur for more than one domain D 
in a class of equivalent domains and thus the specialized form (5.16) 
singles out the domain D from all other domains D’ which are equiva- 
lent to D under a 1-1 analytic mapping which preserves the origin. 
This specialized domain is called the representative of its ‘class by 
Bergman. ' 

Now let K be'a class of equivalent domains and assume that the 
class has a representative domain R. Then each domain D of K can 
be mapped onto R in a 1-1 manner by a normalized tapping: Denote 
this mapping by 


(518) T: sf = ail), s € D, 
and consider the mapping . 
(5.19) "m" S: sf = w(8) 


where the w?(z) are the invariant quotients for D. We do not assume 
that S is 1-1. But by the invariance we know that 





h f D,-1 —1 R 
(5.20) wy ler G),---. 8 G2] = wi, 
and since R is representative l 
w) =f, jede 
Hence i 
] D,-1 1 ; 
(5.21) wy [ei (8), Be (2) Tij, 
that is 
D ; 
(5.22) , iò; (s) = g,(z). 


Thus S gives a 1-1 normalized mapping of D onto R. 
"This yields a very beautiful result due to Bergman. 


THEOREM 8 (BERGMAN). Let K be a class of equivalent domains, 
equivalent with repect to 1-1 normalized analytic MOD DINES: For DEK 
let . 


(5.23) f(a) 214 (higher doner 
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(5.24) fi) = a; + (higher powers), — f= 1,-++, k, 
be the k+1 (unique) minimal functions for D and define 
(5.25) wi) = FONO, dederis. 


There exists at most one domain R of K for which the functions w(s) 
have the specialized form 


w, (s) = s;, ye dereud 


If there ts actually such a domain R then every domain D of K can be 
mapped onto R by a 1-1 normalized analytic mapping, and the mapping 
which does this ts given by 


(5.26) z! = w; (2), j=1,--,k;s ED. 


It can easily be seen that there is a representative domain if for at 
least one domain D of K the mapping 


| sj = w (8) 
is 1-1. , 4 
Bergman has observed that every bounded proper circular domain 
A is a representative domain. To see this write the minimal function 
fo(z) for a bounded proper circular domain A in the form 


(5.27) fis) = 1 + Ps) + P) ss, 
where P,(z) is a homogeneous polynominal of degree n. Then 
(5.28) folget, +++ , see”) = 1+ e Py) + P4) 4- 


Now the volume element do, is invariant under the circular transfor- 


mation 
2, €» z,e". 


Hence the function (5.28) has the same norm as (5.27). Hence both 
are minimal. But since the development of each starts with 1 and 
since the minimal functions are unique, (5.27) and (5.28) must be 
identical. Thus , | 


P,(z) = 0, n=1,2,3,---, 
and 


Je) = 1. 


In a similar manner we see that 


T 
s f r m 
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fis) = 84, E i j=1,---,k, 
" and thus . i 
T wi(z) = z; 
This yields the desired result. 


Now suppose we have a bounded domain D which is equivalent to 
a bounded proper circular domain A. On applying Bergman’s theo- 
rem, Theorem-8, we have a procedure for mapping D onto A; we 
merely calculate the &+1 minimal functions 


i), w= Q,1,---,&, 


‘for D and map by 


` zj = f,(s)/fols), j=1,.. ik; 


By use of complex orthonormal functions Bergman [6] has simplified 
the calculation of the minimal functions. 

A second important consequence of this result has been derived by 
Bergman and Welke, namely the corollary of §2. 


Every origin preserving automorphism of a bounded circular domain ' 
T containing the origin is a homogeneous linear transformation. 


Proor. Let : 
T: s — agi bocas 


be an- automorphism of A. It can be normalized by a homogeneous 
linear transformation L, and this homogeneous linear transformation 
carries A into a circular domain A’ =LA. Now 


TL: z; = s[ + (higher powers), j=1,---,kh, 


is an automorphism of A’. Since A’ is circular it is representative and 
hence the only 1-1 normalized automorphism of A’ is the identity, 
that is TL =I or T=L-!. Thus T is linear. 


' 6. Mappings of unbounded domains. In this section I want to give 
briefly and without proof a few results on, mappings of unbounded 
domains. First we shall recall Cartan’s theorem, Theorem 1, which 
states that if we have an inner (analytic) mapping T of a domain D 
containing the origin onto a bounded domain D’, and if the linear 
part of T is the identity, then T is actually the identity. 

This theorem does not hold.if D’ is unbounded. In fact, Bieberbach 


- [9], using a result of Fatou [15, 16], has shown that there exist two 


entire functions 2'—z--(higher powers), w’=w-+(higher powers), 
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which map the entire space E, onto a proper subset of E, in a topo- 
logical manner. Thus they define an inner mapping whose linear part 
‚ie the identity and yet the mapping is not the identity. 
In spite of this Behnke and Peschl [3] have been able to prove a 
very beautiful generalization of Cartan's theorem for certain un- 
bounded domains. : 


THEOREM 9 (BEHNKE AND PEscHt). Let D be a domatn containing 
the origin and let D have the following property: There exist k bounded 
analytic functions 


(6.1) nes O wt E 


Amny 


in D such that the determinant 
(6.2) I(E) = (Pay +++) Paz)/A(s1; 09 


ts not identically zero. Then every inner analytic mapping of. D whose 
linear part is the identity ts actually the identity. 


The development (6.1) is the development of g,(s) in a series of 
homogeneous polynomials; there is no restriction on the value of the 
lowest degree ny. 

Using the result of Behnke and Peschl, Bochner and the speaker 
[10] have carried over part of the results of $3 to a class of unbounded 
domains. Their result is: If D is not bounded but possesses the alter- 
native property indicated in Theorem 9, 4f T is an inner mapping of D 
with the origin as a fixed point, if (3.4) holds, and if the linear parts 
{Lr, Lp, Lre, } are untformly bounded in D, then T ts an auto- 
morphism. 


7. Concluding remarks. The field of analytic mappings is wide and 
contains numerous results. It has been impossible to give or even to 
summarize all of these results; as a consequence many interesting and 
important results have been omitted. Many of these will be found in 
the résumé of mapping contained in chapter 7 of the tract by Behnke 
and Thullen [4]. Several are given in the book by Bergman [6]. 
I would like to refer the listener to these two books for excellent 
treatments of various aspects of the theory. 

Among the more recent papers on mapping I would like to mention 
two by Bergman and Spencer [7, 8] which have appeared since the 
publication of the books just mentioned. These papers point in a 
somewhat different direction from those considered in this talk, and 
they contain references to other recent treatments. 


z ES 
` 
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SYRACUSE UNIVERSITY 


THE OCTOBER MEETING IN NEW YORK 


The three hundred ninety-ninth meeting of the American Mathe- 
matical Society was held at Columbia University on Saturday, Octo- 
ber 30, 1943. The attendance included the following one hundred 
thirty-one members of the Society: 


C. F. Adler, A. A: Albert, R. L. Anderson, T. W. Anderson, R. G. Archibald, 
L. A. Aroian, E. G. Begle, Stefan Bergman, Felix Bernstein, Lipman Bers, J. H. 
Bigelow, Gertrude Blanch, A. H. Bowker, C. B. Boyer, A. B. Brown, R. C. Buck, 
Hobart Bushey, J. H. Bushey, S. S. Cairns, I. S. Carroll, L. M. Comer, T. F. Cope, 
Richard Courant, A. P. Cowgill, A. T. Craig, M. D. Darkow, R. L. Dietzold, Jesse 
Douglas, Jacques Dutka, Samuel Eilenberg, E. E. Fedder, J. M. Feld, A. D. Fialkow, 
'Tomlinson Fort, R. M. Foster, W. C. G. Fraser, K. O. Friedrichs, R. E. Fullerton, 
Godofredo García, H. P. Geiringer, Abe Gelbart, David Gilbarg, B. P. Gill, Lewis 
Greenwald, Laura Guggenbühl, E. J. Gumbel, Jacques Hadamard, P. R. Halmos, 
Olaf Helmer, M. R. Hestenes, L. S. Hill, Einar Hille, Abraham Hillman, T. R. 
Hollcroft, Harold Hotelling, J. L. Howell, E. M. Hull, L. C. Hutchinson, W. H. 
Ingram, S. A. Joffe, S. A. Kiss, H. S. Kieval, J. R. Kline, B. O. Koopman, M. E. 
Ladue, Cornelius Lanczos, Solomon Lefschetz, B. A. Lengyel, Norman Levinson, 
D. C. Lewis, E. R. Lorch, A. N. Lowan, E. J. McShane, L. A. MacColl, H. F. 
MacNeish, A. J. Maria, D. H. Maria, W. T. Martin, L. W. Miller, E. C. Molina, 
Deane Montgomery, E. J. Moulton, G. W. Mullins, F. J. Murray, C. A. Nelson, 
G. E. Noether, P. B. Norman, C. O. Oakley, F. W. Perkins, George Piranian, E. L. 
Post, G. B. Price, L. L. Rauch, H. W. Reddick, Eric Reissner, Moses Richardson, 
J. F. Ritt, E. K. Ritter, S. L. Robinson, P. C. Rosenbloom, J. E. Rosenthal, M. G. 
Scherberg, O. H. Schmidt, Seymour Sherman, Max Shiffman, J. A. Shohat, James 
Singer, D. M. Smiley, M. F. Smiley, P. A. Smith, Wolfgang Sternberg, J. J. Stoker, 
R. R. Stoll, E. G. Straus, W. C. Strodt, Fred Supnick, Feodor Theilheimer, W. J. 
Thron, Peter Treuenfels, H. F. Tuan, J. W. Tukey, D. F. Votaw, W. R. Wasow, 
Louis Weisner, A. P. Wheeler, W. F. Whitmore, S. S. Wilks, John Williamson, Jacob 
Wolfowitz, Alexander Wundheiler, Oscar Zariski. 


There was a session for contributed papers in the morning at which 
Professor Deane Montgomery presided. Professor J. F. Ritt presided 
at the afternoon session. 

A business meeting was-held at the opening of the afternoon session 
at which the Society voted to amend Article ITI, Section 1, and Ar- 
ticle IX, Sections 1 and 2 of the By-Laws to read: 


ARTICLE III. EDITORIAL COMMITTEES 


Section 1. There shall be six Editorial Committees—one of four members for the 
Bulletin, one of three members for the Transactions, one of three members for the 
Mathematical Reviews, one of three members for the Colloquium Publications, one 
of three members for the Mathematical Surveys, and one consisting of three repre- 
sentatives of the Society on the Board of Editors of the American Journal of Mathe- 
matics. 
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" ARTICLE IX. PUBLICATIONS i 


Section 1. The Society shall publish an official organ called the Bulletin of the 
American Mathematical Society. It shall publish a journal called the Transactions of 
the American Mathematical Society, the object of which shall be to make known 
important researches presented at meetings of the Society. It shall publish a periodical 
called Mathematical Reviews containing abstracts or reviews of current mathematical 
literature. It shall publish a series of volumes called Colloquium Publications which 
shall embody in book form new mathematical developments. It shall publish a se- 
ries of monographs called Mathematical Surveys which shall furnish expositions of 
the principal methods and results of particular fields of mathematical research. It 
shall also cooperate in the conduct of the American Journal of Mathematics. 

' Section 2. The editorial management of the Bulletin, Transactions, Mathematical 
Reviews, Colloquium Publications, and Mathematical Surveys, and the participation 
of the Society in the management of the American Journal of Mathematics shall be. 
in charge of the respective Editorial Committees as provided in Article III, Section 1. 


Following the business meeting Professor W. T. Martin of Syracuse 
University gave an'address entitled Mappings by means of systems of 
analytic functions of several complex variables. 

. Titles and cross references to the abstracts of papers read follow 
below. Papers whose abstract numbers are followed by the letter é 
were read by title. The papers numbered 1—8 were read in the morning 
session and papers 9-22 were presented by title. Paper 2 was read by 
Mr. Buck, paper 3 by Dr. Bers; paper 4 was read for the authors by 
Professor Jesse Douglas. Mr. Haimo was, introduced by Professor 
F. L. Griffin, and Mr. Salzer by Professor A. N. Lowan. 

1. Max Shiffman: Isoperimetric inequalities and continusty of area 
for classes of surfaces. (Abstract 49-11-272.) 

2. R. C. Buck and Harry Pollard: Convergence and summabslsiy 
properties of subsequences. (Abstract 49-11-256.) —— 

3. Lipman Bers and Abe Gelbart: On functions satisfying certain 


systems of partial differential equations. (Abstract 50-1-20.) 


4. Edward Kasner and John DeCicco: A generalized theory of con- 
tact transformations. (Abstract 49-9-235.) 

5. J. A. Shohat: Parseval formula in tis application to Van der 
Pol's and generalised equations. (Abstract 49-11-293.) 

6. Norman Levinson: On a nonlinear differential equation of the sec- 
ond order. (Abstract 49-11-264.) 

7. R. R. Stoll: Representations of completely Pm pH semigroups. (Ab- 
stract 49-11-248.) 

8. L. A. MacColl: Geometrical charücterisaMons of some families of 
dynamical trajectories. (Abstract 49-11-299.) 

9. Stefan Bergman: The determination of singularities of functions 
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satisfying a partial differential equation from the coefficients of their 
series development. (Abstract 50-1-18-4.) 

10. Lipman Bers and Abe Gelbart: On a class of functions defined 
by certain partial differential equations. (Abstract 50-1-19-t.) 

11. R. C. Buck: A note on subsequences. (Abstract 49-11-254-2.) 

12. R. C. Buck: Multiple sequences. (Abstract 49-11-255-1.) 

13. R. C. Buck: Partition of space. (Abstract 49-11-296-1.) 

14. Herbert Federer: Surface area. I. (Abstract 49-11-2591.) 

15. Herbert Federer: Surface area. II. (Abstract 49-11-260-1.) 

16. Franklin Haimo: Pertodtc functions on algebraic systems. (Ab- 
stract 49-1-2-t.) 

17. A. N. Lowan and H. E. Salzer: Table of coefficients for inverse 
interpolation. (Abstract 49-9-224-1.) 

18. A. P. Morse: A theory of covering and differentiation. VAbstrast 
49-11-266-1.) 

19. A. P. Morse and J. F. Randolph: The ó recisfiable subsets of ihe 
plone. (Abstract 49-11-267-1.) 

20, F. J. Murray: On the extstence of quasi-complemenis in Banach 
spaces. (Abstract 49-11-268-1.) 

21. H. E. Salzer: Coefficients for numerical integration with central 
differences. (Abstract 49-9-237-1.) 

22. Antoni Zygmund: On certain integrals. (Abstract 49-11-276-1.) 

T. R. HOLLCROFT, 
Associate Secretary 
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The fiftieth Annual Meeting of the American Mathematical So- 
ciety was held at the Museum of Science and Industry, Chicago, Illi- 
nois, Friday and Saturday, November 26 and 27, 1943, in conjunction 


‘with meetings of the Mathematical Association of America. Over two 


hundred persons registered including the following one hundred sixty- 
five members of the Society: 


R. P. Agnew, A. A. Albert, C. B. Allendoerfer, B. H. Arnold, Max Astrachan, 


`. W. L. Ayres, R. W. Babcock, Reinhold Baer, R. M. Ballard, Harry Bateman, J. C. 


Bell, S. F. Bibb, B. H. Bissinger, L. M. Blumenthal, J. L. Brenner, R. W. Brink, 
J. O. Brown, R. H. Bruck, E. L. Buell, H. E. Burns, Herbert Busemann, Albert 
Cahn, W. D. Cairns, W. B. Carver, W. B. Caton, W. F. Cheney, E. W. Chittenden, 
R. V. Churchill, A. B. Coble, L. W. Cohen, N. B. Conkwright, A. H. Copeland, 
J. J. Corliss, D. R. Curtiss, M. M. Day, John DeCicco, J. J. Dennis, Jesse Douglas, 
Arnold Dresden, D. M. Dribin, Samuel Eilénberg, Wade Ellis, Paul Erdës, H. J. 
Ettlinger, H. P. Evans, H. S. Everett, G. M. Ewing, J. V. Finch, N. J. Fine, Edward 


' Fleisher, L. R. Ford, R. H. Fox, J. S. Frame, Morris Friedman, T. C. Fry, J. H. 


Giese, J. W. Givens, Michael Golomb, Cornelius Gouwens, L. M. Graves, V. G. 
Grove, D. W. Hall, P. R. Halmos, R. W. Hamming, W. L. Hart, C. T. Hazard, 
M. H. Heins, E. D. Hellinger, Edward Helly, Fritz Herzog, E. H. C. Hildebrandt, 
T. H. Hildebrandt, D. L. Holl, A. S. Householder, H. K. Hughes, Ralph Hull, 
M. G. Humphreys, Mildred Hunt, H. D. Huskey,.M. H. Ingraham, B. W. Jones, 


' Wiliam Karush, Robert Kates, D. E. Kearney, I. F. Keeler, Fred Kiokemeister, 


J. R. Kline, L. A. Knowler, W. C. Krathwohl, E. P. Lane, R. E. Langer, E. H. 
Larguier, C. G. Latimer, D. H. Leavens, R. H. Lence, A. L. Lewis, M. I. Logadon, 
A. T. Lonseth, Eugene Lukacs, Janet MacDonald, C. C. MacDuffee, Morris Marden, 
A. V. Martin, W. T. Martin, Karl Menger, E. J. Mickle, H. J. Miser, W. L. Mitchell, 
C. W. Moran, Marston Morse, E. J. Moulton, S. B. Myers, A. L. Nelson, C. V. 
Newsom, K. L. Nielsen, Ivan Niven, E. A. Nordhaus, E. P. Northrop, C. D. Olds, 
Isaac Opatowski, W. V. Parker, B. C. Patterson, Tibor Radó, G. Y. Rainich, R. B. 
Rasmusen, W. T. Reid, Haim Reingold, W. H. Roever, R. G. Sanger, A. T. Schafer, 
R. D. Schafer, O. F. G. Schilling, G. E. Schweigert, M. E. Shanks, H. A. Simmons, 
G. W. Smith, I. S. Sokolnikoff, C. F. Stephens, N. E. Steenrod, A. H. Stone, D. M. 
Stone, M. H. Stone, E. B. Stouffer, R. L. Swain, J. L. Synge, R. M. Thrall, W. J. 
Trjitzinsky, S. M. Ulam, H. S. Wall, S. E. Warschawski, Warren Weaver, K. W. 


` Wegner, J. V. Wehausen, C. P. Wells, E. T. Welmers, M. E. Wescott, M. D. Wetzel, 


G. W. Whitehead, G. T. Whyburn, L. R. Wilcox, R. L. Wilder, K. P. Williams, 
R. S. Wolfe, J. W. T. Youngs, Daniel Zelinsky. : 


Sessions for the reading of contributed. papers were held Friday at 


.9:30 A.M. and 2:00 p.m. and Saturday at 10:45 a.m. and 3:15 P.M. 


The presiding officers for these sessions were Professors L. R. Ford, 
R. E. Langer, R. L. Wilder, and Dean M. H. Ingraham. 
Friday morning following the session for contributed papers, Pro- 


' fessor Reinhold Baer of the University of Illinois delivered an address 
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entitled The higher commutator subgroups. Professor A. A. Albert pre- 

sided for this address. 

Friday evening Professor Harry Bateman delivered the seven- 
teenth Josiah Willard Gibbs Lecture on The control of elastic fluids. 
President M. H. Stone presided. 

The annual business meeting and election of officers was held on. 
Saturday morning, President Stone presiding. At the close of the 
business session President Stone announced the sixth award of the 
Bócher Memorial Prize to Professor Jesse Douglas of Brooklyn Col- 
lege for his memoirs: 

(a) Green's function and the problem of Plateau, American Journal of 
Mathematics, volume 61 (1939) pp. 545-589. 

The most general form of the problem of Plateau, American Journal 
of Mathematics, volume 61 (1939) pp. 590-609. 

(b) Solution of the inverse problem of the calculus of variations, Trans- 
actions of the American Mathematical Society, volume 50 
(1941) pp. 71-128. 

Professor Douglas then gave a résumé of his prize-winning papers. 

Saturday afternoon with President Stone presiding, Professor 
Marston Morse of the Institute for Advanced Study delivered the 
Retiring Presidential Address entitled New settings for topology in 
analysts. 

Sessions of the Mathematical Association of America were held on 
Saturday evening and Sunday morning. At the business meeting of 
the Association on Sunday morning Professors C. V. Newsom and 
G. M. Ewing presented a resolution of appreciation to the officials 
of the Museum of Science and Industry and the local committee on 
arrangements on behalf of the two mathematical organizations. 

At the meeting of the Board of Trustees at 6:00 r.m., November 26, 
1943, in the Hotel Windermere East, there was no quorum present 
and the Board adjourned to January 8, 1944. The Council met at 
9:30 P.M. on November 26, 1943, in the Hotel Windermere East. 

The Secretary announced the election of the following twelve pue 
sons to membership in the Society: 


Mr. R. H. Bing, University of Texas; 

Mr. Patrik Butler, University of Texas; 

Dr. Shiing-shen Chern, Institute for Advanced Study; 

Professor Russell Dunholter, College of Engineering and Commerce, University of 
Cincinnati; 

Professor William Henry Fagerstrom, College of the City of New York; 

Professor Alois Joseph Lorenz, St. Michael's College, Winooski Park, Vt.; 

Dr. Earl John Mickle, Ohio State University; 
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Mr. Calvin Northrup Mooers, Naval Ordinance Laboratory, Washington, D. C.; 
Dr. Chaim Leib Pekeris, Massachusetts Institute of Technology; 

Professor Louis Wright Roberts, Howard University; 

Dr. John Daniel Rommel, Jr., U.S.N.R., San Diego, Calif.; 

Dr. Gail Sellers Young, Jr., Purdue University. à 


It was reported that the following had been elected as nominees on 
the institutional memberships of the institutions indicated: 


Columbia University: Messrs. Robert Nathan Ascher, Edmund Churchill, and 
Huseyin Demir, Miss Aida Kalish, Messrs. Howard Levene, Robert King Ritt, 
and Cengiz Ulucay. 

Michigan State College: Mr. Lawrence Duncan Childs. 

University of Minnesota: Mr. Henry Damon Colson. 

Ohio State University: Dr. Leslie Haynes Miller, Mr. Herbert Charles Parrish. 

University of Pennsylvania: Mr. Richard Crowley Campbell. 


The following appointments by Acting President C. C. MacDuffee 
were reported: as an auditor of the Society's accounts for 1943, Pro- 
fessor T. F. Cope; as tellers for the election at the 1943 Annual Meet- 
ing, Professors W. C. Krathwohl and E. R. Lorch, Dr. W. C. Strodt; 
as an editorial committee for Mathematical Surveys, to serve until 
December 31, 1944, Professors F. D. Murnaghan (Chairman), A. A. 
Albert, and T. H. Hildebrandt; as a Committee on the Award of the 
Cole Prize in Algebra, to be awarded at the 1944 Annual Meeting for 
papers published during the period 1939-1943, Professors E. T. Bell 
(Chairman), A. A. Albert, and N. H. McCoy; as a member of the 
Committee on Places of Meetings, for a period of three years be- 
ginning 1944, Professor C. R. Adams (committee now consists of Pro- 
fessors W. B. Carver, Chairman, C. R. Adams, and E. W. Chit- 
tenden); as new members of the Committees to Select Hour Speakers: 
for Annual and Summer Meetings, Professor J. D. Tamarkin (com- 
mittee now consists of Professors J. R. Kline, Chairman, J. D. 
Tamarkin, and R. L. Wilder); for Eastern Sectional Meetings, Pro- 
fessor E. J. McShane (committee now consists of Professors T. R. 
Hollcroft, Chairman, E. J. McShane, and Saunders MacLane); for 
Western Sectional Meetings, Professor A. A. Albert (committee now 
consists of Professors W. L. Ayres, Chairman, A. A. Albert, and R. E. 
Langer); for Far Western Sectional Meetings, Professor Harry Bate- 
man (committee now consists of Professors A. D. Michal, Chairman, 
Harry Bateman, and W. M. Whyburn). 

Times and places of meetings during 1944 were set as follows: April 
29 in Berkeley, California; April 28-29 in Chicago, Illinois; April 28- 
29 in New York City. 

Certain invitations to give hour addresses were announced: Pro- 
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fessor E. L. Post for the February, 1944, meeting in New York City; 
Professors André Weil and E. R. Lorch for the April, 1944, meeting 
in New York City; Professor C. C. MacDuffee for the 1944 Summer 
Meeting. 

'  'The Secretary reported the resignations of Professors Saunders 
MacLane and G. B. Price from the Committee on Publicity (com- 
mittee now consists of Professors R. M. Foster, Chairman, J. B. 
Rosser, and Dr. J. M. Thompson). 

The Secretary reported that Professor Tibor Radé had accepted 
the invitation of the Council to deliver a set of Colloquium Lectures 
in 1945 and that the title of the Lectures will be Length and area. 

The Council voted to invite Professor John von Neumann to de- 
liver the eighteenth Josiah Willard Gibbs Lecture at the 1944 An- 
nual Meeting. 

The Secretary reported that the ordinary membership in the So- 
ciety is now 2594, including 208 nominees of institutional members 
and 67 life members. There are also 87 institutional members. The 
total attendance at all meetings in 1943 was 1,028; the number of 
papers read was 278; there were 12 hour addresses, 6 symposium ad- 
dresses, 3 Colloquium Lectures, 1 Gibbs Lecture, and a Retiring 
Presidential Address; the number of members attending at least one 
meeting was 619. The Secretary also reported the completion of the 
biennial membership campaign held during November when approxi- 
mately 3,600 college teachers of mathematics, including 560 members 
of the Mathematical Association of America, were invited to mem- 
bership in the Society. 

At the annual election which closed on November 27, and at which 
486 votes were cast, the following officers were elected: 

Vice Presidents, Professors Einar Hille and G. T. Whyburn. 

Associate Secretaries, Professors W. L. Ayres, A. D. Michal, and 
G. B. Price. 

Member of the Editorial Committee of ihe Bulletin, Professor R. E. 
Langer. 

Member of the Editorial Committee of the Transactions, Professor 
E. J. McShane. 

Member of the Editorial Committee of the Colloquium Publications, 
Professor G. T. Whyburn. 

Member of the Editorial Committee of Mathematical Reviews, Profes- 
sor J. D. Tamarkin. 

Member of the Editorial Committee of the American Journal of Mathe- 
matics, Professor Hassler Whitney. 

Members-at-large of the Council, Professors Harry Bateman, Garrett 
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Birkhoff, M. R. Hestenes, Harold Hotelling, Nathan Jacobson, R. D. 
James. 

Professor J. W. T. Youngs of Purdue University was appointed 
Acting Associate Sectetary to serve during the time that Associate 
Secretary G. B. Price is engaged in work for the government. 

'The Council adopted the following resolution concerning the work 
of Associate Secretary M. H. Ingraham in connection with the finan- 
cial affairs of the Society: 


With the retirement of Dean M. H. Ingraham from an Associate Secretaryship 
in the American Mathematical Society, the Council wishes to place on record an ex- 
pression of its profound appreciation of his services rendered to the Society and to 
the cause of mathematics. 

In the early nineteen thirties with at best a static income and with a rapidly ex- 
panding program of research publications, the responsible officers of the Society faced 
a problem of unusual difficulty. Various temporary expedients had been tried but the 
fact remained that either new funds of considerable magnitude must be tapped or 
the size of the journals drastically cut. Secretary Ingraham was at that time in large 
part responsible for putting into successful practice the scheme of individual con- 
tributing memberships by which members made voluntary increases in dues. But it 
soon became apparent that these extra funds were not sufficient to meet the situation. 
With the argument that the mathematicians had themselves made a real contribution 
to the balancing of the budget, it seemed possible to seek the financial backing of the 
universities. Professor Ingraham, one of the prime movers in this fruitful idea, was 
selected to interview university authorities. The Rockefeller Foundation, which over 
a period of years had been generous to the Society, was willing to pay the expenses 
of an extended trip among the mathematical centers. 

Secretary Ingraham was remarkably successful not only in enlisting the support 
of the universities but also in leaving behind a friendlier and more understanding 
attitude toward research in mathematics. In each of the intervening years he kept in 
touch with the institutions which subscribed and, as a result, a sum of seventy-five 

, hundred dollars has flowed annually into the treasury, thus enabling the publication 
program to be kept at a high level. And in a variety of other ways the Society has 
benefited from his leadership. 

Perhaps no member of the Society is more widely known among his colleagues or 
has a larger circle of friends. The Council desires to extend hearty thanks on behalf 
of the Society and to wish him every success in his new duties at the University of 
Wisconsin. 


Since the 1943 Annual Meeting was held before the close of the 
Society's fiscal year, it was impossible to present a full report of the 
"Treasurer. (Excerpts from the final report of the Treasurer however 
appear on pages 29-32 of this Bulletin.) For the information of the 
Council a general statement on the current finances of the Society 
was presented. It was reported: (1) that total receipts for the fiscal 
year would exceed estimates and that the net excess of receipts over 
disbursements would probably be about $5,000; (2) that income from 
individual and from institutional memberships would be at least as 
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great as in 1942; (3) that the income from the sale of the Transactions 
would exceed estimates by nearly $1,000, principally because of an 
unusual demand for back volumes; (4) that during 1943 the Society 
had received a full year's income, amounting to almost $4,000, from 
the estate of Robert Henderson, a grant of $2,500 from the Rockefeller 
Foundation for the use of the War Policy Committee, and the final 
payment on the principal of the Reilly Estate (the total receipts from 
the Reilly Estate amount to $23,651.47 and have been added to the 
pooled investments of the Society). 

The Librarian reported the following additions to the library: 41 
books, 81 bound volumes of periodicals, 7 pamphlets, 306 disserta- 
tions in printed form, 149 dissertations on microfilm and 1 volume 


. on microfilm. He reported that during the year considerable progress 


had been made on the project of securing copies of all American 
doctoral dissertations for the library. From the gift to the library by 
Professor R. C. Archibald, former Librarian of the Society, a micro- 
film reader has been purchased which is installed in the reading room 
and is available for use by members of the Society. 

The Bulletin Editorial Committee reported that it would publish 
approximately 1,000 pages in the 1943 volume and that, because the 
present supply of unpublished manuscripts is very small, prompt pub-. 
lication is now possible. The editors also pointed out that, while 
Shorter papers are desired, there is no longer an adherence to any 
strict rule of length. . 

The Transactions Editorial Committee reported that it expected 
to publish about 1,065 pages in 1943 and that, in spite of the fact that 
there is no present backlog of papers, at least Volume 55 would be of 
normal size. It was reported that Professor A. A. Albert would be 
Managing Editor during 1944-1945 and that Professors G. A. Hed- 
lund, Nathan Jacobson, W. T. Reid, N. E. Steenrod, and Antoni 
Zygmund had been appointed Associate Editors, to replace Profes- 
sors T. H. Hildebrandt, R, E. Langer, H. P. Robertson, and Gabor 
Szegó. The retirement of Professor Einar Hille from the Editorial 
Committee of the Transactions marks the end of an unusual record 
of twenty-one years of continuous connection with the editorial work 
of this journal. The Society has been fortunate to have had his wise 
counsel and devoted service for this long period. 

. The Mathematical Reviews Editorial Committee reported that 
there had been a marked decrease in the amount of mathematical 
material published throughout the world, that the editors had been 
able to obtain material from Russia regularly, and that an almost 


1944] ` THE ANNUAL MEETING OF THE SOCIETY 29 


complete ‘supply of material published in Germany up to the be- 
ginning of 1943 had been secured.’ 

The Council voted to place Mathematical Surveys on the same 
basis as the Colloquium Series in the regulations concerning special 
privileges for enlisted men. The regulations as amended at the Sum- 
mer and Annual Meetings were distributed to all members of the 
Society on January 1. | 

_ Président Stone reported to the Council that the War Policy Com- 
mittee is actively studying problems concerning the proper use of 
mathematicians in the war. Depariment chairman are urgently re- 
quested to inform the Secretary concerning cases in which ihe new de- 
ferment procedures lead to the improper classification of a mathematician. 
(The new procedures were described in a memorandum published in 
the November issue of this Bulletin.) It was further reported that an 
active subcommittee of the War Policy Committee (Professor W. L. 
Hart, Chairman) is studying the mathematical aspects of the various 
war training programs. A report was presented: by the Committee on 
Available Teachers of Collegiate Mathematics. The Committee re- 
ported that the present supply of available teachers would not be 
adequate to meet the anticipated demands and urged all members of 
the Society to inform the Committee of persons who are available for 
appointment as teachers in the war training programs. ' 

Titles and cross references to papers read at the meeting follow 
below. Papers 1 to 9 were read Friday morning, papers 10 to 18 
Friday afternoon, papers 19 to 26 Saturday morning, papers 27 to 36 
Saturday afternoon, and papers 37 to 56, whose abstract numbers. 
are followed by the letter #, were read by title. Paper 6 was read by 

` Professor Ulam, 11 by Dr. Caton, 16 by Dr. Wetzel, 25 by Professor 
Eilenberg, 26 by Dr. Erdés, and 27 by Mr. Fine. Mr. Kenneth Leven- 
berg was introduced by Professor H. B. Curry, Dr. Angeline J. Brandt 
by Professor R. M. Thrall, and Mr. H. E. Salzer by Professor A. N. 
Lowan. 


1. John DeCicco: Dynamical and curvature trajectories in space. 
(Abstract 49-11-297.) 

2. Janet MacDonald: Cinifagale: nets in asymploisc parameters. (Ab- 
stract 50-1-46.) 

3. Alice T. Schafer: Two singularities of space curves. (Abstract 49- 
11-300.) - 

4. Isaac Opatowski: I. ps viia: Pannen? $n bending of canislevers. 
(Abstract 50-1-40. » ; : 
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5. Kenneth Levenberg: A method for the solution of certain non- 
linear problems in least squares. (Abstract 49-11-286.) 

6. L. W. Cohen and S. M. Ulam: On the algebra of systems of vectors 
and some problems in kinematics. (Abstract 50-1-38.) 

7. G. Y. Rainich: Noncommutative relations. (Abstract 50-1-15.) 

8. P. R. Halmos: In general a measure preserving transformation is 
mixing. (Abstract 50-1-44.) 

9. J. L. Brenner: The linear homogeneous group. II. (Abstract 50-1- 
3.) 

10. K. L. Nielsen: On operators for linear partial differential equa- 
tions. (Abstract 50-1-30.) 

11. W. B. Caton and Einar Hille: On the class of functions H,(1/2). 
(Abstract 50-1-23.) : 

12. S. E. Warschawski: On Theodorsen’s method of conformal 
mapping of nearly circular regions. (Abstract 50-1-37.) 

13. A. T. Lonseth: The propagation of error in linear problems. (Ab- 
stract 50-1-28.) 

14. W. T. Reid: Expansion theorems for boundary problems of the 
calculus of variations. (Abstract 50-1-31.) 

15. Anne L. Lewis: Suffictency proofs for the problem of Bolza tn 
the calculus of vartations. (Abstract 50-1-27.) 

16. H. S. Wall and Marion Wetzel: Positive definite forms and con- 
vergence theorems for continued fractions. (Abstract 49-9- 216.) 

17. W. J. Trjitzinsky: Problems of representation and uniqueness for 
functions of a complex variable. (Abstract 50-1-35.) 

18. A. H. Copeland: The nature of turbulence. (Abstract 50-1-39.) 

19. Dorothy M. Stone: An algebratc characterization of measure 
algebras. Preliminary report. (Abstract 49-11-249.) 

20. J. V. Wehausen: A remark concerning a set of completely con- 
tinuous transformations. (Abstract 49-11-274.) 

21. J. W. T. Youngs: On surfaces of class Ks. Preliminary report. 
(Abstract 49-11-309.) 

22. G. E. Schweigert: Periodic analysis for onto-homeomorphisms of 
semt-locally-connected continua. Preliminary report. (Abstract 50-1- . 
51.) 

23. M. E. Shanks: Monotone decompostitons of continua. (Abstract 
50-1-50.) 

24. R. H. Fox: The complete homotopy group. (Abstract 49-11-306.) 

25. Samuel Eilenberg and Saunders MacLane: Cohomology theory 
tn groups. (Abstract 50-1-9.) 

26. Paul Erdös and S. M. Ulam: Some combinatorial problems in set 
theory. Preliminary report. (Abstract 50-1-25.) 
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27. N. J. Fine and Ivan Niven: The probability that a determinant 
be congruent to a (mod m). (Abstract 50-1-11.) 

28. M. M. Day: Arithmetic of ordered systems. (Abstract 50-1- 6.) 

29. R. M. Thrall: On the decomposition of modular tensors. II. (Ab- 
stract 49-11-250.) 

30. Ralph Hull: A theorem on the unit groups of simple algebras. 
(Abstract 50-1-14.) 

31. A. A. Albert: Quasiquaternion algebras. (Abstract 50-1-2.) 

32. L. R. Wilcox: Modularity in Birkhoff lattices. (Abstract 50-1- 
17.)- 

33. R. H. Bruck: Some results in the theory of quasigroups. (Ab- 
stract 49-11-244.) 

34. Angeline J. Brandt: The free Lie ring and Lie representations of 
the full linear group. (Abstract 49-11-243.) 

35. Wade Ellis: Relations satisfied by linear operators on a vector 
space. (Abstract 50-1-10.) 

36. V. G. Grove: The transformation of Cech. (Abstract 50-1-45.) 

37. Bernard Friedman: A method of approximating the complex roots 
of polynomial equations. (Abstract 49-11-280-/.) 

38. D. G. Bourgin and C. W. Mendel: Orthonormal sequences. (Ab- 
stract 50-1-21-2.) 

39. S. M. Ulam: Theory of the operation of product of sets. III. 
Preliminary report. (Abstract 50-1-36-t.) 

40. Edward Kasner and John DeCicco: Union-preseroing trans- 
formations of space. (Abstract 49-11-298-1.) 

41. M. H. Heins: On the problem of Milloux for functions analytic 
throughout the interior of the unti circle. (Abstract 49-11-262-1.) 

42. R. E. Johnson: On the equation xa=yx+B8 over an algebraic di- 
viston ring. (Abstract 49-11-246-1.) 
. 43. M. E. Shanks: The space of metrics on a compact meirizable 
space. II. (Abstract 49-11-308-t.) 

44, H. B. Curry: The method of steepest descent (for nonlinear mini- 
mization problems. (Abstract 49-11-278-i.) 

45. Dorothy M. Stone: The represeniation of absiract measure func- 
tions. (Abstract 49-11-273-1.) 

46. R. H. Bruck: Some results in the theory of linear non-assoctative 
algebras. (Abstract 50-1-4-1.) 

47. Morris Marden: A recurrence formula for the solutions of certain 
partial differential equations. (Abstract 50-1-29-1.) 

48. Claude Chevalley: Some properties of ideals in rings a power 
series. (Abstract 50-1-5-t.) 
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49. H. E. Salzer: New tables and facts involving sums of four tetra- 
hedral numbers. (Abstract 50-1-16-4.) 

50. A. A. Albert: Quasigroups. II. (Abstract 50-1-1-4.) 

51. L. R. Wilcox: Theory of traffic light networks. I. (Abstract 50-1- 
42-1.) | 

52. A. R. Schweitzer: On functional equations with solutions con- 
taining arbitrary functions. III. (Abstract 50-1-32-1.) 

53. G. T. Whyburn: Mapping classes for locally connected continua. 
(Abstract 50-1-52-2.) 

54. B. H. Colvin: The expansion problem associated with a third 
order ordinary differential system of highly irregular type. (Abstract 
50-1-24-1.) 

55. Alfred Brauer: On certain limits. (Abstract 50-1-22-1.) 

, 96. R. L. Moore: Concerning webs in the plane. (Abstract 50-1- 
49-1.) 
W. L. AYRES, , 
Associate Secretary 
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APPENDIX 
JExcHEPIS FROM REPORT OF, TREASURER 


E 7 ' pace: 10, 1943 
To THE BOARD OF TRUSTEES OF THE 
AMERICAN MATHEMATICAL SOCIETY 


Gentlemen: 


I have the honor to submit herewith the report of the Treasurer for 
_ the fiscal year ended November 30, 1943. The following remarks may 
. be of interest. 


Investment Portfolto 


, On November 30, 1943 the market value of the securities held for 
Invested Funds was $6,208 less than book value. This is to be com- 
pared with the total amount, $17,416, held in accounts “Reserve for 
Investment Losses” and “Profit on Sales of Securities.” This total 
‘amount of reserves has now reached nearly ten per cent of the total 
value' of Invested Funds. In view of the conservative character of 
many of the securities, these reserves may be considered sufficient . 
. protection against contingent depreciation in market value. The con- 
siderable increase, $8,843, in this profit account during the year re- 
. flects two policies embodied in the recommendations of the Custodian 
and followed by the Board of Trustees—sales of railroad bonds which 
had been held on the books at depreciated values, and sales of certain 
common stocks when rising market values increased the percentage 
of common stocks in the portfolio beyond the point deemed desirable. 
- The market value of securities held for Current Funds was $654 
less than the book value. Profit on sales of securities for Current 
Funds amounting to $612 i is being carried as a reserve against losses 
to these funds. 
The' investment portfolio now includes government bonds 29%, 
other bonds 24%, preferred stocks 11%, common stocks 28%, cash 
,in savings banks 8%. 


Income from Investments 


Income received during the year from investment of Current Funds 
amounted to $1;254, exclusive of income earmarked for International 
Congress, $96, and Reilly Fund, $22. This represents a return of 
slightly under 247, computed on average book value of investments. 
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.Income on Invested Funds amounted to $6,352, representing a return 
of 3195 computed similarly. Total investment income from all sources 
was thus $7,724, representing a return of nearly 33%. In comparing 
this income and yield with $8,794 and approximately 4% for the 
fiscal year 1942, there is reflected to some extent the changes in the 
character of the securities resulting from the sales mentioned above 
and the purchase of substantial amounts of government bonds. Also 
the figures for 1942 were somewhat too high to be truly representa- 
tive, because of the receipt of a considerable sum of accrued back 
interest on certain railroad bonds then held. In view of the decreased 
rate of return, it is particularly fortunate that the Henderson Estate 
provided additional income of $4,438. 


Increase in Surplus 


The increase in Surplus of $9,553, as compared with $5,153 in the 
preceding fiscal year requires some explanation. If it be noted that 
1942 income from the Henderson Estate amounting to $2,275 had not 
been added to Surplus on November 30, 1942, but was so added dur- 
ing the current fiscal year, more proper figures for comparison are 
seen to be $7,278 for 1943 and $7,428 for 1942. That the net result of 
' the year's operations proved about as favorable as that for the pre- 
ceding year is particularly satisfactory in view of the founding of 
Mathematical Surveys, made possible partly by the use of income 
from special funds (in the case of the Reilly Fund to such an extent 
that there is a small deficit in income account!), of somewhat in- 
creased expenses for other purposes, of the support of the War Policy 
Committee, and of the decrease in income from the Society's invest- 
ments. However, a grant of $2,500 from the Rockefeller Foundation, 
half of which has been received, prevented the support of the War 
Policy Committee from seriously depleting Surplus. And an increase 
in membership that resulted in an increase in dues, together with a 
slight incredse in subscriptions to the Bulletin and to the Transac- 
tions, were other favorable factors that enabled the Society to come 
successfully through a year which at its beginning threatened to be 
rather difficult financially. 

Respectfully submitted, 


BENNINGTON P. GILL, 
Treasurer 
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BALANCE SHEET 
s Asseis 
i i r November November 
30, 1943 30, 1942 
CURRENT FUNDS E. > 
[oT $ 19,846.11. $ 19,177.78 
Investments................ eere. —— Án 36,731.06 33,470.47 
\ $ 56,577.17 $ 52,648.25 
INVESTED FUNDS ; ` 
Saabs EE E P ESE $ 1,273.67 $ 1,409.62 
Investments............. eee een nne CREE 176,721.29 — 163,195.68 
$177,994.96 $164,605.30 
TOTAL ASSETS, 0... ccc cece cree nnn $234,572.13 $247,253.55 
Ds Liabilities 
CURRENT FUNDS: . 
Mathematical Review8................ esposte. $ 14,252.62 $ 16,184.69 
Colloquium......e eee 5,761.69 2,805.04 
Mathematical Survey» EE E E T ! 840.03 
Reprinting Funds. ........... eese 2e. 2,239.10 1,329.15 
Prize Funds and Other Special Funde Accumulated . 
Income... ce eir ex erar ance Me ` 2,296.18 4,848.52 
Reilly Fund Principal.................el esses 3,968.13 
International Congress................. UICE. 6,146.06 6,050.33 
Miscellaneous........ eee eene 80.99 173.99 
Income from Henderson Estate..i. eer ens ‘ 2,275.00 
Sinking Fund............. eee cece cece ence ences 592.34 , 515.99 
Profit on Sales of Securities............. esses 612.86 295.73 
Shbolds. se oeeo ania no er PU au bids 23,755.30 14,201.68 
$ 56,577.17 $ 52,648.25 
INVESTED FUNDS: ` e . 
Endowment Fund Principal..................... $ 60,110.68 $ 60,110.68 
Prize Funds and Other Special Funds............. 31,033.22 26,935.07 
Life Membership and Subscription Reserve........ 4,434.81 4,835.09 
Cólloquimmi.cuee iurent sesiis aidas 5,000.00 5,000.00 
Mathematical Reviews............ seen 60,000.00 60,000.00 
Reserve for Investment Losses.....:..... esses 4,385.89 3,537.46 
Profit on Sales of Securities.... . ... E enu dee ote 13,030.36 4,187.00 
i ; ' ! ‘ $177,994.96 $164,605.30 
' TOTAL LIABILITIES. .. ccce eee $234,572.13 $217,253.55 
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SUMMARY STATEMENT OF. INCOME 





War Policy Commi 








AND EXPENDITURES 
1942-1943 


Receipts 


»-8 16,514.71 
859.63 
6,616.32 


D 


1942 
Disburse- 

Receipts montis 
$ 15,681.19 
1,054.00 
7,347.35 
665.00 
4,643.14 
34.73 


. $ 5,136.86 
794. 

643.61 

569.95 

T 67.92 

5.71 

$ 29,425.41 $ 7,218.41 

$ 22,207.00 





1 P R T EO PET T $ 1, 710:80 $11,536.88 $ 1,673.13 $12,101.37 
Bulletin Reprinting ka Seda 626.71 467.30 
Transactions........+++.0..0.00. .. 5,886.83 8,309.42 5,787.17 9,373.59 
Transactions Reprinting. . xs ,172.40 889.16 274.58 201.59 
Colloquium. ......... ees 3,951.38 994.7 3,814.97 6,197.07 

ES - 10,235.88 12,167.95 10,809.17 11,548.93 
Mathematical - 3,600.89 2,760.86 
Semicentennial 2 ` 76.35 95.90 
American J : 2,500.00 2,500.00 
N aai ———————————— 
Total......... esee . les $ 27,261.24 $39,159.00 $ 22,922.22 $41,922.55 
Excess of Cost of Publication..........- $11,897.76 $19,000.33 

MISCELLANEOUS: ` 
^ Special Funds (Including Congress)....... s 1,273.41 $ 3,600.00 $ 1,442.39 $ 2,100.00 
Frotit on Sales of Secunties EEE tas 9,160.49 , 2,713.28 ' 

2,275.00 
80.97 100.00 
12.03 73.99 103.86 
750.00 100.00 
300. 
1,000:00 





$ 17,318.58 $ 7,507.47 
$217,253.55 $209,746.08 
$234,572.13 $217,253.55 


EDWARD BURR VAN VLECK—IN MEMORIAM 


. The death of Edward Burr Van Vleck on June 2, 1943, at almost 
eighty years of age, in Madison, Wisconsin, will bring regret to a wide 
circle.of friends and to American mathematicians generally. His crea- 
tive mathematical work, his important role in the development of 
American mathematics since 1890, and his qualities of personality 
were such as to make all feel that something of inestimable and char- 
.acteristic value has departed and yet remains in treasured remem- 
""brance. "- 
Van Vleck was born in Middletown, Connecticut, on June 7, 1863, 
. of Knickerbocker stock, for the first Van Vleeck came from Amster- 
dam, Holland, to New Amsterdam (New York) in 1658. His father 
was a distinguished American mathematical astronomer, Professor 
John Monroe Van Vleck, in whose memory has been erected the 
Van Vleck Observatory at Wesleyan University, given by a brother. 
The scientific tradition, thus doubly established in the Van Vleck 
family, has been notably continued to a third generation by his son, 
Professor John Hasbrouck Van Vleck, now Professor of Mathemati- 
cal Physics in Harvard University. 
The general account of Edward Burr Van Vleck's life is simple. 
-As a boy, college student, and instructor, he developed in the typical 
New England environment of Middletown, living at home with his 
parents and three sisters (one of whom survives him) until about 
twenty-five years of age, obtaining an A.B. degree from Wesleyan 
University at twenty-one years of age and an A.M. degree three years 
later. Then he spent two years as a graduate student at Johns Hop- 
kins University, where he veered from the field of physics to that of 
mathematics. After this came three further years at the University of 
Göttingen, Germany, where he was inspired by the great mathe- 
matician Felix Klein. He obtained his Ph.D. degree in 1893 at 
Göttingen at about thirty years of age. Thus he entered upon his 
mathematical research work somewhat later than usual, a fact which 
he always felt to be regrettable. . 
His first college post was that of instructor for two years at the 
University of Wisconsin, after which he taught for ten years at his 
' alma mater, Wesleyan University, becoming associate and full pro- 
fessor there. In 1906 he went to the University of Wisconsin as Chair- 
man of the Department of Mathematics, and, except for a half-year 
(1919-20) when he was visiting lecturer.in the Department of Mathe- 
matics at Harvard University, and for various periods of travel in 
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this country and abroad, remained in Madison thereafter. He became 
professor emeritus in 1929. 

Behind this academic outline there was always a full and gracious 
life. Van Vleck married Miss Hester Laurence Raymond of North 
Lyme, Connecticut, shortly after he returned’ from his studies in 
Germany. In both Middletown and Madison, the Van Vlecks added 
much to the college and community life. Their lovely home in Madi- 
son, overlooking Lake Mendota, will be remembered by many as a 
center from which radiated kindness, friendship, and delightful hos- 
pitality to colleagues and their families, to students, and indeed to 
all those about them. 

One may conjecture that Van Vleck was a very thoughtful and 
rather shy boy. Throughout his life he disliked all disputes, so that, 
even to his own disadvantage, he would avoid controversies with 
others. He liked urbane living and achieved it to a notable extent. 
However, when questions of principle arose, he stood his ground 
firmly and said precisely what he thought, although in polite form. 

To those who knew him during his maturer years, he appeared as 
a clearsighted and liberal-minded idealist never deviating from the 
highest standards for himself, and yet fully appreciating the qualities 
of others who had a different outlook. His life was built around the 
motives of friendship and genuine scientific interest to a greater de- 
gree than is usually the case in the American academic scene. 

‘Van Vleck's principal outside interests were reading and travel, 
both of which he shared with Mrs. Van Vleck. During the last half 
of his life he collected Japanese prints, and grew to be a connoisseur 
in this field. 

On the mathematical side, Van Vleck owed much, for stimulus and 
inspiration, to Felix Klein. His thesis treated the development in con- 
tinued fractions of integrals, forming solutions of certain linear differ- 
ential equations of the second order, such as Lamé's integral. These 
integrals fall into natural families, any three “contiguous” members 
. being connected by homogeneous linear difference equations. These 
integrals had appeared earlier in classical developments in continued 
fractions due to Gauss and others. This was a field which lay at the 
very heart of that part of analysis in which Klein was most interested. 
In his thesis Van Vleck extended considerably the types of such de- 
velopnients in a manner somewhat analogous to that devised by Pade 
in the similar development of arbitrary analytic functions. His thesis 
showed that not only was the young Van Vleck a master of the field 
involved but that he possessed definite creative power. 

The question of the convergence of these continued fractions was 
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_ left untouched in the thesis. For continued fractions of special form, 
this was taken up by him in three papers published in the second and 
fourth volumes of the Transactions of the American Mathematical 
Society (1901, 1904). A well known and general theorem there proved 
is that Ha in the continued fraction , , ; / 


1 1 
a +i +o ti 


the real quantities a; have the same sign while the real quantities B; 
are alternately positive and negative, then the continued fraction will 
- converge if the series $ (u84) converges. 

In his Colloquium Lectures of 1903, Divergent series and continued 
fractions, he first reviews the recent work of Poincaré, Stieltjes and 
others on divergent series (Part I) and then passes on to consider con- 
tinued fractions (Part II). The two subjects are intertwined because . 
*Both historically and prospectively one of the most suggestive and 
important methods of investigating power series is by the instrumen- 
tality of algebraic continued fractions." Van Vleck shows clearly how, 
from the broad point of view, the theory of continued fractions and 
their generalizations is closely related to the theory of linear homo- 
geneous difference equations whose coefficients are polynomials in a 
` complex variable. He wrote only one paper directly concerned with 
linear difference equations (Trans. Amer. Math. Soc., 1912) in which 
he extended a classic theorem of Poincaré. Doubtless the reason for 
this limited publication was- the rapidity with which appeared new 
‘developments in the field by Nórlund and Galbrun abroad and by 
Carmichael, myself, and others in this country. However, while in- 
structor at Wisconsin I had attended a graduate course given by Van 
Vleck in which he discussed various open problems concerning linear 
difference equations in a suggestive and stimulating way; while 
Carmichael shortly thereafter was a graduate student with me at 
Princeton. One must therefore look upon Van Vleck as an essential 
factor in the American contributions to linear homogeneous differ- 
ence equations. 

I have no doubt that when Van Vleck saw this promising field in 
which he had begun to work taken up 80 quickly by others, there was 
no tinge of regret on his part, for he would know that there were 
many other beautiful fields to be explored, and would feel that it was 
relatively unimportant from the larger point of view what the formal 
assignment of credit might be, so long as the subject itself was de- 
veloped. It was enough for-him that all should work together ear- 
nestly and sincerely for the increase of mathematical knowledge. 
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For a while Van Vleck seriously contemplated writing a book on 
functional equations, but the apparent lack of mathematical unity 
in the field prevented him from doing so. He wrote interesting papers 
dealing with special functional equations, in particular those satisfied 
by the elliptic -functions (Trans. Amer. Math. Soc., 1916); this last ` 
was the joint work of himself and one of his most gifted pent 
F. T. H’Doubler. 

The range covered by Van Vleck in his more than thirty published 
articles was wide. He had a very keen analytic mind well adapted to 
the study of the niceties of point set theory, as manifested for in- 
stance in his article on non-measurable sets (Trans. Amer. Math. 
Soc., 1916). He also occupied himself with questions concerning the 
roots of algebraic equations and of the hypergeometric series, with 
special functions defined by differential equations, with the combina- 
tion of substitutions, linear substitutions, and so on. In my opinion 
he resembled Bécher in the respect that as the years went on, the 
self-imposed demand for elegance and simplicity exercised an in- 
hibitive influence upon his production. 

His general articles, The influence of Fourier's series upon the de- 
velopment of mathematics (Science, 1912), The role of the potnt-set the- 
ory in geometry and dynamics (Presidential Address, Bull. Amer. 
Math. Soc., 1915), Current tendencies of mathematical research (ibid., 
1916), and On the location of roots of polynomials and entire functions 
(ibid., 1928) were thought-provoking essays and showed not only a 
wide knowledge and balanced perspective but an unusual ability to 
find the important open problems in the fields concerned. For ex- 
ample, in the second of these articles he states that Poincaré’s defini- 
tion of (dynamical) probability is equivalent to one in terms of the 
Lebesgue integral, although he does not give his proof. Carathéo- 
dory’s well known proof of this equivalence appeared only in 1919. 

In the teaching of undergraduates and of graduate students Van 
Vieck was clear and stimulating. At Wisconsin he gave himself un- 
sparingly to the direction of the thesis work of undergraduates spe- 
cializing in mathematics. As Chairman of the Department of 
Mathematics at Wisconsin for many years, he was deeply consid- 
erate of the members of the staff, completely democratic in spirit, 
and absolutely impartial. The friendship between him and his col- 
league Professor Ernest Skinner was one of great depth on both sides. 

The mathematical reputation of Van Vleck .was an international 
one. His relations with French mathematics were particularly close 
and sympathetic. Moreover his.affection and admiration for France 
were profound. He was decorated “Officier de l'instruction publique" 
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in 1920 in recognition of his services as teacher and investigator and 
for his work during the First World War. The University of Gronin- 
gen on the three hundredth anniversary of its founding made him 
an Honorary Doctor in Mathematics and, Physics in 1914. He, to- 
gether with E. H. Moore and W. F. Osgood, received an honorary 
LL.D. at Clark University in 1909. At the twenty-fifth anniversary 
celebration of the University of Chicago in 1916, he received the 
honorary degree of Doctor of Science. His election to membership to 
the National Academy of Sciences càme in 1911. 

Van Vleck was President of the American Mathematical Society 
for the period 1913-1915. In earlier days he had been an effective and 
conscientious Editor of the Transactions. E. H. Moore, Maxime 
Bócher, and H. S. White were others among his near contemporaries 
who were similarly honored by election to both of these important 
offices. All of these men served American mathematics faithfully and 
well. It will be remembered by many that, at one moment when the 
unity of the American Mathematical Society was somewhat in jeop- 
ardy, Van Vleck exerted an especially constructive influence. 

It would have been interesting to have had Van Vleck himself 
formulate his outlook upon the world. Of his own volition he would 
of course never have done so.' But, had he been somehow persuaded 
to give his philosophy of living, it would have expressed a large 
measure of tolerance towards others. Ás a young colleague of his at 
Wisconsin, I recall asking him about a great writer whose personal 
life had been far from- admirable. Van Vleck replied very quickly: 
*Don't you think that what he has done for the world of literature 
more than made up for any personal defects?” Above all, he would 
have emphasized the virtues of kindness and friendship, of disinter- 


, ested devotion to intellectual and other ideals, and of a due regard for 


the amenities of our civilization. 
GEORGE D..BIREHOFF 
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Differentialgeometrien in den Kugelrüumen. Vol. II. Laguerresche Dif- 
Jerentialkugelgeometrie. By T. Takasu. Tokyo, Maruzen, 1939. 
2043-444 pp. 


This volume is the second of a series of three, in which Professor 
Takasu attempts to give a unified and systematical representation of 
his work in the differential geometry of sphere space. Concentrating 
on the geometries of Móbius, Laguerre, and Lie, he presents in this 
volume his results in Laguerre geometry. In his exposition he follows 
as closely as possible the usual pattern of euclidean differential geome- 
try, to the systematic study of which the author has contributed in 
several previous papers. 

Following this scheme of development of his subject, Professor 
Takasu has divided his field into five parts. The first chapter explains 
the fundamental elements and the coordinates of Laguerre geometry, 
end shows how we can obtain a correspondence between euclidean 
three space and a Laguerre plane by means of minimal (isotropic) 
projection. The group of congruent transformations in space corre- 
sponds, in this transformation, to the Laguerre group of the plane. 
Then follows, in Chapter II, the Laguerre generalization of plane 
euclidean theory of curves, which is the theory of Laguerre invari- 
ants of oriented circles. In Chapter III we find the analogous theory 
of oriented spheres, corresponding to space curves in ordinary geome- 
try. The Laguerre analogues of surfaces are congruences of spheres, 
which are discussed in Chapter IV. The final chapter deals with sys- 
tems of cones, which correspond to line congruences in ordinary space. 

This gives us quite a good picture of the structure and of the con- 
tent of Laguerre differential geometry. The author has placed all pre- 
vious theories, as those of Darboux, of Ribaucour, of Study, in their 
proper place and has enriched his work with the investigations of 
Blaschke and his school. He has shown how much more there is to 
Laguerre geometry than we could have expected from the study of 
even the richest other author, and how his methods allow the sys- 
tematic penetration of all fields into which ordinary differential ge- 
ometry has thrown its light. We mention, as examples out of a great 
many other results, the author's treatment of *L-developables" 
(“Z-Torsen”), of L-minimal surfaces, and of Bonnet’s plane coordi- 
nates. He also ventures into differential geometry in the large, as in a 
Laguerre version of the four vertex theorem. 

We believe that Professor Takasu would have increased the useful- 
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ness of his work, if he had dwelled longer on the elementary material 
of his first chapter. The reader who tackles his book without previous 
. knowledge of Laguerre geometry will find the going hard at the be- 
ginning. Once he has overcome the initial difficulties, however, he 
will be richly rewarded by the great number of beautiful results which 
fall into his lap, and by the mastery of ‘a method which will allow 
him ‘to find many more results by his own effort. 
The book has a complete bibliography and an excellent index. 
D. J. STRUIK 


The theory and applications of harmonic integrals. By W. V. D. Hodge. 
Cambridge, University Press; New York, Macmillan, 1941. 9+281 
pp. $4.50. 


. This is one of those books which everyone who specializes in a 
particular branch of group theory, of the theory of algebraic surfaces, 
of the theory of Riemann surfaces, of topology or of the tensor analy- 
sis should consult. It shows how all these different fields are con- 
nected, and not connected in some superficial way or in the form of 
an analogy, but in an essential manner, so that interesting and pro- 
found theorems in one field cannot be understood without a thorough 
knowledge of other fields. In reading this book one is reminded of 
books like Klein's “Ikosaeder,” which is also a blend of several im- 
portant fields. The task of the reviewer of such a book is hard, be- 
cause he has seldom the enviable mastery of the different branches 
of mathematics which the author possesses. At the same time he must 
praise the author for the beautiful exposition of so many and different 
fields. 

' There are chapters on Riemannian manifolds, on integrals and their 
periods, on harmonic integrals, on their applications to algebraic vari- 
eties and on their applications to the theory of continuous groups. 
The first chapter, on Riemannian manifolds, is divided into a part 
on tensor calculus and into a part on the topology of such manifolds. 
All these topics are prepared in a very careful way, with precautions 
which will satisfy strict demands of rigor. There are references at the 
end of each chapter. 

To indicate the contents of this book by simply copying the iis 
ter headings is to do a great injustice to the author and his work. 
There is a leading thought in the choice of subject matter, and that 
is the study of harmonic integrals. Harmonic integrals, however, are 
not the capricious invention of an imaginative scholar. They ap- 
pear quite naturally in me generalization of the problems set by 
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Riemann’s theory of integration on an algebraic surface, and in 
particular if we ask for the existence of m-fold integrals on an 
algebraic manifold of m dimensions which are everywhere finite 
and of zero period. The investigation is facilitated by the Cartan 
notation in which differentials alternate and in which the ex- 
terior derivative of a “p-form” Aj,...:,dxt + + - dx'»— pl. A is defined 
in such a way that Stokes’ theorem takes the form fA = fA.,, the sec- 
ond integral taken over a chain C, and the first one over its boundary. 
This again requires not only some understanding of tensor algebra, 
but also of the topology of manifolds, which the author provides in 
his early chapters. There are two theorems of DeRham (J. Math. 
Pures Appl. (9) vol. 10 (1931) p. 115) which lead up to the heart of the 
problem and which are demonstrated in this book. The first of these 
theorems states (p. 88) that if T$ (¢=1, - - +, Rp) is any base for the 
p-cycles of a manifold M, then there exists a regular closed ¢-form 
on M for which the periods v! — fọ (on T$) are R, arbitrary real num- 
bers. The second theorem of DeRham states (p. 100) that if $ is a 
closed form on M whose integral has all its periods equal to zero, then . 
$ is a null form. Closed forms are forms with exterior derivatives 
44,70, and null forms are the exterior derivatives of other forms, 
hence forms with zero periods. 

The author derives DeRham’s second theorem from his main exist- 
ence theorem for harmonic integrals. This requires the introduction 
of'a Riemannian metric. A function which satisfies the Laplacian 
equation in this metric is called harmonic. A p-form P is har- 
monic when it is regular and closed, as well as its dual, the (n—p)- 
form P*; p!P and p!P* correspond to the harmonic tensors P,,.. ui 
and g1 P^: 75, . as ues aV A harmonic integral is the integral of a 
harmonic form. The gradient of a harmonic function $; is a simple 
example of a harmonic tensor. The real and imaginary paths of an 
integral of a complex variable are harmonic. 

One of the main objects of the third chapter is the proof that on a 
Riemannian manifold M such harmonic integrals actually exist. The 
existence theorem states (p. 119) that there exists a harmonic integral 
having arbitrarily assigned periods on R, independent p-cycles of M. 
The proof requires considerable labor and demands the knowledge of 
the theory of integral equations. Once established, the main existence 
theorem is used for the study of algebraic varieties. It is interesting 
that an ancient theorem of G. Mannoury (Nieuw Archief voor 
Wiskunde vol. 4 (1898) p. 112)—the deeper meaning of which had 
always puzzled the reviewer—is used to show how Riemannian mani- 
folds can be constructed corresponding to an algebraic variety Vw 
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without singularities in a projective space S,. In this representation 
the S, is given by a real analytical locus of 2r dimensions. A large 
number of applications are presented together with a classification 
of harmonic integrals. This again connects with Lefschetz' classifica- 
tion of p-cycles. Period matrices of so-called “effective” integrals are 
studied in detail, “effective” integrals being integrals of p-forms for 
which a certain related (p—2)-form isa null form. Among the many 
results are several due to Severi and others which are new. In the 
application to continuous groups the representation of closed semi- 
simple groups by group manifolds is used. The main purpose of 
this chapter is to show how harmonic integrals provide a convenient 
method of discussing the invariant integrals of Cartan's theory. 

A flaw in the proof of the theorem establishing the existence of 
harmonic integrals with preassigned periods has been corrected by 
H. Weyl in the Annals of Mathematics vol. 44 (1943) pp. 1—6. 

The nineteen pages devoted to the exposition of the tensor calculus 
can be recommended to those who like a short and precise introduc- 
tion into this theory. 

D. J. SrRUIE 


NOTES 


, Beginning with this issue the BULLETIN OF THE AMERICAN MATHE- 
MATICAL SOCIETY will be copyrighted. It is not the desire of the editors 
to restrict in any way the use of mathematical material from the 
BULLETIN nor to deny the right to quote from its text. However, it is 
desired to regulate the republication or sale of papers that have been 
published in the BULLETIN. 

The editors of the Bulletin wish to make grateful public acknowl- 
edgment of the services rendered by the following persons who have 
refereed papers: R. P. Agnew, Leon Alaoglu, A. A. Albert, G. E. 
Albert, Reinhold Baer, M. A. Basoco, E. F. Beckenbach, E. T. Bell, 
Harry Blumberg, Herbert Busemann, R. V. Churchill, George 
Comenetz, H. S. M. Coxeter, M. M. Day, R. H. Fox, K. O. Fried 
richs, Guido Fubini, D. W. Hall, Selig Hecht, M. H. Heins, M. B 
Hestenes, T. H. Hildebrandt, Ralph Hull, Nathan Jacobson, R. L. 
Jeffery, Irving Kaplansky, A. J. Kempner, R. B. Kershner, E. P. 
' Lane, R. E. Langer, Walter Leighton, D. C. Lewis, E. R. Lorch, 
Szolem Mandelbrojt, G. M. Merriman, W. E. Milne, F. J. Murray, 
Oystein Ore, G. H. Peebles, F. W. Perkins, E. L. Post, G. B. Price, 
Hans Rademacher, Tibor Radó, H. W. Raudenbush, W. T. Reid, 
Arthur Rosenthal, A. C. Schaeffer, Peter Scherk, I. J. Schoenberg, 
Wladimir Seidel, F. C. Smith, N. E. Steenrod, A. H. Stone, Otto 
Sz4sz, Alfred Tarski, E. W. Titt, J. W. Tukey, S. M. Ulam, R. J. 
Walker, H. S. Wall, Morgan Ward, Anna P. Wheeler, W. M. Why- 
burn, L. R. Wilcox, Aurel Wintner, Leo Zippin, and Antoni Zygmund. 

The editors of the Transactions wish to acknowledge the services 
of the following persons, not members of the Editorial Board, who 
have been consulted regarding papers offered for publication in vol- 
umes 53 and 54: Emil Artin, Reinhold Baer, E. G. Begle, Garrett 
Birkhoff, R. P. Boas, R. H. Bruck, E. H. Buchanan, Herbert Buse- 
mann, Alonzo Church, R. P. Dilworth, G. A. Hedlund, R. L. Jeffery, 
N. H. McCoy, E. J. McShane, F. J. Murray, George Pólya, C. E. 
Rickart, R. M. Robinson, O. F. G. Schilling, D. C. Spencer, E. R. 
Stabler, Otto Sz4sz, J. D. Tamarkin, D. V. Widder, and Antoni 
Zygmund. 

Professor Philip Pankin of Massachusetts Institute of Technology 
has received an alumni medal from the SOueee of the City of New 
York. 

Mr. J. Lifshitz of the National University of Mexico has been 
awarded a Guggenheim fellowship to study at Harvard University 
under the direction of Professor G. D. Birkhoff. 
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Professor F. G. Reynolds of the College of the City of New York 
has been given the title of professor emeritus. 

Professor Shiing-shen Chern, Dr. Kurt Gódel, Professor Wolfgang 
Pauli, and Professor C. L. Siegel are in residence at the Institute for 
Advanced Study for this academic year. 

Dr. Claire F. Adler has been appointed to an assistant professor- 
ship at New York University. 

Dr. G. E. Albert of Ohio State University has been promoted to 
an assistant professorship 

Dr. Warren Ambrose of Princeton University has been appointed 
to an assistant professorship at the University of Michigan. 

Dr. Valentin Bargmann has been appointed an assistant at the In- 
stitute for Advanced Study. 

Assistant Professor P. O. Bell of the University of Kansas has been 
promoted to an associate professorship. 

Assistant Professor D. G. Bourgin of the University of Illinois has 
been promoted to an associate professorship. 

Assistant Professor J. D. Burk of the University of Toronto has 
been promoted to an associate professorship. 

Assistant Professor C. L. Buxton of Clarkson College of Technol- 
ogy, Potsdam, New York, has been promoted to an associate profes- 
sorship of physics. 

Associate Professor Ethel B. Callahan of Shepherd State Teachers 
College, Shepherdstown, West Virginia, has been appointed to an as- 
sociate professorship at Hartwick College, Oneonta, New York. 

Assistant Professor R. H. Cameron of Massachusetts Institute of 
Technology has been promoted to an associate professorship. 

Associate Professor E. J. Camp of Macalester College, St. Paul, 
Minnesota, has been promoted to a professorship. 

Dr. Josephine H. Chanler of the University of Illinois has been 
promoted to an assistant professorship. 

Dr. R. F. Clippinger of Carnegie Institute of Technology has been 
promoted to an assistant professorship. 

Mr. A. J. Coleman has been appointed lecturer in mathematics at 
Queen’s University in Kingston, Ontario, Canada. 

Assistant Professor N. B. Conkwright of the University of Iowa 
has been promoted to an associate professorship. 

Mr. W. S. H. Crawford of the University of Minnesota has been 
appointed to an assistant professorship at Mount Allison University. 

Sister James S. Creane has been appointed to an assistant profes- 
sorship at Fontbonne College, St. Louis, Missouri. 

Associate Professor Wayne Dancer of the University of Toledo has 


48 NOTES {January 


been promoted to a professorship. 

Associate Professor P. H. Daus of the University of California at 
Los Angeles has been promoted to a professorship. 

Mr. U. P. Davis of the University of Florida has been promoted to 
an assistant professorship. 

Professor R. C. Dragoo of Southwestern Institute of Technology 
has been appointed to an assistant professorship at the University 
of Oklahoma. 

Assistant Professor J. L. Doob of the University of Illinois has been 
promoted to an associate professorship. 

Associate Professor W. L. Duren of Tulane University has been 
promoted to a professorship. 

Mr. R. M. Foster of Bell Telephone Laboratories has been ap- 
pointed professor and head of the department of mathematics of the 
Polytechnic Institute of Brooklyn. 

Assistant Professor A. H. Fox of Union College has been promoted 
to an associate professorship. 

Dr. L. M. Garrison of Alabama Polytechnic Institute has been ap- 
pointed to an assistant professorship at Louisiana Polytechnic Insti- 
tute. 

Assistant Professor W. O. Gordon of Pennsylvania State College 
has been promoted to an associate professorship. 

Mr. J. B. Greeley of the Polytechnic Institute of Brooklyn has been 
appointed to an assistant professorship at Lafayette College. 

Mr. H. L. Harter of the University of Illinois has been appointed to 
a professorship of physics at Missouri Valley College, Marshall, Mis- 
souri. ] 

Dr. A. D. Hestenes of Carnegie Institute of Technology has been 
promoted to an assistant professorship. 

Assistant Professor E. H. C. Hildebrandt of the State Teachers 
College, Upper Montclair, New Jersey, has been appointed to an as- 
sistant professorship at Northwestern University. 

Assistant Professor Evan Johnson of Pennsylvania State College 
has been promoted to an associate professorship. 

Assistant Professor P. W. Ketchum of the University of Illinois 
has been promoted to an associate professorship. 

Assistant Professor L. A. Knowler of the University of Iowa has 
been promoted to an associate professorship. 

Mr. Max LeLeiko has been appointed lecturer in mathematics at 
the University of North Carolina. 

Dr. A. T. Lonseth of Iowa State College has been promoted to an 
assistant professorship. 
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Assistant Professor C. T. Male of Union College has been promoted 
to an associate professorship. 

Dr. H. J. Miles of the University of Illinois has been promoted to 
an assistant professorship. 

Associate Professor F. H. Miller of Cooper Union School of Engi- 
neering has been promoted to a professorship and has been appointed 
head of the department of mathematics. 

Mr. H. G. Means has been appointed to an associate professorship 
at Lehigh University. 

Assistant Professor G. E. Moore of the University of Illinois has 
been promoted to an associate professorship. 

Assistant Professor S. B. Myers of the University of Michigan has 
been promoted to an associate professorship. 

Mr. J. D. Novak of the University of Minnesota has been ap- 
pointed head of the department of mathematics and physics at Mac- 
Murray College, Jacksonville, Illinois. 

Dr. W. H. Pell and Dr. Vladimir Morkovin of Brown University 
have accepted positions as research engineers in aerodynamic design 
at the Bell Aircraft Corporation, Buffalo, New York. 

Dr. H. V. Price of the State University of Iowa has been promoted 
to an assistant professorship. 

Associate Professor W. C. Randels of the University of Oklahoma 
has resigned to serve with the North American Aviation Company 
in Los Angeles. 

Professor H. W. Reddick of Cooper Union has been appointed ad- 
junct professor at New York University. 

Assistant Professor P. K. Rees of Southern Methodist University 
has been appointed to a professorship at Southwestern Louisiana In- 
stitute. 

Assistant Professor G. de B. Robinson of the University of Toronto 
has been promoted to an associate professorship. 

Assistant Professor W. J. Robinson of Marshall College, Hunting- 
ton, West: Virginia, has been appointed to an assistant professorship 
at Allegheny College. 

Dr. D. H. Rock of Brown University has been appointed to an 
assistant professorship at Rhode Island State College. 

Assistant Professor W. O. Rogers of Pennsylvania State College has 
been promoted to an associate professorship. 

Assistant Professor George Sauté of Cleveland College has been ap- 
pointed to an associate professorship at Rollins College. 

Assistant Professor A. C. Schaeffer of Stanford University has been 
promoted to an associate professorship. 
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Dr. H. M. Schwartz of the University of Illinois has been appointed 
to an assistant professorship at the University of Idaho. 

Dr. G. E. Schweigert of the University of Missouri has been ap- 
pointed to an assistant professorship at Purdue University. 

Dr. R. E. Street has been appointed to a visiting lectureship in 
physics at Dartmouth College. 

Assistant Professor H. P. Thielman of Iowa State College has been 
promoted to an associate professorship. 

Professor C. C. Wagner of Pennsylvania State College has been 


` named assistant dean of the School of Liberal Arts. 


Dr. George Whaples of Indiana University has been appointed to 
an assistant professorship at the University of Pennsylvania. 

Associate Professor J. K. Whittemore of Yale University has re- 
tired. , 

Associate Professor James Edgar Davis of Central Y.M.C.A. Col- 
lege, Chicago, Illinois, has been appointed an associate at the Uni- 
versity of Illinois. 

Drs. O. K. Bower, Feoir Bristow, M. M. Day, and J. W. Peters 
of the University of Illinois have been promoted from the rank of 
„instructor to that of associate. 

The following appointments to instructorships are announced: 
Albright College, Reading, Pennsylvania: Mr. C. C. Miesse; Uni- 
versity of Arizona: Dr. O. B. Ader; Barnard College, Columbia Uni- 
versity: Miss Louise M. Comer; Brown University: Mr. W. E. 
Barnes, Mr. W. M. Kincaid, Mr. P. T. Mielke; University of Chicago: 
Dr. Anne L. Lewis, Dr. Janet MacDonald; Cooper Union: Mr. S. G. 
Roth; Duke University: Dr. L. I. Wade; Hunter College: Miss Louise 
W. Miller; University of Illinois: Mr. W. F. Atchison, Dr. Theodore 
Bedrick, Miss Janie C. Lapsley; Massachusetts Institute of Technol- 
ogy: Mr. W. S. Loud; University of Michigan: Mr. B. J. Lockhart, 
Dr. C. A. Truesdell; University of Minnesota: Mr. H. D. Colson, Dr. 
C. M. Jensen; University of Nebraska: Mr. H. W. Linscheid; Penn- 
sylvania State College: Dr. A. B. Cunningham; Princeton University: 
Mr. Richard Bellman; Purdue University: Dr. Fred Kiokemeister; 
University of Rochester: Dr. Dorothy L. Bernstein; State College of 
Washington: Dr. P. F. Neményi; Yale University: Mr. A. S. Day, 
Mr. R. E. Fullerton, Mr. J. S. Leech. 

Dr. G. T. Bennett of Emmanuel College, Cambridge, England, 
died October 11, 1943, at the age of seventy-five years. 


ABSTRACTS OF PAPERS 
SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 

. ber of the abstract. : 


“ALGEBRA AND THEORY OF NUMBERS 
1. A. A. Albert: Quastgroups. II. 


A loop is a quasigroup with an identity element. In this part it is shown that H 
is a normal divisor of a loop G if and only if (xH)(yH) C(xy)H, xH C(xH)h, 
(xy) H Cx(yH) for every x and y of G and k of H. The intersection and union of two 
normal divisors of G are normal divisors of G, and the standard theorems used to 
prove the Jordan-H?lder theorem and the Schreier refinement theorem are valid for 
loops (although the proofs are very different). The paper shows how to extend the 
notion of solvable group to loops and also proves'that various results of the theory of 
groups are also valid for loops. A construction is given of all loops with a given normal 
divisor and a given quotient loop, and the theory is applied to give an explicit de- 
termination of all loops of order six with a subloop of order three. Finally it is shown 
that all quasigroups of order five not isotopic to the group are isotopic to each other. 
(Received October 15, 1943.) - 


2. A. A. Albert: Quasiquaternion algebras 


A quasiquaternion algebra has a basis 1, 4, j, fi over a field F such that isa bi, 
ij 53(1 —4), P=c for a, b, cin F, c540, b41. Also b=0 when F has characteristic differ- 
ent from two and one writes A = (a, c) in this case. All quadratic subalgebras are de- 
termined and it is shown that (a, c) is isomorphic to (ao, co) if and only if aoa, 
cy=d% for d0 in F. The results in the characteristic two case are slightly different. 
A quasiquaternion algebra is a division algebra if and only if the algebras F[#] and 
F[j] are fields. If F is a finite field of q elements there are division algebras of this kind 
over F if and only if q is odd. Then there are 1/2(q—1) such algebras not isomorphic 
in pairs. The question as to when two algebras over F of characteristic not two are 
isotopic is completely &olved for quasiquaternion division algebras. (Received Octo- 
ber 15, 1943.) 


$. J. L. Brenner: The linear homogeneous group. IIL. > 


Let (x;) represent an #-tuple (vector) whose elements are residue classes mod p” 
(b, prime; r, positive integer). The p* vectors (x) form a group Ñ under the operation 
vector addition: (x;) + (y) = (s), zim x;y; (mod ?"). Án Büros of 31 may be 
defined by specifying the # images (a,:) of the generators ¢,=(0,--+, 1;,+++, 0), 
where det (ax) 1 (mod f). €... is the group of these sation aa ta this article 
the lattices of normal and of characteristic subgroups of & are described; the lattices 
are distributive except when # =p —2, in which case they are not distributive. 91, con- 
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sists of all matrices in @ which fix every element of order p* in A. N, is characteristic 
in Q. This article will appear in Ann. of Math. vol. 45 (January, 1944). (Received 
November 1, 1943.) 


4. R. H. Bruck: Some results in the theory of linear non-associative 
algebras. ‘ 


An algebra is defined to be isotopically simple if every isotope is simple. The 
theory of linear algebras is shown to be reducible to that of isotopically simple alge- 
bras. The following exhaustive classification of algebras is convenient: (I) all algebras 
with unit elements, and their isotopes; (II) all algebras with right units in which every 
element is a left-hand divisor of zero, and their isotopes; (III) all algebras anti- 
isomorphic to those of class II; (IV) all algebras in which every element is both a left- 
hand and right-hand divisor of zero. Isotopically simple algebras of order s over an 
arbitrary field are constructed as follows: of class I, for all #52; of classes II and III, 
for all x >3. Isotopically simple algebras of order 2 are (isotopic to) quadratic fields. 
Certain types of Lie algebras (class IV) are shown to be isotopically simple. New 
simple algebras of all orders and new division algebras of orders 4, 8 and countable 
infinity are defined in terms of quasigroup algebras and generalized quasigroup alge- 
bras. The notion of generalized quasigroup algebra stems from the extension problem 
for quasigroups, of which a complete solution is given here for quasigroups of arbitrary 
order. (Received October 6, 1943.) 


, 3. Claude Chevalley: Some properties of ideals in rings of power 
series. 


The paper is concerned mainly with the behavior of prime ideals in power series 
rings under extension of the basic field. The theorem of A. Weil on the existence of the 
field of definition of a prime ideal in the ring of polynomials is generalized for prime 
ideals in rings of power series. (Received October 8, 1943.) 


6. M. M. Day: Arithmetic of ordered systems. 


Operations of ordered addition and ordered multiplication of (partially) ordered 
systems are defined to include as special cases che ordinal and cardinal sum and 
product and the ordinal exponentiation of G. Birkhoff (Duke Math. J. vol. 9 (1942) 
pp. 283-302). If (T, &) and (Ss z) are ordered systems, the ordered product over 
(T, g) of the (S:, 2) has as elements the functions f defined on T with f(#) in S; for 
every i: f &'fi means that if f(t) f,(#) there exists 4; =# such that f(t) »fi(&) (essen- 
tially lexicographic ordering); the relation = in the ordered product is the least transi- 
tive relation including 2’. The product over the system of integers of a family of two- 
element well-ordered systems is a simple example in which 2,’ is not transitive. The 
principal results depend on the fundamental theorem: If (T, =) isa number and each 
(St, È) is transitive, the relation 2’ is almost transitive; that is if fizz/fag; faz! - - 

2 fa, there exists fo such that fig 'foz; 'fa. (Received October 22, 1943.) 


7. R. P. Dilworth: A decomposition theorem for partially ordered 
sets. i 


Let P be a partially ordered set. P has finite width k if k is the least integer 
such that every set of k+1 elements contains a comparable pair. It is shown that 
if P has finite width k, then P ts the set sum of k disjoint chains. An almost trivial 
application yields the P. Hall theorem on representatives of sets. Indeed, the above 
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theorem seems to be the natural infinite extension of the P. Hall theorem. Applica- 
tion to distributive lattices gives the following result: Let m =max h(a) where h(a) is 
the number of elements covering an element a of a. distributive lattice L. Then L is a sub- 
lattice of a direct product of m chains and m is the least number of chains for which this 
holds. (Received October 22, 1943.) i 


8. Roy Dubisch and Sam Perlis: On the radical of a non-assoctative 
algebra. (Preliminary report.) 


The radical of an associative algebra may be defined in many equivalent ways. 
In the case of a non-associative algebra most of these definitions provide subsets which 
are not always ideals or which Jack many of the common properties of the radicals 
of associative algebras. One of these common properties is preserved by the definition 
made recently by Albert for non-associative algebras obeying a simple hypothesis, 
but most of the other properties are lost. It is the purpose of this paper to investigate 
several definitions yielding ideals with at least one of the desired, well known at- 
tributes of a radical, to see if any two of these ideals coincide or satisfy an inclusion 
relation and to see if any one of them has some properties of particular interest. The 
paper begins with the special case of alternative algebras by giving a new and simple 
proof of Zorn's theorem that the totality R of properly nilpotent elements forms an 
ideal. The method consists of showing that the definition given in 1941 by one of the 
authors provides an ideal H and that H=R. Albert's radical N is shown to coincide 
with H and R for this case. But there are examples of non-alternative algebras for 
which the property H=R=N fails. (Received October 29, 1943.) 


9. Samuel Eilenberg and Saunders MacLane: Cohomology theory in 
groups. 


à ca TT EN 

group G. A function f of » variables in r and with values in G is called an s-cochain. 
The coboundary éf of f is an FD cochain defined d setting àf(xu * * * , Sayı) 
xf: tg nri) f(x S Xs) $f (x1, Xx 1 Xn) DIC if, tay 
Xai, Lalay) Ff (n trt, xà). Since’ $80, the GEAT construction yields a co- 
homology group Hla, G) of x with coefficients in G. By a suitable definition of a cup 
product, the groups H«(x, G) give rise to a cohomology ring. The group Hi(r, G) 
is the group of crossed homomorphisms of « in G (functions such that f(x) —f(x1) 
-+-xyf(x1)) modulo the principal homomorphisms (functions f(x) =~(g) —g, for a con- 
stant g EG). The group H:(r, G) is the group of group extensions of G by x, with the 
indicated operators. If x is represented as a factor group F/R of a free group F, then 
H.(x, G)=H,2(x, Hom (R, G)), with the group x suitably operating on the group 
Hom (R, G) of homomorphisms of R into G. (Received November 5, 1943.) 


10. Wade Ellis: Relations satisfied by Wnear operators on a vector 
Space. 

Let a, B be two linear ii bes aua ted itae Race V of dimension s. If 522, 
all general relations on a; f are consequences of the three known relations, of which 
two involve only one operator each (Cayley), and the third expresses af +fa in terms 
of a, B, 1 (Laguerre). If #>2, there are, in addition to those of a similar type, other 
relations (with invariants of certain kinds as coefficients) which it is the purpose of 
this paper to find and express. When s =3, an important distinction is made between 
the case (I) (of simultaneous symmetrizability) where there is a coordinate system 
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in which a, 8 are both represented by symmetric matrices, and the case (II) where this 
is not true. In I the relations are expressed as determinants of order seven, with all 
their elements rational invariants. In II the coefficients must involve a quadratic 
irrationality 3; it is convenient to use determinants of order nine whose elements in- 
volve 8 and rational invariants. For 5*0, these relations reduce to those of case I. 
Special cases of the relations occur in connection with the study of certain differential 
equations of physics. (Received October 23, 1943.) 


11. N. J. Fine and Ivan Niven: The probability that a determinant 
be congruent to a (mod m). 


A complete solution is given to the problem of evaluating P«(a, m), the probability 
that a determinant of order s having integral elements be congruent to a modulo m. 
(Received October 15, 1943.) 


12. A. L. Foster and B. A. Bernstein: Symmetric definition and 
duality theorem for rings. 


It is shown that commutative rings with unit are capable of symmetric definition 
and possess an elementary principle of duality of which the Boolean algebra duality 
is an instance. In this paper only non-ideal theoretic consequences of this duality are 
treated, and applications are made to the special case of fields. (Received November 
29, 1943.) i 


13. Ralph Hull: A theorem on the unit groups of simple algebras. 


Let A be a normal simple algebra of degree » over an algebraic number field §. 
If € satisfies condition R, that is, n >2 or A is unramified at at least one infinite prime 
place of § when #=2, then any two distinct maximal orders of % have distinct unit 
groups. The proof is based on the splitting-field theory of algebras | which satisfy 
R (Eichler, Math. Zeit. vol. 43 (1938) pp. 481-494) and local arithmetical considera- 
tions. Condition R is indispensable in general. The theorem can be used to describe 
the Brandt groupoid of normal ideals of 9f. (Received October 18, 1943.) i 


14. Jakob Levitzki: A characteristic minimal condition for semi- 
primary rings. 
A ring S is called semi-primary if the sum R of all two-sided nilpotent ideals of S 


is nilpotent and S/R is semi-simple. It has been proved by Hopkins (C. Hopkins, 


Nil-rings with minimal condition for admissible left ideals, Duke Math. J. vol. 4 (1938) 
pp. 664-667) that a ring S with minimal condition for left-ideals is semi-primary. 
But neither this condition, nor the weaker assumptions found later by other authors 
are necessarily satisfied by each semi-primary ring. In the present note it is shown that 
the following minimal condition is necessary as well as sufficient for semi-primary 
rings: Each descending chain of the form Lı DL, DL: D - - *, where the L; are left- 
ideals containing R, and each descending chain of the form 41 D4:-: 43 24i: 45: 43 


D - ++, where the A; are two-sided ideals contained in R, is finite. (Received October 


27, 1943.) 
15. G. Y. Rainich: Noncommutative relations. 


The problem of factorization of polynomials in a ring discussed previously (ab- 
stract 48-1-51) leads to the consideration of systems of relations (in terms of multi- 


re 
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plication and addition) on “indeterminates (which first appear as indeterminate 
coefficients). The situation is studied from several points of view. I (Abstract point 
of view): One set of relations may imply another. A set may be contradictory. Ex- 

' amples are given of complete sets; a set is complete when any relation compatible 
with it is implied by it. II (Realization): Here a linear vector space is considered and 
linear operators on' it which satisfy the same relations as those that are given. The 
connection with I is given by the fact that relations satisfied in an invariant subspace 
imply relations in the whole space. In III a ring is considered generated (with the aid 
of a field) by operators satisfying given relations. The special case when the relations 
involve multiplication only correspond to a group algebra. Iv deals with relations 
satisfied by operators as a result of their being operators on a vector space of a given 
dimensionality. (Received October 23, 1943.) 


16. H. E. Salzer: New tables and facts involving sums of four tetra- 
hedral numbers. 


The author has a second empirical theorem about tetrahedral numbers, that is, 
(n!—n)/6 for integral s. Every tetrahedral number greater than 1 is the sum of four 
other non-negative tetrahedrals. This theorem has been verified for the first 200 cases 
* in a table expressing every tetrahedral from 4 through 1373701 as a sum of four 
non-negative tetrahedrals. With the exception of 153, the first 200 triangular numbers 
n(5--1)/2 can each be expressed as the sum of four non-negative tetrahedrals. There 
are only 45 integers less than or equal to 1000 which cannot be expressed as the sum 
of four non-negative tetrahedrals. All numbers ending in 0, 5, or 6 which are less 
than or equal to 2006 are expressible as a sum of four non-negative tetrahedrals. This 
includes the first 201 cases of each type. It is interesting to note that the smallest 
example of a number ending in 4 which is not expressible as a sum of four non-negative 
tetrahedrals occurs at 1314. Thus here is an instance where a statement is true in the 
first 131 cases, but fails in the 132nd. (Received October 13, 1943.) 


17. L. R. Wilcox: Modularity in Birkhoff lattices. 


The following theorem connecting G. Birkhoff’s upper semi-modular lattices with 
the author's M-symmetric lattices is proved. Let a lattice be called upper semi- 
modular if a-b covers a, b when a and b cover ab: let a lattice be called M-symmetric 
if (a+b)c=a+bc for every aSc implies (¢+c)b=d-+cb for every d&b; finally, let a 
lattice be called of finite dimensional type if every a, b with a «b have a finite prin- 
cipal chain connecting them. Then a lattice of finite dimensional type is upper semi- 
modular if and' only if it is M-symmetric. The purpose of this theorem is to replace 
the condition of Birkhoff, forceful only when some chain condition is assumed, by a 
strictly algebraic condition which is suitable for use in the infinite dimensional case. 
(Received October 19, 1943.) ' 


ANALYSIS © 


18. Stefan Bergman: The determination of singularities of funcisons 
satisfying a partial differential equation from the coefficients of their se- 
ries development. 

Let Uls, 8)=Aco+_.. Xf be a (complex) solution of the equation 


L(U) = U,£--a4U,3-a4U; +03U —0 where as, &—1, 2, 3, are entire functions of two 
"variables —2--4y, 32x—4iy, x, y real. Using the results of the papers Rec. Math. 
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(Mat. Sbornik) N.S. vol. 2 p. 1169, and Trans. Amer. Math. Soc. vol. 53 (1943) 
p. 130, §7, the author shows that the positions (that is, the coordinates x, y) of singu- 
larities of U(s, 2) are determined by the sequence {Amo}, m=0, 1,2, --- , andare in- 
dependent of the az, & —1, 2, 3. He investigates further the connections between other 
subsequences of {Aaa} and the positions of singularities. For instance the Amı and 
the ayo, »—1, 2, 3, m=0, 1,2, - - - where a=) as", determine the positions of 
the singularities. If 2424: and a4 is real and u=) Daas"2" is a real solution of 
L(u) =0, then the Day and the a2, $20, 1,--+ ; determine the positions of singu- 
larities. Finally the author shows that many properties of the singularities are deter- 
mined by the Amo and are independent of the az, b—1, 2, 3. (Received October 26, 
1943.) 


19. Lipman Bers and Abe Gelbart: On a class of functions defined 
by certain partial differential equations. 


This paper contains a detailed mathematical treatment of the results presented 
in the Quarterly of Applied Mathematics vol. 1 (1943) pp. 168-188, and several new 
results on the properties of the functions satisfying the system of equations 
e(x)us = n(y)v,, ey(x)v, = —ra(y)vs. (Received October 4, 1943.) 


20. Lipman Bers and Abe Gelbart: On functions Satisfying certain 
systems of partial differential equations. 


This paper continues the study of the class of complex-valued functions f(s) 
=u(x, y)--v(x, y) where u and v satisfy the system of differential equations (1) 
Ua — n(y)0y, ty - 3()vs, ri being positive and analytic. With the aid of the function 
E(a, y) belonging to the class and corresponding to the analytic function exp (ay) (cf. 
Quarterly of Applied Mathematics vol. 1 (1943) pp. 168-188), a "Laplace transforma- 
tion” f(s) =/s°E(—a, s)g(o)da is defined. Under suitable conditions f(z) belongs to 
the class. If g(z) &1, f(s) =s‘-)(g) corresponds to the analytic function 1/s. Its nth 
Z-derivative corresponds to 1/s*, its 2-integral to log s. Properties of these functions 
are investigated. (Received October 4, 1943.) - 


21. D. G. Bourgin and C. W. Mendel: Orthonormal sequences. 


Let f(x) C-Ia be odd and periodic of period 2x. Suppose {f(næ)}, n=1, 2, - - - , is 
an orthonormal sequence on 0 Sx 2x. The investigation of functions satisfying these 
conditions leads to certain natural subclasses. Explicit examples are given other than 
the trivial solutions f(x) =sin kx. Properties of these solutions are developed and vari- 
ous subsidiary conditions are formulated under which the trivial solutions alone are 
possible. (Received October 22, 1943.) “ 


22. Alfred Brauer: On certain limits. 


The following theorem is proved: Let and I be positive integers and m=k-+1—2, 
Suppose that the functions f(x) and g(x) and their first m-+2 derivatives exist and are 
bounded in the interval 0 «x 35. Suppose further that f(x) is positive there. Finally 
suppose that lim f(x) elim f'(x) - - .- —lim f€-5(3) 20, but lim f(x) 70, and 
lim g(x) lim g'(x) - - - - =lim gU-D(x) =0, but lim g(x) 0. Then lim f(x) «1. 
In all limits x—-F0. (Received November 19, 1943.) 


23. W. B. Caton and Einar Hille: On the class of functions H,(1/2). 
One says that f(s) CH,(1/2), 1 <p 2, if f(s) is holomorphic in R(s) >1/2 and 
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i f lieri) [>dy <M for all 357A In this note a new proof is given of the 
well known theorem which states that f(s) CH,(1/2) implies f(s) = {Se F(u)ds, 
F(u)e* CL, ©), 1/p+i/q=1. The proof follows a general plan outlined 1 ina 
paper of Hille (Compositio Math. vol. 6 (1938) pp. 93-102). (Received October 19, 
1943.) 


24. B. H. Colvin: The expanston ariin joad with a third 
' order ordinary differential system of highly irregular type. 


The expansion problem considered is that associated with the third order ordinary 
differential system jy'''(x)--A5y(x) 20, He(y) m ha)" (a) +hald)y’ (a) +HhalA)y(a) 
+Hhula)y (b) 3-h3 0) 9’ (b) 4-5«()5(5) =0 (¢=1, 2, 3), in which the boundary condi- 
tions are of highly irregular type. The variable x is restricted to the real interval 
@4x3): > is an unbounded complex parameter and the coefficients 5; (X) are poly- 
nomials in À with complex coefficients. The general mode of attack is that recently 
employed by R. E. Langer in connection with highly irregular systems of the second 
order. By the use of some rather general notions of summability (first introduced by 
R. E. Langer) an expansion theory associated with such irregular systems is developed 
for integrable vectors f(x) which fulfill certain conditions customarily imposed in such 
theories. (The third order boundary systems considered include as special cases those 
discussed previously by J. W. Hopkins and L. E. Ward. The present theory, however, 
provides summable expansions for a class of functions far wider than that for which 
they obtained any results. (Received October 30, 1943.) 


25. Paul Erdós and S. M. Ulam: Some combinatorial problems $n set 
theory. Preliminary report. 


The following problems seem’ of some interest: 1. Given a class K of subsets of a 
set E of power m, the class closed with respect to the operation of addition of less 
than m sets belonging to the class, and with respect to complementation, and with this 
additional property: For every subdivision of E into disjoint sets containing each more 
than one element, there exists a set in K which contains exactly one element of each 
of the sets of the subdivision. Must K under these conditions coincide with the class 
of all subsets of E? If m=ko, the answer is negative; otherwise, unsolved. 2. Let E 
be a set of power m. Is it possible to define » «2* completely additive measure func- 
tions on the class of all subsets of E so that each subset will be measurable in at least 
one measure function? 3. If the continuum hypothesis is true, every subset of the 
continuum can be obtained by Borel operations effected on sets that are additive 
subgroups of the real numbers. The statement that every subset can be obtained by 
Borel operations on sets consisting of rationally independent numbers is equivalent 
to the continuum hypothesis, (Received October 27, 1943.) 


26. R. C. James: Orthogonality and differenttability in normed linear 
spaces. 

Several definitions can be given of orthogonality in normed linear spaces. In this 
paper, it is said that an element x is orthogonal to y if and only if ||x+-zy| 2{|z|| for 
all &. Such orthogonality is neither symmetric (x Ly does not imply y.1 x) nor additive 
' (x.Ly and x.Lzdo not imply x Ly+s). However, this orthogonality is never vacuous, 
since for any x and y there exists an a such that x | (ax-4-y). An equivalent definition 
of orthogonality is: *x Ly if lims..||#2-+-y|| —||n]| 20," provided x0, and it follows 
that this orthogonality is additive if and only if the norm is linearly Gateaux differ- 
entiable at each nonzero point. Furthermore, if this differential exists at a point x, 
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it is equal to —a||z||, where x 1 (ax-+y). This gives rise to a condition for the existence 
of a scalar product, and to a means of investigating the effect on a normed linear 
space of the existence of the differential of the norm. (Received October 29, 1943.) 


27. Anne L. Lewis: Suffictency proofs for the problem of Bolsa in the 
calculus of variations. 


This paper is mainly concerned with the establishment of sufficient conditions 
for a strong relative minimum for the general isoperimetric problem of Bolza in non- 
parametric form. The proof involves an expansion of the Hilbert integral and the use 
of a so-called quasi Mayer field, which is defined in-terms of the variations of the slope 
functions and multipliers generally associated with a Mayer field. This procedure 
combines the field theory methods of Hestenes (Trans. Amer. Math. Soc. vol. 42 
(1937) pp. 141-153; Duke Math. J. vol. 5 (1939) pp. 309—324) and the expansion 
methods of Reid (Trans. Amer. Math. Soc. vol. 42 (1937) pp. 183-190; Ann. of Math. 
(2) vol. 38 (1937) pp. 662-678) and utilizes certain dominant properties of the Weier- 
strass E-function. There are obtained, moreover, various results concerning the 
Weierstrass E-function which yield a Lindeberg theorem for the isoperimetric prob- 
lem considered. (Received October 22, 1943.) 


28. A. T. Lonseth: The propagaiton of error in linear problems. 


Suppose that A is a bounded linear transformation in Hilbert space H which 
possesses a bounded inverse A“, and that C is in H. Then the solution X =A~°C of 
AX =C is also in F, its norm N(X) satisfying N(X) SM(A™)N(C), where M(A-1) 
is the bound of A71, The error £ induced in X by errors a in A and y in C is consid- 
ered; it is found that N(é) S M(A-) (N() +M(e)N(X)}/{1-M(A-) M(a) ], pro- 
vided that M(A-1) M(a) <1. (This inequality generalizes readily to linear functional 
equations in a Banach space.) A case of special interest is that in which A =I+K, 
where I is the identity and M(K)<1; then (E. Hilb) A has a unique inverse A71 
and M(A47) <1/{1—M(K) }. In this case bounds are also found for the components 
of & The inequalities provide limits to the errors incurred in certain approximate 
methods for solving linear problems: infinite systems of linear equations in infinitely 
many unknowns (method of segments) and the related linear integral equations of 
first and second kinds. (Received October 20, 1943.) 


29. Morris Marden: A recurrence formula for the solutions of certain 
partial differential equations. 


Given the second order linear partial differential equation L(U) = U 4-- 4 U,4-BU; 
+CU=0, where A, B and C are analytic functions of the two complex variables 
£-1--iy-re? and £—x—iy—re 9. As proved by Bergman (Rec. Math. (Mat. 
Sbornik) N.S. vol. 44 (1937) pp. 1169-1198), there exists a function E(s, 2, #) such 
that the operator P(f) «f, E(s, 2, #)f[(1/2)s(1 —#) ](1—#)-Yds, acting upon an arbi: 
trary analytic function f(s), produces a solution U of the equation L(U) —0. As the 
solutions so produced may be expanded in terms of the particular solutions Up e P(s*), 
the study of the solutions U would be aided by the existence of recurrence relations 
among the solutions U,. In this paper it is proved that when log E(s, 8, t) is an even 
or odd polynomial in #, there can be found g+1 functions &,(r, 0, m) such that 
ô U,/àr =koUn +h Unyit «+> +k eUayg, where g is the degree of log E as a poly- 
nomial in ż if log E is an odd polynomial in #, but is only half this degree if log E is an 
even polynomial in £. The result is a generalization of a recurrence relation for Bessels' 
functions J,. (Received October 7, 1943.) 
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30. K. L. Nielsen: On operators for linear partial differential equa- 
tions. ` 


Bergman (Trans. Amer. Math. Soc. vol. 53 (1943) pp. 130-155) has considered 
the relation between functions U(z, 8) satisfying certain partial differential equations 
L(U) = Ug+a0.+bU;+cU=0 and an associated analytic function f(s) in terms of 
which the solution of L(U)=0 can be expressed. He has introduced an operator 
P(f) f^ E(s, 2, DOf(s[1—2]/2) (1 —:2)713d: which transforms the class of analytic 
functions of one complex variable into a certain class of functions C(E) which repre- 
sents solutions of L(U) =0. The author and Ramsay (Bull. Amer. Math. Soc. vol. 49 
(1943) pp..156-162) have found simple forms of E=exp [N(s, D*+ M(s, 8)t*] for 
given partial differential equations. In this paper the case of E=exp DL. or] i is 
developed aid limiting theorems on m and s are found for the above expression of E. 
(Received October 22, 1943.) 


31. W. T. Reid: Expanston theorems for boundary problems of the 
calculus of variations. 


In a previous paper (Amer. J. Math. vol. 54 (1932) pp. 769-790) the author 
treated a two-point boundary problem associated with the general problem of Bolza 
in the calculus of variations, and established certain expansion theorems in terms of 
the characteristic solutions of the considered problem, The present paper is concerned 
with the proof of more refined expansion theorems for such a boundary problem. In 
particular, the general theorems herein proved provide improvements of the expan- 
sion theorems of Kamke (Math. Zeit. vol. 45 (1939) pp. 759-787; vol. 46 (1940) 
pp. 231-250 and pp. 251-286) for self-adjoint definite problems involving a single 
differential equation of even order. The paper contains results of the Riesz-Fischer 
type which include as very special cases the results of Krein (Rec. Math. (Mat. 
Sbornik) N.S. vol. 2 (1937) pp. 923-933) for a self-adjoint problem involving a single 
differential equation of even order, and the more extensive results of this type for a 
self-adjoint problem involving a second order differential equation that have been 
established by Galbraith and Warechawski (Duke Math. Jd vol. 6 (1940) pp. 318-340). 
(Received October 21, 1943; :) 


32. A. R. Schweitzer: On furicttonal equations with solutions con- 
taining arbsirary funcisons. III. 


When the method of solving functional equations outlined in previous reports in 
this Bulletin (abstracts 49-9-212, 213) is not applicable, the author notes that a pro- 
cedure of restricting variables, or generalizing functions or variables, frequently leads 
to equations with solutions containing arbitrary functions. Perhaps the simplest ex- 
ample is offered by the associative equation ¢{x, (7, s)} -e(e(x, y), s]. The equa- 
tion é(x, &(y, x)} ={¢(x, y), x] has the solution ¢(x, y) =a(x+y) and the equation 
ex, f, s)} =f $(x, y), z} has the solution $G y) a(x) - » f(x, y-x B(y). Also 


the equation Pix, Xn7**, X8 Oy | 25» ^^ cy, 542] =e folas %2,° °°, X8 y») 
Yis Yz tte Yanı} has the solution pla, 3250. n ^ X41) 21: a (xs, 57775, Xn) Xni 
(521). The latter equation has the inverse f(s, x, - - - , xa, 0) mf (xu X3, * * ©, Sagi) 
. where #=f(m1, bu fz, © ++, f)andv mfi fuhr, fa). In the above the functions 


pane sae (Received October 21, 1943.). 


` 33. Wolfgang Sternberg: On difference equations. 
The author-gives a solution of the often treated fundamental difference equation 


' 
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F(é 4-1) — F(t) — (t). It is supposed that the given function $(/) can be expanded in a 
Fourier series in every finite interval of ¢ and, for simplicity, that $(/) is continuous. 
The solution is F(t) = —¢(#)/2 +fielrdr +207, Solr) cos 2xk(t—r)dr where a is an 
arbitrary real constant. The above series is not a Fourier series in the usual sense, 
because the upper limit of the integrals is not constant, but the variable ¢ itself. Some 
other solutions are given besides the above one. Finally the general linear difference 
equation of order s with constant coefficients a4 F(i--5) 4- - - - +a, F(t+1)+a0F(#) 
=¢(t) is reduced to s equations of order 1 by the following theorem: If the characteris- 
tic equation P(u) —a«u*- ++ + +a;%-+a=0 has n different roots o; (£51, 2, - - - , m) 
and if F,(f is an arbitrary solution of Fi(#+1)—o;¢F;(t) =4(t)/P’(a;), then 
Fi()+7a()+ +++ FA) is a solution of the above equation of order n. The case 
of multiple zeros of P(#) can be dealt with in a similar way. (Received October 30, 
1943.) 


34. W. J. Thron: Sets of convergence for continued fractions. Pre- 
liminary report. 


Let A be a set of complex numbers. Corresponding to every set A, a set Z(A) is 
defined as follows: 1 CZ; for every positive integer k, 1-+a:/1-+a./1+ - - - +a,/1 
CZ if a.C A (£e1,2, - - - , k); the set Z contains no other elements. The following 
theorem has been established: for every set A the set Z(A) either contains the point 
£—0 or has no point in common with the set 1—Z(4) (vC1—Z if 1—» CZ). If 
0 C Z(A) there exists a continued fraction 1+K(a,/1), all of whose elements a4 are 
in A, which diverges by oscillation. Hence such a set A cannot be a set of convergence, 
even if convergence is understood to mean convergence in the wider sense. Thus a 

` necessary condition for a set A to be a set of convergence for continued fractions 
A2 -K (a5/1) is that the sets Z(A) and 1 —Z(A) have no point in common. (Received 
November 17, 1943.) 


35. W. J. Trjitzinsky: Problems of representation and uniqueness for 
functions of a complex variable. 


The leading idea in the present extensive work (as in the author's earlier related 
memoirs in Ann. École Norm. (3) vol. 55 (1938) Fasc. 2 pp. 119-191, and in Acta 
Math. vol. 70 (1939) pp. 63-163) is that functions are studied which are not necessar- 
ily analytic but which at the same time are sufficiently specialized so as to come within 
the scope of classical analytic tools (like Lebesgue-Stieltjes integration). It appears 
that conditions of monogeneity in one sense or another (in a rather general sense) 
over gets in the complex plane, which may be without interior points, are the condi- 
tions which give the desired degree of specialization. On the other hand, the classes 
of functions so obtained are of such great vastness and the possibility of classifying 
these functions according to various uniqueness properties and subsequently studying 
them is so wide that there appears to be on hand a very extensive field for new in- 
vestigation. (Received October 23, 1943.) 


36. S. M. Ulam: Theory of the operation of product of sets. III. Pre- 
liminary Report. 
` Two subsets A, B of a product set E* are called product isomorphic (abstract 
47-9-406), if there exists a one-to-one transformation T(x) of E into itself such that 


the transformation T*: x4 T (xi), +++, xaà—T (x4) maps A into B: TMA) =B. Start- 
ing with a class K of subsets of E one obtains the projective class containing it by 


x 
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considering in the product set E* sets of the form Zi X ZiX Z«, where Z; belongs to K, 
the Borel field over such sets and using the operation of projection and complementa- 
tion a finite number of times. Necessary and sufficient conditions are found in terms 
of a special mapping of E into E* preserving a given class of sets in E*, for the product 
isomorphism in case of sets A, B in the projective class. The classical theories of Borel 
sets and of projective sets correspond to the case where K is the sequence of rational 
intervals. Many results of these theories hold for the case of a general K and thus 
show a purely combinatorial and not topological origin. This permits the formulation 
of an analogous theory in the even more general case of projective algebras (abstract 
49-5-151). (Received October 22, 1943.) - 


37. S. E. Warschawski: On Theodorsen’s method of conformal 
mapping of nearly circular regions. 


The paper deals with the problem of determining the mapping function of a circle 
onto a nearly circular region. This problem has some practical importance in the the- 
ory of airfoils. Let C be a nearly circular closed Jordan curve: p=p(¢), 086 $2z, 
(o, $ polar coordinates) where (1/p)(dp/d¢) is continuous and 1 X p($) i1 -4-«for some 
« 0<e<1. Suppose that w==/(z)(f(0) —0, f'(0) 0) mapa the circle |s| 2 |re?| <1 
conformally onto the interior of C. If arg f(e**) =¢(6), the log ({(s)/s) for ze"? 
may be written as log p[$(0)]--5($(0) —6). Hence by Fatou's formula, $(0)—9 
= (1/2x) ff {log e[$(02-)]—log e[e(6 —0]] cot (¢/2)dt+mH[¢(0)], and the function 
$(0) may thus be determined by solving this integral equation. Theodorsen (National 
Advisory Committee for Aeronautics, Report 411, 1932) and Theodorsen and Garrick 
(National Advisory Committee for Aeronautics, Report 452, 1933) developed a prac- 
tical method for computing a solution of this equation by successive approximations, 
In the present paper the theoretical basis of this method is studied. Sufficient con- 
ditions for the curve C are established under which the approximations ¢o(6) 60, 
d«(0) = H [5 1(6) ] and their derivatives $s (6) converge to ¢(0) and $'(0) respectively, 
and the errors pers $(8)| and [e (6) —e'(0)| are estimated. (Received October 
27, 1943.) 


APPLIED MATHEMATICS 


38. L. W. Cohen and S. M. Ulam: On the algebra of systems of vec- 
tors and some problems in kinematics. 


The properties of equivalence for systems of vectors as postulated for the me- 
chanics of rigid bodies are studied in linear spaces. It is proved that any finite system 
of vectors in #-space is equivalent to a unique system of vectors collinear with the 
edges of an #-simplex. It is also proved that any such system is equivalent to a sys- 
tem of [n/2]--1 vectors. Similar theorems hold for infinitely many vectors and for 
spaces of infinitely many dimensions, The problem of topological invariants of trajec- 
tories of systems of # points with respect to arbitrary motions of the coordinate 
system is formulated and results are obtained for the case of three points. (Received 
October 22, 1943.) 


39. A. H. Copeland: T' he nature of turbulence. 


There are exhibited in this paper a number of flows which consist of series of di 
turbances distributed temporally but unfortunately not specially at random, and 
which satisfy the hydrodynamic equations together with appropriate boundary con- 


62 ABSTRACTS OF PAPERS [January 


ditions. In conformance with experimental evidence each disturbance becomes dis- 
sipated as time increases. The following motions are obtained: flow without 
obstructions with constant velocity at infinity, flow through a pipe, flow outside 
a rotating cylinder, flow past a wall, and flow between parallel walls. These solu- 
tions may be regarded as mathematical models displaying some but not all of the 
characteristics of physical turbulent motion. (Received October 30, 1943.) 


40. Isaac Opatowski: Isoperimeiric problems in bending of canti- 
levers. 


The paper considers cantilevers characterized by the fact that any two cross sec- 
tions are obtainable from each other by a transformation of dilatation. The surface 
bounding these cantilevers is representable in the parametric form: y=F(x)f(#), 
sx G(x)g(f); the beam's axis is taken as the x-axis. The load consists of the cantilever's 
own weight W and a concentrated force P at the free end. The problem of finding 
cantilevers which have an assigned type of cross section (that is, assigned expressions 

of f and g), assigned length and weight, and which are of uniform strength (S. Timo- 
shenko, Strength of materials, 2nd ed., part 1, p. 209) and have a minimum deflection 
Y is of an isoperimetric type with an additional condition for F and G in the form of a 
Volterra integral equation. If W is neglected with respect to P the problem has no 

. meaning because Y becomes proportional to W. However if, besides this, the condition 
of uniform strength is abandoned, the classical type of a simple isoperimetric problem 
is obtained. This is a generalization of a result given by Blasius for circular cross sec- 
tion (Zeitschrift für Mathematik und Physik vol. 62 (1914) pp. 182-197). (Received 
October 21, 1943.) 


41. H. E. Salzer: Supplementary calculation of coefficients for numer- 
ical integration with central differences. 


The coefficients Mi, which are the (2s)th Bernoulli polynomials of order 2s for 
argument equal to s, divided by (2s)!, were calculated from Mz to Mi to 20 signifi- 
cant figures, from ‘Me to Ma to 8 significant figures, and finally from Ms, to Me: to 
20 decimals, (This extends the earlier calculation which went up to Ms», mentioned 
in an abstract of this Bulletin, 49-9-224.) With these coefficients it is possible to 
integrate functions that are tabulated at very wide intervals, even when the size 
of the interval is such that the differences do not fall off. Functions tabulated to an 
extremely large number of decimal places can be integrated to the same or greater 
accuracy, since we can use many differences. The ratio of consecutive coefficients, 
about 1/4, practically annuls the error that accumulates in successive differences 
when the tabulated function has a certain accuracy. This is an advantage over the 
Laplace formula. These coefficients are very useful for checking by quadrature the 
key values of functions whose integrals are known and for computing key values of 
functions defined by integrals. (Received October 29, 1943.) 


42. L. R. Wilcox: Theory of traffic light networks. I. 


Let points P;, with coordinates (x, y) @=1,2,+++,m;7=1,2,-++,n) be given, 
and let a matrix function A (4) =(a,;(#)) be given, where each a;,(#) is a step function 
with values 0, 1. The combined system S=(P;,, A(#)) is called a rectangular system 
of traffic lights. Motivation of the definition lies in the obvious connection with ordi- 
nary systems of traffic lights, where a;,(/) =1 (0) means that the light of Pa at the time | 


x 2 " -34 
' I k z 
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4 shows green (red) for the horizontal line through P;, and red (green) for the vertical. 
Various questions are asked of S, notably those concerning the possibility of non-stop 
travel along all horizontal and vertical paths through the point network. Those sys- 
tems S admitting “through” speeds are determined and for each such S all through 
speeds aré found. Such problems are solved by the theory: of simultaneous congru- 
ences, The results are applied to the determination of the synchronization for the 
“best” flow of traffic. Consideration of “almost” through speeds and more general 
problems in traffic control is deferred to a later paper. (Received October 19, 1943.) 


' 43. František Wolf: On a problem of L. M. K. Boelter. Viscous fluid 
forced through a heated vertical pipe. 


The temperature at the wall is prescribed to be t? =A coth ms +p, independent of 8. 
The density and viscosity are analytic functions of #. There are four differential equa-_ 
tions of which three are of the second order.’Solving Stokes’ hydrodynamical equations 
` for a cylinder, we obtain a set of integro-differential equations which can be used for 
successive approximations. The chief difficulty is in determining the boundary value 
of the pressure which, generally, is determined by an integral equation. After some 
‘preliminary changes of the differential system, the Laplace transformation can be 
applied. This leads to an algebraic equation for the transform of the boundary value 
of the pressure. A later paper will be devoted to the study of the convergence of the 
successive approximations and to the problem of the existence of the solution. (Re- 
` ceived October 28, 1943.) 


| ERGODIC THEORY i 


44. P. R. Halmos: In general a measure preserving transformation 
is mixing. N 


The first proof is given of the old standing conjecture announced in the title. 
“In general” means of course that the exceptional'set is of the first category in one 
of the usual natural topologies (the strong neighborhood topology) for measure pre- 
serving transformations. The principal new and quite surprising fact used in the proof 
is that for any almost nowhere periodic transformation T the set of all conjugates of T, 
that is, the set of all STS“, is everywhere dense. (Received October 26, 1943.) 

1 i 
: GEOMETRY 
45. V. G. Grove: The transformation of Cech. 


The purpose of this paper is to give a simple geometric construction of the gen- 
eral transformation of Cech. This is accomplished by first constructing a two parame- 
ter family of quadrics having second order contact.with a surface and associated in 
a simple manner with & conjugate net on the surface. The polar plane of a point on 
the tangent to a curve of the net with respect to a quadric of the family is related to 
that point by a general transformation of Cech. Geometrical characterizations are 
made for several particular transformations of Cech. (Received November 19, 1943.) 


46. Janet MacDonald: Conjugate nets in asymptotic parameters. 


This paper presents some contributions to the projective differential geometry of 
conjugate nets in asymptotic parameters on an analytic nonruled surface in ordinary 
space. The equation of the bundle of quadrics each of which has contact of at least 
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the third order with both curves of a conjugate net at a point is deduced, and the cone. 
in the bundle and the intersections of the bundle with the tangent plane are studied. 
Certain polar relations with respect to the quadrics of the bundle are presented. Cer- 
tain loci and envelopes are investigated at a point of the surface in connection with a 
pencil of conjugate nets. Among these are the principal cubic, which is the locus of the 
principal points, and the principal conic, which is the envelope of the principal joins. _ 
Davis (Contributions to the theory of conjugate nets, doctoral dissertation, Chicago, 
1932) defined and studied several canonical configurations, considering the conjugate - 
net as parametric. In the present paper a study is made of Davis’s canonical configura- 
tions in asymptotic parameters. (Received October 21, 1943.) 


47. E. J. Purcell: Variety congruences of order one in n-dimensional 
space. : BS De 

A variety congruence of order one in [s] is an algebraic o*-system of varieties, 
each of dimension s—£ and order k, in #-dimensicnal projective space, such that 
tkrough a generic point of [5] one and only one V$» of the system passes (k any 
positive integer not greater than n, and k any positive integer). The results of very 
many writers on Cremona transformations, Cremona involutions, (1, m) correspond- 
ences, and line or curve congruences of order one can be obtained by specializing this 
paper. (Received October 7, 1943.) 


'ToPoLocv 


48. K.T. Millsaps: A note on generalized Hilbert space. 


By analyzing an example formulated by A. Tychonoff, Math. Ann. vol. 111 
(1935) p. 768, the spaces HP”, 0X p S œ, are defined in a manner analogous to that for 
classical Hilbert space; some basic properties such as linearity, necessary and suffi- 
cient conditions for normability, completeness, separability, and sufficient conditions 
for local non-convexness are proved. (Received October 30, 1943.) 


49. R. L. Moore: Concerning webs in the plane. 


Among other things it is shown that if a compact plane continuum contains a 
web it is one. (Received November 25, 1943.) 


50. M. E. Shanks: Monotone decompositions of continua. 


In this paper the author considers the lattice (D, (X) of all monotone upper semi- 
continuous decompositions of the compactum X. This lattice is well suited for the 
study of the structure of continua. Two continua X and Y are homeomorphic if and 
cnly if there is an isomorphism carrying Da(X) onto Dx(Y) which makes simple 
Cecompositions correspond to simple decompositions. By means of a factorization 
theorem it is shown that if X is a dendrite or a linear graph then D(X) is isomorphic 
tb D(A), where A is an arc. Spaces for which D(X) is isomorphic to D(A) are 
hereditarily locally connected. A class of continua called generalized dendrites is de- 
fined and characterized as those continua for which D(X) is a sublattice of ‘the 
lattice of all upper semi-continuous decompositions of X. Both dendrites and Knaster 
continua are generalized dendrites, and both make D,,(X) distributive. A character- 
ization of dendrites is obtained. (Received October 22, 1943.) 


, 
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«51. G. E. Schweigert: Periodic analysis for onto-homeomorphisms of 
semt-locally-connected continua. Preliminary Report. 


‘ T(S) =S denotes any homeomorphism of a semi-locally-connected continuum. The 
le 4st (invariant) A-set A which contains all cyclic elements of finite period is non- 
vacuous. Moreover T(A)=A is componentwise periodic, that is, components of the 
complements of invariant A-sets in A have finite periods. It is shown that the action 
of T(A)=A resembles that of an elementwise periodic homeomorphism (each cyclic 
element has finite period) provided certain free cyclic chains are used instead of cyclic 
elements. This involves a classification of the orbits of cyclic elements E with infinite 
period by means of the integer s for which the cyclic chain C(E, T^ (E)) has no in- 
variant cyclic element (a property first studied by Ayres). It is also shown that the 
orbits of the components of S—A are influenced by the periodicity in A and hence a 
pi*tern is formed for the action of T(S) =S in the large. (Received October 21, 1943.) 


52. G. T. Whyburn: Mapping classes for locally connected continua. 


If A and B are locally connected continua, conditions are developed under which 
the limit mapping of a uniformly convergent sequence of continuous transformations 


' of A onto B will be monotone, interior or quasi-monotone respectively. In particular 


it is shown that the limit mapping of any uniformly convergent sequence of quasi- 
monotone mappings of A onto B is itself quasi-monotone. Thus the class of all quasi- 
monotone mappings of A onto B is closed in the space B4 of all mappings of A onto B. 
It results from this that the limit of a uniformly convergent sequence of interior 
mappings of 4 onto B will be interior provided it is light. (Received October 22, 1943.) 
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TWO WORKS ON ITERATION ÀND RELATED RS 
f = J; HADAMARD me a 


I want to give a brief account of, results which have bean com- 
municated to me.and which have been obtained by two young 
geometers, Eri Jabotinsky and Michel Luntz. Mr. Lüntz is unhappily 
in a concentration camp in France. I must add that this is one of the 
reasons for the fact, for which I must apologize, that I am writing | 
this exposé only now, although I have had both works in my posses- 
sion for several: months. The impossibility of communicating with Mr. 
Lüntz and therefore of asking him for any explenapen made the 
‘examination of his paper especially difficult. - 

_ As is well known, the problem. of iteration, a function f(x) being E 
' given, consists in finding a one-parameter family of functions f,(x) ' 
` ef(n,x) such that, for 5 —1, we have 


(1) -> fü a) = 12) 

and, moreover, for any m, #,_ 

Qo fal fal) = nial) 
sS also : n i d 
I E PODRETI 


which follows from (2) as is seen by taking m=0. 
‘The question is connected with Abel’s functional equation 
(à) |; ^ . élf(s)]=14¢(%) - 


- because if ¢ is a solution of that equation a solution of (1), (2) will ' 
be given by 


(. n dal =n + e(a): 
Instead of (A), one can introduce Schroeder’ s equation 
(A’).. vLf2)] = ba). 


(ka constant) i in which y is connected with the unknown 9 of (A) by 
JV — k*, and with the help of which the solution would be expressed by 
.JI0.(2] = ka). 

The fact that every solution of (A) gives a solution of the iteration 


! 

` Presented to the Society, April 24, 1943, under the title Os fractional iteration and : 

connected questions; received by the editors July 1, 1943. 
' "1 
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problem is sufficient to show that the latter is indeterminate unless 
‘proper conditions are added: for, if $(x) is a solution of (A), so is also 
(x) --II [6 (x) ] where II is any function admitting of the period 1. 

The iteration problem has been considered by several authors. 
The most recent work, as far as I know, is due to Paul Lévy (C. R. 
Acad. Sci. Paris vol. 184 p. 500 and Annali di Matematica (4) vol. 5 
(1928) pp. 270—296, esp. p. 287 ff.). Additional conditions being neces- 
sary (as a matter of fact, conditions of regularity), Paul Lévy imposes 
_ such conditions either (1) at infinity—a difficult subject, which we 

shall leave aside—or (2) in the neighborhood of a determinate value, - 
which the successive iteratives of f are assumed to approach. In the 
latter case, the one which will interest us, he uses the classic studies 
of Koenigs (Ann. École Norm. 1884). 

One feature of the problem is not considered by the above men- 
tioned authors, namely that, on account of (2), the set of the various 
transformations x—f(n, x) is a one-parameter group, which can be 
defined by its infinitesimal transformation ‘dx = £(x)ót. The question 
has been faced from this point of view in a note of Bouton! for the 
case in which the transformations are assumed to be tangent to the 
- identical one. Moreover, that group aspect and the infinitesimal trans- 
formation have also been introduced in the fundamental memoir of 
G. D. Birkhoff,? though without playing an essential role. 

Jabotinsky begins by considering not one problem of iteration, but 
the general class of them, that is, the equations (2) and (3) without 
immediate consideration of any special function f(x) nor, therefore, 
of equation (1). Now all these problems satisfy a common partial 
differential equation. For, writing (2) in the form : 


Siin — n), fn, 2] = fm, 2) 
and expressing the fact that the left-hand member does not depend 
on n, Jabotinsky easily obtains the partial differential equation 
(E) z (0%f/dn*) (0f/dx) — (02f/dndx)(df/dn) = 0. 
Conversely, this equation admits of the two ternede integrals 
(5) (3f/ðn): (8f/3x) = E(x), 
(6) i af/ðn = n(f) 


1 Bull. Amer. Math. Soc. vol. 23 (1917) p. 75: A scanty note, the development of 
which has not been published as far as we know. ? 

2? Acta Math. vol. 43 (1922) p. 1. As is well known, that memoir deals with trans- 
formations in two variables, the existence of an integral invariant being assumed. See 
also the paper of Daniel C. Lewis, Duke Math. J. vol. 5 (1939) p. 794 in connection 
with G. D. Birkhoff’s ideas, ` 
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(£, n, arbitrary functions) so that its general solution is 
() Jaget («o = f asi arbitrary). 


If we add condition (3), we see that x must be the inverse function 
of à, so that the above formula brings us. back to (A). Thus we have a 
simple proof of the fact that not only every solution of (A) gives us a 
solution of (2), (3), but that, conversely,* every solution of (2) cor- 
responds to a solution of (A). 

The partial differential equation (E) is common to every problem 
of the kind which interests us, whatever the given function f(x) may 
be. . j 
In order to integrate that equation, (3) gives the condition 


J(0, x) =x; and, if we now introduce (1), we see that we are also given 


the values of f(n, x) for s —1. It is a boundary problem of an unusual 
form; and, indeed, we know that our problem is not determinate if 
we do not add complementary conditions of regularity. 

As was already done in the aforesaid works of Koenigs and Paul 
Lévy, Jabotinsky investigates what will happen in the neighborhood 
of a “double point," that is of a value of x—say x =0—such that ' 


(8) 2 fla) = s, 

and he limits himself to iterates f(, x) of f(x) such that every f(n, 0) 
is also equal to 0, a hypothesis which, as we shall see, hardly dimin- 
ishes generality. Moreover, he assumes f to be expansible in powers of 
x and tries to find a corresponding expansion for fa, say 


(9) f(x) = Ai(n)s + Aln) + - 


This is what Paa Ty ls abd at aah aie wae Ă R. 
Acad. Sci. Paris for the case of f(x) =e*—1 (of which Jabotinsky was not 
informed). For that purpose, ‘Jabotinsky substitutes (9) into (E) en 
preferably, into the intermediate integral (5). If £(x) aye Hax? 4- - 
were known, this would give, for the An), the successive linear 
differential equations of the first order 


Ai (#) = min) ^ 
Ai (n) = 2ayAa(m) + asAı(5), 
Ad (n) = 3asAs(n) + 2as4s(n) + a:4:(5), 


(10) 


* Around a double point (which case we consider below), it is necessary to ene 
(A) by Schroeder's equation (A^), as does Koenig in the above cited memoir. 
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to be integrated with the initial conditions A,(0) =1, A,(0)=0 


‘for 12 2—an elementary integration. 


Now, on account of (3), £(x) is nothing else than the derivative of 


f(n, x) with respect to n for 1 —0, so that if £ were known, this would 


come back to solving Cauchy's problem for (E). From the point.of 
view of group theory, £(x) corresponds to the infinstestmal transfoxma- 
tion of the group which interesis us. 

As a matter of fact, in our case the o's are auxiliary unknowns; 
they are to be determined by the knowledge of the values of the A’s 
for n=1, which proceeds without any difficulty, for each 4, after the 
integration of the successive equations (10). If a0, that is if 
a1— Ai(1) 751, the expressions thus obtained obviously contain s 


' through polynomials in powers of e^^ =a”, 80 that they are quite 


similar to those which G. D. Birkhoff has constructed in the case 
which.he has investigated. 

The case a1=1 is compárable to Birkhoff's case II’’, the successive 
unknowns A in (10). being polynomials in m. 

But, as in Birkhoff's case, there remains the question whether the 
Af thus calculated would give a convergent series for (9); and, 
precisely, Birkhoff has shown, by a remarkable example (see $31, 


_ p. 55 of his memoir), that the contrary case may occur in the problem 


which he has treated. Whether the same fact is possible for the trans- 
formations in one variable remains to be decided. 

Lüntz's starting point is slightly different: he investigates *mutu- 
ally reversible" functions, two functions f and g being said to be 
reversible to each other? if 


(11), flg(21 = gia]. 


He,points out that this is a kind of generalization of fractional 
iteration; and, indeed, we see at once by (2) that any two of the fm are 
reversible.to each other. Conversely, will the investigation of func- 


4 If the transformation x—/(x) were known to belong to a certain group of Lie, Gr, 
in a finite number r of parameters, our question would be considered as being treated 


' by Elie Cartan in his memoir on Geométrie des groupes de transformations (Annali di 


Matematica (9) vol. 6 (1927) p. 1). In Cartan's terminology, a one-parameter 
group in G, is the analogue of a geodesic in the G,-space, which would be defined by 
its origin (the identical transformation) and its initial direction (defined by the corre- 
sponding infinitesimal transformation); our problem would correspond to drawing a 
geodesic through two given points. The solutiori is elementary in Cartan's case, but 
of a quite different difficulty when no G, containing the given transformation is known. 

F Luntz is right in not using the word “permutable,” which is used by Volterra 
in the Functional calculus with a different meaning. On the contrary, the transforma- 
tions x—f(x) and x—g(x) are said to be permutable. 
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- tions g reversible to.à given. Viütetbn f always lead to the iterates 
of f? 
'. We shall pey see that; ‘under the’ above postulated regularity 
' conditions, such will be the case. But it must be noticed that this 
new problem. is, from a certain point of view, simpler than the 
former since, ins instead of a family of functions, we investigate a single . 
: function £' i 
Ás was done Toe Lüntż also starts from ‘a double point x of f, 
say xo=0. Now, taking x= =x9=0 in the fundamental relation (11), 
we see that g(xo) must be a double point of f also, so that Lüntz is led 
' to admit that g(xo) —g(0) is nothing else than x» itself. 
. Lüntz also remarks that if g, and gs are both reversible to f so is 
, also & [ga(x)'], so that (a well kriown fact in the transformation theory) 
the g’s are the elements of a group. He, moreover, supposes that such 
functions gı and ‘gz are also reversible to each other, which. we shall, 
see to be the case 
‘Again, taking xo=0 and: I representing f and, g by expansions in. 
powers of €, 
(12) = i) = bis. + T no 
(13) ° - gla) = big H baa + - 


(11) gives ihe relations 
E T E E TEE 
aibi + 2asbibs + abi = bids "E 2bs016s + bai, 
l a1b4 + Bru + ba) + ‘Basbibs + abi 
à = bios. + 5y(22123 + ai) + 35,210; + bao, 


(14) 


The first one being an TETTA we see that if è à; is neither equal to 
0 (a case which the author excludes).nor to 1, the coefficient 5, is 
. arbitrary and may be considered as'an arbitrary parameter à, by 
means of which we have the general form for g, 


gla) = gla) i 
det 0 Mas + [s c3 ela - x12 es]. 
` The one parameter family represented by the above expression for 


g can not bé distinct from the group Ons as every iterate of f neces- 
sarily satisfies (1 1) 


* Lüntz notices the consequence that if f(x) is odd—that is permutable with 
x—(—x)—so is also g(x). wet " 
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Moreover, the above expression of the unknown is not written in 
termé of the a’s but, as previously, implies an auxiliary set of param- 
eters B, the meaning of which would not be obvious by itself, but ap- 
pears by comparison with Jabotinsky's result. Indeed, giving the 
terms of the first degree in À —1, they are, but for numerical factors, 
nothing else than the a in (10), so that the above formula leads us 
back to Jabotinsky's calculation. 

Again, these parameters are to be found in terms of the G's, and 
the convergence question is left aside. 

If we assume a, to be equal to 1 and if 84740, the coefficient bı 
will no longer be arbitrary: it must be equal either to 0 or to 1, so 
that the expansion of g will be (b1=0 being again excluded) of the 
form x4----, and will again include an arbitrary parameter À, 
namely the coefficient bs of x3. 

The third, fourth, --- equations (14) allow us to calculate the 
successive b’s. Again Lüntz is led to introduce a set of parameters 
which coincide with the coefficients in the infinitesimal transforma- 
tion of the group and, therefore, to write tlie same formula as would 
be found by Jabotinsky's method. 

Consequently, we see that for a10, 1, as for a37£0, the family of 
functions reversible to f and satisfying our regularity conditions is 
not distinct from the family of iterates of f. 

. These are the results obtained by Jabotinsky and Lüntz; they 
coincide with each other, at least if we do not have a1—0 or a1—1, 
8370, though they are deduced from rather different points of view. 

This coincidence suggests several remarks, some of which I shall 
point out now. 

I. In what precedes, we fave started from the hypothesis that a 
double point x —x» of f(x) is common to all iterates f(n, x) or to all the 
functions g(x) reversible to f. As we have seen, Lüntz makes the 
important remark that, on account of the definition (11) of reversible 
functions, the transform g(xo) is also a double point of f. He leaves, 
however, one question open, namely whether this transform is xo 
itself or another solution of (8). But, as a matter of fact, this question 
can be answered easily if the function g is assumed to belong to a 
continuous family of functions all of which are reversible to f, one of 
them being g(x) =x; for, substituting xo in each of these functions, we 
.obtain results which, varying continuously, can not be different from 
xv itself, at least if the latter is an isolated zero of f(x) —x. 

This conclusion immediately applies to the iteration problem, ^as 
any solution of it is a solution of Lüntz's problem, so that at least 
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some information on this subject: is obtained by Lüntz's way of 
attacking it. 

II. Is the above assumption—namely that either a10, 1 or _ 

0171, a20—essential for the general behaviour of the results and 

especially for the equivalence of those problems? A 

This would seem to be presumable a priori: for it is evident that if 
the function f(x) would: reduce to x itself, Lüntz's problem would 
become fully indeterminate, as the function f(x) =x is reversible to 
every other one. 

A most remarkable fact is that this presumption is not verified. Let 
the first term in (12) be reduced to x, the first following term which 
does not vanish being of degree p, so that 


$ J fla) = e+ age? +++: (P & 2, a, =Æ 0). 


Equating the coefficients of x? in both members of (11), we im- 
mediately see that 5; =%b7. Let us take, therefore,’ 51—1, so that the 
expansion of g(x) i is also of the form 


(4) = e+ bi = et (r = 2, b. = 0). 


- If so, all terms issuing from the first term of (12) or from the first 
term of (13) annul each other. After them, the terms of lowest degree 
are in x?*7^, with coefficients respectively equal to po,b, and rab, in 
both members, so that r can, not be different from f. Then, b’s with 
suffixes greater than p would be determined by equations some of 
which (except for-p=2) will reduce to the form aspe 7 briste 
while, for p 22, we shall have 


Gibs — Gib: = axb2(bs — a3). 


We see that, in every case, the functions reversible to f(x) and regu- 
lar at x=0 constitute a one-parameter family, which necessarily 
_ coincides with the iterates of f. ` 
We also see that Lüntz was right in supposing that two functions 
reversible to the same third one are reversible to each other. This, 
. as is classic in the group theory, carries the consequence that the 
reversibility conditions can be expressed by the existence of invari- ` 
ants. Let cı be chosen once for all, different from 0 and 1: we can 
consider as a "reduced" form of g(x) the one which has ¢ as coefficient 
of x. Every other coefficient in that reduced expansion will be deter- 


T Provisionally, we still exclude, like Lüntz, the value zero and, to aimplify dis- 
cussion, do not consider roots of unity. At any rate, in iteration problems it is natural 
(cf. Birkhoff, loc. cit. p. 9) to eliminate negative first coefficients. 
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mined by these conditions and, on the other hand, we just saw that 
the reduced g. will be reversible not only to f, but also to any other 
function (13) reversible to f, so that such successive coefficients of the 


: reduced expansion, when calculated in terms of the a’s, must have 


the same values as the ones similarly calculated in terms of the 5's: 
they give invariants (which, obviously, only seemingly depen on 
the special value of cı). The first of them are 


jz = a: (ai a), ja = (as — 2asja): (a1 — a3), 
j= {ae — [G2 + 54-4 55]a]:(: — 22, 


Such invariants are evidently related to the coefficients of the 
infinitesimal transformation of the group—a connection which, how- ' 
ever, we shall not investigate. 

In the case, considered in II, of 8 1, the first invariant, for  —2,. 
is : 


a9 (00 aja-a 


_ while, for p £2, one or several invariants will be of the form GO po Op, 
after which there will come one analogous to (15). . 


III. The transformations S:x—f(x), T:x—g(x), where f and g 
are connected by Lüntz's relation (11), being permutable to each 
other, the transform of T by S coincides with 7. In other words, 


' the-curve y — g(x) is invariant by the point transformation X —f(x), 


Y —f(y). The general problem of invariant.points has been studied 


‘several times, especially by Poincaré, Samuel Lattés,9 G. D. Birkhoff 


(loc. cit.) ànd the present author; but the present transformation 
behàves in an abnormal manner from this point of view, as there 


exist an infinite number of invariant curves, namely every nth iter- 


ate y —f«(x), such iterates existing at least for every integral n. 
IV. The problem of reversible functions being connected with the 
iteration problem, we néed not wonder at seeing it connected with 


` Abel’s equation (A). As a matter of fact, this connection is a very 


simple one. Let ¢ be any solution of (A) and let.us apply the operation 
$ to both members of (11): We immediately see that the function 


(16) i . (2) = ol e(a)] 
is again a solution of (A). Conversely, if $ and ® be two solutions of 
* Poincaré, J. Math. Pures Appl. (4) vol. 1 (1885); Hadamard, Bull. Soc. Math. 


-France vol. 29 (1901); Samuel Lattés, Annali di Matematica (3) vol. 13 (1907). 
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(A), the function g defined by (16)—in other words, g(x) =¢-! [$(2)] 
—is reversible to f. Any determinate function g(x) permutable with , 
f(x) can be obtained in an infinite number of ways by this procedure. 
. V. We have noticed —see footnote (4)—that if we knew a finite 
Lie group G containing the transformation x—f(x), we could deduce 
therefrom the one-parameter group (9) containing that same trans- 
formiation. Now, in G. D.-Birkhoff's example, the one-parameter 


T group analogous to (9) does not exist (otherwise than formally). This 
' wculd suggest that the corresponding transformation is contained in 


no finite Lie group. However; there is the objection that the deduc-- 
tion of (9) from G, by Elie Cartan's. method, might be valid only in a 
local domain, Birkhoff's transformation lying beyond that domain. 

. VI. The case a1—0, which Lüntz has explicitly excluded, is also. 
implicitly excluded from Jabotinsky's study. Indeed, the impossi- ' 
bility of any regular solution of the form (9) at once appears from the 
first equation (10); as for any solution of that equation, the condi- 
tions 41(0) —1 and A;(t) =0 are ‘contradictory. Therefore, no func- 
tion which is regular around: x —0 and whose expansion begins by a 
terin of degree 2 or higher can belong to a regular continuous one- 
parameter ‘group, of Lie; nor can it, as we saw, belong to a regular 
finite group in any number of parameters. ] 

Now, such a function f of that kind being given, let us consider the . 


'. reversibility probleni. In the expansion (13) of a a function g reversible 
"to f, we shall have, as previously, either ' 


^ 


(1) 5 —1: one easily sees that this gives. dig else than g(x) : 


- identically equal to x; or 


^ (2) 510: corresponding goüiona: are evidently g(x) equal to f(x) 
itself or to one of its iterates. 

But there may be solutions other than these trivial ones, for the 
two functions f(x) —x* and g(x) =x* are obviously reversible. From 
those, or more generally from f(x)-ax* and g(x)=bx* (which are 
reversible if ab* — ba"), we obviously could deduce other ones seem- 


` ingly, but.not essentially, distinct from them by applying to x, f(x) 


and g(x) a common point transformation, regular and one-one around 
x=0. Whether this would afford the most general solution. relating 
to our present case, 0:7 0, remains to be investigated. ` 

.Another curious question would arise if equation (8) were to. 
admit.two different roots xe, x; around which expansions were to . 


' behave differently from the^ expansions considered above—for ex- ` 


ample f'(xo) =0, f'(xi) = 0—giving rise D to spectat kinds of 
singularities. 
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ON THE EXTENSION OF DIFFERENTIABLE FUNCTIONS 
HASSLER WHITNEY 


The author aas shown previously how to extend the definition of 
a function of cass C™ defined in a closed set A so it will be of class C™ 
throughout spece (see [1]).! Here we shall prove a uniformity prop- 
erty: If the function and its derivatives are sufficiently small in A, 
then they ma’ be made small throughout space. Besides being 
bounded, we assume that A has the following property: 

(P) There is a number w such that any two points x and y of A 
are joined by an arc in A of length less than or equal to wr sy (ray being 
the distance between x and y). 

This propert» was made use of in [2]; its necessity in the theorem 
is shown by two examples below. 

A second theorem removes the boundedness condition in the first 
theorem, and weakens the hypothesis (P); its proof makes use of the 
proof of the firs: theorem. We remark that in each theorem, as in [1], 
the extended function is a linear functional of its values in A. 

The proof of Theorem I is obtained by examining the proof in [1]; 
hence we assume that the reader has this paper before him, and we 
shall follow its aotations closely. 


THEOREM I. et A be a bounded closed set $n n-space E with ihe prop- 
erty (P), and le. m be a positive integer. Then there is a number a with 
the following property. Let f(x) be any function of class C" in A, with 
. derivatives falx) Lon=hit +++ tha Sm). Suppose 


| fal) | €» (< EA, on Sm). 
Then f(x) may be extended throughout E so that 
| fale) | < om (x € E, or S m). 


Let d be the diameter of A, or 1 if this is larger, and let R be a 
spherical regior of radius 2d with its center at a point of 4. Set 
f(x) =0 in E— 2. Then the extension of f in R—A given in [1] will 
. be shown to ha-e the property, using 


x = 2n(ml)*(m + 1)**(433n!/2dw) "cN, 
where. N and c are as given in [1, §§11, 12]. Note that 433 =4-108+41. 


Presented to th» Society, September 13, 1943; received by the editors November 
27, 1943. 
1 Numbers in brackets refer to the references cited at the end of this paper. 
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Set B- AU(R — R). We show first that for any points x’, x’’ of B, 


| Ri(2"; a") | « Brem, B = 2n(m + 1w. 


Suppose first that x’ and x’’ are in A. Let C be a curve in A joining 
them, of length less than or equal to wr... The inequality is then 
a consequence of [2, Lemma 3]. Suppose next that one of the points 
is in A, and the other is in R—R (the case that both are in & — R is 
trivial). By [1, (3.1)], since r»,"z dz 1, 


[Riles 2) | Sat E wes ZEE tM 1] 


oS mrk oS mok 


S (m 4- Drim. 


Now take any x in R—B. Let 5*/4:be the distance from x to B, 
and let x* be a point of B distant 6*/4 from x. Say x is in the cube C 
of the set of cubes K,; let Ja, - ++, I, be those J, with points in C 
(see [1, §11]). Now y” is the center of J,, and x” is a nearest point 
of B to y’. As noted in [1, (9.1)], ry.» and ry» each lie between 
6*/8 and 6*/2. Since rsy « 6*/2, we have 


rao < ó*, 1s. < 6*, 
The definition of t in [1, $11] together with [1, (6.3)] gives 
Riil; x* 
tral) = eie) — ia) = Y, DUI, (uo uy 
cmok 


Hence 
2 [eaa < (n Bree rem < (m + 1g 
Following [1, §11] still, we find 


| Digla) — vale; a*)| <e D (mD*2N (m+ 1)" patiten, 


ei$e— - 
As in [1], 2* «108n1/2/8*; hence 
| Digla) — Yala; 2*) | < e(mD7IN (m + 1)?7 (1081/2) "85* 1s, 
Moreover, since fs « 3d, [1, (6.1) ] gives 
| Yala; a*) | < 37(m + 1)*d7s. 


Since 6* S4d and f(x)=g(x) in R— B, the theorem follows. 
We turn now to the second theorem. We shall say A satisfies (P) 
locally if for each x4 there is a neighborhood JU of x and a number 
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w such that any two points y and s of AAU are joined by an arc in A 
of length not greater than wrey. : 


THEOREM II. Let A be a closed subset of an open set R in E, satisfying 
(P) locally, and let m be a positive integer. Then for any continuous 
function e(x) defined and greater than 0 in R there is a continuous 
function (x) defined and greater than 0 in A with the following property. . 
Lei f(x) be any function of class C" in A, such that . 


A ^ JAL ^" EEA, m). 
I ` Then f(x) may be extended throughout R so that 
LAG) | < e(a) (x E R, os S m). 


"REMARKS. The preceding theorem is easily seen to be a consequence 
of this one. The present theorem holds if E is replaced by a differ- 
' entiable manifold M, in which a fixed set of coordinate systems (each 
one intersecting but a finite number of others) is used to measure the 
size of derivatives. To show this, we imbed M in a Euclidean space 
E' (see [3, Theorem 1]), giving 4 CRCR'CE' (R’ open in E'; we 
let R’.contain no points of the limit set of M), extend f throughout R’ 
(see the proof of [3, Lemma 4]), and consider its values in R. 
To prove the theorem, we begin by choosing spherical regions 
Ui, Un >+ +, each U,CR, with the following properties: 
'(a) Each U; is in a neighborhood U as described above. 
| (b) Each U; intersects but a finite number of other U}. 
,'(c) If U; is of radius p;, and U/ is the concentric region of radius 
pi/2, then R=) UI. 
| 7 Let (x) be a function of class C™ in E such that 


1; 


V(z) > 0 (x € UZ), : 
¥i(x) =0 (x € E — Ul). 
Set 
^ 49) = VG/$ VIG |o («€ By 
then $'(x) is of class C* in R, and 
(x) = 0 (sz € R — Ut), 
S Dd ex) =1 (x c R). 
The extension of f(x) is defined as follows. Set í 
F(a) = e(3)f(z) (z € 4), 
f(z) 20 ^. («€R-U). 


Then f*is of class C" in AU(R-— U;). Extend it as in [1] (using a fixed 


r 
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subdivision of U;—A; we could set f(x) =0 in E—R) to be of class 
C™ in R (or E). (Note that if AAU? =0, then f(x) =0, xER.) Set 


fKf2S3XfG C (x € R). 


Then f is an extension of class C^ of its values in A. We must show 
that it satisfies the condition of smallness. 
Choose a;21 so that 


lea] Sa (x ER, e, S m), 
then if | fi(x)| <n PEAN Ut), 


| f(x) | = x éifici()| € (m 12m — («€ A). 


By the choice of U;, there is an « such that any x’ and x" in AA Ui 
are joined by an arc in A of length not greater than cjr,.^. Set 
7; max (1, 2/p;). If Ry is the remainder for ff, we shall show that 
for any x’ and x" in AU(R— U), 


| 2i(2^; & | < 2n(om + D oraret cn. 


If x’ and x” are both in U;, we apply [2, Lemma 3]. If x'CR— U; 
and x' C Ui, or vice versa, then rz; 2: p:/2, and the proof in the 
' preceding theorem applies; we consider separately the cases p;/2 21, 
pi/2 <1, using res £1 and ova 21 respectively. If x'/ C R— U; and 

x" C R— U; , or vice versa, R1 2:0, since di(x^) =¢(x") 20. The iis 
of the preceding theorem now shows that for some a, if 


lA)|«» | (x EANU!, or Sm), 
| AG) | < ea GERG EM. 


(We may set a;=1 if ANU! =0.) 
Given e(x), we determine ó(x) as follows. For each x CR there is a 
set of numbers Ay, - ++ , ,, s=5(x), such that 


then 


x C each Uj,, 5 x C no other VU}. 


Because of (b), s is finite. Set a(x) 9 oy-- * * --Fos,. 
We can clearly choose a continuous function (x) in R such that 


ala) < B(x) -— («€ R). 


We may now choose a continuous function 8(x/) 0 in A such that 
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for any x’CA, if Uj, --- , Up are the Uj containing x’, then 


èla’) S e(x)/B(x) (2 E Un UV Un). 


Now take any f of class C" in A, with |fi(x)| <8(x) («GA.onSm); 
the extension of f through R has been defined. Take any xCR; de- 
fine, * * -, A, as above. Then 


| fal") | < èl’) s e(2)/B(x) (a € AN Uin or S m), 
and. bence 
AG «as/E3 — . — laS). 
Since fele) =f) + ++ +A), 
| fala) | < a(x)e(x)/B(x) < ela) 


for e, m, which completes the proof. 

ExAMPLEs. (1) Let A consist of a point, together with a sequence 
of points approaching it. Letting f(x) —1 at a finite number of points 
of the sequence, and f(x) —0 in the rest of A shows (with m —1) that 
the theorem fails here. 

(2) Let A be the closed region of the plane defined by (a) x!4-5? 31, 
and (b) either x &0 or ly| zx, Let f(x,y) =0 if x S0, and set 


ft »={ yxM(u-y' if «20, y>O0, 
(T la aeJ- amy dg 220, 9 <0. 


We see easily that f is of class C! in A. (It would not be if, in (b), we 
used |y| 2x2.) The maximum df/dx occurs at x=1/(3"/y), and has 
the value 9/(8- 31/3). Set 


p = (1/343, 1/399), g = (1/31, — 1/31). 


Then 
JUD UL OUT gs o ES Lu 
roa 1+ 73/372 yn g 
Hence, in any extension of f through the plane, we must have 
|af/ay| 2 33/^y11/4 at some point (between p and q); yet If i [8f/8x | i 
and | af/dy| are uniformly bounded for ally>1. Taking y arbitrarily 
large shows that the conclusion of the theorem does not hold. 
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THE SYMMETRIC JOIN OF A COMPLEX 
C. E. CLARK 


* 1. The definition of J. Let K be a polyhedron. With each pair 
of distinct points p, q of K we associate a closed line segment pq. 
No distinction is made between and q and the corresponding end 
points of pq. The length of pq is a continuous function of p and q, and 
the length approaches zero if p and q approach a common limit. Dis- 
tinct segments do not intersect except at a common end point. The 
points of these segments with their obvious natural topology make 
up J, the symmetric join of K. This space arises in [4]! in connection 
with the problem of finding the chords of a manifo! that are orthogo- 
nal to the manifold. 


2. The subdivision of J. Let the mid-point of pq be denoted by 
ApXq=AqXp, and let 5 Ap Xp. These points ApXq make up the 
-symmetric product S of K. Let the mid-point of the segment from p 
to Ap Xq be denoted by pXq, and let p=pXp. These points pXq 
make up the topological product P — K X K. Consider the closed seg- 
ment of pq from P Xq to qX 5, it being understood that this segment 
is the point p when p=gq. All such segments form the “neighborhood” 
Ns. Clearly Ns can be homotopically deformed in Ng along the seg- 
ments pg upon S with S remaining pointwise invariant. Finally con- 
sider the closed segment of pg from p to P Xq, it being understood 
' that this segment is the point p when p=gq. All such segments form 
the ^neighborhood" Nx. Clearly Nx can be homotopically deformed 
in Nx along the segments pg upon K with K remaining pointwise in- 
variant. 

Received by the editors July 23, 1943. 
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There is a natural cell division of P whose oriented cells are aX ` 
for all oriented simplexes c, 7 of K.* Let |o X7| denote the carrier of 
c X7, that is, the point set of J associated with a X. The rays pg — 
determine a mapping A of P on S. The cells A|e Xz| =A|7rXe| form , 

a natural cell division of S.* With this division A is a cell mapping. 
. Furthermore Ac X is an orientation of A|e X7| such that 

"M s ^ Ast X rt = (— 1) Art. X et, 


the superscripts denoting dimension.* Ny 


THEOREM 1. There is a simplicial division of J such that K, S, P, 
Ns, and Nx carry subcomplexes of the division, the first of which is a 
subdiviston of the given polyhedron K, and the second and third of which 
are subdivisions of the above natural cell divisions of S and P. 


Proor. Let [c, 7] be the. point set made up of the points of all seg- 
ments pg. with pGo and qC€r. If o and r have, no common vertex, 
[o, 7] (e, 7), the join‘ of ø and r. In this case S and P separate [c, 7] 
into four (s4-£--1)-cells, where s and ¢ are the dimensions of ø and T, 
,. respectively. m 
Consider [e,o]. As an auxiliary set we construct the join (c, c") 
- with ø’ homeomorphic to c. Each pair of points, one in ø and one in ø’ ; 
determines their join in (c, ø’). This join of the two points is called a 
-ray of (c, o^). The mid-points of the rays form a set homeomorphic 
to c Xc' or «Xo. This product separates (v, c^) into two cells. We 
discard the one of these cells that contains g’ and retain C, the closure 
of the other cell which contains c, e Xo, and rays connecting these 
two sets. We subdivide e Xv into a simplicial complex in such a way 
that the set of points f X>,.all p in ø, carries a subcomplex (that such 
` a division exists is proved in [5]). Each simplex of this division is 

extended to a cell of C by adding to the simplex the points of all rays 
of C with one end point in the simplex (the set so obtained is a cell 
because it is obtained from a prism yhose bases are simplexes by 
simple identifications in one base of tht’ prism). These cells form a 
division of C into a cell complex. The rays of C that join p and PX p, 
all p in c, carry a subcomplex of this cell division. Let each such ray 
be reduced to a point by identification of all points of the ray. It is . 
seen that the transform of C under this identification is a cell complex 
which is a division of [e, c] ANx. f 

* The properties of P which we use can be found in [3]. 

3 See [5]. 

* À discussion of the join of two complexes is found in [3]. Also the properties of, 
the join which we assume are presented in [1]. E to 
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To obtain.a division of [c, «] Ns we consider the prism D defined. 
as the product of c Xo and a: 1-simplex. We use the same simplicial 
division of e Xo used in the preceding paragraph. This division is ex- 
` tended to a cell division of D by adding to each simplex the product 
of the simplex and the 1-simplex used to define D. One base of the 
prism D is reduced to the symmetric product of ø by the identification 
of pXq and qX P for all 5, q in c. If our original simplicial division 
of e X« is properly determined (as.in [5]), these identifications trans- 
form D into a cell-complex E.* Next the rays of E which are images 
of the rays of D with end points f X f, all p in c, are reduced each to 
“a point by identification. It is seen that the resulting space is a cell 
complex which is a division of [e, e ] Ys. 
In the same way we subdivide [c, 7] where ø and r have some but 
not all of their vertices in common. It is seen that Theorem 1 is true. 


3. Homologies in P and S. Let z; #=1,2,---+, be the cycles of 
a canonical basis* for the chains of all dimensions of K, and let f; be 
the non-cyclic chains of this canonical basis. The range of the sub- 
script of f is a subset of the range of the subscript of z. For each f there, 
is a- boundary relation Ff;*! =e; e;zz1. With each gz; that is free 
there is associated an e; equal to zero. E 

A homology base for P is given by the cycles z,X2; and 
(1/(es e)) F(fi Xf), the denominator of the coefficient denoting the 
. greatest common-divisor of e, and e;. A complete set of homology rela- 
"tions for the cycles of this base is given by the two sets 


(2) - (en enn Xsj70, FOX fj) ~0, 


` with the understanding that (a, 0) ed 
, We next obtain a homology base for S. We consider 
` \ : H " 2t 3 ` 
(3) : As; X zj = (— 1) Az X sp iz j, 
the equality holding because of (1). The dimension supefscripts in (3) 
could be r; and r; rather than r and s, but we use the less clear notation 
to simplify the printing. We also consider 





(4) As; X 35 ‘ 2 r even, 
1 y ^ 1 Ne 
(5) A Ff xf) = (—1) a aca e pt x A 
(es, ej) (es, ej) i252 
3 t7, 


5 See. [3, p. 104], 
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1 1> 
(6) a =F XA), podde 
ĉi 


Using [6, p. 22, line 15] and the method of [2, §4] we infer that the 
cycles (6) are integral, the orders of (3), (4), and (5) are (e;, ¢;) while 
(6) have the orders 2e;, the cycles (3), (4), (5), and (6) are a homology 
base for S, and the orders of these cycles are a complete set of hom- 
ology relations in S. 


4. The sum cycles and their group S. We shall apply the theory 
of the sum of two complexes to J — Ns-- Nx. To prepare for this we 
define a.sum cycle to be a cycle that-is expressible as the sum of.two 
cycles, one in Ng and the other in Nx. The group of the sum cycles 
modulo those that bound in J is called S. This group S is known to be 
a subgroup of the Betti group of J. Here, as throughout the paper. 
unless otherwise stated, we do not define a group for each dimension 
but combine all elements of all dimensions into a single group. 


"THEOREM 2. The group S is generated by a free 0-dimenstonal element 
and a set of elements of order 2, each containing. one and only one of the 
cycles (6). 


Proor. Any cycle of K can be deformed in J onto a point p of K ad 
along the segments pg. Since Nx is a deformation retract of K, the 
group of the cycles of Nx modulo those that bound in J has a single 
nonzero 0-dimensicnal element as generator. 

A cycle of S which bounds in J is homologous in Ns to a cycle of P. 
Indeed if s= FC, z in S, C in J, and C simplicial, then C can be ex- 
pressed as the sum of two chains, one in Ng and the other in Nx. The 
boundary of the first of these two chains is z minus a cycle of P. 

Any cycle z of P is homologous in Ng to As. Hence using (3), (4), 
(5), and (6) we obtain Theorem 2. 


5. The seams and their group T. The seams are defined to be the 
^ cycles of P that bound both in Ng and Nx. We note that if z is a cycle 
of P and s~0 in Ns, then since z and Az are homotopic, Ag~0 in Ns. 
But Ns was shown in $1 to be a neighborhood retract of S. Hence 
As~0 in S. From this observation, from (1), and from $3 we deduce 
that the cycles of P that bound in Ng are the cycles homologous in P 
to all linear combinations of ` 


(7), (s; X s) — (— 1) (i X s9, ix 
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(8) | l 8, X 25 EM rdi 
(9) "P [r (fx f^ €" HD HD qt T i» En 
and : 

b Pid 5 f >, f even. 


4 


To find the cycles of P that bound in Nx we consider the trans- 
formation M(pXq) =p. We have M |oXz| = lel ; the notation being 
that of $2. Also for any set A C.P the discussion of $2 implies that A 
and M(A) àre homotopic in Nx. Hence g% Xz is homologous in Nx to 
M (&X2j) which is carried by |x| . Hence if s>0, Xs} bounds in Ng 
because it'can be homotopically deformed into a set of dimension less 
than the dimension of the cycle. 

Suppose s — 0. We assume that z? is equal to 1 at exactly one vertex 
of K and is equal to 0 at all other vertices. Then M(zj Xs) ^£ be- 


cause % Xa} is obtained by sliding %‘along the rays of a cone. 


If in fj^" the exponent s is greater than 0, (1/(e; ej) PUY xf) 
7-0 in Nx because it is homotopic to a cycle carried by | fft 1|, and the ` 
dimension -of the cycle is r+s+1 which is greater than r-+1. 
If s=0, the same homology holds because e, 1. 


`” We have shown that the cycles of P that bound in Nx are the cycles 


homologous in P to all linear combinations of 





s; X 2j, : $20, 
r 0 ri. 0 t : 
Zi X 31 — 3i Xs, 11, 
and , 
ril 
F(fi X fi). 


' (es, ei) 

It is easily seen that if one cycle of a homology class of the Betti 
group of P is a seam, then all cycles of the class are seams. Further- 
more such classes form a subgroup of the Betti group. This subgroup 
of the Betti group of P made up of the homology classes whose cycles 


are seams is called T. Combining the results of this section we obtain 


the following theorem. 
THEOREM 3. The subgroup T is generated by the homology classes that 


|. contain (8), (9), (10), 


aD. (7) with. r>0 and s>0,° 
and -— e . s 
02 —(uXs)—(GXs-(nXs)-(GXmS, iA. 
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6. The Betti group B(J) of J. The theory of the sum of two com- 
plexes® gives the isomorphism B(J) ae However we, shall obtain 
a sharper result. 

. For each seam s we shall define a pair of singular chains c of Ng 
and d of Nx such that Fc= Fd —z. To define c we deform s along the 
segments pg from P to S sweeping out the continuous image of a 
prism whose bases are |z| and |As]. This deformation gives rise to a 
singular chain c whose boundary’ is s— As. But since z is a seam it 
follows from (1), (8), (9), (10), (11), and (12) that As=0. In a similar 
way we define the chain d of Nx. : 

Let H(z) be the homology class of B(J) which contains c—d. We 
know that any element of the Betti group B(J) is expressible as the 
sum of an element of S and an H(z), sa seam.* Hence to characterize 
B(J) we need only find the relations that involve the H(z). We know* 
that any homology among the H(s) implies the same homology in P 
among the s. On the other hand, 2~0 in P implies? that H(z) is in S. 
We shall examine all relations z~0 in P, and find the corresponding 
relations among the H(z). The relations to examine are (2) applied . 

`: to (8), (9), (10), (11), and (12). 

First we consider (es, e;)(11)~0 in P. We consider 


C= alh xs) - 70 e XH] 
+e- D'e Xx £^) - C 0 0? x29 


with a, B integers such that ae, + Bes= (es, ej). diac we find in 13, 
p.. 138, (5. 5)] that : 


(14) F(x? X y) = (Fa? X y) + (— D*(z»? X Fy), 


it follows that FC — (e; ej) (11). Next we deform C along the segments 
pq from P to S sweeping out the continuous image of a prism whose 
bases are C and AC. This deformation gives rise to a singular chain’ 
whose boundary is AC— C — (ei, e;)c because, as defined above, (ei, ¢,)¢ 
is swept out ‘by FC-(e;, e). Using (1) we calculate that AC —0. 
Hence (e;, ej)c4-C bounds in Ns. In the same way it is seen that 
(e egd--C bounds in, Nx. Hence (e, ej(c—d)-0 in J and 
(es, e) H(z) =0. 

In the same way we show that e,H(12) = (ex, ej) H(9) RE 0. 
The argument is as above with (13) replaced by 


~ 


13) , 


`~ 


~ 3 See [3, p. 267, 18]. 
1 See [3, p. 307, (21.2)]. 


ki 
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m (f° x st) - Ut P xd bue un 
C= (qr x fi?) — E je yg as 


and ` 
respectively. l 

.Finally we consider e,(z; xi--0 in P, r odd. Take C- (fr! xz). 
Then FC= ez Xu). E (14), (1), and the fact that r is odd, we 


compute that 


r1 


AP(f X fi oy = af” X z). 


Hence 

«BG X d) 2 ADARE x 09) 
This implies thet the elements of S with.dimension greater than zero . 
are in the subgroup of B(J) generated ‘by the H(z), s a seam. Also 
- H(& X), r odd, is of order 2e;. Our discussion implies the following: 


THEOREM 4. The Betti group B(J) is generated by a nonzero 0-di- 
menstonal element, H(8), H(9), H(10), H(11), and H(12); furthermore 
a "complete set of relations for these generators-conststs of 2e;H(8) 
= (es, e) H(9) =e,H(10) = (es ej) H(11) 2e,H(12) — 0. " 


We shall conclude with two.corollaries of Theorem 4. Let K, be K 
augmented as defined in. [3, p. 130]. Let: B(K,) be generated by Us, 
$—1,2,--- , and uy, b—1,2,--- , where the U, are free and inde- 
pendent, s, is of order €+, and the e, are the torsion coefficients. Let 
the dimensions of U; and u, be r; and rx, respectively. Let B^ denote 
the, n-dimensional, Betti group of J. 


"COROLLARY 1. To each pair U; and U; ij, B —1, there cor- 
responds a free element of B^; to each U;, r,=(n—1)/2, r; odd, there 
corresponds a free element of B"; to each pair uy and u, kl, riri 
=etther n—1 or n —2, there corresponds an element of B^ of order 
(e, €); to each ty, ry (n —1)/2, r} odd, there corresponds an element 
of B* of order 2e,; and to each us, ry. — (n—2)/2, ry even, there corre- 
sponds an element of B* of order ex; the elements mentioned generate B, 
„and their orders are a complete sei of relations for these generators; 
finally B is a free cyclic group of rank 1.. 


Let R* and R*(J) denote the n-dimensional Betti numbers of Ka 
and J, respectively. 


1 
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COROLLARY 2. We heve 
RJ) = E RR + A‘, 


with the summation over all integers 4 from 0 to the greatest integer less ` 
than (n—1)/2 and 
‘A amie (n — 1)/2 an odd integer, 
~ (06, (n — 1)/2 not an odd integer. 
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THE PROBABILITY THAT A DETERMINANT BE CONGRUENT 
TO a (MOD m) 


N. J. FINE AND IVAN NIVEN 


The problem treated is the evaluation of P,(a, m), the probability 
that a determinant of order n having integral elements be congruent 
‚to a modulo m. By "probability" is meant the fraction obtained by 
dividing the number of favorable cases by the number of possible 
cases: let each element of the determinant range over the values 
1, 2, --: , m; among the m™ possible determinants let g be the num- 
ber which are congruent to a modulo m; then P,(a, m) —g/m"'. 

This problem has been investigated by Jordan,! whose solution 
involves the function 


D. 34 Salh, N) = 27 p Orte en (n 2 2), 
where the sum ranges over all values satisfying the inequality 

OSM SMS e Sas 
We use here a different methód and obtain results more explicit 
than (1). Our results can be obtained from Jordan’s, but it is as 
convenient to derive them independently. 


It will be convenient to use a result stated by Hull,? which in our 
notation can be written 


(2) P,(a, m3) P,(a, ma) = P,(a, mma) if (mi, ma) = 1. 
We shall prove : 
(3) P.(a,m) = P.(q,m) where g = (a, m), 


so that our problem has been reduced to the determination of 
P,(p%, 9), p being a prime. This can be evaluated by means of 


(4) Palos, p*) = {o(p} (.P.(0, 6%) — P.(0, p} 
i OSa< k), 
and 


b+s—l " 
(5) 2,0) =1- IL a—-5» ° (& z 1), 
= rank 
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the. Euler ¢-function being involved in (4). We now prove these 
_ results. 


1. Two lemmas. The first is due to C. Jordan.? Let N,(d, m) repre- 
sent the number of different sets ai, as, * - - , Ga of n positive integers 
not greater than m such that (a1, as, * - * , Ga, m) —d, d being any 
divisor of m. This, with d —1, is Jordan's generalization of the Euler 
¢-function. 


LEMMA 1. f 
N,(d,m) = N,(1, m/d); 
N,(1, ab) = NM, a)N,(1, b) tf (a,b) = 1; } 
N.(1, p*) = (p*)"— (9*7)^ for 'k Z1, pany prime. 


The first equation reduces our function to that of Jordan, and the 
other equations are his. 


LEMMA 2. Let ai, Gs, ` > - , a. be any integers such that (a1, dx * * * , 
Go, jm) =1. fue integral solutions N can be found for the ik add 


(6) ic s 
m1 
l such that AL ts prime tom. 
Let x1, 3s, +++, x4 be any solution of the congruence (6). Let c be 
_ defined by c= (as, as, > ++ , Gn, m), so that we have (xi, c, m) —1. Also 
there exist integers ks, bs, - - - , &, such that 


2 ka, = c (mod m). 


La b be the product of those primes which divide m but not x. | 
“Then we set : 


M = ai + Do bbs hy = z; — bk; G= 230-1 5M), 


noting that these give a solution of (6). We have X, =x, +bc (mod m). 
Let p be any prime factor of m. If p|a1, then ptb and p[c. If pla, 
then p|b. Hence X i is prime to m. 


2. A recursion formula. Consider now the determinant of order s 


3 Traité des ‘substitutions, Paris, 1870, pp. 95-97, or L. E, Dickson, History of the 
theory of numbers, vol. 1, p. 147. 
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with meats integral elements modulo m. Let ai, as * - - , a; and 
by, by +++, Dp designate the elements of the first two rows, respec- 
tively. We shall assume that the g.c.d. of the elements of the first row 
and m has been factored and placed in front of the determinant, so 
that (a1, da, - + + , a4, m) —1. Using Lemma 2 we choose Ay, As, - - ©, An 
so that (6) holds-with Qu, m) = 1. We now apply the following trans- 
formation to the determinant. Multiply the first column by M. This 
of course multiplies the value of the determinant by Ai, which is im- 
material since in this section we are concerned with divisibility by m, 
that is, with P,(0, m). Next we add.to the elements of the first column 
the elements of the succeeding columns multiplied by ^s, As s. Any 
respectively. Having obtained 1 in the first place, we use it to elimi- 
nate all succeeding elements of the first row (by subtracting from the 
sth column the elements of the first column multiplied by a; for 
$—2,3, -- *- , n), so that the first row is now 1, 0, 0, - -- , 0. Suppose 
the second row has become a, ca,  - *a Cn. 

We propose to show that the transformation thus effected on the 
second row (and hence on all succeeding rows) is unique in the follow- 
ing sense: for any fixed set of a’s.in the first row and any set of c's, 
there is a unique set of b’s which is transformed into the set of c's. 
The b’s and c's are connected by the equations 


a= Dro, 6 = be ac (i= 2,3,- , n). 


' The determinant of the transformation has the value M (prime to 
m), and the result follows. 

Now the value modulo m of the transformed determinant is de- 
duced from the minor of the leading element, and since some divisor 
(say d) of m was removed from the elements of the first row, we are 
interested in the probability P,_1(0, m/d) that m/d divide this prin- 
cipal minor. There are N,(d, m) arrangements of the first row having 
d for the g.c.d. of the elements and m, and for each of these arrange- 
ments there aré m*'7* possible arrangements for all the other rows 
(m possibilities for each element). Among these the number of favor- 
able cases, that is, determinants divisible by m, is 


m^ aN, (d, m) P, 4(0, m/d). 


By ndi all possible divisors d of m we get the total number of 
favorable cases. But this total number can also be obtained by mul- 
tiplying the number m"' of possible determinants by P,(0, m). Hence 
we have 
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É m^' P,(0, m) = x m^ (d, m) P, (0, m/d). 


dim 


Using the first equation in Lemma 1 and the fact that m/d ranges 
over the divisors of m as d does, and dividing by m"'—, we obtain 


(7) m^P,(0, m) = 2; N,.(1, d) P,_.(0, d) (n > 1,m 2 1). 
" ` d|m . 
If m is a power of a prime, say p*, we have 
- kb 
(8) p*^P.(0, p*) = DY Nall, p*)Pa(0, 29). 
b aml 


3. The formula for P,(0, p*). Subtracting equation (8) from the 
corresponding equation with k replaced by &+1, and using the last 
formula in Lemma 1, we obtain the recursion formula 


psp (0, pk) = pP P.(0, p) + (p(9*0* — pi») P, (0, pH). 


It is convenient here to set QE —1— P,(0, p*) and g=p—. Making 
these substitutions we have 


"(9 On = gO, + (1 — 40r. 
We shall now prove 
n bin-l : 
(10) : 0, = II a-g) (k=0,1,2,--+;n=1,2,3,-+-). 
fmk 


This result is trivial for $ =0 and all s, and for n= 1 and all &. Assume 
' it true for k SK and all s, and for k=K+1andn<N. To complete 
the induction we must prove it for k=K+1 and n=N. By (9) and 
the induction hypotheses we have 


\ 


< K+N—1 K+N—1 


Or ae aenta- IL ae) » 
Tek r=K-+1 
K+N " " 
= IIc«-2». 
re +1 


This proves (10) and equation (5) follows. 


4, Proofs of (3) and (4). In the light of (2), we need demonstrate 
(3) for m= p* only. We wish to prove, then, that the number of de- 
terminants congruent to p* (mod p*) equals the number congruent 
to cp*, where (c, 2) 21 and a<k. Now any one of the former type 
gives one of the latter if.the first row (say) is multiplied by c, and con- 
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versely if the first row is multiplied by-the inverse of c (mod p*). 
This inverse exists, and the correspondence is one-to-one, because c 
is prime to p. This proves (3). 

The sum of the Tuopebiliues P.(ap*, ye. where a runs through 
the values 1, 2, , p*-4, is clearly the probability that a determi- - 
nant be divisible by b“. The terms of this sum can be simplified and 
` collected by use of (3), and we have, 


(11) P20, 9) = 2, oP, p>). 


Replacing a by «4-1, and subtracting the ‘resulting equation from 
(11), we arrive at (4). 
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ON THE NOTION OF THE RING OF QUOTIENTS 
OF A PRIME IDEAL 


CLAUDE CHEVALLEY 


Let o be a domain of integrity (that is, a ring with unit element and 
with no zero divisor not equal to 0), arid let u be a prime ideal in v. 
We can construct two auxiliary rings associated with u: the factor 
ring 0/1, composed of the residue classes of elements of o modulo u, 
and the ring of quotients o4, composed of the fractions whose numera- 
tor and denominator belong to 0, but whose denominators do not 
belong to u. These constructioné are of paramount importance in 
algebraic geometry; if o is the ring of a variety V, there corresponds 
to u a subvariety U of V; o/u is the ring of U, whereas the ring oy 
is the proper algebraic tool to investigate thé DENCE NOON of U with 
respect to V. ; 

Now, the local theory of algebraic varieties involves the considera- 
tion of rings which are not domains of integrity (this, because the 
completion of a local Ting may introduce zero divisors). Let then o 
be any commutative ring with unit element, and let again u be a 
prime ideal in o. We may define the factor ring 9/u exactly in the 
same way as above, but we cannot so easily generalize the notion. 
of the ring of quotients oy. If there exist zero divisors outside tt, these -- 
zero divisors cannot be used, as denominators of fractions, which 
shows that the definition of oy cannot .be SEE verbatim. If we 
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- consider only fractions whose denominators are not zero divisors and 


do not belong to u, we obtain a ring 0’; but o’ fails in general to have 
the essential property of a ring of quotients, namely, of being a local 
ring in the sense of Krull (that is, the non-units in o’ will not form an 
ideal). The object of this note is to construct a ring for which the 
essential properties of rings of quotients are preserved. 

Throughout this paper we shall denote by o a Noetherian ring 
(that is, a ring in which the maximal condition for ideals is satisfied) 
with a unit element. Generalizing the problem of defining the ring 
of quotients of a prime ideal, we take any multiplicatively closed! 
subset S of o which does not contain 0 (a set is said to be multiplica- 
tively closed if the product of any two elements of the set belongs to 
the set; if we are concerned with a prime ideal u in o, we take S to 

_ be the complement of u in 0). There exists at least one primary ideal 
which does not meet S (otherwise, 0 would belong to S as we see at 
once by representing the zero ideal as an intersection of primary 
ideals). We shall denote by 8 the intersection of all primary ideals 
in o which do not meet SS. 


PROPOSITION 1. Let (0] =qin «++ nqa be an irredundant representa- 
tion of the zero ideal in o as an intersection of primary ideals, and let 
,(1S#Sh) be the associated prime ideal of qi. Assume that iia ee 


T Pire but nol Jor «gs Then $—aGn +++ ng. 


` It is clear that 8Cq' =n +++ ng, Let v be any "m ideal 
which does not meet S; we shall prove that q' C. Let q” be the ideal 
Gorin + * - nq. We have {0} =q’nq’’=q'q"’Cb, whence q' Co:q". Let 
u be the associated prime ideal of v; since » contains some power of tt, 
it follows from the multiplicatively closed character of S that u does 
not meet S. If £g, the ideal p, meets S and is therefore not contained 
in u. It follows? that v: g ‘=p, whence q’Cb. Proposition 1 is thereby 
proved. 


LEMMA 1. Let p be a prime ideal in o, and let a be an ideal contained 
in p. If q is an ideal containing a, the statements “q is primary for p” 
and “q/ats primary for p/a” are equivalent. 


1 It was H. Grell who observed for the first time that, S being any multiplicatively 

: closed set of nonzero divisors in a ring, it is possible to associate with S a ring of 

quotients, whose elements are the fractions whose denominators belong to S (Cf. 

H. Grell, Besiehungen swischen Ideale verschiedener Ringe, Math. Ann. vol. 97 (1926) 

P. 510). For the properties of these rings of quotients, cf. Krull, [dealtheorie (Ergeb- ` 

nisse der Mathematik) or my paper On the theory of local rings, Ann. of Math. vol. 44 
(1943) p. 690. 3 

2 Cf. van der Waerden, Moderne Algebra, vol. 2, chap. 12, p. 36: eS 
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Lemma 1 follows trivially from the definitions. 

The zero ideal in 5/8 is the intersection of the primary ideals 
m/8,°*+, q,/8 whosé associated prime ideals are m/8, <°, p,/8. 
Let S* be the set of the residue classes modulo 8 of the elements of S; 
then S*n(p;/8) =Ø (1&2 g), which means that no element of S* is 
a zero divisor in 0/8. We may therefore construct the ring of quo- 


. .tients (0/8)s* of S* with respect to the ring 0/8. 


DEFINITION 1. The ring (0/8) will be called the ring of quotients 
of S with respect to o. This ring will be denoted by os. 


This definition coincides with the usual one in the case where S 
does not contain any zero divisor. We shall now prove that the es- 
sential properties of rings of quotients in the usual sense still hold in 
our case. 

If a is an ideal in o, (a4-8/8)0s is an ideal in og which we shall denote 
symbolically by aos (in spite of the fact that o is not in general a 
subring of os, so that we cannot multiply elements of o by elements 
of os). If b is any ideal in os, the set 5n(0/8) may be written in the 
form a/8, where a is an ideal in o which contains 8. We shall denote a 
symbolically by bno (although bno is not a set theoretic intersection). 


_PROPOSITION 2. If b is any ideal in og, we have b=(bno)og. 


Since os is a ring of quotients of 0/8 we have b=(bn(0/8))og.! 
Proposition 2 follows immediately from this formula. 


PROPOSITION 3. Lei p be a prime ideal in o, and let q be primary 
for p. If q meets S, we have pog=qog=ds. If p does not meet S, pos ts 
prime, qos is primary for pos and posno — p, qosno =q. 

If q meets S, q+8/8 meets S*, whence pos=qos=og. If p does not 
meet S, the same holds for q, whence 8C qC y. By Lemma 1, p/8 is 
prime and q/8 is primary for p/8. Furthermore, p/8 does not meet S*. 
. Proposition 3 follows therefore from the corresponding proposition 
which is known to hold for ordinary rings of quotients.! We see also 
that, if p does not meet 8, the formula qeqos establishes a one-to-one 
inclusion preserving correspondence between the primary ideals for p 
in o and the primary ideals for pos in og. 


PROPOSITION 4. Let a=vin - ++ nv, be an irredundant representation 
of an ideal a $n 0 as an intersection of primary ideals. Let u; be the asso- 
ciated prime ideal of vq, and assume that u, meets S for $75 but not for 
iSs. Then we have aos=0i0sn +++ nv,0g, and this is ag irredundant 
representation of aos as intersection of primary ideals in ds. 


3 If s*CS*, we have {0} :5*(0/8) = {0} by the result quoted in footnote 2. 
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It is obvious that aos C toan * - * nv,os. Lèt conversely a be any 
element of vogn > * - nv,03. We know? that bosn - ++ nt,0g is equal 
to (5:/8n - - - nv,/8)og; it follows that a may be written in the form 
b*/c*, where b*Cv/8n - - - nv,/8 and c*CS*. If $»5, the ideal u 
has an element u; in common with S; if s is large enough, we have 
u-(ILzuu)"€wan-:- 09. Since cS (s+1stSr), we have 
4C. S, whence u*C S*, if y is the residue class of u modulo 8. We may 
write a = (u*b*)/(u*c*), u*c* C S*. Let b be any element of the residue 
class 6* modulo 8; since b*C»,/8 (1385355), we have bCtuin -- - nb, 
whence “b€a and «*5*Ca-4-8/8, aCcaos. It is clear that none of the 
ideals »,/8 contains the intersection of the others; making use of a 
known result! for ordinary rings of quotients, it follows that the repre- 
sentation a0g=0i0snN - + - n¥.0g is irredundant. 

We shall now consider more specifically the case where S is the 
complement of a prime ideal u. The ring og will then also be denoted 
by du. In that case, the ideal 8 coincides with the intersection of all 
primary ideals for u. In fact, the set S* is clearly the complement 
of u/8 with respect to 0/8; the ring 0s is the ring of quotients (in the 
ordinary sense) of the prime ideal u/8 with respect to 0/8. It follows 
that uog is the ideal of non-units in og, whence Cyau(u/8)^05 = {0}. 
For every n, the ideal (u/8)*ogno/8 is a primary ideal for u/8 in 0/8; 
it follows that the intersection of all primary ideals for u/8 is the zero 
ideal in 0/8. Our assertion then follows from Lemma 1.5 At the same 
time, we see that 0, is a local ring in the sense of Krull? 

Assume now that 9 is a semi-local ring’ and that u is one of the maxi- 
mal prime ideals in o. Let 5 be the completion of o; there corresponds 
to u an idempotent e in 5. We shall prove the following results: 


PROPOSITION 5. The ring 0/8 is isomorphic with the subring oe of — 
the rng De. This isomorphism may be extended to an isomorphism of 
the completion of oy with de. 


The first statement will be proved if we show that 8 coincides with 
the set of elements x o which satisfy the condition xe=0. If x is any 


“Cf. Krull, Dimenstonstheorie in Stellenringen, J. Reine Angew. Math. vol. 179 
(1938) p. 204 or my paper quoted in footnote 1. 

* This result, together with Proposition 1 above, yields a proof of a theorem of 
Krull; cf. Krull, Primideaiketten in allgemeinen Réngbereiche, Sitzungsberichte der 
Heidelberger Akademie, 1928, p. 7. 

* A semi-local ring is a Noetherian ring (that is, the maximal chain condition holds 
in the ring) in which there exist only a finite number of maximal prime ideals. For the 
proofs of the results on semi-local rings which are used in this paper, cf. my paper 
quoted in footnote 1. 
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_ element of 0, we may write x—xe--x(1—€), and we know that 
1—eCu"d for every n. If xe20, we have xCu"ino=u® for every n; 
in particular, x belongs to every primary ideal for u, whence x8. 
If x C8, we have x Cu" for every n (u^ is primary because u is a maxi- 
mal prime ideal), whence xeCu*de. Since ude is the ideal of non-units 
in ðe, it follows that xe-— 0. 

If we identify 0/8 with oe, every element of S* is a unit in de. In 
fact, if y € S, we have y=ye+y(1—e), y(1—e) Cus. If we had y cus, 
we would have yGusno=u, which is not the case. It follows that De 
contains the ring oy. The ring 5e is a complete ring with ude as unique 
maximal prime ideal; it is clear that oe (and, a fortiori, oy) is dense 
in 5e. In order to prove that de is the completion of oy, it is sufficient 
to prove that dy is topologically a subspace of 5e. We show first that 
u"denoe= oe for every n. Let xe (x0) be an element of u*denve; we 
have x —xe--x(1— €) Cu^b, whence xCu"Sno=u", xecu^e. The ideal 
u*5no, is equal to ((u^5n045)ne)os = (u^06)0, —1^0,; Proposition 5 is 
thereby completely proved. 
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UNION-PRESERVING. TRANSFORMATIONS -OF SPACE 
EDWARD KASNER AND JOHN DECICCO 


1. General’ statement. Sophus Lie studied transformations from 
lineal-elements into lineal-elements, and also transformations from 
surface-elements into surface-elements of space. The contact group is 
obtained by requiring all unions to be converted into unions, Lie’s 

_ fundamental theorems may be stated as follows. All the contact lineal- 
element transformations form the group of extended point trans- 
formations. The contact surface-element transformations which are 
not merely extended point transformations are defined completely by 
either a single directrix equation, or a pair of directrix equations. In 
the first case, a point corresponds to a surface; and in the second 
case, a point corresponds to a curve.! 

We extend the preceding results by studying transformations in 

.8pace from differential curve-elements of order n: (x, y, s, yz, 
y(9, g(?), where # is 2 or more, into lineal-elements (X, Y,Z, Y’, Z’). 
An example of such a transformation arises in the problem of finding 

. the locus of the centers of spherical curvature for an arbitrary space 
curve. This problem leads to a transformation from cürve-elements of 
third order into lineal-elements.* : 

We détermine the general class of union-preserving transformations 
by means of a directrix equation. Lie has obtained directrix equations 
only for contact transformations of surface-elements since there are 
no contact transformations of lineal-elements besides the extended 
point transformations. For a point-to-surface transformation, Lie's 


. Standard directrix equation is of the form Q(X, Y, Z, x, y, z) —0. For 


a point-to-curve transformation, there are two standard directrix 
equations of the forms Q(X, Y, Z, x, y, z) =0, (X, Y, Z, x, y, g) — 0. 
We find that any genéral union-preserving transformation from curve- 
elements of order s into lineal-elements is completely determined by 
our new disrecirix equation, involving derivatives, Q(X, Y, Z, x, y, 8, 
ws oss yA), g(-2) =0. 

In the final part of our paper, we shall prove that the only avail- 
able union-preserving transformations (in the whole domain of curve- 


Presented to the Society, November 27, 1943; received by the editors August 17, 
1943. We have studied the two-dimensional aspects of our new theory in Proc. Nat. ` 
Acad. Sci. (1943) and Revista des Matimaticas (1943). This leads to a large extension 
of the Huygens theory of evolutes and involutes and Lie theory. ` 

1 Lie-Scheffers, Berukrungsiransformationen. 

3 See Bull. Amer. Math. Soc, abstract 49-9-235 by Kasner and DeCicco, A gen- 
eralized theory of contaci transformations. i 
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elements) are firstly, the group of point transformations, and sec- 
ondly, the set of union-preserving transformations from curve-ele- 
ments of order # into lineal-elements, together with the extensions of 
these two types. - 


2. The union-preserving transformations. Any transformation from 
curve-elements of order n, where n is 2 or more, into lineal-elements 
may be defined by equations of the form 


Xx = X(x, »5 Pis Qu''^: 2» qs), 


P: Y = V(x, y, 8, Pu Qs ts Pay Qn); 7 
(1) Z —Z(x, Y, Z, $u u c o Pns ds), 
P = P(x, y, 3, bu Quo o Pas la), 
Q = Q(x, Yı 2, Pi, o’ tta $^ Qa); 
where f4—y €? =d"y/dx* and qm —2(09 =d"3/dx" for m-—1,2,--- , m. 
A series of curve-elements of order n may be defined bv y —y(x), 
z—z(x), Pi=pilx), m—qm(x) *:*, Pa=Pa(X), Gn=Qa(x). A series is a 


union if and only if the conditions dy—pidx=0, dz—qidx=0,---, 
dp. 4— pdx —0, dgn1—Qndx =0 are satisfied. 

A special type of union is the conical-union of order s. This con- 
sists of «1 curve-elements of order s which have in common a fixed 
curve-element of order (5 —1). The ur of any conical-union 
are x-—uxo, y —yo, $720, P= (bie gi = (gio ` ta Pei (be) Qn—1 
= (da1) 0, Ia = Flp). 

Let us now consider what unions become unions under the trans- 
formation (1). These unions must satisfy the pair of Monge diferen- 
tial equations of order (n+1) 


(Fon — PXp,) Patt + (Ve, — PXa) lari ' 
+ [Wet by + aY H e + Y4 Y.) 
— P(X + Xy +H Xs +--+ + DaX oni + Xa] = O, 
(Zon — QX p) Pati + Ca — QX,.)q.41 
+ [Get piZy t+ aZ. ER DES) 
—QXat Xr +H XE» boo + DaX F qus] 0. 


THEOREM 1. All transformations from curve-elemenis of order n inio 
lineal-elements may be divided into three distinct types with respect to 
the number of untons which are converted into untons? 


? Kasner, General wanifbeniation theory of differential elements, Amer. J. Math. 
vol. 32 (1904) pp. 392-401. 


(2). 


i 
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~- - -Type 1°. The unton-preseroing transformations. These carry every 


union into a union. The necessary and sufficient conditions for a union- 
preserving transformation are 


Y,+ pily + qs os ns we Pal pai + IaY ans 


ia X, fiXy Xe + ++ + nXm F IXa 
E 
EA 
Sat bly T Se tt bon dI $ 
2 = Xa t £X, nX t+: + DaX F InXon 
Zoa Len - 
== = 


Type 2°. The intermediate transformations. These are not union- 
preserving transformations and satisfy the conditions — : 
(F. + ŻY + QY + -eo F DaY oni + IYann) 
— P(X. + pX HXH beXSs F X] 
$ [Zs + 24 + qZ: Tcu fX + lalan) 
— Q(X. + Xy X, oo DXi + aX) 
Y, — PX, Y, — PX, 
242» — 0X, | Ze, —0X« 
Any intermediate transformation carries the c" unions of a Monge 
differential equation of third order into unions. 
Type 3°. The general transformations. These do not satisfy the conds- 
tions (4). Any such transformation converts precisely ~%t) unions 
into untons. i 


(4) 


The general Type 3° is defined by five arbitrary functions of 
(2n+3) independent variables. The intermediate Type 2° is defined 
by three arbitrary functions of (254-3) independent variables. For 
. this intermediate type, it is seen that (X, Y, Z) may be taken arbi- 
trarily and then the functions P and Q are completely determined by . 
' the equations (4). Later we shall show that the union-preserving . 
"Type 1° is defined by one arbitrary function of (254-1) variables or 
by three arbitrary functions of (25-1) variables. 

We prove Theorem 1. For union-preserving transformations the 
equations (2) must be identities in f,,; and gni1. Upon setting the 
various coefficients equal to zero and solving for P and Q, we obtain 


+ 
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the conditions (3) for union-preserving transformations. 

' Next suppose we have the intermediate transformations so that the 
conditions (4) are satisfied. Then it is obvious that the equations (2) 
are equivalent. This shows that under any intermediate transforma- 
tion, there are ©” unions preserved. These satisfy either one of the 
two equivalent Monge differential equations (2). 

Finally suppose the conditions (4) are not satisfied. In the first 
place it is seen that if the last equality of (4) is not valid, we can solve 
the equations (2) for payı and q.,;1. Therefore there are ©2@+) unions 
which become unions. Finally if the last equality of (4) is valid, then 
it can be shown that at each curye-element of order (n —1) there are 
v! conical-unions which become unions. Since there are «o G*tD 
curve-elements of order (5 —1), it follows that altogether there are 
«o 1&2 conical-unions which are converted into unions. Therefore we 
have proved that our general Type 3° carries exactly 2+) unions’ 
into unions under all conditions. 


3. The degenerate union-preserving transformations. Henceforth 
we shall consider only union-preserving transformations. However, 
there are certain degenerate union-preserving transformations which 
we wish to exclude from consideration. These degenerate corre- 
spondences are those where P and Q assume identically the values 
0 or ©; and also those for which there exist two functional relations 
: between the three functions definining (X, Y, Z). 

It is found that these degenerate transformations may be divided 
into four cases: (a) those which convert every. union into a union in a 
fixed plane parallel to one of the coordinate planes, (b) those which 
carry every union into a fixed straight line parallel to one of the co- 
ordinate axes, (c) those which carry every union into a conical-union 
of lineal-elements with fixed base-point, and (d) those which carry 
every union into a single fixed union. 

In the rest of our article, whenever we speak of a union-preserving 
transformation we shall mean one which is not of the four preceding 
degenerate types. 


4. The special union-preserving transformations. Any (nondegen- 
erate) union-preserving transformation is said to be special if it carries 
every conical-union of order s into a conical-union of lineal-elements. 
Any such special transformation is given by equations of the form 


X= X(z, 5 8, Pu liù tt, P» Q1); 
(5) Y `> = 'Y(z, Jı 3, Pu Qiy***y Puts Qn—1) 
Z= Z(x, J: 3, Pu (57775, jen Qn—1)s 
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Es E fuiY. b Yst: H aY pni H qY. 
Ea, ge ds CRX t 
Za + bby thet + PZ pnt ea 
Kat mXyt uXet s+: + DaX ont Xs. 


These special union-preserving transformations depend on three 
arbitrary functions of (2n+1) independent variables. Thus there are 
co MG D special union-preserving transformations. 


5. ‘The directrix equation of a general union-preserving transfor- 
mation 7. We shall say that a union-preserving transformation T is 
` general if it does not carry every conical-union of order s into a coni- 
cal-union of lineal-elements. It follows that for such a general trans- 
formation T, we must have either X;,~0, Y,, 750, Z5,750, or X m0, 
Y,.~0, Zn0, or both. 


_ THEOREM 2: For a general union-preserving transformation T, the 
` four variables (by, Int) Pa» Qn) can be eliminated from the three func- 
` kons defining (X, Y, Z), thus obtaining a single eliminant of the form 


(6) Q(X, Y, Z, ¥, Y, Z, Pu Qn'^^, $42, qaa) =0. 


We call this the directrix equation of our general union-preserving 
transformation T. 

Let us proceed with the proof of the above result. In the first piee, 
it is seen by (3) that 5, and q, can be eliminated from the first and 
second, and also from the first and third of our equations (1) defining 
the general union-preserving transformation T. We therefore obtain 
eos two relations 


(5) : 
Q- 


Y= F(X, T, Yı Z, Pru Qn*^^3, Pay Ia), 
Z= G(X, x, Yı 3, Pr Qn''^5, P5 Qn—1)- 


' At this point, we wish to introduce the following notation. Let 
X be any function of (X, Y, Z, x, y, 2, bu Qu * ** , Pe qm). Then the 
operation prime,on X denotes the following linear differential operator 


(8) = X; + prXy + qk, a Pmpidpy T Im+Xan 


That is, X’ denotes the total derivative of X with respect to x while 
considering (X, Y, Z) as constants. 


Next upon applying the conditions (3) for a union-preserving fang: 
formation, we discover that 


(9) - P=Fy, Q=Gr,. F-0, G=0. 


©) 
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The eliminant with respect to, X of the last two of the preceding 
equations must be identically zero. Differentiating the last two equa- 
tions with respect to p,, and also with respect to gn, we find 


Xpax +R = 0, — XQFx-d Fas, = 0, 


(10) , l ' 
i Xp, GX + Gs, = 0, X_,Gx + Ga, m 0. 

From these four equations we can eliminate Fy’ and Gx’, thus finding 

the two eliminants 


GD SI X eed. i XL XX Se. 


22—1 


Since X,, and Xa can not both be zero, it follows from these equa- 
tions that 5 


(12) F y, Geni 2 Fy, .Gp,-1 = 0. 


Observe that both F and'G are not independent of 5, 4 and q, 5. 
For otherwise, if X is explicitly present in either F” or G’, X would be 
independent of p, and g, as follows from equations (9). Hence X is not 
present in the last two of equations (9), and it results that both F 
and Gare functions of X only. This is impossible since our transforma- 
tion is not degenerate. 

By the preceding remarks and equation (12), it follows that (7) has 
one and only one eliminant with respect to f, 1 and q, 1, namely the 
equation (6). This completes the proof of Theorem 2. 


THEOREM 3. The directrix equation (6) completely determines the 
general unton-preserving transformation T, and conversely. 


The general union-preserving transformations depend upon one ' 
arbitrary function of (2n-++1) independent variables. Thus there are 
o» f(i**9 general union-preserving transformations. 

In the first place, it is seen that under the general union-preserving 
transformation T' any point in the (X, Y, Z)-space corresponds to a 
family of o»? curves in the (x, y, s)-space, defined by a Monge equa- 
` tion of order (n —2). These curves are defined by (6), where (X, Y, Z) 
are considered as constants. The derivatives of orders (n —2), (n —1), 
n of these curves are given by the equations 


` (13) )-0, Q9-0 Qq'-Q 


Next any conical-union of order n in the (x, y, z)-space is converted 
into a union. This union is defined 'by the first two of the preceding 
equations where (x, y, Z, £1, i, * * * , Pat) qa) are regarded as con- 
stants. The first derivatives of this union are given by the equations 
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(14) Qr--FPQr-d-QOz 50, Qr + Por +00; = 0. 


We shall prove that the functions defining (X, Y, Z, P, Q) of our : 
general union-preserving transformation T must satisfy the equations 
(13) and (14). In the first place (X, Y, Z) must satisfy the direc- 
trix equation (6), since it was obtained as a result of eliminating 
(Pat, qai; P» Yn) from the first three of equations (1) defining our 
. general union-preserving,transformation T. 

Applying the conditions (3) for union-preserving transformations 
to our directrix equation (6), we obtain the first two of equations (13) 
and the first of equations (14). 

Finally upon applying the conditions (3) for union-preserving 
transformations to the second of equations (13), we obtain the last of 
equations (13) and also the last of equations (14). 

. That we can actually solve equations (13) and (14) for (X, Y, Z, 
P, Q) follows from the fact that the directrix equation (6) represents 
a three-parameter family of Monge equations of order (#—2) in the 
(x, y, 8)-space (or a Monge equation of order (n+1) obtained by 
eliminating the parameters (X, Y, Z), which may be integrated three 
times). 

By Theorems 2 and 3, it follows that the transformation from 
curve-elements of third order into lineal-elements, which is obtained 
from the problem of finding the locus of the center of spherical curva- 
ture to an arbitrary curve, is general union-preserving. On the other 
hand, the problem of finding the locus of the center of circular curva- 
ture to an arbitrary curve leads to a transformation from curve- 
elements of third-order into lineal-elements which is special union- 
preserving. 

We note the analogy to Lie's theory of contact transformations of 
eurface-elements. In his work, either a transformation is point-to- 
point, or else it is point-to-surface or point-to-curve, in which cases 
it is defined by a single directrix equation or by a pair of directrix 
equations. In our theory, a union-preserving transformation is special 
or general, in which case it is defined by a single directrix equation. 


6. The ünion-preserving transformations of space in the domain of. 
curve-elements. We shall now discuss the following result.* 


* Kaaner and DeCicco, Transformation theory of integrable double-series of lineal- 
elements, Bull. Amer. Math. Soc. vol. 46 (1940) pp. 93-100. Kasner, Lineal ele- 
ment transformations of space for which normal congruences of curves are converted 
into normal congruences, Duke Math. J. vol. 5 (1939) pp. 72-83. Kasner and De- 
Cicco, Curvature element transformations which preserve integrable fields, Proc. Nat. 
' Acad. Sci. U.S.A. vol. 25 (1939) pp. 104-111. 
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THEOREM 4. If a unton-preserving transformation T from, curve- 
elements into lineal-elements carries any two unions which possess n 22 
' as the order of contact into two unions which have, at least, second order 
contact, then T must be an extended potnt-transformation. 


In the first place, it is obvious that our union-preserving trans- 

formation T is at most from curve-elements of order s into lineal- 
. elements. 

Let us first of all assume that T is a general union-preserving trans- 
formation. The first derivatives P=dY/dX and Q=dZ/dX of any 
transformed union under the general union-preserving transforma- 
tion T defined by (13) and (14) are given by (14). We proceed to find 
the second derivatives dP/dX =d*V/dX* and dQ/dX =d3Z/dX". 

In the first place, by differentiating the -ast of equations (13) 
totally with respect to x, we find 


(15: . (Q¥ + POr--QOz)dX/ds = — 9”. 


Next differentiating the equations (14) totally with respect to x and 
.using the conditions (14) and (15), we find 


QrdP/ dX + QsdQ/dX + Oxx + P'ürr + QiQss 
+2POxy + 20üxz + 2PQQrs = 0, 
OrdP/dX + 07d0/dX + Qxx + P'üyy + QiQzz 
+ 2PQxr + 200xs + 2PQüys = (1/0" (0x +P9F + Qüz)*. 


! Now apply the conditions of our theorem. Then dP/dX and dQ/dX 
can not contain f441 and g«41. The only place where these appear 
are in Q’’’, Their coefficients are Q,,_, and Q,,_, which can not be 
zero. Therefore our transformation T is not a general union-preserv- 
ing transformation from curve-elements of order s into lineal-ele- 
ments. ` 

Finally let us suppose that our transformation T is special union- 
preserving from curve-elements of order s into lineal-elements. By 
(5), it is found upori extending our transformation T once and impos- 
ing the condition that'dP/d X and dQ/dX be independent of fayı and 
Qa41 that our special union-transformation T is a union-preserving 
transformation from curve-elements of order (5s —1), at most, into 
lineal-elements. This is impossible. 

The preceding two contradictions lead us to the conclusion that 
. there are no union-preserving transformations from curve-elements 
_ of order n into lineal-elements, such that it converts any two unions 


(16) 
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which possess 5Z;2 as the order of contact into two unions which 
have at least second order contact. 

Therefore the only possible union-preserving transformations 
which’ satisfy- the conditions of our theorem are those from lineal- 
elements into lineal-elements. According to Lie's theorem, it follows 
that the only such transformations are thé extended point trans- 
formations. This completes the proof of Theorem 4. 

From this theorem, it follows that the only union-preserving trans- 
formations from curve-elements of order s into curve-elements of 
order m where n2m>1 are the extended point transformations. 
Therefore the only successful union-preserving transformations (in the 

~ whole domain of curve-elements) are firstly, the point transformations, 
and secondly, the unton-preserving transformations from curve-elements 
of order n, where nis 2 or more, into lineal-elements, or the extensions of 
these two types. j 

Thus if-T is a union-preserving transformation from TENE 
of order n into curve-elements of order m. where n&m 21, then, if 
n=m, T is the extension of order m of a point-transformation; and: 
if'n>m, T is the extension of order (m —1) of a union-preserving 
transformation from curve- -elements of order. (n—m-+1) into lineal- 
elements. 


7. Alternate characterization of union-preserving transformations. 

Under a union-preserving transformation T, a single union in the 
(x, y, £)-space corresponds to a single union in the (X, Y, Z)-space, 
but to a single union in the (X, Y, Z)-space there correspond oo %*-D 
unions in the (x, y, z)-space. 
. (It is noted that a point (Xo, Yo, Zo) is not considered to be a 
union of lineal-elements in the (X, Y, Z)-space, but consists of o»/(0 
conical-unions of lineal-elements, each such conical-union'correspond- 
ing to c *7D unions ofthe Monge equation of. order (n—2), defined 
by our directrix equation (6)). 


THEOREM 5. Any transformation from curve-elemenis of order n of 

_ the (x, y, 8)-space into lineal-elements of ihe (X, Y, Z)-space, by which 
there correspond exactly. co 07D. unions in the (x, y, 8)-space to any 
single unton of the (X, Y, Z)-space, is a unton-preserving transforma- 
Hon. 


Let Y= F(x), Z—G(x), P= Fx, Q—Gx be any union in the (X, Y, 
'Z)-space. Upon applying our transformation (1) to this union, we 
find that the corresponding unions in the (s, y, Z)-space must satisfy 
the differential equations 


` 
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Y( 948 Pudu 77 s Pm EFL, y Purdy Pe ji 
(17) Z(z, Y, 2, uds ^ ^ Pu Gn) -G[X(s, Y: E Pun coo Pas qn) |, 

P(x, » 3, $u qu © t s Dans Ga) =F x, QC, Y, 2, Dis Qt * + * a Pay Qn) =Gx. 
In general, we can solve these equations for (p.a, dq Prs Qn) in 
terms of (x, Y, 8, $ur Qu, cc, Des Q»-3). Thus we find that there are at 


most c 30—P unions in the (x, y, 8)-space which correspond to a given 
union in the (X, Y, Z)-space. 

We now impose the conditions that these represent exactly oo ?("7D 
“unions. In the preceding equations, we can think of (a-i, a-i, P» Qn) 
as being functions of (x, y, 8, Pu qu * * * , De Gna)» We can differenti- 
ate the first equation partially with respect to (x, y, Z, Py Qo ***, 
Pua, Qat), obtaining a set of (25 —1) partial equations. Multiplying 
these equations by (1, £1, qu +++, Dns Q3) respectively, adding the 
results, and using the conditions that p, is the derivative of 54. and 
qn is the derivative of q4 1, we obtain an equation of the same form as 
the first of equations (2). Similarly operating upon the second of the 
preceding equations, we are led to an equation of the same form as the 
second of equations (2). From these equations of the form (2), we 
are led to the conclusion that. our transformation is union-preserving 
since the equations must be independent of pa} and gayi. This cont- 
pletes the proof of Theorem 5. 

As an application, consider the becalatiug sphere to any arbitrary 
curve. To a single curve there corresponds a single spherical evolute, 
that is, the locus of the centers of spherical curvature. But to a given 
spherical evolute there correspond «* spherical involutes. Thus our 
work may be considered to be a generalized theory of spherical evo- 
lutes and involutes in space. 


COLUMBIA UNIVERSITY AND 
ILLINOIS INsTITUTE OF TECHNOLOGY 


REMARKS ON TRANSITIVITIES OF BETWEENNESS 
W. R. TRANSUE 


This note provides lattice theoretic uirpre tations of the transi- 
tivities 
Ts. abc-dab-xcd-a~b—acx, 
Ts. abc-dab-xcd-a%¥b—bex, 
Tw. abc-abd-xbc-ab-bxc—xbd, 
introduced by Pitcher and Smiley.! It may be recalled that in a lattice 
the relation abc (b is between a aud c) is said to hold if and only if 


(a VJ b) (CY (BU c) 2 b 2 (ab) U (bio). 


THEOREM 1. If L is a lattice then its betweenness relation has one of 
the transitivities Ty or T» if and only if L is linearly ordered. 


PRoor. It is byes that Ts and T; are satisfied if L is linearly 
ordered. To show that Ts implies linear order, consider two elements 
a, c€ L. Suppose that a and c are not comparable, that is, that none 
of the relations a =c, a <c, a>c holds. Then ax¥aUc, cac. More- 
over, we have 


aaVceat\caaVUeaVUccaNicaxaVe 


and by T, this implies a c aUc which, with a a'Uc c, implies c=aUc, 
contrary to our assumption that c¥aUc. In the same way Ty can 
be shown to imply linear order. 


THEOREM 2. If L is a lattice then tts betweenness relation has the 
transitivity T1 tf and only if L is linearly ordered or is composed of two 
linearly ordered systems with a common greatest element, I, and a com- 
mon least element, 0. 


Proor. It is easy to see that lattice betweenness in such a lattice 
has the transitivity Tio. Denote the two linearly ordered systems by 
Lı and Ly. Then if, in the hypotheses of Tio 5540, bI, DEL), all 
the elements a, c, d, and x must belong to L and the conclusion fol- 
lows from the fact that Tio holds for linear order. 1f b=0 or b—I in 
the hypotheses of Ti; and if aC Li, then we must have cC Ls, dC L4, 
«El and the conclusion again follows. 3 

Received by the editors February 26, 1943. - 

1 Everett Pitcher and M. F. Smiley, Transttivities of betweenness, Trans. Amer. 
Math. Soc. vol. 52 (1942) pp. 95-114. We shall use the notations and terminology of 
Pitcher and Smiley, 
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To show that Tı implies that the lattice must have one of these 
forms, we show first that the lattice consists of a number of chains 
connecting 0 and J unless it is linearly ordered and then show that 
the number of these chains cannot be greater than two. To prove the 
first of these statements let us show that if a and b are two elements 
which are not comparable then there is a greatest element, J, and a 
least element, 0, and a5 —I, a(Y5 —0. Suppose a UbzEI, that is, 
that ab zx for every x CL fails. Then there-exists «CL such that 
u>aVb and  ' i 


GaN bw.aaMN bb.baN bwasstaM ba bs u—baWVbb 


which implies a Ub =b and b za, contrary to the assumption that a 
and b are not comparable. This shows that aUd =I, and a/\b =0 may 
be shown in the same way. 

To show that the number of chains is not greater than two we 
again suppose the contrary. Then we have three eiements-a, b, and c, 
no two of which are comparable. Then from Tio, since a Ub —a Vc 
=bUcsl, 


alb.aIcclbasgllsb—clc 


which implies c— 7, contrary to our assumption that it was not com- 
parable with a and b. This completes the proof of Theorem 2. 

Finally we include a correction to the previously quoted paper of 
Pitcher and Smiley.? It is stated (p. 113) that “Examples of semi 
metric spaces are easily given in which rs fails.” 


Ta abc-adb-dbc — adc. 


That this transitivity is, in fact, present in all semi metric spaces 
may be seen as follows. The hypotheses of r3 for betweenness in a 
semi metric space are 


(1) (a, b) + &(b, c) = (a, c), 
(2) (a, d) + ôd, b) = (a, b), 
(3) 8(d, b) + 8(b, c) = 8(d, c). 


Substituting from (2) in (1) and using (3) we have 6(a, d) J- é(d, c) 
= ó(a, c). A consequence of this fact is that no non-modular lattice 
can be supplied with a semi metric so that metric and lattice between- 


ness are the same. 
INSTITUTE FOR ÁDVANCED STUDY 


by 


2 This error was noticed by the authors and is included here at their request. 
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CONTINUED FRACTIONS AND BOUNDED ANALYTIC 
2 FUNCTIONS 


H. S. WALL 


1. Introduction. In this paper we use the characterization given by 
Schur [6]! for analytic functions bounded in the unit circle together 
with the Stieltjes integral representation of F. Riesz [5] for analytic 
functions with positive real parts, to obtain a new proof of a theo- 
rem [8] characterizing totally monotone sequences in terms of 
Stieltjes continued fractions. In the first place, Schur used an algo- 
rithm which he called a *continued fraction-like? algorithm. We begin: 
by constructing from this an actual continued fraction algorithm, and 
we then characterize the class of analytic functions bounded in the 
unit circle in terms.of this continued fraction. Next, we obtain by a 
simple transformation a continued fraction for functions with positive 
real parts.? This along with the above mentioned-theorem of F. Riesz 
leads to the theorem [8, pp. 165-166] that thesequence {cp} is totally 
monotone if and only if the power series co —&2--c2*— - - - is the ex- 
pansion ofa continued fraction of the form 


go E (1—g)gps — (1 — ga) ges 
1+ EU + 1 + 4, Te, 
where gg 0, 08g, S1, £—1,2,3, ^ - -. 


2. An actual continued fraction algorithm derived from the ‘‘con- 
tinued fraction-like" algorithm of Schur. The continued fraction 
which we shall consider is as follows: 


(1—ap%)s 1 (1— að) 1 


2.1 
a me [1 —oei-t' s — azt: 


in which the d, are complex constants with moduli not exceeding 
unity, and s is a complex variable. It will be convenient to suppose 
that if for somé f, los 1, then the continued fraction terminates 
with the first identically vanishing partial numerator. 

The pth approximant of (2.1) will be denoted by A,(s)/B,(s), 
where Ao(8)=a@, Bo(z) 21, A(z) 52, Bi(z)— 25, and the other nu- 


Received by the editors May 26, 1943. 

1 Numbers in brackets refer to the bibliography at the end of the | paper. 

3 A special case of this was given in [9, p. 415]. 

* Hamel [2] used a somewhat different, continued action for the purpose of 
characterizing analytic functions bounded in the unit circle. He was obliged to use 
an unconventional definition of convergence. ` 
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merators and denominators are to be computed by means of the re- 
cursion formulas ‘ 


Àsp(2) = apAsypi(8) — Aap—2(3), 

Bap(z) = apBaps(z) — Bsp—2(8), 
Agy41(3) = ayzAsp(z) + (1 — as&5)24s,i(2), 
Baytilz) = assBsy(2) + (1 — o525)2Bs, i(2), 


If we write 


(2.2) P3 359. 


p 
Tp = II (1 = asi), 
q--0 


then we have the *determinant formulas? 
(2.3) Aap+i(2)Bap(3) — Aap(2)Bapii(s) = (— 1)?27Hm,, 
Q.4) Aspta(s)Baz(s) — Asp(s)Bapya(2) = (— 1)?2? pap 


These may be readily derived from the recursion formulas. 
We shall now establish the following theorem: 


THEOREM A. A function f(z) $s analytic and has modulus not greater 
than unity for, | z| «1 if and only if it is equal to a terminating continued 
fraction of the form (2.1), or is the limit for |z] <1 of the sequence of 
even approximanis of a nonterminating continued. fraction of the form 
(2.1). i 


Proor. Except in the case where |a,| —1, so that the continued 

, fraction is equal to the constant os, the moduli of the even approxi- 
mants are all Jess than 1 for [s] «1. In fact, consider the linear frac- 
tional transformation i l 


a — sw (1 — a&)s 


c ————— 1, 
1 — àzw x às — (1/w). Lee 


= (w) = 


of the w-plane into the ¢-plane, the transformation depending upon 
the parameter z. If [s] <1, this transformation has the property that 
[t| <1 for | w| £1. The same is true of the product of two or more 
such transformations, and inasmuch as A:,(s)/Bs,(s) is equal to the 
product of p such transformations applied to the point w-o,, we 
conclude that 


for | s] « 1. 


6.9 E 


Bss(s) 
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In the case where (2.1) does not terminate, the sequence of even 
approximants converges uniformly for |z] Sr for every positive con- 
stant r less than 1, and represents an analytic function with modulus 
not greater than 1 for |z| <1. In fact, from the determinant formula 
(2.4) we have the relation 


(2.6) Assn) — Asp(z) " (— 1)?r,a, 15? , 
: Bapia(s)  Bay(s) Bays o(2) Bap(2) 


It is easy to see from the recursion formulas and (2.3), (2.4) that the 
denominators Bs,(s) are different from zero for |a| <1. Hence, the ex- 
pansion in ascending powers of z of the right member of (2.6) begins 
with the (p+1)th power, or a higher power, of z. Consequently, there 
exists a power series P(2)=co—agz+c3?— - -- which.agrees term by 
term with the series for 45,(z)/Bs,(sz) for more and more terms as p 
is increased. Inasmuch as the coefficients in the expansion of this ra- 
tional function do not exceed 1 in numerical value by virtue of (2.5), 
we conclude that |c,| $1, p=0, 1,2, - - - , so that P(z) converges for 
B <1. Moreover, if we put Z4s,(2)/Bs,(2) —ao—ag--ass*— ---, 
then if |s| £r <1, 








Asp() 
B:,(z) 


from which we conclude that the sequence { Ag,(8) / Bsy(2)] converges 
uniformly to P(z) for |s] Sr<i; and from (2.5) it follows that 
| P(s)| $1 for |z| «1. . 

We must now show, conversely, that if P(s)=co—az+ - -- is any 
function which is analytic and has modulus not greater than unity 
for |s] <1, then there exists a continued fraction of the form (2.1) 
such that (2.7) holds. To do this, we define the function P,(z) by 


co — P(s) à — 628 + cg? — --- 

1— &P(z) 1 — é(e — crs + 68 — +--+) . 
It is clear that | eo &1, being the value of P(0), and that if | co| =1, 
then P(s)=co. ‘In either case, we put a=co. If we suppose that 
| co| <1, then, from the character of the above transformation and 
from Schwarz's lemma, it follows that Pi(z) is analytic and has modu- 
lus not exceeding unity for |s| «1. Take o; — Pi(0). If EA =1, then 
P (2) =a. If, however, EA <1, we write 
1 œ — Pi(z) 
z i- &ıPı(2) ' 


Seda mue. 
2-0 1 





= 





(2.7) 





P(z) — 





ee. 


P,(s) = a, = P;(0). 
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The function P,(z) is analytic and has modulus not greater than unity 
for |s| «1. If |a| =1, then P,(z) os, while if |os| <1, the process 
may be continued. In this way we obtain a finite or infinite sequence 
of functions 


(2.8) Peg) = P(z), Pilz), Ps(s), - 
satisfying the relations 
1 a,— Py ay — BP iyi 
2.) Pal) => AE, Ppa, o= PI). 
(2.9) Pele) area a A x(0) 


From these we derive immediately a formal terminating or nontermi- 
nating continued fraction expansion (2.1) for P(z). In the terminating 
case, the expansion is obviously valid, being in fact an identity. In 
the nonterminating case we have, for arbitrary k, the identity 


P x(2)4 2-1(8) = Asi-s(2) 


Rare Pa(z) Bua(z) — Borel) : 


80 that, by (2.3), 
Asas) i Pi(z)(— 1) trig} , 
Bans(z) — Ba(z) [Px(s) Bans(s) — Basle) | 


From this it readily follows that the power series for 4s s(s) /By_a(2) 
agrees term by term with P(z) for more and more terms as & is in- 
creased, and consequently (2.7) holds. ` 

This completes the proof of Theorem' A. This proof is the same as 
that of Schur [6], except that we have used the formulas and nota- 
tion of continued fractions. It should be observed that the constants 
a, are uniquely determined by means of the given function P(s), 
either as an infinite sequence in the one case or as a finite sequence 
in the other. 


3. A continued fraction expansion for functions with positive real 
Ine A function k(s) is analytic and has a nonnegative real part for 
« 


P(s) — 





1 and has the value 1 for z=0 if and only if there exists a func- 
tion P(s) which is analytic and has modulus not greater than 1 for 
|s] <1, such that 


(3.1) k(s) 2 ———— 


This follows from Schwarz's lemma and the relation 


t i 
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— | sP(s)|? 
1 — zP(2) |? ; 


We shall now obtain a continued fraction expansion for k(2). 
‘Let By —1, and determine fi, Bs, +--+ by the relations 
2 . a,— Bp $ : 
3.2 ; m — —————— i = 0,1,2, 
( ) l Bii Ia, , ? 
where the a, are the numbers appearing in the continued fraction 
` (2.1) forthe function P(s) determined by (3.1). The numbers fj, have 
moduli equal to 1, and form an infinite sequence or a finite sequence 
, according as the sequence fap} is infinite or finite, respectively. In- 
stead of the’ functions (2.9) we now introduce functions h,(s) by 


` R(k(g)— 


: - 1 — 8,P,(s) - 

3.3 kl) = —— =, -0,1,2,. 
m. | ©) = lE P.) à 

By ineans of (2.9) and (3.2) we then find that , 

(3.4) hy(s) = THEME xi quM 292012... 


Bort — Bas + (Borri + Bp) sh p+1(8) 


Remembering that By=1, we therefore have the formal continued 
fraction expansion: 


1—P(s) ° Bo — às (81 + à) (B1 — &ı)z 
i+2P@) Bi—Bu-c — BB 
(Bx + a) (£x — 33) 
+ o Bobs tee 
On multiplying both members of (3.5) by 28/(1—s), adding 1 to both 
` members, and then taking reciprocals, we have, using (3.1), 
| i-a |—a)s (Br + a) (Br a): 
Marion a 
(Ba + a) (Bx — a3 
| to Bobs de 
In case |a| <1i1,p=0,1,2,---, n—-1,|a| = 1, this continued frac- | 
tion terminates, the last partial quotient being equal to 
(Bn + Bn) (1 — a Bs 
1 + anpas 


BS 





k(s) = 
(3.6) 


x 
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while if le] <1, 2-0, 1, 2, - - - , the continued fraction does not 
terminate. In the first case, (s) is of course equal to the continued 
fraction. In the second case, the continued fraction converges uni- 
formly in the neighborhood of the origin by a well known theorem 
[4, p. 259]. An easy argument (cf. [9, pp. 415-416]) then shows that 
its value is R(s). 

If, in particu, k(s) is real when z is reali then 8,- 1, 
-Þp=0, 1, 2, , the ay are real, and the continued fraction for k(z) 
can be thrown by means of an equivalence transformation into the 
form ‘ 





ite 1 fi (1—gigow  (1— gogsw 
EU 1+ E 1 + 1 js 


where w=4s/(1—s)? and 2p=(1—ap4)/2, p=1, 2, 3, - : -. Thus 
0,51, the continued fraction terminating in case equality holds 
for some value of 5. 

It is readily seen that, conversely, if the a, are given, then the 
function k(z) given by (3.6) or (3.7) has the stated properties. We 
therefore have the following theorem: 


(35.7) Ra) = 


THEOREM B. A function k(z) is analytic and has a nonnegative real 
part for |z] <1, and is equal to 1 for 3=0, if and only if tt has a con- 
tinued fraction expansion of the form (3.6), whete the a, are constants 
with moduli not greater than 1, and the B, are given $n terms of the ap by 
(3.2), Bo being equal to 1. If k(s) is real when s is real, the continued 
Fraction can be thrown into the form (3.7). 


4. A characterization of totally monotone sequences in terms of 
continued fractions. A sequence: {cp} of real numbers is called totally 
monotone if all the differences A*c,—c,— Cu Cui Cn sna > 
-F(—1)* Cs nCn m, M, fcn 1,2, +--+, are nonnegative. If co=0, then 

cp=0 for p=1, 2, 3, * - - . Excepting in this trivial case, we may 
dpud by dividing every member of the sequence by co, and may 
thus assume that c9 —1. 

Hausdorff [3] showed that {cp} is totally monotone if and only if 
there exists a bounded nondecreasing function $(u) such that 


(4.1) sm f inca, jen ds 


This is equivalent to saying that 


1 
(4.2) Co — ciw + caw? — ooo =f CS 
0 
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We now turn our attention to a theorem of F. Riesz [5] which, 
along with Theorem B, will furnish a characterization of totally 
monotone sequences in terms of continued fractions. 


THEOREM C. A function k(s) is analytic and has a nonnegative real 
part for |z| <1, and is equal to 1 for 2=0, sf and only if tt has an 
integral representation of the form 


QoS f^ S ag. 


where a(t) ts a nondecreasing function such that a(0)=0, o(20) —1. 
The funciton a(t) is determined uniquely to an additive constant al all 
tis points of continuity by k(z). 





(4.3) 


Proor. Put 

-~ ka) =1+ae+ agt*+--- 
(4.4) - 
=1+ (b, + icy)r?(cos pO + i sin 96), 

pel 
where s=re¥, 0<r <1. Then, if 

u(r, 0) = 9t(k(z)) = 1+ $ 17(b, cos pO — cy sin p6) = 0, 
pol 

we conclude that the function 


1 t 
al = -f u(r, 0)d0, 0 SiS 2s, 
2x 0 


is a nondecreasing function of t; and a,(0) =0, o,(2x) —1. Moreover, 


ar 


2x 
do,(f) = 1, f 2 cos qtd, (i) = r*b,, 
or 0 à 
f — 2 sin gida,(#) = r?c,. 
0 


Using a. well known theorem, we may now determine a nondecreasing 
function a(é) such that a(0) —0, a(27) —1, and a sequence of values 
of r approaching 1, such that these equations go over into 


ir 


dall. 1, f "2: éas gida(f) = By, 
f uc 
0 
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When these values are substituted in (4.4), that series may be written 
as the integral of a geometric series. On summing the latter, we obtain 
(4.3). The essential uniqueness of the function a(t) follows from the 
fact that an arbitrary continuous function can be approximated uni- 
formly by a trigonometric polynomial [5, pp. 38-39]. 

Conversely, if a(t) is any bounded nondecreasing function such 
that «(0) =0, a(27) «1, then one may verify at once that the function 
k(z) defined by (4.3) has the required properties. 

We now make in (4.3) the change of vee u=sin? (¢/2), and 
that formula becomes 


1 € ! de(u) . f [u(1 — 14) ]*- dy (v) 
cCédod-m T: 
where a(t) Bos =y(u), 1—a(2—1) 2ó(u), w-4z/(1—2)?. The 
function y/(w) is of bounded variation, and $(w) is bounded and non- 
decreasing: $(0) —0, ¢(1)=1. The second integral in (4.5) vanishes 
identically if and only if &(s) is real when s is real. On the other hand, 
k(z) is of this character if and only if it has an expansion of the form 
(3.7). On putting these two facts together we obtain the relation 


' dé(v) 1 gw (-g)w (1-—g)gw 


(4.5) A(z) = 








(4.6) 





(itus 1+1 1 co o ee 


Recalling now the definition of a totally monotone sequence, and 
the statement made concerning (4.2), we have the following theorem: 


THEOREM D. The sequence {cy} of real numbers, of which co=1, is 
totally monotone tf and only tf the power series cq —cyw--cxw* — - - - has 
a continued fraction expansion of ihe form 
1 gw (1—gigsw (1 — g2)gaw 

Dic d + 1 fee 

where 0Sg, S1, p=l1, 2, 3,---, st being agreed that the continued 
fraction shall terminate in case some partial numerator vanishes 
identically. 

An interesting consequence of this theorem is the fact that there 
exists a sequence of polynomials Gi(g:), Ga(gı, ga), Ga(g ga) g3), °° * 


where G, depends upon $ variables, such that every totally monotone 
sequence with co=1 can be represented parametrically in the form 


€, = Gy(Ey £5 © * + s £p), p=0,1,2,---G= 1), 
where 052,51, p=1, 2, 3, - - - . Conversely, every sequence of this 


(4.7) 
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form is totally monotone. To obtain the polynomials G, it is but 
necessary to observe that the power series expansion of (4.7) is the 
series co—Ci:w+c,w?+ - - - where the c, are polynomials in the g;. 
These may be most conveniently calculated by means of formulas 
given by Stieltjes [7, pp. 419-420]. We mention only that 


(4.8 - Gilgs) = 61,  Gxgug)-— Pe — ga) + gigs. 


F. Riesz [5, p. 56] showed ‘that a sequence {cp}, where c; —1, is 
totally monotone if and only if for every » the point (co, &, * * * , n—1) 
lies in the convex extension of the continuous curve given in para- 
metric form by (1, u: u?, - - -, w^), 0€u S1. The polynomials Gp 
therefore furnish a parametric representation for the points of this 
convex set. This can be verified for n=3 by means of (4.8). ‘ 


5. Continued fraction transformations. If the a, are real in (3.5), 
that relation may be written in the form 
(=) 1— Pls) _ A (glew — (1— güguo 

.2 i-czP() | i+ 1 + 1 Tee 
where ge (1—a, 2/2, $-1,2,3,-- - , and w-4z/(1—z)*. To indi- 
cate the dependence of P(z) upon the a, we shall now write 


P(g) — (z; ao, 01, 93, * * * ). The following relations may be readily 
verified [6]: - 


(5.1) 





(5.2) — P(s) = (2; — a, — a1, — aa), 
(5.3 P(— z2) = (z; a, — a1, a2, — an: -> ), 
(5. P(e") = (n250,:--,0, 0,0, ---,0, 04, 0, --), 


where 0 occurs 5 —1 times between a, and «5,3. We observe that the 
effect of replacing a,1 by —a, is to replace gp by 1—g,; and that 
the effect of replacing à, 1 by 0 is to replace gp by 1/2. These facts 
together with the preceding relations enable us to obtain a number of 
transformations of the continued fraction in (5.1). 

Let us denote the ae member of (5.1) by F(w), and write 
F(w) = [w; gi, £u £».- + - ]. On replacing Po) by —P(s) and a, 4 by 
—a, 3, that is, g, by is —£p p=1, 2, 3,* - - , we obtain at once the | 
relation [8, p. 166; 9, p. 416] 


(5.5) EU do addet | 

. 1 ra wF( w) = |w; £n i £2: E3» . 
Similarly; on replacing P(s) by oe iud a, by (—1)?a, we get 
[1, p. 191] 
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(5.6) 1 - F(— w/(1 + w)) = [w; 1- £v», £2 1— 83, 4° °° |. 
Using (5.4), replacing f(s) by f(s") in (5.1), we obtain a relation of the 


form 
F(U,(w)) 
(5.7)  Va(w) + W.(w)F(U.(w)) 
= [w; £i, 1/2, TOUT, 1/2, £s, 1/2,- ta 1/2, £5 1/2, dioe l, 


where .1/2 appears n—1 times in each place, and where U,(w), 
Va(w), W,(w) are rational functions of w given by 


4w" 
ICT oy 8 = (ew) as) 
w[(Q + w)¥ + 0*7 — (1 + wn - n1) 


Here, that branch of (1-4-:0)!/3 is to be taken which reduces to 1 for 
w=0, 


U a(t) = 
Va(w) = (1 $ ui 


W,(w) = 
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ON MINIMUM CIRCUMSCRIBED POLYGONS 
C. H. DOWKER 


This paper contains the proofs of two theorems on the 2-gon M, 
of minimum area circumscribed about a convex region R in the plane. 
Theorem 1 shows that the area of M, is a convex function of n and 
Theorem 3 shows that if R is symmetric about a point there exists 
an Ms, which is also symmetric. The corresponding theorems on in- 
scribed polygons are also given. These theorems were conjectured by 
R. B. Kershner. . 

The symbols a and b with subscripts will be used to represent the 
sides of circumscribed polygons or the vertices of inscribed- polygons. 
It will be convenient to replace the circular order of the sides (ver- 
tices) do, Gu * * * , G4.1 Of a polygon by an artificial linear ordering . 
ao La < * * - Xa, Lån, where a, represents the same side (vertex) 
as do. The eee of the sides (vertices) of circumscribed (inscribed) 
polygons is established by the order of the contact points (vertices) 
on the boundary of the convex region. 


LEMMA 1. Let 4,8931 * > - Qu and Bm bi - + + bm be two poly- 
gons circumscribed about the convex region R and jet either (1) as b, 
«b, «ai aea Sb. e «a, or (2) Go &b, «bi <1 Sb, 1 Stri i dia 
He Carte =Gobibs > b, 10, * + - Gna and D. 4 = botia: - > d, ab 

< baa. Then the areas hfi the inequality A+B È CER aa there 
is equality if and only 1f ao = bo and Gri = b, s. 

Proor. The common part of A and B is the common part of C 
and D. The remaining part of A+B is the remaining part of C+D 
together with the areas of the quadrilaterals aoaibob; and @,-14,0,_1),. 
Equality holds if and only if both these areas are zero, that is, if 
Go = bo and a, 1 — D, i. 

LEMMA 2. If M, is an n-gon of maximum area inscribed in the con- 
vex region R, the vertices of M. are contact points of the sides of a circum- 
scribed polygon. 


Proor. If M,=ao01 + * * Gni, the line through a; parallel to the 
line ods is a supporting line of R, for otherwise M, would not have 
maximum area. Supporting lines determined similarly at all vertices 
of M, are seen to form a circumscribed polygon. 


LEMMA 3. Let A, maoti ` > - Ga Gnd Ba bui - - - bm be two polygons 
Received by the editors August 18, 1943. 
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inscribed in the convex region R, each having as vertices points of 
contact of the sides of some circumscribed polygon, and let either 
(1) aoSbo<bi<a;Sa,1Sb.1<), xr or (2) asSb; «bia Sbi 
SGyr1<a,<b,. Let Carte = Gobrbs - -bar ++ dn and Der 
= bolita + + + Grabe > + + bm. Then the areas satisfy the inequality 
A+BSC-+D and there is equality if and only tf ao» bo and a,1=b,-1. 


Proor. The vertices bo and 5; are in or on the triangle consisting 
of aoa, and the adjacent sides of the circumscribed polygon corre- 
sponding to ao and a;. Hence (if a9) aobo produced meets abı pro- 
duced. Hence Aadob; SAaobea:, with equality only if ao =b. Let aob 
intersect Gib at p. Then, Aaopa:2Abopb:, with equality only if 

Go=bo=p. 

Let asıb, intersect a,b, 1 at q. Then similarly, if a,1<},1<5, <a,, 
Aa, 1Q0, 2 Ab, aqb,, and if 5,3 Xara «a, <b, Ab,—ıqb, » Aa, aqa,. 

If a3 Sbai «b, <r, C + D — A — B = Aaopa; — Abopbi--Aa,. ga, 
— Ab, 39b, 2 0 and equality holds only if ao = p =b and Gm1 =q =b 3. If 
ba Sarai Lar «b, C+D —A—B 7: AGopai —Abopbi -FAb, aqb, —Aa,. gá, 
20 and equality holds only if ao =p =b and a, .1— qb, ,. Thus in 
either casé A+BSC+D with eauality if and only if ao=b, and 


Gra b, i. 


THEOREM 1. If M, is an n-gon of minimum area circumscribed about 
the convex region R, the areas satisfy the inequality Ma+ Meis: 2M. 


Proor. Let M, =01 Gn-1; Mays = bobi see Dayi 

Case 1. Let there be a sequence of sides ao $5, <b: « b <a. In this 
case, if Cua = Qobi * 5 t Ans Day = bobs LEE bat; M., +M. — CD 
= BoGibobi + boaidibs > 0. Hence Ma+May2>C+D22May.. 

Case 2. Let there be no such sequence of sides. Then there must be a 
sequence of the form ao Sb, «b, <a; Sa,_1 Sd,_1 <b, <a, since there 
are n intervals [a;, 6;41) and n--25's in these intervals. We may as- 
sume sSr-+1 since otherwise we could renumber the sides starting 
from a, , which we would call ao. We may even assume that s=r +1, 
for otherwise 5,,17 a, and 5,4; «a, and hence there is a first subscript 
t>r for which bı €a,. Then b,za,.4 and we may replace ¢ by r and 
t+1 by s so that s=r+1. Let C,,1—aob1 > - - 5,30, ` - - Gay and 
Da bon + + + Orb, + + + bapi. Then by Lemma 1, Mg +Mays2=C+D 
22M. 


THEOREM 2. If M. is an n-gon of maximum area inscribed in the con- 
vex region R, the areas satisfy the inequality M, + Mas2S2Moayi. 


Proor, Let M, aoa: - - - Ga, and Masa = bobi > - + bay. 
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Case 1. Let there be a sequence of sides as Ebo «b, <b: «a. In this 
case, if Cua = 90101 *o* * Gami and Dia = bob: Buik bais C+D-M, 
— M n42 = Gob1G; — bobiba which is greater than 0 as can be shown using 
Lemma 2 and elementary geometry. Hence M,+May<C+D 
s 2M.a- 

Case 2. Let there be no such sequence of sides. The proof is similar 
to that of Case 2 of Theorem 1 except that Lemma 3 is used instead 
of Lemma 1. ' 


THEOREM 3. If R'is a convex region symmetric about a point 0, among 
the 2n-gons of minimum area circumscribed about R there $s one which 
ts symmetric about 0. 


Proor. Let Me, =at * * * Gaa- be a minimum circumscribed 
2n-gon and let M’ =bb - - - bens where b, is the image in 0 of a;4.. 
If Ms; is not symmetric there is a side a;755;. We may assume aobo. 
By reordering the sides if necessary we may assume ao «b, and hence 
b, «a4. Let t be the largest number, 0 S£«n, such that a, Sb,. Then 
5,41 <a: and if we renymber starting from a;, which we shall call ao, 
we have ao Sb, «b; <a. Since a, and a, are successive sides of Maa, 
ai:<b,. Hence ac Sbo «by «aj «b, Sa, Lany «b... Let Can aobibs 

+ + baanga c 0s. and Ds, = bodice + + + Gba + + + Dani. Then, by 
Lemma 1, M4- M'z C+D. But C and D are both symmetric and M 
and M’ are equal. Therefore either C or D is a symmetric circum- 
scribed 2n-gon of area not greater than Mass. 2 


THEOREM 4. If R is a convex region symmetric about a point 0, 
among the 2n-gons of máximum area inscribed in R there is one which ts 
, symmetric about 0. ` 


Proor. The proof is similar to that of Theorem 3 except that 
Lemma 3 is used instead of Lemma 1. ' 
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"ON r-REGULAR CONVERGENCE 
PAUL A. WHITE 


In his paper On sequences and limiting sets [1]! G. T. Whyburn 
introduced the notion of regular convergence. He showed that in the 
cases of 0 and 1 regular convergence (see definition below) that the 
limit of sequences of many simple topological sets is of the same type 
as the members of the sequence. It is. the purpose of this paper to 
extend some of these results to higher dimensions. The lack of simple 
‘characterizations of the higher dimension sets back as the n-sphere) 
makes the results much weaker than in the 0 and 1 dimensional cases. 

It is assumed throughout the paper that all sets lie in a compact 
metric space. All our complexes and cycles will be non-oriented, and 
the Vietoris cycles and chains (V-cycles and V-chains) will have these : 
as coordinates. The set of all points x whose distance from a set A 
is less than € will be denoted by U,(A). Finally we shall denote the 
boundary of an r-dimensional complex (or V- ain) z” by sr. 


DEFINITION: A sequence of closed sets (A;) converging to a limit set A 
ts said to converge r-regularly: (>r) af for every e> 0 there exist numbers 
ô>0 and N70 such that, ifn>N, any r-di mal V-cycle in A, of 
diameter less than ô is ~0 in a subset of A, "i diameter less than e. 
If A,sA for all s Sr, we write Aj &rA [1]. 


DEFINITION. A Vietoris cycle £r — (x3) 4s called a projection cycle if 
limi... (point set 33) =X and each x, cx. Clearly, X is the smallest car- 
rier [2] of £. 


Note. Corresponding to any cycle "= (x) of a compact set F, there 
always exists a projection cycle &~£" in F. Inj fact if a convergent 
subsequence of (3j) is chosen, this set can bé used as the set X of the 
. definition. 


THEOREM Í. I FA A:—rA, then for any e>0 there exist positive numbers 
6 and N such that if x71 is a simplex of A; (è> N) whose boundary has 
a V-chain realisation [3] of diameter less than ô, then x1 hasa V-chain - 
realisation of diameter less than e. , 


Proor. Let ô and N be the numbers corresponding to ein the defini- 
tion of r-regular convergence and consider a simplex x**! of A; (>N) 


Presented to the Society, September 13, 1943; received by the editors September ' 
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1 Numbers in brackets refer to the bibliography at the end of the paper. 
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whose boundary has a V-chain realization 3'— (31) of diameter less 
thaü ô. By the choice of ô and N, n’~0 in a subset of A; of diameter 
less than e. Thus there is a V-chain £°+!= (x7*!) of diameter less than e 
such that t" — 44. Clearly +! is the V-chain realization of x**! of^ - 
diameter less than e. ` 


THEOREM 2. If A, SrA then for any e>0 there exist positive num- 
bers 5°(€) and N'(e) such that if x* (sSr+1) ts-a 5°(€)-simplex of Ai 
(+2 N'(e)), then x* has a V-chatn realization in a subset of A; of di- 
ameter less than €. 


Proor. The proof shall be by induction. 

The case r=0 is clearly a direct consequence of the definition of 
O-regular convergence where the numbers ô?(e) and N°(e) are the 
numbers 6 and N of the definition. 

Suppose the theorem to be true for r=k—1 and consider the case 
r — k. Let e be an arbitrary positive number and 6 «e, N be the num- 
bers corresponding to it in Theorem 1. Now by hypothesis there 
exist positive numbers $*7(86/3) and N*-1(6/3), and we define 
ó*(e) 2 min (0*1(8/3), 6/3) and N*(e)-—N*-1(6/3)--N. Let x 
(sS 4-1) be a &*(e)-simplex of A; (¢>N*(e)). If sSk, we know that 
x has a V-chain realization of diameter less than 8/3<e since 


` 65(e) $0571(8/3) and N*(e) > N*-1(8/3). If s=k+1, the boundary of 
: x*H js a k-dimensional 5**1(8/3)-cycle of A; (¢>N*-1(6/3)). Thus 


each simplex of this cycle has a V-chain realization in a subset of A; 
of diameter less than 6/3. Furthermore we may suppose these realiza- 
tions to be chosen so that common sides of two simplices have the 
same'realizations. Now adding these V-chains for the simplices of the 
cycle we obtain a sequence of k-dimensional cycles, a subsequence of 
which yields a k-dimensional V-cycle of diameter less than 6*(e) 
+2(5/3) < 8/34-2(8/3) = à which is clearly a realization of the bound- 


ary of x**!, Now by the choice of ô, we know that x**! has a V-chain 


realization in a subset of A; ($7 N*(e) » N) of diameter less than e. 
Thus the theorem is true for r=& and hence for all cases. 


THEOREM 3. If A,—5 &(r—1)A and C is the smallest carrier of an 
essential projection cycle £r — (xj) of A, then C can be expressed as 
lim;.. C; where C; is the smallest carrier of a cycle & of Ai which will 
be essential for all sufficiently large i. 


Proor. Since £' is essential, there is a positive number 7 such that 
Eris not ~,0 in C. Let ey—0 be a sequence of positive numbers and 


` let 35, min 5771(e,/3), 6°-1(n/3) (from Theorem 2). Choose Ng such 


that for 52 N; we have U,,(A;)DA, Us,(A)DA; and let N/' = N/ 
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EN (s/3)--N(/3) This defines a nuiiber Ny’ for each k, and , 
by letting N; =} Nj’ we obtain a monotone increasing sequence of 
numbers. Consider a sd xia) of £ that i$ not ~,0 in C and such 
that Us (xka) DC. Now “pick a number n>N, and Tet Qo, G1, * * *, Gg 
be the vertices of xj), then for each sg, let b, be a point of A, 
such that plas, b,) «à. For each simplex (854, Gin *-  , G) in Xa) 
Jet (bi, bi, +++, bi,) be a simplex and let x* be the cycle consisting 
of these solic, Clearly x* will be a 36,-cycle of A,, and we shall 
call any cycle obtained in this manner a 6,-projection of xj) [1]. Our 
choice of 35, allows us to realize each simplex of x" in a subset of 4, 
of diameter less than €/3, 1/3, from which we obtain a V-cycle real- 
ization £ = (x4) of x" in Usys(x*) as well as in U,s(x7). Now Ca, the 
smallest carrier of &, will'satisfy the conditions of our theorem, for 
C. CU ix"), £ C Uni), xg C Ual), CC Usl). Therefore, 
CoC Ua (C), CCU (Cs) as (&/3)3-8--01 € &/3--e4/3-4- 4/3 — €x. 
Now for all n such that N, € s < Np, choose C, corresponding to €z; 
then lim4.4 Ca = C. 

Finally, since & C U yi(x7), we obtain by an application of the prism 
construction [4] the homology x~" for all j. Thus & is not | 
~,0 in C,, for if it were then pes but by a 4,-projection into 
C of the /3-complex bounded by x” we could obtain an n-complex 
in C bounded by xj), contrary to our hypothesis. This shows that 
& is essential for sufficiently large » and concludes the proof. : 

"The necessity of the regular convergence in the preceding theorem 
is shown by the following example. Let A; be -the arc of the circle 
p=1 where @ varies from 1/$ to 2x — (1/:) ; then A will be the circle 
p 71, and the 0-regular convergence is clearly violated. Now A is the 
smallest carrier of an essential 1-cycle, but the theorem cannot be 
satisfied, as A; contains no essential 1-cycles. 


COROLLARY 3.1. If Ai S (r—1)A, where A; is a T,-set [5] for each 
$, then A ts a T;-set. 


Proor. If the theorem -were not true, then T would contain an 
essential r-dimensional cycle; but by the theorem there would exist 
essential r-dimensional cycles in some of the A,, which’ contradicts 

` their property of being T,-sets. __ 

THEOREM 4. If Mp>SrM and B is an irreducible membrane xad . 
the homology g= (x5) ~0 in M, then B can be expressed as lim;..B;=B 
where B,CM;: is an irreducible membrane for a homology &c-0 in M. 


Pzoór. Let &—0 be a sequence of positive numbers and let 
35,= 5°(e,) and N'(e) be the numbers corresponding to e, in Theorem 
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2. Choose Ng such that for $5 Ng, Us,(M@) DM, U4(M)O M;, and 
let Ng’ — N'(e)d-N4. This defines a number N/' for each k, and - 
by letting N: —2j-aN j’ we obtain a monotone increasing sequence 
of numbers. Since B is an irreducible membrane of £7—0 in M, we 
can find a V-chain 9t1=(y;*') in M such that 57*! 2x; for each j, 
and such that.the point sets y;*! converge to B. Let j(k) be chosen 
such that yi) is a complex and U4(y45) DB, U4(B) Oy. Let 
n be any fixed number greater than Nx, and project Yke by means of 
a 6,-projection into a (38,)-complex yt! of My. Since 36:=57(ex), 
each simplex of y7*! has a V-chain realization in a subset of M, of 
diameter less than és. Combining these realizations for all simplices, 
of yt}, we obtain a V-chain realization qz! — (y!) of y+! in 

U,,(y7*). Now a V-cycle can be formed from a subsequence of On) ) 

and a further subsequence can be chosen so that the remaining 
(y) converge to a set B,. We shall denote this subsequence EY 
the same notation nk =(y¥') and we shall let £- (3551). 
B,CB, be an irreducible membrane of the homology &~0 in M. 
. Now U.(B) DIAS Us) Dy, Ur) Bg DB, B,0yn 
U3, (yr) Oy, Un (95) DB; therefore Us,(B) 2B, and Us,(Bn) 
DB. Thus if we choose £ and B, in M, corresponding to e; for all » 
such that Ny, En «Ny, we shall have lima... Ba =B, and the con- 
clusion of the theorem. 

The necessity of the regular convergence in the preceding theorem 
is shown by allowing M; to be a totally disconnected set for each $ 
such that lim;... M;— M is a unit interval, and hence the irreducible 
membrane of the homology of the 0-cycle consisting of its end points. 
Now clearly the convergence is not 0-regular, and the conclusion of 
the theorem is violated since no 0-cycle of any M, is ~0. 


, COROLLARY 4.1. If M;— SrM and AA where A; is an A,-set [5] 
' of Mi for each 4, then A is an A,-set of M. ; 


Proor. Consider any irreducible membrane B of the homology 
r~0 in M where £' CA. By Theorem 4 there exist cycles & in M 
for each ¢ and irreducible membranes (B,) of the homologies £j7-0 
~ in M;, such that B;—B. Also since 4;—4 and £°CA, we can choose 
a & in A, for each 4. By the definition of an A,set we have B,CA; 
for each ¢; therefore B=lim,.,. B;Clim;.. A;=A. Thus A is an 
Áset of M. 


THEOREM 5. If C;>SrC, where Ci is the irreducible carrier of an 
r-dimensional projection cycle & for each i, then C is the irreducible 
carrier of a projection cycle 7. Finally £ wih be essential if and only if 
all but a finite number of the & are essential. 
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Proor. Corresponding to 5,0, we can pick a subsequence of (Cj), 
which we shall suppose to be the,whole sequence, such that 
Uigs(C) DC, Usys(C)DC;. Let &— (x5); then there exists a 5;/3- 
cycle x, such that Us,3(x&,) OC; Usys(Ci) Dy, Project xh, into 
_ a ĝi-cycle x4 of C. Clearly Us,(x) DC, Us,(C) Dx. Pick a subsequence 
of (xx), which we shall suppose to be the whole sequence, forming a 
V-cycle £'. Now the point sets 3,—C and £'— (3) C C; therefore C 
is the irreducible carrier of £*. 

Now suppose that & is not essential, then £'—0 in C. Since 
C,>SrC, we know by a theorem of. G. T. Whyburn [7] that C is 
an kc’; hence by a theorem of R. L. Wilder [3] the r-dimensional 
Betti number of C is a finite number s. A result of H. A. Arnold [8] 
implies that all but a finite number of the C; have this same finite 
Betti number. Let £j, * --, & be a basis for r-dimensional cycles 
in C, which we can choose to be projection cycles with smallest carriers 
Co, *** , Cone By Theorem 3 there exist cycles &,---, & with 
smallest carriers Cu, -:-, C. in C; such that lim,.. C&— C; 
G=1,--++, n). The (&) will be linearly independent for £ greater 
than some integer Ni, for if not we can establish by a projection a 
linear dependence of the (£4). Since the Betti number of each C; for 
# greater than some number N; is n, it follows that (£4) is a basis for 
cycles in C, for à» N — N;4- Ns. Thus £c 7 atn ($7 N) (a—0 or 1), 
where we can suppose that N was chosen large enough so that the 
same linear combination holds for each į. Now by projecting the 
complexes bounded by £&--? ia; we can establish a homology 
Ec 710b. But £'—0; therefore aj=0 for all j. Thus £70 in C; `: 
for $» N, which implies that £ is inessential. 

Conversely, -if £' is essential then exactly the same procedure as 
was used in Theorem 3 can be used to show that all but a finite num- 
ber of the £ are essential. ' i 

The necessity of the regular convergence in the preceding theorem 
is shown by the following example. Let C; be the collection of points 
(x —j/3*, y 0) for 7=0, 1, -- - , 35, then lim; C; — C-the unit in- 
terval from 0 to 1, and clearly the 0-regular convergence is violated. 
Now each C; is an-essential 0-dimensional V-cycle and hence’ is its 
own irreducible carrier, but C clearly cannot be the irreducible car- 
rier of an essential 0-cycle as all O-cycles are ~0 in C. 

THEOREM 6. If B;,— &rB, where B; is an irreducible membrane for 
an homology of a projection cycle &--0 in B; for each i, then B is an 
irreducible membrane of an homology of a projection cycle £'—0 in B. 

Proor. In the proof of Theorem 5 we have seen how to establish 
a projection cycle £' in B. Furthermore by projections into B of the ` 


128 . P. A.- WHITE 


-chains bounded by the &, we can establish an homology £r—0 in B. 
It remains to show that £r is not ~0 in a proper subset B’ of B. To 
this end:suppose £'—0 in B’. By Theorem 4, B'—lim;., B! where 
B? is an irreducible membrane of the homology #~0 in B;. (Since 
the carrier of £" was chosen as the limit of the carriers of the £j, we 
can choose the B/' corresponding to the homologies of our original £g.) 
Thus B’=lim,.,, B? =lim,.,. B;,— B and B is an irreducible mem- 
brane of £70 in B. 


THEOREM 7. If Mi SrM, where M, ts an r-dimenstonal closed 
Cantortan manifold [6] for each i, then if dim M <r, M is also a closed 
r-dimenstonal Cantorian mantfold. 


> Proor. Since £'(Mi) 70 for each ¢ (f*(M1) =the rth dimensional 

' Betti number of M1) and the convergence is regular, it follows that 
p'(M)+0. Next suppose M’ is a proper closed subset of M with 
p’(M’) +0. Then there exists an essential (projection) cycle £r with 
irreducible carrier C in M’. By Theorem 3, C=limy.... Cr, where C, 
is the smallest carrier of an essential cycle £j in Mz. Now for some 
integer 2, C, will be a proper closed subset of M;, but by the defini- 
tion of M;, p'(C,) =0 contrary to the fact that & is essential. Thus 
?'(M") =0 for every proper closed subset M’ of M. Finally dim Mzr, , 
for £*(M) 7*0, implies the existence of an essential & in M. Since by 
hypothesis dim M &r, we have dim M —r, and M is an r-dimensional 

. closed Cantorian manifold. 


^ 


BIBLIOGRAPHY 


1. G. T. Whyburn, On sequences and limiting sets, Fund. Math. vol. 25 (1935) 

pp. 408-426. 
2. R. L. Wildet, Unified analysts situs, Bull. Amer. Math. Soc. vol. 38 (1932) 

pp. 649—692. 

3. , On locally connected spaces, Duke Math J. vol. 1 (1935) pp. 543—555. 

4. P. Álexandroff and H. Hopf, Topologte, Berlin, 1935, p. 199. 

5. G. T. Whyburn, Cyclic elements of higher order, Amer. J. Math. vol. 56 (1934) 
pp. 133-146. 

6. P. Alexandroff, Gestalt und Lage, Ann. of Math. vol. 30 (1928) pp. 101—187. 

7. G. T. Whyburn, Regular convergence and monotone transformations, Amer. J. 
Math. vol. 57 (1935) pp. 902-906. 

8. H. A. Arnold, On r-regular convergence of sets, Bull. Amer. Math. Soc. Abstract 
47-1-326. 





` LOUISIANA STATE UNIVERSITY 


TOPICS IN THE THEORY OF ABELIAN GROUPS. I 
DIVISIBILITY OF HOMOMORPHISMS 


HASSLER WHITNEY - 


? 


1. Introduction. The theory of character groups of Abelian groups 
has in recent years become of great importance, especially through 
applications to topology and algebra. The character group of G is 
the group H of homomorphisms of G into the real numbers mod 1. 
Extending this, we may consider the group H=Hom (G, Z) of homo- 
morphisms of G into a third group Z, or more generally, a “pairing”: 
of groups H and G into Z: a multiplication h-g=2, satisfying both 
distributive laws. 

Of course the duality theorems for character groups will not hold 
in the more general cases; but, under certain conditions, substitutes 
may hold. We expect in later notes to give various facts about pair- 
ings, and-the closely associated problem of divisibility by integers. 
In the present note, we answer the question of when a homomorphism 
of G into Z is divisible by an integer m; this has an immediate appli- 
cation to a theorem in combinatorial topology. 


2. Divisibility theorems, discrete groups. We use the following 
notations for a group X and an integer m. 


mX = all mx, xe X, 
«X = all x € X such that mx = 0. 


l Note that xmX means that x is divisible by m. 
In the theorems below, we use 


(1) H = Hom (G, Z). 
Let H'(G") denote all h(g), &CH', gCG'. 
LEMMA 1. Suppose G' is a subgroup of G, 
h€H, X € Hom (6, Z). 


Then h’ can be extended over G so that h=mh’' in G' if and only tf: 
(a) h(G) CmZ. 
(8) h'(mg) =h(g) tf mgcG'. 
(y) If m' is a divisor of m, then h'(m'g) C m'Z if m'gcc'. 


The necessity of the conditions is clear. We prove the sufficiency 
first for the case 
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m= ^ p prime. 
To begin with, extend hk’ over mG+G’ by setting 
(2) k'(mg + g) = h(g) + K'e) | E EG). 


This definition is unique. For if mg+g’ =mgite/, then m(gi—g) EG’, 
and (B) gives 

= M(0) = Mmi: — g) + (t = g’)] = hi e) + Met — 60, 

so that 


h(g) + À'(g) = kle) + (ei). 
Clearly (8) holds in mG--G'. To prove (y), had m -m'm'. Take 
any 
m'g = "ng € m G. 

Then m'(g—m"g) =g feg, and hence; using (2), (a), and (y) in G’, 
we find 

M(m'g) = hg) + W m'a — m"g)] € mz. 
_ Let S be the set of all pairs ($, G”); where ` 
Et mG TG CG" CG, 


à € Hom G”, Z), 6 — kin mG 4-G', 


and such that (8) and (y) hold with $ and G” in place of E and G*. 
. Partially order these by setting 


(61, Gi) < ($3, G3) if G1C Gi and ¢:= ¢iinG, 


that is, $s is an extension of $1. By! Zorn's lemma, there is a maximal 
simply ordered set S’ of elements of S. Let Go be the set of all g in 
some G” with (¢, G") ES’, and set po(g) ^9 (g) for such a ($, G”). 
Clearly Go is a subgroup of G, ¢o(g) is independent of the (¢, G’’) 
chosen, and (ġo, Go) CS"; hence it is the last element in S’, and there 
is no later element in S. Therefore ġo cannot be further extended in G. 
To prove the lemma for m=)", it is sufficient to show that Gy—G; ` 
for 6o=h’ in G’ by hypothesis, and (8) gives 


méo(g) = do(mg) = hle), mpo = h. 


Suppose GoxG. Then choose an element gi4Gp such that for a 
largest’ possible divisor mı of m, gı&EmıG. Since mGCGp, it follows 


1 Compare Remark 2 in §3. 


- 1944], TOPICS IN THE THEORY OF ABELIAN GROUPS 131 


that m, «m, and m; — f^, <n. Choose gs and gs so that 


(3) g1 = Migan g= pE = pmgs; 
then gy Gy. Set m4— 5*7; then pmims — m. Since po=h’ in mG+G', 
(2) gives 


(4) mbolg) = do(pmntmags) = klg). 
Since as pmigsC Go, we may choose 4 by (y) so that 
(5) polga) = pma. l 


Let Gi be the subgroup of G generated by Go and gı. Since p is 
prime, and pg is in Go while g, is not, ag; Gs if and only if a=0 
(mod p). Extend ¢ through G; by setting 


(6) : év(ag1 + g) = amiss + polg) (a integral, g € Go). 
To show that this is unique, suppose 
ui agı d g =bg +g, l -Lg E Gp. 
' Then 


(e—b)n-2g-—-g€G, a—b= hp, 
and ‘ - 
[omits + 0(g)] — [bms + do(g’)] = kpmiss + polg — g’) 
= kpo(g2) — polkpgi) 
= go(kgs — kga) = 0, 
as required. Clearly ġo is now a homomorphism in Gi. 
‘Since mG C Go, (8) holds in G;. To prove (y), take any 
m'g = ap d go € Gi (go € Gy). 


If m'g EGo, then go(m’g) Em’Z, since (y) holds in Gp. Suppose it is not. 
By the choice of g, and m, m’ Sm; hence for some m”, m'm”! =m. 
Now by (3), 


Z 


£o = m'g — amigs = m'(g — am''g:), 
and by (y) in Go, $e(go) =m'Zo for some go. Now by (6), 
do(m'g) = amza + éo(go) = m'(am'"z; + 20), 


as required. : - 

We have now shown that (ġo, Gi) ES. Since ġo has been extended 
from Go, ($o, Go) < ($o, G1). But this contradicts the fact that S’ was 
maximal. It follows that Go» G, and the lemma is proved for the 
case m =p", - 
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For-a general m, we shall use induction on the number p(m) of 
distinct prime divisors of m. Say, m =mımı, (mi, ms) =1, p(mi) and 
p(m:) being less than p(m). Set 


hi = mh, h.-mh, inG. 
_ Then the conditions of the lemma hold for both h, and As, with mı 


and m; respectively. Property (o) for m; and ms is clear. To prove (8), ` 
we have roy 


i esa = Fen se M). 


To prove (y), suppose mi is a divisor of mi and mi gCG'; then m1 is 
a divisor of m, and qi for h’ gives : 


him g) = mah!(mi g) € m(miZ) C miZ. 
Therefore hı and ka may be extended over G, so that 


o 


h = mihi = mhs. 
Now choose integers r, s so that CÓ Then 
thy + shy = (rmi + sm) k = k in G', 
m(rhs + ski) = royals + smamiky = h in G, 
so that h’=rhy-+sh; is the required homomorphism. 


THEOREM 1. For any integer m, hCmH if and only if 
(a) &(G) CmZ, 
(b) &(.G) =0. 


Let G' be the identity alone, and set 5'(0) 2:0. We need merely 
prove (8): and (y) of Lemma 1. Clearly (8) reduces to (b); (y) is 
trivial. 

3. Divisibility properties, topological groups. We shall consider 
only topological groups with the following property: 

(P) For each integer m0, the mapping mg of G into itself is in- 
terior, that is, maps open sets into open sets. , 

An equivalent statement is the following: For every neighborhood 
U of 0 in G and every m>0 there is a neighborhood U” of 0 such that 
U' CmU; that is, all sufficiently small elements of G are divisible by . 
m, a solution lying in U. The property holds in the commonly used: 
groups. 

REMARK 1. It follows that mG is open in G(m>0); hence, for any 
subgroup G’, mG-+G’ is open in G. 

EXAMPLE. If G is the group of dyadic rational numbers, using the 


H 


o 


s 
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topology of the real numbers, and m =3, then 3G contains no element 
of the form 1/2". Thus G does not satisfy (P). 


LzxMA 2. Let G and Z be topological groups, and let (P) hold in G. 
Let h' be a homomorphism of G into Z, and set homh'. Then h’ ts 
continuous 1f and only tf h ts. 


That continuity of k follows from that of kh’ is simple (and does not 
use (P)). Suppose k is continuous. Given any neighborhood V of 0 
in Z, choose a neighborhood U; of 0 in G so that &(U1) C V, and choose 
UCmU, Now take any gCU. Then g—mgi pmC€U; and A'(g) 
—h(gi) C V, proving that k’ is continuous. 

By Hom (G, Z) we shall now mean the group of continuous homo- 
morphisms of G into Z. We do not need to consider a topology in H 
here. 


THEOREM 2. If G and Z are topological groups, and (P) holds in G, 
then Lemma 2 and Theorem 1 hold. 


Using the former proofs, we need merely prove the continuity of k’. 
But this follows from the continuity of 4 and the last lemma. 

REMARK 2. Since mG is open in G and h’ is first extended over mG, 
if the proof in Lemma 1 is given in the equivalent form of extending 
h’ over larger and larger subgroups of G (as from Go to G1 in the proof 
given), only a finite number of steps will be required in the case of 
most groups G. 


4. On the complete resolution of E by G. We use the following 
definitions and facts.? If H, G are paired into Z, (H, G^) (the nullsfier 
or annihilator of G' in H) is the set of all 5 with h-G’ 50. If (H, G^) =0, 
then G’ resolves H. (Then if hiha, there is an element gCG" with 
hi gz5hsg.) If (H, 4G') 2mH, G’ m-resolves H. (Then if h is not 
divisible by m, there is an element g€,.G’ such that 5:g»40.) *Re- 
solves” and “0-resolves” are equivalent. If G’ m-resolves H for 
all integers m Z0, G’ resolves H completely. Z is completely divisible 
if mZ =Z for each integer m 7*0. The main application of the Pontrja- 
gin duality theory to topology lies in the fact? that any group re- 
solves completely and is resolved completely by its character group. 


THEOREM 3. If Z is completely divisible, then G resolves H 
=Hom (G, Z) completely. 


2 Compare H. Whitney, On matrices of integers and combinatorial topology, Duke 
Math. J. vol. 3 (1937) PP. 35—45. The main statement in footnote 8 of this paper is 
not true. g 
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If the groups are topological, we assume G satisfies (P). 
If hEmH, say h —mh', then mg —0 implies 


h(g) = (mg) = k'(0) = 0, 


and hE(H, .G). Conversely, if 4E(H, mG), that is, &(.G) =0, Theo- 
rem i(or Theorem 2) gives hCmH. 


5. Application to combinatorial topology. Let H'(K, X) and 
H,(K, X) denote the rth homology and cohomology groups, respec- 
tively, of K, with the coefficient group X. 


V 
THEOREM 4. Let Z be completely divisible. Then for any G, and 
H=Hom (G, Z), we have the isomorphisms 
H,(X,.H) ~ Hom [H*(K,G), Z], 
' H'(K, H) = Hom [H.(K,G), Z]. 
If G and Z are topological, we assume G satisfies (P). 
This is Theorem 8 of Whitney, loc. cit., with the hypothesis weak- 
ened; it is essentially the Pontrjagin Duality Theorem, slightly gen- 


eralized. For the proof, we need merely apply 7 Theorem:3 to obtain 
the remainder of the hypothesis. 
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MODULARITY IN BIRKHOFF LATTICES 
L. R. WILCOX 


_ The purpose of this note is to identify upper semi-modular lattices 

originally defined by G. Birkhoff! and subsequently studied by Dil- 
worth? with those-M-symmetric lattices? (introduced independently 
by the author without assumption of chain conditions) which satisfy 
a condition of finite dimensionality. 

The definitions and notations are these. In a lattice L, a? b(b <a) 
means that a "covers" b, that is, a>b, together with agxzzb implies 
x=a or x=); (b, om means (a+b)c=a+bc for every a Sc (where 
a+b, ab are the “join” and “meet” respectively of a, b). We say that 
L is M-symmetric if the binary relation M is symmetric; L is a. 
Birkhoff lattice if 


(1) gb > ab implies ab» a,b: 


: L is of finite-dimensional typet if for every a «b there exists a finite 
“principal chain” 
a1 € 0$ X +++ X Gy, 


with a1=4, a, —b. When a, b satisfy this condition for a specific n, 
we say that b is n—1 steps over a. 

. The properties of the relation M are given in part in a previous 
paper. * Additional properties needed here are contained in the follow- 
ing ‘lemma. 


LEMMA 1. Suppose b, cEL. Then 
(a) (b, c) M if and only tf bc Sa Sc implies (a+b)c=a; 
(b) if (b, c) M, then (b^, c") M for bc Sb’ Sb, be &c' Sc. 


Proor. The forward implication in (a) is obvious. To prove the 


Presented to the Society, November 21, 1943; received by the editors November 
22, 1943. 

1 G. Birkhoff, Lattice theory, Amer. Math. Soc. Colloquium Publications vol. 25, 
New York, 1940, p. 62. 

2R. P. Dilworth, Ideals in Birkhoff lattices, Trans. Amer. Math. Soc. vol. 49 
pp. 325-333; also The arithmetical theory of Birkhoff lattices, Duke Math. J. vol. 8 
(1941) pp. 286-299, 

* L. R. Wilcox, Modularity in the theory of lattices, Ann. of Math. vol. 40 (1939) 
pp. 490-505; see also A nots on complementation in lattices, Bull. Amer. Math. Soc. 
vol. 48 (1942) pp. 453-457. 

' * This property is weaker than finite dimensionality as used by Birkhoff (loc. cit. 
p. 11), even if 0 and 1 exist. 
5 L. R. Wilcox, Modularity in the theory of lattices, pp. 491—495. 
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converse, let a Sc. Then a’ =a+bc has the property bc Sa’ Sc, whence 
(a+ b)e = (a be + De = (a! + b)c 


=a -a3g-b. 
To prove (b) we use the condition in (a). Let b'c’ Sa Sc'. Then 
(a +b S (a + b)ec = RERE 
whence (b) follows. 
THEOREM 1. Every M.: Sinine lattice is a Birkhoff lattice. 


Proor. Suppose a, b? ab. Then it is immediate that a+b>a, b 
To prove a+b>a, let a&c&a-4-5. Since bzcebgab, we have ch=b 
or cb =ab from the hypothesis b> ab. If cb —b, then a+b <c, whence 
“e=a+b. Suppose cb ab. We shall prove (c, b) M. Let ab =cb SxS. 
Then x=ab or x «b, whence either 


Cn ee ee S PE Scd a 
(soc b — (b-- b =b = g, 


and it.follows by Lemma 1 (a) that (c, b) M. Now the symmetry of M 
yields (b, c) M, and thus, since bc Sa Sc, 


c= (a 4- b)c — a. 


In all cases c=a+b or c=a, and consequently a+b>a. Similarly 
a+b>b. 

REMARK. The theorem just proved generalizes the known result? 
that every modular lattice is a Birkhoff lattice, since modular lattices 
are M-symmetric. 

In order to consider the converse of Theorem 1, let, for the pur- 
poses of the following lemmas, L be a fixed Birkhoff lattice of finite- 
dimensional type. 


LEMMA 2. If b, cC L and des then b4-c7 b: 


Proor.’ Observe that 62 be; if Be b Sc, and boc — c» bc b. If 
b bc, then there exists n —1, 2, - *- such that b is m steps over bc. 
If n=1, the result is obvious DN condition (1) defining a Birkhoff 
lattice. Suppose the result has been proved for all b, c for which 5 is 


or 


5 Birkhoff, loc. cit. p. 34. - 

1 This is MacLane's second “exchange axiom” in the convex lattice of all x& bc; 
as such it follows for finite-dimensional lattices from remarks on p. 63 of Birkhoff. 
Since L need not be finite-dimensional, we give the proof in full. 
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k steps over bc, and let b be k+1 steps over bc. Clearly there exists 
b' <b such that b’ is k steps over. bc. Since b’cSbeSb’c, we have 
c> b'c, and by the induction hypothesis applied to b’, c it follows that 
b'-Fc»-b'. But b’ S(b'--c)b Sb, whence (b’+c)b =)’ or (b'--c)b =b. 
In the latter case b’ «b €b'--c, and thus b =b +c, whence c Sb, con- 
trary to c7 bc. Consequently (b' Tob-b. Since 5b'-F-c, b> (b'--c)b, 
(1) yields 
b+c=b+ b +e) >b. 


LEMMA 3. If b, cEL, c> be, then (c, b) M, (b, c) M. 

Proor. If bc Sa Sc, then a=bc or a =c, so that either ` 
Ghee (bc + b)c = be = a, 
(@tbc=(c+b)¢c=c=a, 


and (b, c) M. Now suppose be Sa Sb. Then be Sac Sbc yields ac — bc. 
Hence cac, and atc>a by Lemma 2. But a S(a--c)b Sa--c, 
whence (a-+c)b=a or (a+c)b=a-+c. In the latter case a+cSb, and 
c Sb, which is impossible. Hence (a 4-c)b =a, and (c, b) M. 


LEMMA 4. Suppose b, cCL, (b, c) M. Then beSaSb, atc=bte 
mplies a «b. 


or 


Proor. If c=bc, that is, c Sb, or if c is one step over be then 
(c, b) M either by direct verification or by Lemma 3; hence 


6 — a + cb — (a+ c) — (b 4- c)b — b. 


Suppose the result holds for all b, c with c 5 steps over bc, and let b, c 
satisfy the hypotheses, c being n+1 steps over bc. Then there exists 
c' with bc &c' «c, where c’ is n steps over bc. Since (b, c’)M by 
Lemma 1 (b), and since bc' bc Sa Sb, we need only verify a+c’ 
—b-LFc' in order to show a=b. Since (a, c)M by Lemma 1 (b), 
(c’+a)c=c’. Thus 

c» c -— (e +a), 


and by Lemma 2, 
c+Htb=c+4a=c+(e +a >de +a. 
But 


' é+eSe¢+b8c+8, 


whence 


fé+b=e¢+ea or (C+db=cH+). 


In the second case, since (b, c) M, 


+ Y 


138 : L. R. WILCOX 


e = (d + b)e = (e + b)e c 
which is impossible. This completes the proof. 


THEOREM 2. Every Birkhoff lattice L of finite-dimensional type is 
M-symmetric. C$ 


Proor. Suppose (b, e)M, and in proof.of (c, b)M let bcsa b. 
Define pe um i 5 
bı = (a+ c)b 2 a; 


wé shall prove that 5; -:a by applying Lemma 4 to a, bi, c in place of 
a, b, c. First, (b, c) M: by Lemma 1 (b), since bc Sb Sb, and (b, c) M. 
Moreover, ENS 
bic = (a + c)cb = bc S as dy. 
Finally, a+-c2 bi, c, whence . 
i atc2bh+cec2a+e, 


and a+c=b;-++c. The hypotheses of Lemma 4 have been verified, and 
- thus a =b, as was to be proved. 

The effect of Theorems 1 and 2 is to show that not necessarily 
finite-dimensional M-symmetric lattices are a true generalization of 
the Birkhoff lattices. Moreover, the condition defining M-symmetry 
does not lose its strength in infinite-dimensional cases as does condi- 
tion (1). For example, an interval of real numbers ordered as usual 
satisfies (1) vacuously; it is modular, hence M-symmetric. However, 
define a lattice L as consisting of the closed real interval Z= [0,1], 
ordered naturally, together with an element e, with 0<e<1, but 
ate, etx, exx for x CI. This is a lattice in which the only covering 
relations are €» 0, 17 «. Hence (1) is vacuously true, but M-sym- 
metry fails violently, since (x, €)M for every x €L, but (e, x) M is 
false except for x =Q, 1 or e. i 

Interesting questions are these. What infinite-dimensional generali- 
zation of the Jordan chain condition holds in M-symmetric lattices? 
Moreover, in finite-dimensional lattices,. (1) together with its dual 
implies modularity; what can be said generally of lattices which 
together with their duals are M-symmetric? ; 
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1864-1943 


WILLIAM FOGG OSGOOD—IN MEMORIAM 


With the death on July 22, 1943, of William Fogg Osgood, the 
American Mathematical Society has lost a beloved and distinguished 
member, and The Fraternity of Science a most faithful comrade. 

William Fogg Osgood was born in Boston on March 10, 1864, the 
only child surviving beyond infancy of Dr. William Osgood, a physi- 
- cian and fourth in an unbroken line of that profession, and of Mary 

-Rogers (Gannett) Osgood of Milton, Massachusetts. Both \Osgoods 
and Gannetts were old New England families, the earliest American 
Osgood in the mathematician’s line being John Osgood (1595-1651) 
-: who came to Ipswich, Massachusetts, in 1638 from Wherwell, near 
Andover (Hampshire), England, where the family's freehold seems to 
have antedated the Conquest. On the same side of the family, Osgood 
was a great great grandson of General Joseph Otis, the brother of 
James Otis the patriot. 

Osgood attended the Boston Latin School, and entered Harvard in 
1882, whence he graduated in 1886 summa cum laude with highest 
honors in mathematics and the second in a class numbering 286. In 
school his education had been centered in the classics, and at Harvard 
the study of the Greek authors formed a large part of his program; in- 
deed he received second year honors in classics. But before long his 
interest in the experimental and mathematical sciences was aroused 
by his teachers at Harvard, most of all by his distant kinsman 
Benjamin Osgood Peirce; and his intention to devote his life to math- 
ematics became established. After obtaining the A.M. in 1887, he 
received a travelling fellowship, and spent two-years in Góttingen 
and a year at Erlangen where he obtained his Ph.D. (1890). He was 
awarded an L.L.D. by Clark University in 1909. 

Osgood was married in 1890 to Therese Ruprecht (deceased) of 
Góttingen, and returned to become an instructor in the department 
of mathematics at Harvard (1890-93). He served there as assistant 
professor (1893-1903) and as professor (1903-33), and became pro- 
fessor emeritus in 1933. He was thé father of three children: Dr. 
William Ruprecht Osgood of the Bureau óf Standards, Mrs. Freda 
Osgood Silz (deceased), and Dr. Rudolph Osgood, a physician of Fall 
River, Massachusetts. In 1932 Osgood was married to: Mrs. Céleste 
Phelps Morse. During 1934-36 he was visiting professor of mathe- 
matics at the National University of Peking. From 1936 until his 
death he lived in Belmont, Massachusetts. 

Osgood was elected to the National Academy of Sciences in 1904. 
He was the eighth president of the American Mathematical Society 
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(1905-06). He was a member of the American Philosophical Society, 
the Deutsche Mathematiker-Vereinigung, the Leopoldinische-Caro- 
linische Deutsche Akademie der Naturforscher, the Circolo Mathe- 
matico de Palermo, corresponding member of the Mathematical 
Society of Charkow, the Góttinger Gesellschaft der Wissenschaften, 
and honorary member of the Calcutta Mathematical Society. He also 
belonged to Phi Beta Kappa and Sigma Xi. 

We are fortunate in having an exhaustive bibliography of Osgood's 
works in the first volume of the Semicentennial Publications of this 
Society.| Moreover the original papers, numbering upward of four 
score, are too widely known and too technical to make more than 
their briefest mention desirable in this place. His study of term by 
term integration of non-uniformly convergent series (1896) contained 
in germ ideas of Borel measure. His example of a Jordan curve of 
positive area settled an important controversy. His work on con- 
formal mapping is definitive. His treatment of the uniformization of 
algebraic functions formed an important contribution. Osgood ini- 
tiated a branch of the calculus of variations. His work on the gyroscope 
showed how his mind could illuminate simple and important new as- 
pects of a classical problem hitherto regarded as quite completed. 

At the invitation of Felix Klein, Osgood wrote the article on the 
theory of functions of a complex variable in the Encyklopáüdie der 
Mathematischen Wissenschaften. Out of this grew his best known 
book, the Lehrbuch der Funktionentheorie. This book is a classic; it 
formed the first thorough and systematic treatment of the subject; it 
combines the deep impress of an individuality with the effective ex- 
pression of a great mathematical tradition. The second volume deals 
with several complex variables and is today the only deep and broad 
systematization of the subject. It is a mine from which much material 
. for future research will be drawn. So much of it is original that it. 
has largely the import of a series of memoirs. During his last years, 
Osgood was working on the hypergeometric theory, which was in- 
tended to find a place in a later part of this book.? 

In forming a picture of the mode and temper of Osgood's thought, 
three major influences should be regarded as having had a decisive 
effect in the formation of his mind: his predilection for physics, the 
early classical training, and the sojourn in Germany. 


1 R. C. Archibald, A semtcentennial history of the American Mathemctical Society 
1888-1938, Amer. Math. Soc. Semicentennial Publications, vol. 1, New York, 1936, 
pp. 153-158. 

1 Circumstances have made it impossible as yet to ascertain how much has been 
left in a form suitable for publication. 
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Osgood once told me that he was at heart a physicist, and that if 
during his student days the career of physics had offered a more 
deeply mathematical and less disproportionately experimental form, 
he might well have made it his. And there was ever present in his 
mind the notion of mathematics finding one of its deepest justifica- 
tions in serving as an instrument whereby the mind of man can pene- 
trate into the mysteries of nature. 

This is not to say that Osgood was any the less alive to that inner 
order which makes mathematics a fit subject of study in its own right. 
Not only did there appear to be nothing inconsistent between the two 
evaluations of the subject, but on the contrary he always saw the 
two—the extrinsic and the intrinsic justification of mathematics—as 
mutually reénforcing one another. 

And this brings us to the second point. I have always felt that one 
of Osgood's most distinguishing characteristics was this sense of bal- 
ance between values: applications and theory; traditional mathe- 
matics and innovations; teaching and research; and with it all the 
constant awareness that a mathematician is a human being who is 
using his human mind for his enlightenment, rather than a theorem- 
producing machine. And at the risk of being involved in a well known 
controversy, I hazard the opinion that this was due in no small de- 
gree to the fact that Osgood received his earliest intellectual impres- 
sions in the study of the classics. That sense of the dignity of reason, 
of tradition in excellence, and the instinct of historical continuity are 
qualities which are less to be derived from modern studies than from 
the writings of antiquity. 

The third current of influence was the academic Germany of the 
eighteen-eighties, and especially the power of Felix Klein. The young 
Bostonian of four and twenty with his turn of mind at once scientific 
and classical came in Góttingen under the force of the great teacher 
whose ambition it was to unify mathematics and to set it forth in 
all its coórdination and clarity. It is easy to realize the magnitude of 
the impression which was produced: the old scholar of the classics 
became the classical mathematician, and a flame was kindled which 
was to light a long career of science. 

When Osgood and Bócher returned from Germany to take positions 
on the Harvard faculty, they found the Department of Mathematics 
rather like that of a provincial college. It had contained individuals 
of eminence, but it could scarcely have supplied a real training in 
advanced modern mathematics. Then in a few decades it became one 
of the leading departments in the country, with a respectable place 
among the departments of mathematics in the world. This was 
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largely the natural result of the general movement of American edu- 
cation, and every member of the department at Harvard had his 
' share in it. But if the credit of this rise to eminence can be given to. 
any one man, Osgood was undoubtedly that one. His influence was 
exerted upon teaching at all levels, on the increased valuation of re- 
search, and perhaps most important of all, in making the many emi- 
nent appointments to the teaching staff—the only way in the long 
run in which any individual can assure the greatness of his depart- 
ment. Osgood was departmental chairman in 1918-22, and acting 
dean of the Graduate School in 1922 (February—July). He also be- 
longed to various educational committees. 

Osgood was one of the most notable teachers in American mathe- 
matics, and this at every grade from freshman to specialized graduate 
course. He was too true a democrat ever to allow himself to lower 
mathematics to the level of the student: it was his ambition on the 
contrary to raise the latter to the height of the subject. Ever speaking 
the language of the student, constantly mindful of his difficulties, 
Osgood spared no patient effort in bringing him to see what mathe- 
matics truly is: the powerful agent of illumination of the physical 
world, and the gem of human reason. 

In his personal contacts with the students Osgood was a bappy 
combination of the wise master and the cordial friend. This gentleman 
of the old school, whose charm and dignity made his acquaintance 
. not only a pleasure but an honor, was so inclined to see the best in 
the men that he brought out their very best. Nor could it ever be 
ascertained whether a student's academic promise, or his being in 
trouble and in need of a friend constituted the greater claim to 
Osgood's kindness. 

There are many with whom the memory of Osgood will dwell: With 
all those who have fallen heir to his intellectual heritage; and what 
state in the union fails to contain them? With his old students, to 
whom he brought the undistorted spirit of science; they must form 
by now a goodly host. With his contemporaries, whose ranks time 
has thinned, those companions in the task of bringing the Great Tra- 
dition to our shores. And also with some others, into whose lives he 
entered as a genial light and inspiration, beyond the power of lan- 
guage to convey. 

BERNARD Oscoop KOOPMAN 


THE HIGHER COMMUTATOR SUBGROUPS OF A GROUP 
l REINHOLD BAER 


It is not the object of this address to introduce you to new theories 
or to tell of great discoveries. Quite on the contrary; I intend to speak 
of unsolved problems and of conjectures. In order to describe these, 
certain concepts will have to be discussed; and for obtaining a proper 
perspective it will be necessary to mention a number of theorems, 
some of them new. The proofs of the latter will be relegated to ap- 
pendices so that the hurried reader may skip them easily. The bib- 
liography is in no sense supposed to be complete. We just selected 
convenient references for facts mentioned and beyond that just 
enough to be a basis for further reading. 


1. The hierarchy of invariant subgroups. The subgroups of a group 
may be classified according to the operations which leave them in- 
variant. There are first the normal subgroups of the group G, charac- 
terized by the fact that they are transformed into themselves by the 
inner automorphisms of G; and for this reason they had at one time 
appropriated the term “invariant subgroup.” There are next the char- 
acteristic subgroups of G which are left invariant by every automor- 
phism of G. Clearly not every subgroup of G is normal, unless G 
belongs to a comparatively special class of groups, the so-called 
abelian and hamiltonian groups; and neither is in general every nor- 
mal subgroup characteristic, though this may happen too (for ex- 
ample, in cyclic groups and in simple groups). 

'These two classes of subgroups are well known, but for our pur- 
poses they are too big. There is next the class of subgroups which 
we shall term for lack of a better name síricily characteristic. A sub- 
group S of G belongs to this class if Sf € S whenever f is an endomor- 
phism! of G. and G/—G. The distinction between characteristic and 
strictly characteristic subgroups does not cut very deep, since there 
exists a very big class of groups with the following property: 

(Q) Iff ts an endomorphism of G such that G! =G, then f is an auto- 
morphism of G. 

This postulate (Q) is satisfied by every finite group and more gen- 
erally by every group satisfying the ascending chain condition for 
normal subgroups. But the Q-groups are not exhausted by the groups 


An address delivered before the Annual meeting of the Society in Chicago on 
November 27, 1943; received by the editors January 5, 1944. 

1 An endomorphism of the group G is a single-valued and multiplicative G to G 
function. 
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just mentioned, witness the free groups on a finite number of genera- 
tors.? However, there exist groups that are not Q-groups, for instance 
the rational numbers modulo 1 and the free groups on an infinity of 
generators; and an example of a characteristic subgroup which is not 
strictly characteristic will be constructed in Appendix I. 

' Finally we have the fully tnvartant subgroups? A subgroup S of 
the group G is termed fully invariant if S/S S for every endomorphism 
f of G. Examples of groups whose centers are not fully invariant are 
easily constructed.* On the other hand it is readily verified that the 
center is always a strictly characteristic subgroup. For if z is an ele- 
ment in the center of the group G, and if G/ —G is satisfied by the 
endomorphism f of G, then there exists to every element x in G an 
element y in G satisfying x=y; and we find 


: xz = s'y = (By = (gn) = ys! o aat 


so that z’ is in the center too. Examples of fully invariant subgroups 
are obtained by forming the subgroup G^ generated by all the nth 
powers of elements in G, or the commutator subgroup (G, G) of G 
which is generated by all the commutators (x, y) —2x-ly-1xy. More 
generally it may be said that the ^word subgroups" in the sense of 
B. Neumann and P. Hall are fully invariant whereas the “marginal 
subgroups" may only be shown to be characteristic. , 
The importance of characteristic subgroups stems from the fact 
that they themselves and their quotient groups are group invariants. 
But if we compare different groups, we have to have a method for 
deciding which are “corresponding” invariants of the different 
groups. For it would not do to compare the structure of G with 
the structure of H* or the order of G with the maximum order of the 
elements in H. We indicate one such possibility of comparing the 
fully invariant subgroups of different groups. If S is a subgroup of 
the group G, then we denote by (G—H; S) the subgroup of the group 
H which is generated by all the elements s’ for s an element in S 
and f a homomorphism of G into H. It is readily seen that (G>H; S) 


1 a proofs of this theorem see F. Levi [1, p. 95] and W. Magnus [1, p. 276, 
VIIIJ. 

Criteria for Q-groups may be found in R. Baer [2], D..I. Fouxe-Rabinowitsch [1], 
and A. Malcew [1]. Numbers in brackets refer to the Bibliography at the end of the 
paper. i : 

3 This concept is due to F. Levi [1]. 

1 See, for example, Appendix I below. 

* P. Hall [2], B. Neumann [1]. 

* See in this context the junctors discussed by Eilenberg and MacLane [2]. 
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is ange" a fully invariant subgroup-of H; and i is isa a fully invariant 
subgroup of G, then we have , 


(HG; (G>H; S)) £S., 


Equality we cannot always expect. But if G and H are both free 
groups on an infinity of generators, then equality holds, so that the 
fully characteristic SEED of G and H form onere partially 
ordered sets." 


APPENDIX |: EXISTENCE OF CHARACTERISTIC, BUT NOT STRICTLY 
CHARACTERISTIC SUBGROUPS 


Let F be a finite group which is not abelian. Then F contains a 
cyclic subgroup T which is not part of the center of F. Denote by Za 
cyclic group whose order equals the order of T and denote by G(0) the 
direct product of F and Z. It is clear that Z is part of the center of 
G(0) and that there exists an endomorphism f(0) of G(0) which maps 
F upon 1 and which effects an isomorphism of Z upon T. 

Since G(0) is a finite group, there exists a free group G(1) on a 
finite number of generators and a homomorphism f(1) of G(1) upon 
the (full) group G(0). Denote by G(s) for 1<# groups isomorphic to 
G(1) and by f(¢) an isomorphism of G(#) upon G(f — 1) for 1 <t. Finally 
let G be the free product? of all the groups G(i) for 0 $$. Then there 
exists? one and only one endomorphism f of G Which induces f(#) in 
GG) for osi; and it is clear that G=G’. 

' Suppose now that B is a finite subgroup of G. Then it follows 
from a theorem on the subgroups of free products!? that B is the free 
product of a free group V and of groups of the form! BO\x“G(s)x. 
But B is a finite group and therefore it cannot contain a free group 
different from 1, nor can it be the free product of two groups different 
from 4. On the other hand free groups do not possess finite subgroups 
different from 1, since subgroups of free groups are free.? Thus we 
have shown the following fact. 


If B is-a finite subgroup of G, then B Ex-G(0)x or xBx 1 &G(0) for 
sustable x $n G. 


Denote now by C the subgroup of G which is generated by the 
ae CRM T ! 


7 Baer [3]. 

* For the theory of free products see, for example, Baer and Levi [1]. 

* if we had formed the direct product of the groups G() instead of forming their 
free product, then it would have been impossible to construct this endomorphiem f. 

1* Baer and Levi [1, p. 392]. 

u By SNT we designate Ihe rosis at Doe Ma D ae T. 

n By Schreier’s theorem. 
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center D of G(0) and by all its conjugates in G. If g is an automor- 
phism of G, then G(0)¢ is a finite subgroup of G. Hence it follows 
from the lemma just proved that G(0)"=y—G(0)y for some y in G. 
Consequently D-—yD*y^, since D is a characteristic subgroup of 
G(0), and since the succession of g and of the inner automorphism 
s—ysy of G induces an automorphism of G(0). But from this fact 
one readily deduces that C 4s a characteristic subgroup of G. 

From the theorems” on subgroups of free products óne deduces now 
that C is the free product of D and of some conjugates to D in G. 
Thus D is a free factor of C and is consequently the crosscut of C 
and G(0). This shows in particular that T' is not part of C. But T' is 
part of C’, since D/ =D =T. Hence 


C 4s not a strictly characteristic subgroup of G. 


‘2. Commutator subgroups. If S and T are subsets of the group G, 
then we denote by (S, T) the subgroup generated by all the commuta- 
tors (s, t) =s} st for s in S and t in T. If S and T are fully invariant 
subgroups of G, then so is (S, T). Thus it is possible to use this opera- 
tor for the inductive definition of fully invariant subgroups. We men- 
tion two important instances. 

The derived. series: GO =G, GHD z (GO, GO), 

The lower central series: °(G=G, *1G=(G, *G). 

These are not the only possibilities. For instance, one could define 
a series G(+) of fully invariant subgroups by the following recursion 
formulas: 


G(0) = G,G(1) = G,G), G( + 1) = Gi), G($ — 1)) for 0 <i. 


But so far only the derived and the lower central series seem to have 
proved interesting. A systematic method of constructing higher com- 
mutator subgroups has been evolved by P. Hall.“ But his construc- 
tions are too involved to be sketched in a few words. 

The calculus of commutator subgroups is based on the following 
simple formulas, which are easily verified by direct computation.!5 


(1) (x, » ze (y, x). 
(2) (xy, 3) = y X(z, 2) y(y 2) = (x, 2)((2, 2), Y)(y, 2). 
(3) (æ, ys) = (x, z)g (x, y)s = (x, 2)(z, (y, (o, 9). 


If X, Y, Z are subgroups of the group G, then one deduces from these 


13 Baer and Levi [1, p. 396, Folgerung 3]. 
4 Hall [1], in particular p. 43-48. 
35 Hall [1, p. 43]. 
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formulas the following results. 


(4) l (X, Y) = (Y, X). 
(5)38 (X, (Y, Z) x (Y, (Z, X))Z, (X, Y). 


An induction argument using the definitions of derived and lower cen- 
tral series as well as formulas (4) and (5) leads now to the inequalities 


(6) (4G, 1G) SHG GO < sii 


Thus the derived series decreases much more rapidly than the lower 
central series. Another significant distinction between these two se- 
ries is the fact that G“+ is a fully invariant subgroup of G whereas 
1G need not be a fully invariant subgroup of ‘G. A property common 
to both these series is the fact that the quotient groups of successive 
members are abelian. 

Special properties of such series of fully invariant subgroups are 
invariant properties of the underlying groups and may therefore be 
used for characterizing special classes of groups. We give two ex- 
amples of such properties. 

(S) 1 4s the crosscut of the groups GC. 

(N) 1 ts the crosscut of the groups ‘G. 

It is an immediate consequence of formula (6) that every N-group 
is an S-group, though the converse is not true. In fact, finite S-groups 
are just the soluble groups whereas finite N-groups are exactly the 
nilpotent groups.!? Finite nilpotent groups are known to be direct 
products of p-groups; and this theorem may be generalized as follows. 


Every N-group without elements of order’ O is the direct product of 
(finite or infinite) p-groups.?° ’ 


In Appendix II we prove this theorem and we construct an ex- 
ample of a p-group P satisfying P —1, though it is not an N-group, 
showing that the converse of the above theorem does not hold. 

N-groups generated by a finite number of elements may be shown 
to be Q-groups (as defined in $1),?' though there exist S-groups gen- 
erated by two elements which are not Q-groups.? 


15 Hall [1, p. 47, Theorem 2.3]. 

17 Hall [1, p. 53, Theorem 2.51 and p. 54, Theorem 2.54]. 

18 See, for example, Baer [1], where further references may be found. 

!* An element in a group is said to be of order 0 if it generates an infinite cyclic 
group. 

?' A p-group is a group all of whose elements are of order a power of p. 

1 See, for example, Fouxe-Rabinowitsch [1]. 

? For proofs of these facts, cp. Baer [2]. 
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Finally we indicate a method? for proving that a given group G 


, is an N-group. Suppose that the ring R contains an identity element 1 


(satisfying r1=1r=r for every r in R), that 0 is the crosscut of the 
powers P of the two-sided ideal P in R, and that G is a multiplicative 
group of elements in R meeting the requirement: 

g S1 modulo P for g in G. 

If g is an element in G, then there exist uniquely determined ele- 
ments g’, E in P such that g - 1--g' and gilt)"; and g’’ belongs 
to P! if g’ is an element in P*. If g, h are elements i in G, and if kh’, h” 
belong to Pt, then | 


h= (14- g)(1 - 8) + 270 +B) | 
eite’ +h -- g! thk + gg! + hh’ modulo PH 
= 1 modulo Pt, 


Thus one is able to prove by complete induction the following fact: 
If g belongs to ‘G, then g=1 modulo P*t’, Consequently G itself is 
an N-group, since the crosscut of the ideals P“ is 0. 

If T and SST are normal subgroups of the group G, then we de- 
note by S-+T the set of all the elements x in G satisfying (x, T) S5. 
It is readily seen** that the set S+T is a normal subgroup of G; and 
if S and T are characteristic subgroups of G, so is their commutator 
quotient S-- T. The best known example is the center 1+G of the 
group G or more generally: 

The upper central series: Z)(G) = =i Z(G) - Zea(G) +G for 0 «4. 

Interesting relations between upper and lower central series of a 
finite p-group have been discovered by P. Hall.” There are, however, 
fundamental differences, since the one series is descending, the other 
ascending, the one consists of fully invariant subgroups, the other of 
strictly characteristic subgroups which need not be fully character- 
istic. 

In analogy to the definition of N- and Spends one is led to the 
Z-groups, meeting the following requirement.* 

(Z) Every element in G is contained in at least one Z,(G). 

A finite group is known to be a Z-group if, and only if, it is an 
N-group. But in general no such relation holds. The non-abelian free. 
groups are examples of N-groups with centers equal to 1, and there 


2 This method has been introduced by W. Magnus [1] who used it to prove that 
free groups are N-groups. 

™ Baer [3], Zassenhaus [1]. 

% Hall [1, p. 53, Theorem 2.51]. 

% Baer [1]. 
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exist p-groups with this property.27 An example of a Z-group, not an 
: N-group, will be constructed in Appendix II.2% l 


APPENDIX II: NILPOTENCY OF N-GROUPS 


If x and y are elements of order a power of p in the N-group G 
without elements of order 0, then the order of xy is of the form 
p! where 4 is an integer prime to p. We denote by W the subgroup 
generated by x and y; and we put (xy)? =z so that s is an element of 
the order $ prime to p. From ‘WS *G we infer that 1 is the crosscut 
of the subgroups kW. 

We are going to prove by complete induction with regard to k that 
W/*W is a finite group for every k. This is certainly true for k=0; 
and thus we assume its validity for k —1. Since W is generated by a 
finite number of elements, and since W/*3W is finite, we deduce from 
the Reidemeister-Schreier method?’ that '1W is generated by a finite 
number of elements. Consequently *31W/*W is an abelian group, gen- 
erated by a finite number of elements whose orders are different 
from 0. This implies the finiteness of *-1/*W, proving that W/*W 
is finite too. | 

Since W/*W isa finite group ‘ities lower central series ends with 1, 
and since W/*W is generated by two elements of order a power of p, 
it follows from well known theorems® that W/*W is a p-group. Hence 
s=1 modulo +W for every positive k. Thus g belongs to the crosscut 
of the subgroups *W. But this crosscut is 1, showing that a= 1. There- 
fore we have proved the following fact. "t. 


If x and y are elements of order a power of p n the N group G with- 
out elements of order 0, then xy ts an element of order a power of p. 


If we denote by G(p) the set of all the elements of order a power 
of p in G, then it follows from the fact just established that G(p) is a 
subgroup of G. Hence G(p) is a fully invariant and therefore a normal 
subgroup of G. If p and q are different primes, then G(p) and G(g) 
are normal subgroups of G which have only the identity in common. 
Consequently rs —sr for r in G(p) and s in G(g). Now it is readily 
seen that G is the direct product of its primary components G(), as 
we desired to prove. 

The condition that the group G be an n N-group, though indispensa- 


7 Baer [1, pp. 412, 413, Example 3.4]. 
* For another example of a Z-group, not an N-group, see Baer [1, p. 406, Ex- 
‘ample 2.5]. 
- ?! See, for example, Baer [1, p. 396 (1.3)] or Zaseenhaus IL p. 108]. 
* See, for example, Zassenhaus [1, p. 107]. 
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ble for the preceding proof, is not a necessary condition, as will be 
seen from the following example of a p-group which is not an N-group. 

Denote by B the abelian group generated by elements b, 5(1), 
'b(2), + - +, b(8), - + + , subject to the relations: 


1 = b», b = b(t) for every positive 4. 


It is readily seen that the crosscut B?" of all the groups Br is the 
cyclic group of order p, generated by b, and that B/Br* is the di- 
rect product of a cyclic group of order p by a cyclic group of order, 
~? +++ by acyclic group of order pt - - - and that the elements b(5) 
represent a basis of B/B”. 

Denote by g(#) the automorphism of B which maps b($) upon 
b(5)*» (and thus leaves b invariant) and which leaves all the 5(j) 
for jæi invariant. It is obvious that the automorphism g(f) is of 
order p! and that the automorphisms g(), for positive 4, generate 
an abelian group. 

Let finally G be the group obtained by adjoining to B elements (5) 
subject to the relations: 


1 = (1), (1)71zt(3) = x? for x in B and positive i. 


This group G is an extension of the group B by the group of auto- 
morphisms, generated by the g(¢)’s. 

Since G/B and B are both abelian p-groups, G itself is a p-group. 
Furthermore G® =1. One verifies inductively that ‘G =B” and that 
the crosscut of the subgroups 'G is therefore B?" 1. Thus G has been 
shown to be a f-group, an S-group, but not an N-group. 

Furthermore one verifies by complete induction that Z;(G), the sth 
term in the upper central series of G, is generated by the elements 
t(j) for 0 «j <i and by the elements x in B which satisfy x” =1. Thus 
G is a Z-group. 


. 3. Burnside's problem. Before the impact of topology on group 
theory made itself felt, group theory was concerned almost exclu- 
sively with the study of finite groups. Practically the first fact noticed 
by the student of finite groups is that the orders of the elements in a 
~ finite group are bounded and different from 0. This latter property 
defines a larger class of groups, which we are going to discuss now. 
If the orders of the elements in the group G are bounded, then there 
exists the l.c.m. of the orders of all the elements in G. If m is this 
number, then x*=1 for every x in G. Every group G is the homo- 
morphic image of a free group F. If N is the kernel?! of the homomor- 


2 The kernel of the homomorphism f consists of those elements which are mapped 
upon 1 by f. 
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phism mapping F upon G, then x*=1 for x in G is equivalent to® 
F* < N; and thus G is not only the homomorphic image of the free 
group F, but even of F/F”. These free groups reduced modulo m may 
therefore be considered as universal groups for the class of groups 
under consideration. There is little known about their nature’ and 
Burnside's problem might be stated somewhat loosely as the problem 
of determining the structure of F/F*. 

Let us start with a simple observation. The commutator (x, y) may 
be seen readily to equal 


(x, y) = uy xy = (a Vy tx) a8 ary)? 
so that we have in every group G the following relation: 
G,G) & G*. 


This shows that F/F? is abelian and this makes it possible to answer 
completely any question we might have concerning the structure of 
these groups F/F*. 

It may easily be derived from a not at all trivial result of F. Levi 
and B. L. van der Waerden* that 


7G SG; 


and thus one is led to the question whether there exists to every posi- 
tive integer 5 an integer n’ such that 


"G SG". 


The answer to this question is clearly in the negative, since we have 
noted before that *’GSG* implies that G/G* is the direct product of 
its p-components whereas not every group satisfying G*=1, for some 
n, is the direct product of its p-components. As a matter of fact a 
still stronger result may be proved. 


If the free group F ts not abelian, and tf F/F” is an N-group, then n 
is a power of a prime. 


For a proof of this theorem see Appendix III. For prime powers n 
we prove in Appendix III a still stronger result; to wit: 


If there exists an integer n’ such that *'G SG" for every group G, then 
nisa prime. 


" Fn is the subgroup generated by all the mth powers of elements in the group F. 

= This is the reason why so much more emphasis is laid upon the commutator 
subgroups than upon these subgroups F™, 

* Levi and van der Waerden [1, p. 155]. 
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Whether or not the converse of either of these theorems holds true 
is not known at present; and a decision would constitute an important 
step towards a solution of Burnside’s problem. 

The problem as Burnside himself conceived it was stated in a more 
limited fashion than we have considered it, since he imposed the ad- 
ditional restriction upon the groups under consideration that they 
should be generated by a finite number of elements. For these groups 
he has stated two famous conjectures.*5 

(I) F/F” is finite for every free group F of finite rank.® 

(ID) F/F" és soluble for n odd and F a free group of finite rank. 

These conjectures are certainly true for 1 —2 and 3.' 

The conjecture (II) may be restated in a somewhat more precise 
form, since (F/F*) 2 (Fe FG)/Fs». 

(II^) If n is an odd integer and if m is a positive integer, then there 
extsis an $nieger k=k(n, m) such that 


E < F” for F a free group of rank m. 


A similar restatement of (I) is impossible because of the existence 
of simple groups. But for prime powers this is possible, if one re- 
calls that the lower central series of a finite p-group ends with the 
identity and that '(F/ F^") 2 (iF F*)/F*; and thus we obtain the fol- 
lowing conjecture: 


_ (I) If n ts a power of a prime, and if m ts a positive integer, then 
there exists an integer h=h(n, m) such that 


AR < F” for F a free group of rank m. 


That (I^) and (II^) imply the finiteness of F/F* is a consequence 
of the following easily verified fact. If the group G is generated by a 
finite number of elements, and if every element in G is of finite order, 
then G/‘G and G/G™ are both finite groups. But (I^) and (II^) for 
prime powers are essentially equivalent conjectures, as may be seen 
. from the following theorem, a proof of which may be found in Ap- 
pendix III. 


If G is a p-group, generated by a finite number of elements, then there 
exist to every positive integer $ integers 4’, 4'' such that 
UG EGO, Ge) S$. 
But in case these conjectures should not be verified, then this theo- 


3 Burnside [1]. 
93 The rank r(F) of the free group F is the number of elements in any free set of 
generators of F. It is at the same time the rank of the free abelian group F/(F, F). 


^ 
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rem still asserts that a p-group which is generated by a finite number of 
elements is an N-group if, and only if, st is an S-group. 

The importance of these statements may be seen from the follow- 
ing almost obvious equivalence. 


If n is a power of a prime, and if F ts a free group of finite rank, then 
the following two conditions are necessary and sufficient for finiteness 
of F/F". 

(a) F/F" is an N-group. 

(b) The lower central series of F/F” is finite. 


But by the preceding remarks we may substitute for (a) and (b) 
the following conditions. 

(a^) F/F^ 4s an S-group. 

(b^) The derived series of F/F” és finite. 

If n is a prime power such that F/F* is an N- (or S-)group for 
every free group F of finite rank, then one may verify the correspond- 
ing statement for every F/F* with free F. Furthermore it is immedi- 
ately seen that F/F* is an N-group if, and only if, F” is the crosscut of 
the subgroups ‘F F” for all the integers 4. The fact that free groups are 
N-groups may be considered an encouraging sign. But more is known. 
For Zassenhaus [2] proved a theorem from which it is easy to derive 
the fact that 1 is the crosscut of the groups ‘F F” for p a prime 
and $—1, 2, - - - . All this, however, does not suffice to prove (a). 
Thus it may be a consolation to know that it is possible to substitute 
for (a) and (a^) the following weaker conditions without impairing the 
validity of the above statements. 

(a*) If (F/ F*)/(F/ F") £1, then *H(F/F"») c(F/ Fr). 

(a^*) If (F/ F»)/(F/ F7) 1, then (F/ F")G*9 c (F/ Fs), 

Let us turn now to explaining the significance of condition (b) and 
its equivalent (b^). Denote by N the crosscut of all the subgroups 
‘(F/F*). For n a power of a prime, N is at the same time the crosscut 
of the subgroups (F/F*). The following fact is now readily verified. 


If condition (b) is satisfied by the prime power n, sf ihe free group F 
$s of finite rank, then the following conditions are necessary and. sufi- 
cient for the group G to be a homomorphic image of the group (F/F*)/N: 

(i) G is finite. 

(ii) Gr=1. 

(iii) G may be generated by r(F) elements. 


Condition (b) has been verified for n=5 and r(F) —2 by P. Hall.” 


* For a proof see Grün [2]. 
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Both conditions (a*) and (b) have been investigated recently with 
rather powerful tools.3? So far, however, the results obtained have not 
been of that striking nature that lends itself to easy narration. 


APPENDIX III: THE LOWER CENTRAL SERIES OF FREE 
GROUPS MODULO n 


THEOREM 1. If F is a non-ahelsan free group and n a posttive integer 
such that F/F” is an N-group, then n is a power of a prime. 


Proor. Suppose that n=n'n" is the product of the two relatively 
prime integers n’ and n’’ both of which are different from 1. Denote 
by S the direct product of n’ cyclic groups each of which is of order 
5'', and let s(1), +--+, s(n’) be a basis of S. There exists one and 
only one automorphism k of S which maps s(#) for 0«$«n' upon 


_s(¢+1) and s(n’) upon s(1). This automorphism & is clearly of order 


n’. Consequently there exists a group T which is obtained by adjoin- 
ing to S an element # subject to the relations: 


i” = 1, Est = s* fors in S. 


tT nt 


This group T is an extension of the abelian group S of order » 
by the cyclic group T/S of order n’. If x is an element in T, then x*’ 
is in S and x" — (x*')*^" —1, since S*' —1. Furthermore it is readily 
seen that T may be generated by the two elements t and s(1). But T 
is not the direct product of its primary components, since the two 
elements £ and s(1) of the relatively prime orders n’ and »’’ do not 
permute. , 

Since F is a non-abelian free group, its rank is at least 2 and con- 
sequently there exists a homomorphism 5 of F upon T. Ii H is the 
kernel of the homomorphism A, then we deduce F^ SH from T*=1; 
and thus k induces a homomorphism of F/F” upon T. Since T is 
not the direct product of its primary components, neither is F/F*, 
as homomorphisms map primary components upon primary compo- 
nents. We proved in Appendix II that N-groups without elements of 
order 0 are the direct products of their primary components. Hence 
F/F” is not an N-group if # is not a power of a prime. 

THEOREM 2. If there exists an integer n! such that *'G SG” for every 
group G, then n is a prime. 


Proor. Suppose that n, n’ are positive integers such that "'Fz F* 
for every free group F of finite rank (this hypothesis which is weaker 
than the one enunciated in the theorem will be shown to be suff- 


3: Grun [1], Magnus [1, 2], Witt [1], Zassenhaus [2]. 
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cient). Then F/F* satisfies *(F/F*) =1. Hence F/F” is an N-group 
and it follows from Theorem 1 that is a power of a prime. 

It has been shown elsewhere? that tuere exists a group G with the 
following properties: 

(i) Both G/(G, G) and (G, G) are Hnc products of cyclic groups 
of order p. 

(ii) The center of G is equal to 1. 

From (i) one infers in particular that G® =1 and that G»' 1. Thus 
there exists a representation ofGasa Mund group of a free group: 
G=F/N satisfying F” x N. 

Suppose now that the prime power n=" is not a prime, so that 
1.«m. Then it follows from a preceding remark that F^ S N and that 
G is a homomorphic map of F/F*. Suppose now that the element x 
in F belongs to *'F. Then there exists a free factor V of F which isa 
free group of finite rank such that x belongs to * V. Now we may ap- 
ply the hypothesis stated at the beginning of the proof, namely that 
V&V”. Thus x belongs to V* and therefore to F^, and we have 
shown: "FX F^XN. But this shows that the lower central series of 

'G- E/N is finite and ends with 1, a fact that is readily seen to con- 
tradict (ii). This contradiction proves that s is a prime. 

Let us term, the positive integer n Burnsidean if F/F” is finite for 
every free group F of finite rank. Then we may prove the following 

, Converse of Theorem 1. 


THÈOREM 1’. If n is a Burnsidean prime power, and tf F is a free 
group, then F/F” is an N-group. 


_Proor. If x'is an element not 1 in F, then there exists a homo- 
morphism 5 of F'upon a free group V of finite rank such that «*+1, 
since F is the free product of two free groups V and W, the first one ` 
of which contains x and is of finite rank. This homomorphism k maps 
F upon Vi arid 3F upon 'V for every positive 4. If x were contained 
in the crosscut *F of the subgroups +F, then x* would belong to the 
crosscut “V of the subgroups ‘V. But s is a Burnsidean prime power. ' 
Thus V/V” is-finite and of order a power of'a prime. Hence there 
exists an integer w such that *V 3 V”. Since x* belongs to "V, it be- 
' longs to *V and therefore to V*. But this implies that x belongs to F", 
. and hence we have shown “FS F», a fact that is equivalent to the 
assertion : F/ F* is an, N-group. 

We note that it would have been sufficient for our proof to make the 
hypothesis: F/F” is an N-group for every free group F of finite rank, 


? Baer [1, pp. 412, 413, Example 3.4]. 
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: a hypothesis that is considerably weaker than the assumption that s 
is Burnsidean. 

As an application of Theorem 1' we prove a converse of the theo- 
rem proved in Appendix II. ' 


THEOREM 3. Suppose thai the positive integer n is the product of 
Burnsidean prime powers, and that the group G satisfies G*=1. Then G 
is the direct product of its primary components if, and only if, G is the. 
homomorphic image of an N-group H satisfying H^ —1. 


Proor. It is a consequence of a theorem established in Appendix II 
that N-groups H satisfying H*=1 are the direct products of their 
primary components. Homomorphisms map direct products of p- 
groups upon direct products of p-groups, proving the sufficiency of 
our condition. 

Suppose conversely that G is the direct product of its primary com- 
ponents. If 5 — p(1)"O . - - p(k)™™ with 0<m(s), 0 « b, then G is the 
direct product of groups G(4) satisfying G(3)^ 9 =1 for n($) = p(4)™, 
The group G(#) may be represented as a quotient group F(#)/M(i) 
of a free group (2); and clearly F(#)"“ S M(). Thus G(s) is the 
homomorphic image of F(s5)/F(5)*?. By hypothesis n(4) is a Burnsi- 
dean prime power and thus it follows from Theorem 1' that R(i) = 
F(3)/ F(3)^9? is an N-group. If R is the direct product of the N-groups 
R(s), then R"—1, R is an N-group and G is the homomorphic image 
of R, proving our contention. 


THEOREM 4. If G is a p-group, generated by a finite number of ele- 
ments, then there exist to every positive integer 4 integers 4', 4! such that 


"G SG, GU s. 


Proor. It is a consequence of a theorem quoted in $1 that we may 
select as 4’’ any integer satisfying i<2*”’, 

Since 'G/**G and G/G+» are abelian groups the orders of whose 
elements are powers of the prime p, since such abelian groups are 
finite if they are generated by a finite number of elements, one proves 
inductively by the usual application of the Reidemeister-Schreier 
method* that G//G and G/G(? are finite groups. Thus G/G® is a 
finite p-group, and such groups are known to have the property that 
their lower central series is finite and ends with 1. Hence there exists 
an integer $’ such that “(G/G)=1 and this is equivalent to 
GGO. 


1 See footnote 29. 
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4, Invariants of the Hopf type. The group invariants discussed so 
far were subgroups and quotient groups of subgroups of the group 
under discussion. But there exist other possibilities of connecting 
groups with groups in an invariant fashion. An instance is the auto- 
morphism group of a group. 

A group may be given either by inner properties or by some sort 
of representation. An example of the first kind of definition is the 
following one: the abelian group of order p” the orders of whose ele- 
ments are 1 and f. An example of the second kind is the customary 
definition of the symmetric group of degree n. Though it is certainly 
more desirable to characterize a group by inner properties, it is more 
common to define it by some sort of representation, and very often a 
suitable representation makes a group better accessible to treatment. 

H. Hopf“ has recently discovered a group invariant derived from a 
representation of a group as a quotient group. He showed that for 
normal subgroups N of free groups F the quotient group 


(F,F)/(F,N) 
depends only on the structure of F/N, and is an invariant of F/N. 
Now the groups F/ F^, discussed in $3, are defined by their representa- 
tions only. Thus these Hopfian invariants and their generalizations 
may be a tool in their investigation. 

We indicate a new proof of Hopf's invariance theorem which has 
the advantage of being a convenient basis for many important gen- 
eralizations. To simplify notation we restrict ourselves to a discussion 
of the lower central series, which is quite typical.” 

Suppose that M is a normal subgroup of the group H. Then H/M 
is a representation of a certain group G. We define inductively sub- 
groups :M by the formulas: oM = M, ;M — (H, ;.1M). Then every :M 
is a normal subgroup of H, and we note the following inequalities: 


iM S CH, iM S LM and M S.M « !H. 


1.-Let us consider an endomorphism k of the group H, satisfying 
x^ex modulo M. Of h we say then that it induces the identity in 
H/M. Assume now that we have shown already that k induces the 
identity in *H/,M. Then a simple application of formulas (2), (3) of 
$2 shows that h induces the identity in *H/,,M. 

2. Consider now two representations H/M and K/N of the same 
group G and homomorphisms k, k of H into K and K into H respec- 
tively with the following property: À induces an isomorphism a of 

“ Hopf [1]. 

“ Baer [3]. 


+ 
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H/M upon K/N and k induces the isomorphism a~ of K/N upon. 
H/ M. 

This hypothesis implies in particular M^ € N and N* € M; and one 
verifies readily that *:H^x'K, 'K* SiH, ,M* SN, ,N* S,M. But hk 
induces the identity in H/ M; and thus it follows from what we have 
shown under 1 that hk induces the identity in every :H/,M. From 
this fact and the previously stated inequalities one deduces immedi- 
ately that k and k induce reciprocal isomorphisms between :H/,M and 
K/N. 

This implies in particular that the isomorphism a maps (,M —-*H)/M 
upon (;V++*K)/N. 

3. We say now that two representations H/M and K/N of the 
' group G are similar if every isomorphism between H/M and K/N 
may be induced by homomorphisms. Using this terminology the re- 
sult obtained under 2 implies the following generalization of Hopf's 
invariance theorem: ‘H/;M and (;M+‘H)/M are invariants of the 
class of similar representations of G to which H/M belongs. 

It should be mentioned that not every representation belongs to a 
class of similar representations. 

That this theorem is really a generalization of Hopf's theorem is a 
consequence of the fairly obvious fact that all representations of the 
group G as a quotient group of a free group (or of a free abelian 
group,® or of a free group reduced modulo n, and so on) are similar. 

The range of applicability of these invariants seems to be fairly 
wide. So far they have been used mainly to show that homomor- 
phisms meeting certain requirements are isomorphisms.“ ` 

As these invariants have not been defined in an invariant fashion, 
one may desire an invariant definition. This may be obtained either 
by using a normal form of the representation which is trivial as far 
as it can be done and not very interesting, or by a properly invariant 
definition which does not refer to any representation. This latter 
problem seems to be fairly deep and has been solved so far apparently 
in only one instance.“ 
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2. Über Beziehungen swischen höheren Kommutatoren, J. Reine Angew. Math. vol. 
177 (1937) pp. 105-115. 
3. Neuere Ergebnisse uber auflisbare Gruppen, Jber. Deutschen Math. Verein. 
vol. 47 (1937) pp. 69-78. 
4. Über freie Faktorgruppen und freis Untergruppen gegebener Gruppen, Monats- 
hefte für Mathematik und Physik vol. 47 (1938) pp. 307-313. 
5. Allgemeine Gruppentheorie, Enzyklopaedie der mathematische Wissenschaften 
I, 4, 9; 2. Aufl, 1939. 
A. MALCEW > 
1. On isomorphic matrix representations of infinite groups, Rec. Math. (Mat. 
Sbornik) N. S. vol. 8 (1940) pp. 421-422 (405-421). 
B. H. NEUMANN 
1. Identical relations in groups. I, Math. Ann. vol. 114 (1937) pp. 506-552. 
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1. Treue Darstellung Liescher Ringe, J. Reine Angew. Math. vol. 177 (1937) pp. 
152-160. 
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l. Lehrbuch der Gruppeniheorie, Y, Hamburger Mathematische Einzelschriften 
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2. Ein Verfahren, jeder endlichen p-Gruppe einen Lie-ring mit der Charakteristik p 
zusuordnen, Abh. Math. Sem. Hamburgischen Univ. vol. 13 (1940) pp. 200-207. 


UNIVERSITY OF ILLINOIS 


THE NOVEMBER MEETING IN PASADENA 


The four hundred first meeting of the American Mathematical So- 
ciety was held at the California Institute of Technology on Saturday, 
November 27, 1943. The attendance was about one hundred thirty, 
including the following thirty-five members of the Society: 

E. T. Bell, W. Z. Chien, P. H. Daus, R. P. Dilworth, H. J. Hamilton, F. C. Hinds, 
P. G. Hoel, D. G. Humm, D. H. Hyers, C. G. Jaeger, Glenn James, R. C. James, 
C. C. Lin, W. E. Mason, A. D. Michal, M. M. Mills, K. T. Millsaps, G. H. Peebles, 
Sam Perlis, W. C. Randels, William Shand, G. E. F. Sherwood, S. C. Snowdon, 
D. V. Steed, ‘Alfred Tarski, A. E. Taylor, B. P. Taylor, T. Y. Thomas, S. E. Urner, 


F. A. Valentine, Morgan Ward, L. E. Wear, W. M. Whyburn, E. R. Worthington, 
Max Zorn. 


After a brief opening session for contributed papers at which Pro- 
fessor A. E. Taylor presided, the meeting in the morning was devoted 
to the invited one hour addresses at which Professor T. Y. Thomas 
presided. By invitation of the Program Committee, Dr. Alfred Tarski 
‘of the University of California spoke on Paradoxes of geometrical con- 
gruence and Professor Max Zorn of the University of California at 
Los Angeles on Mathematical induction. 

The Symposium on Applied Mathematics was held in the afternoon 
with Professor A. D. Michal presiding. Professor Theodore von 
Kármán of the California Institute of Technology and Northrop 
Aircraft Corporation spoke on Generalized airplane wing theory, Pro- 
fessor P. Y. Chou of National Tsing Hua University and the Cali- 
fornia Institute of Technology on Velocity correlations and the solu- 
Hons of the equations of turbulent fluctuation, and Mr. Paul Lieber of 
the Douglas Aircraft Corporation on Some applications of matrices 
to flutter and related phenomena. In the absence of Mr. Lieber, the last 
address was read by Mr. K. Latzer of the Douglas Aircraft Corpora- 
tion. 7 

Titles and cross references to the abstracts of the papers read follow 
below. Papers whose abstract numbers are followed by the letter ¢ 
were read by title. Papers 1 to 3 were read in the morning session 
while papers 4 to 6 were read by title. Paper 3 was read by Dr. Perlis. 

1. R. P. Dilworth: A decomposition theorem for partially ordered 
sets. (Abstract 50-1-7.) 

2. R. C. James: Orthogonality and differentiability in normed linear 
spaces. (Abstract 50-1-26.) 

3. Roy Dubisch and Sam Perlis: On the radical of a non-associative 
algebra. Preliminary report. (Abstract 50-1-8.) 
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2 4. František Wolf: On a problem of L. M. K. Boelter. Viscous fluid 
' forced through a heated vertical pipe. (Abstract 50-1-43-4.) 
. 5. E. J. Purcell: Variety congruences of order one in n-dimensional 
space. (Abstract 50-1-47-1.) : n. 
6. K. T. Millsaps: A note on Keen Hilbert spate: (Abstract 


ee 
‘ A. D. Micnar, 


Associate Secretary 


BOOK REVIEWS 


On growth and form. By D'Arcy W. Thompson. Cambridge University 
Press; New York, Macmillan, 1942. 1116 pp. $12.50. 


It is a rare privilege to write a review of a new edition of a book 
which has already taken its place as one of the great classics of sci- 
ence. On growth and form by D'Arcy Thompson in this new edition 
is much as it was in the first. Its fundamental ideas have been very 
little revised, but a wealth of new material has been added, expanding 
it from 793 to 1116 pages. 

To summarize its contents would be a very difficult matter. It is 
almost an encyclopedia of all the relations that have ever been dis- 
cussed between mathematics and organic form. Among the subjects 
treated are: the form of the cell, tissues, concretions produced by 
living things, shells, horns, and teeth; from the dynamic point of 
view, growth and the relation between form and mechanical effi- 
ciency; and such perennial favorites of the geometrician as the form 
* of the bee's cell and the arrangement of leaves. 

For the most part the mathematics used in the book is elementary. 
Thompson makes no pretentions, but says he is using the tools he 
has, leaving it to better equipped workmen to carry on the work. 
Professor Archibald! in a review of the first edition deals more com- 
petently than I could with the mathematics. The general point of 
view seems more important than the mathematics itself. In fact the 
author frequently talks more about mathematics than in its language. 
He states his purpose in the introductory chapter (p. 14): “to cor- 
relate with mathematical statement and physical law certain of the 
simpler outward phenomena of organic growth and structure or form, 
while all the while regarding the organism, ex hypothesi, as a material 
and mechanical configuration." And in the Epilogue he concludes (p. 
1096) “My task is finished if I have been able to show that a certain 
mathematical aspect of morphology, to which as yet the morphologist 
gives little heed, is interwoven with his problems, complementary to 
his descriptive task, and helpful, nay essential, to his proper study 
and comprehension of Growth and Form.” 

Various biologists have placed very different estimates on the value 
of the book. Professor Sinnott,’ in his review, has been exceedingly gen- 
erous and attributes to it a wide and important influence. Professor 
McClung? on the other hand has stated that its influence is slight. In 


PR. C. Archibald, Bull. Amer. Math. Soc. vol. 24 (1918) p. 403. 
? E. W. Sinnott, Quarterly Review of Biology vol. 18 (1943) p. 64. 
3 C. E. McClung, Science N. S. vol. 96 (1942) p. 471. 
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spite of the fact that the book has been very much admired, I am 
afraid that Professor McClung’s estimate is nearer the truth. The 
ideas of On growth and form have played little part in the spectacular 
advances of biology since the book was first written. For this I think 
there is a very good reason: the point of view which the book repre- 
sents is out of fashion, and is indeed the antithesis of the one now in 
vogue, to which these advances have been due. 

When the book was first published in 1917, experimentation in 
genetics was just beginning to produce its brilliant results and ex- 
perimental embryology was approaching its most spectacular era. 
Here were exciting things to attract the young investigator with 
which the abstract ideas of the mathematician, whose language he 
all too frequently could not understand, could hardly compete. A 
rich harvest has been reaped in these fields with very slight if any 
influence of Thompson’s book. Interestingly enough, on the other 
hand, almost every reviewer has complained that the new edition has 
not been influenced by this research, which is for the most part hardly 
mentioned. McClung? misses a treatment of cytogenetics, Buchanan‘ 
a treatment of physiological gradient ideas, and both Sinnott? and 
Hammett! list a number of important subjects that one might expect 
to have been treated. 

The failure to take the results of modern biological research into 
consideration (Sinnott says the revision might just as well have been 
written twenty-five years ago) is related to the failure to make an 
important impact upon this research. They are bothdueto the antith- 
esis of the fundamental ideas. On growth and form harks back to 
an older habit of thought, and may also as Wrinch* suggests be the 
herald of a new era, but it is not an essential part of contemporary 
biological advance. 

There are only three essentially different ways of considering bio- 
logical form. It may be considered as present from the beginning, 
existing either as an actual minute replica in the germ, or as an "idea" 
of-some nonphysical formative entity like the entelechy of Aristotle 
and Driesch; or existing neither actually nor ideally, but merely po- 
tentially, in the organization of the germ. In older biological thinking 
form always pre-existed in some fashion or other. The adult form was 
in existence from the beginning of the life of the organism as an in- 
dividual. The ^preformationists" of the 18th century—their ideas 
culminating in Bonnet— believed that the germs of all organisms ever 

* J. W. Buchanan, Physiological Zoology vol. 16 (1943) p. 135. 


5 F. S. Hammett, Growth vol. 71(1943) p. 321. 
. * D. Wrinch, Isis vol. 25 (1943) p. 232. 
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to exist were created at the original creation. Each germ was a minute 
replica of the adult that was to develop from it. It had merely to ex- 
pand. There was no real development of form. It had existed from the 
beginning. : 

The “epigeneticists,” their opponents, believed that organisms are 
developed from unorganized and unformed matter under the influ- 
ence of a vital, nonphysical entity. Here the form of the adult pre- 
existed not actually, as in the germ of the preformationist, but as an 
idea of the entelechy or vts essentialis. The unformed material was 
moulded into shape by this agent—the actual form produced was 
new, an epigenesis. 

With the development of modern techniques it became clear that 
the epigeneticists were right in that the germ contains no actual 
replica of the adult. The form develops rather by gradual stages. The 
notion of a nonphysical formative agent has not appealed to most 
biologists, however, although Driesch has made a valiant attempt to 
sustain it. The alternative chosen by most is a modified form of pre- 
formationism, in which the germ is considered to contain not a 
preformed replica of the adult, but an organization which determines 
the development of the adult form. The nature of this organization 
may be considered from two points of view: biologically, from the 
point of view of heredity, as with the trend begun by Weismann and 
leading to modern genetics, or mathematically and physically as in 
Thompson’s book. 

Thompson says (p. 1022) “To look on the hereditary or evolution- 
ary factor as the gusding principle in morphology is to give to that 
science a one-sided and fallacious simplicity" and states his position 
unequivocally (p. 340): “The efforts to explain ‘heredity’ by the help 
of 'genes' and chromosomes, which have grown up in the hands of 
Morgan and others since this book was first written, stand by them- 
selves in a category which is all their own and constitute a science 
which is justified of itself. To weigh or criticize these explanations 
would lie outside my purpose, even were I fitted to attempt the 
task. ... I leave this great subject on one side not because I doubt 
for a moment the facts nor dispute the hypotheses nor decry the im- 
portance of one or other; but because we are so much in the dark as 
to the mysterious field of force in which the chromosomes lie, far 
from the visible horizon of physical science, that the matter lies (for 
the present) beyond the range of problems which this book professes 
' to discuss, and the trend of reasoning which it endeavors to main- 
tain." 

Thompson's concept of organic form is that it is predetermined by 
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the physical organization of the system in which it develops, and “it 
is in obedience to the laws of. physics that their particles have been 
moved, moulded and conformed” (p. 10). The nature of the physical 
organization and of the physical processes by which the form is pro- 
duced from it is to be arrived at by mathematical analysis and physi- 
cal interpretation of the adult form (p. 16). “The form of an object 
is a ‘diagram of forces,’ in this sense, at least, that from it we can judge 
of or deduce the forces that are acting or have acted upon it.” “In an 
organism, great or small, it is not merely the nature of the motions 
of the living substance which we must interpret in terms of force 
(according to kinetics), but also the conformation of the organism 
itself, whose permanence or equilibrium is explained by the interac- 
tion or balance of forces, as described in statics.” His interest is not 
in the biological analysis of the organization of the germ, from the 
point of view of either the geneticist or the experimental morpholo- 
gist. He approaches the problem from the opposite direction. 

He thinks of form as a Platonist. In his discussion of the tortoise 
shell, for example (p. 517), he is obviously talking of an ideal tortoise, 
more valid than any actual specimen or species, and any variant from 
which may be considered an “accident.” As a matter of fact in the 
Epilogue (p. 1097) he alines himself with the teaching of Plato and 
Pythagoras, and again (p. 1094) he says “In natural history Cuvier’s 
‘types’ ” (which are Plato’s ideas under another name) “may not be 
perfectly chosen nor numerous enough, but types they are; and to 
seek for stepping stones across the gaps is to seek in vain, forever.” 
On this view his attitude toward embryology (p. 5) and his failure, 
pointed out by Julian Huxley,’ to apply his method of transformation 
of coordinates to stages in the life history of a single organism, are 
readily explainable. He is not thinking of the development of form as 
a biological process at all. He takes the adult form as given and 
analyzes it. . 

To place Thompson thus among the Platonists and beside the 
transcendental morphologists of the last century is by no means de- 
rogatory. Man has been seeking systematically for answers to his 
great problems for only 5000 years at most, and on a conservative 
estimate will be doing so for some 5,000,000 years to come. To at- 
tempt to read off with finality any consistently developed line of 
thought would seem at this stage presumptuous. It needs to be 
strongly emphasized that none of the hypothetical entities proposed 
on the basis of experiments in embryology deal with form in the sense 
that Thompson does. The gradients of Child and the fields of Weiss 


7 J. S. Huxley, Problems of relative growth, New York, 1932, p. 105. 
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serve to organize many significant facts about development, but do 
not tell us why specific form develops. Child! says that the specific 
form develops because the gradient operates in a substratum of spe- 
cific protoplasm, but what does that mean? Weiss? says "the fact 
that each cell is bound to react exclusively in accordance with the 
standards of the species to which it belongs" constitutes “the prin- 
ciple of ‘genetic limitation.'" What is the basis of that? In spite of 
all we have learned about the nature and action of organizers and 
evocators, Needham admits “that after all the larger part of the 
mystery remains in that we can as yet form little idea of what con- 
stitutes reactivity—competence to react to the morphogenetic in- 
ductor."!? The specificity of protoplasm from the point of view of 
morphogenesis, and the competence of tissues to respond in a specific 
way to organizers are associated with the “form” in Thompson's On 
growth and form. The present day experimental embryologist is simply 
not investigating it at all. The geneticist, with his genom—the funda- 
mental organization of the germ made 'up of genes arranged on 
chromosomes--comes nearer to it. It, may well be, as Wrinch* sug- 
' gests, that as the chemist learns more of the morphology of huge 
molecules and their aggregates, and as the biologist learns to apply 
this knowledge to the structure of the genom, a new place will be 
found, in our thinking, for the form of organisms as the morphologist, 
who descends from the line of Plato, thinks of it. 

Ever before that time arrives, however, this book has a message 
for the biologist, whose idea of quantitative biology is frequently 
merely the statistical treatment of data, sometimes even forgetting 
that "measurements may be as empty of significance as any other 
kind of descriptive materials. The statistical answers that can be 
wrung out of such measurements may have very little meaning if the 
quantities measured depend on a multiplicity of causes. Statistical 
treatment may indicate that certain results are significant, but what 
they signify no man may know, or even surmise."!! Such a man might 
gain from On growth and form an idea of what could be meant by 
mathematical biology. i 

For the mathematician who has an interest in the relationship be- 
tween his abstract ideas and the phenomena of the natural world, the 
book should be a treasure house. The author attributes to Lobatchev- 
sky the statement (p. 11) that “there is no branch of mathematics 


* C. M. Child, Individuality in organisms, Chicago, 1915, p. 188. 

* P. Weiss, Principles of development, New York, 1939, p. 362. 

10 J, Needham, Biochemistry and morphogenesis, Cambridge, 1942, p. xiii. 
u T. H. Morgan, Experimental embryology, New York, 1927, p. 13. 
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however abstract, which may not some day be applied to phenomena 
of the real world.” 

The book is written in an elegant, almost poetic, style that makes 
it delightful to read, and its many references conveniently placed at 
the bottom of the page near the related subject matter serve as a 
lure to further reading. 

J. WALTER WILSON 


Partial diferential equations. By Frederick H. Miller. New York, 
Wiley; London, Chapman and Hall, 1941. 93-259 pp. $3.00. 


According to the author the book is intended to be a text in a first 
course in partial differential equations. The chapter on ordinary dif- 
ferential equations is intended for review and reference purposes and 
not as a first course in the subject. The author finds it advisable to 
include a chapter on direction cosines and partial derivatives, prob- 
ably because so many exercises in the book are taken from geometry. 
In the main the book is concerned with the quest for solutions de- 
pending on arbitrary constants and arbitrary functions. The examples 
of Chapter III show very clearly why this viewpoint of the subject 
is much more complicated in the case of partial differential equations 
than it is in the case of ordinary equations. In ordinary equations the 
solution of an sth order equation depends on 5 arbitrary constants, 
and conversely, the elimination of n arbitrary constants leads to an 
equation of sth order. In general, the number of partial derivatives 
of a given order is higher than the number of independent variables. 
The elimination of two arbitrary functions may lead to a pair of third 
order equations in one unknown. Since the first order partial differ- 
ential equation behaves more like an ordinary equation than do those 
of higher order, Chapter IV on the linear equation of first order and 
Chapter V on nonlinear equations of first order are almost entirely 
devoted to the quest for solutions depending on arbitrary functions 
and arbitrary constants. 

Chapter VI on Fourier series and the boundary value problems in 
Chapter VII furnish an exception to the above viewpoint. In this 
work the author is, of course, not seeking solutions depending on ar- 
bitrary functions. Chapter VI on Fourier series contains a statement 
of the expansion theorem for a function continuous except for a finite 
number of jump discontinuities. Chapter VII on the linear equation 
of higher order is devoted largely to the consideration of operator 
methods, undetermined coefficients, and variation of parameter meth- 
ods for obtaining the particular solution. In case the sth order differ- 
ential operator can be factored into linear factors a complimentary 
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function depending on s arbitrary functions can be obtained. As 
mentioned above, Chapter VII also contains separating variables and 
expansion of boundary conditions in Fourier series. The equations 
treated include the vibrating string, the cable, fluid Row, and heat 
flow. These equations have already been derived from physics in 
Chapter III. 

Chapter VIII on nonlinear equations of second order is devoted 
largely to obtaining solutions of Monge's equation depending on ar- 
bitrary functions. 

The book contains very few examples from physics except in the 
boundary value problems solved with Fourier series. However, the 
book contains an exceptionally large number of problems in which 
the student is asked to find a solution depending on arbitrary con- 
stants or functions. In a large proportion of these the partial differ- 
ential equation is proposed as a problem in geometry. 

The multiple integration approach to partial differential equations 
. is not touched upon. The concept of characteristics of a second order 
equation and the classification of second order equations does not 
appear. Also there is no mention of successive integrations. 

Epwin W. TiTT 


The calculi of lambda-conversion. By Alonzo Church. (Annals of Math- 
ematics Studies, no. 6.) Princeton, Princeton University Press; 
London, Humphrey Milford and Oxford University Press, 1941. 
24-77 pp. $1.25. 


This is a brief and attractively written introduction to the remark- 
able formal systems discovered by Church and called by him calculi 
of lambda-conversion. These systems were developed by Church in 
collaboration with his students, S. C. Kleene and J. B. Rosser. The 
present booklet, which is lithoprinted, is in most respects a consider- 
able improvement over the same author's mimeographed Princeton 
lecture notes of 1936, of which it may be considered a revision. The 
notation has been simplified and improved, and the treatment of 
Gódel numbers is much simpler than in the former version. The proof 
of the fundamental Church-Rosser consistency theorem is now given 
in full detail, and the section on recursive arithmetic has been con- 
siderably expanded. 

Nevertheless the text of the present version totals only 71 pages. 
This brevity is partly accounted for by the plan which the author 
has wisely adopted of considering only the calculus of lambda-con- 
version proper in full detail. In fact, the first four chapters are devoted 
to this, the most elementary of the lambda-calculi. The more com- 
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plicated, but also more useful, systems called the calculus of \-K- 
conversion, the calculus of restricted A-K-conversion, and the calculus 
of A-5-conversion, as well as the applications of the latter to symbolic 
logic, are discussed only very briefly in the fifth and final chapter. 

The first chapter is introductory, and explains the intended inter- 
pretation of the symbols by means of examples. The second chapter 
presents the lambda-calculus as a formal system; and a very simple 
formal system it is. There are three kinds of symbols (the symbol A, 
parentheses, and letters for variables), one undefined operation called 
application and denoted by juxtaposition, and three rules of proce- 
dure called the rules of lambda-conversion. There are no axioms and 
no theorems, the subject being developed metatheoretically. (This is 
a matter of convenience; it would be possible to introduce axioms in 
terms of a symbol for interconvertibility of formulas, if that were 
considered desirable.) Chapter II also deals with the important notion 
of normal form, and contains the proof of the Church-Rosser con- 
sistency theorem. The author intends only those formulas which have 
anormal form to be meaningful, although there exist quite simple 
formulas with no normal form and hence with no interpretation. It ' 
has been shown that no effective procedure exists for determining in 
all cases whether a given formula has a normal form. This fact is 
related to the incompleteness property which, according to the re- 
sults of Gódel, any system which is consistent and adequate for formal 
logic must have. 

In the third chapter the positive integers are defined in terms of the 
lambda symbolism. This is possible because the system contains 
formulas which, applied to a function, have the effect of iterating 
it a given number of times. The familiar operations of addition, multi- 
plication, and exponentiation of integers are also defined. It is shown 
that an integral-valued function of positive integers is general re- 
cursive if and only if it is lambda-definable, that is, definable in terms 
of the lambda symbolism. Reasons are given for identifying the no- 
tion of an effectively calculable function of positive integers with that 
of a lambda-definable function, or equivalently of a general recursive 
function. 

Chapter four deals with Gódel numbers. It is convenient, in-formal 
systems which contain a notation for the integers, to develop a 
method of numbering the formulas of the system which is definable 
in terms of the system itself. This enables the system to talk about 
itself, roughly speaking, and sometimes, indeed, even to contradict 
itself (but that cannot happen here). Since it is simpler to assign the 
same Gódel number to two formulas if they differ only in the letters 
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used to represent bound variables, the author first assigns to every 
well-formed formula a special kind of formula called a combination, 
and then enumerates the combinations. Formulas which differ only 
in the symbols for bound variables are assigned the same combina- 
tion. In connection with combinations, the close connection between 
the lambda-calculi and the combinatory logic of M. Schónfinkel and 
H. B. Curry is brought out. 

The restricted calculus of lambda-conversion which is treated in 
the first four chapters is not an adequate basis for logic or mathemat- 
ics. In particular, constant functions cannot be defined because of 
the rule that Ax M (which is interpreted to mean the function that M 
is of x) is not well-formed unless x occurs as a free variable in M. 
The fifth chapter deals briefly with modified systems which avoid the 
objection mentioned (the lack of constant functions), but which give 
rise to new difficulties, as the author points out. Of these, the calculi 
of \-K-conversion and of restricted \-K-conversion arise by changing 
the definition of well-formed formula to allow more well-formed for- 
mulas. The A-ó-calculus involves the introduction of a new symbol 
6 which behaves somewhat like a sign of equality. 

Finally the author outlines his method of defining within the A-6- 
calculus a system of symbolic logic. This is accomplished by identify- 
ing the truth values ¿ruth and falsity with the formulas for the integers 
2 and 1 respectively. The provable formulas of the logic are then those 
formulas of the calculus which are convertible to the formula for the 
integer 2, that is to the formula for truth, according to the rules of 
A-é-conversion. Operations of negation, conjunction, and disjunc- 
tion are defined, as well as an existential quantifier and a selection 
operator. All these have properties differing from those of the corre- 
sponding operations of classical logic, and resembling somewhat those 
of the intuitionist logic. It is indicated that there are difficulties in- 
volved in defining a universal quantifier. Although this logic seems 
peculiar in some ways, it has the advantage over certain other systems 
that there exists for it an elementary consistency proof, namely the 
analogue for the A-6-calculus of the Church-Rosser theorem. The fur- 
ther elaboration of this system of logic is left for another book. 

In this book Church has done a first-rate job of exposition, which 
should be examined by everyone interested in the foundations of 
mathematics. Not that it is all easy reading; that would be impossible 
in the nature of the subject. The fundamental notions of the lambda- 
calculus have what seems to be a simple interpretation, but this 
interpretation does not seem to help one to follow the details. Per- 
haps this is partly because of the long arrays of symbols required to 
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define most of the important formulas. Verification that the formulas 
have the desired properties must proceed formally according to the 
conversion rules, and the work is often tedious. 

Two interesting points concerning these calculi may be noted. One 
is that arithmetic is developed first, and logical notions are then de- 
fined in terms of arithmetic, whereas in most such formal systems, 
like the Whitehead-Russell system, logical notions come first and 
arithmetic is defined in terms of logic. The other point is that these 
calculi seem to support the views of the effectivists (including the 
intuitionists) who would exclude from mathematics the axiom of 
choice and in general those concepts which are not constructively 
definable. In particular the prominent role played here by the integers 
is suggestive of the viewpoint of Kronecker. However, it should be 
said that although the lambda-calculi make it possible to state more 
exactly what is meant by an effective definition, and to arrive at in- 
teresting results concerning the concept of effectiveness, one can use 
the methods of this book without committing oneself to the effectivist 
position. Presumably it is quite possible to erect a non-effectivist 
mathematics on the basis of these systems. 

Church has suggested elsewhere that his lambda notation might be 
useful in avoiding the ambiguity which results (especially in dealing 
with function spaces) from the bad habit of using the notation f(x) 
to stand sometimes for a function as a single entity, and sometimes 
for the value of the function when the argument is x. It is interesting 
to note that Whitehead and Russell use the notation f(#) for the first 
of these concepts in place of Church’s Ax-f(x) or Ax(fx), and that our 
elementary textbooks at least provide for the distinction by the use 
of different letters for the argument; thus f(x) stands for a function, 
while f(a) or f(xo) stands for a functional value. Unfortunately the 
distinction is not always made. It should of course be said that 
Church's lambda notation is greatly superior in some ways to these 
other notations, and allows the construction of formulas not repre- 
sentable in them. 

ORRIN FRINK, JR. 


NOTES 


The supply of certain issues of early volumes of the BULLETIN is al- 
most exhausted. Any member who has copies of the particular issues 
listed below which he would be willing to contribute or sell is invited 
to communicate with the office of the Society at 531 West 116th 
Street, New York City, 27. Bulletin of the New York Mathematical 
Society, vol. 2, no. 3; Bulletin of the American Mathematical So- 
ciety, vol. 1, nos. 3, 5; vol. 2, nos. 2, 8; vol. 3, no. 3; vol. 4, nos. 8, 9, 
10; vol. 5, no. 6; vol. 8, nos. 6, 8, 9, 10; vol. 9, nos. 1, 3; vol. 10, 
nos. 1, 3, 4. 


The BULLETIN has received from Professor A. Terracini and Pro- 
fessor F. Cernuschi, editors of Matematicas y Fisica Teorica, pub- 
lished in Tucuman, Argentina, an invitation for mathematical con- 
tributions. Accepted papers will be published in the language in which 
they are written. 


The Sylvester Medal of the Royal Society has been awarded to 
Professor J. E. Littlewood of the University of Cambridge. 


Dr. Vannevar Bush, President of the Carnegie Institution of Wash- 
ington, has been awarded the Edison Medal for 1943 by the American 
Institute of Electrical Engineers. 


Professor J. L. Synge of Ohio State University has been awarded 
the Henry Marshall Tory Medal of the Royal Society of Canada. 


President H. N. Davis of the Stevens Institute of Technology has 
been elected an honorary member of the Institution of Mechanical 
Engineers of Great Britain. 


Professor E. T. Whittaker has been elected president of the Royal 
Society of Edinburgh. 


Professor Helen M. Walker of Teachers College, Columbia Uni- 
versity, has been elected president of the American Statistical Asso- 
ciation. 

Professor J. L. Walsh of Harvard University has been elected vice 
president of the American Association for the Advancement of Sci- 
ence. 


Assistant Professor A. F. Bernhart of Bucknell University has been 
appointed to an assistant professorship at the University of Okla- 
homa. 
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Professor G. D. Birkhoff of Harvard University is on leave of ab- 
sence for the present winter term in order to give a series of lectures 
at the University of Mexico. 


Assistant Professor M. G. Boyce of Western Reserve University 
has been promoted to an associate professorship. 


Assistant Professor A. T. Brauer of the University of North Caro- 
lina has been promoted to an associate professorship. 


Assistant Professor H. A. Dangel of the University of Cincinnati 
has been promoted to an associate professorship. 


Miss Flora Dinkines of the University of South Carolina has been 
promoted to an adjunct professorship. 


Mr. Edwin Eagle of Taft Junior College, Taft, California, has been 
appointed to an assistant professorship at Oregon State College. 


Associate Professor Paul Eberhart of Washburn University, To- 
peka, Kansas, has been promoted to a professorship. 


Mr. W. E. Ekman of the University of South Dakota has been 
promoted to a professorship. 


Dr. W. S. Erickson of St. Olaf College, Northfield, Minnesota, has 
been appointed to a professorship at Minot State Teachers College, 
Minot, North Dakota. 


Mr. M. P. Fobes of the College of Wooster, Wooster, Ohio, has 
been promoted to an assistant professorship. 


Mr. W. A. Gager of the Junior College in St. Petersburg, Florida, 
has been appointed to an associate professorship at the University 
` of Florida. 


Dr. M. C. Hartley has been appointed to an assistant professorship 
at the University of Illinois. 


Associate Professor H. H. Hartzler of Goshen College, Goshen, 
Indiana, has been promoted to a professorship. 


Assistant Professor R. N. Haskell of the University of Texas has 
been promoted to an associate professorship. 


Assistant Professor P. R. Hill of the University of Georgia has been 
promoted to an associate professorship. 
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Associate Professor J. W. Hurst of Montana State College has been 
promoted to a professorship. 


Associate Professor J. A. Hyden of Vanderbilt University has been 
promoted to a professorship. 


Assistant Professor F. B. Jones of the University of Texas has been 
promoted to an associate professorship. 


Assistant Professor A. H. Knebel of the University of Cincinnati 
has been promoted to an associate professorship. 


Dr. Fulton Koehler of the Northwest National Life Insurance 
Company has been appointed to an assistant professorship at the 
University of Minnesota. 


Mr. J. E. LaFon of the University of Oklahoma has been promoted 
to an assistant professorship. 


Assistant Professor R. G. Lubben of the University of Texas has 
been promoted to an associate professorship. 


Dr. C. A. Ludeke of the University of Cincinnati has been pro- 
moted to an assistant professorship. 


Mr. J. N. McClelland of Drake VEDErey has been promoted to 
an assistant professorship. 


Dr. J. C. C. McKinsey of New York University has been appointed 
to an assistant professorship at Montana State College. 


Assistant Professor W. T. MacCreadie of Bucknell University has 
been promoted to an associate professorship. 


Professor A. E. Meder, Jr., of the New Jersey College for Women 
has been appointed secretary of Rutgers University. 


Associate Professor C. E. Melville of Clark University has been 
promoted to a professorship. 


Professor H. A. Meyer of Hanover College, Hanover, Indiana, has 
been appointed acting professor at Indiana University. 


Assistant Professor R. R. Middlemiss of Washington University 
has been promoted to an associate professorship. 


Mr. E. T. Miller of the University of Cincinnati has been pro- 
moted to an assistant professorship. 
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Associate Professor H. L. Miller of the University of Cincinnati has 
been promoted to a professorship. 


. Professor F. D. Murnaghan of Johns Hopkins University has been 
appointed to a visiting professorship at Brown University for the cur- 
rent year. . - 


Associate Professor W. G. Pollard of the University cf Tennessee 
l has been promoted'to a professorship. 


Mr. W. E. Restemeyer of the University of Cincinnati has been 
promoted to an assistant professorship. 


Mr. H. L. Rice of the University of Omaha has been promoted to 
an assistant professorship. 


Assistant Professor E. B. Roessler of the College of Agriculture of 
the University of California has been promoted to an associate pro- 
fessorship. 


Associate Professor J. B. Rosser of Cornell University has been 
promoted to a professorship. 


Miss S. Grace Smyth of Knox College has been promoted to an 
associate professorship. 


Mr. A. L. Starrett of Georgia School of Technology has been pro- 
moted to an assistant professorship. 


Associate Professor W. R. Talbot of Lincoln University, Jefferson 
City, Missouri, has been promoted to a professorship. 


Dr. H. C. Trimble of Iowa State Teachers College has been pro- 
moted to an assistant professorship. 


Assistant Professor P. L. Trump of the University of Wisconsin has 
been promoted to an associate professorship in the teaching of mathe- 
matics. 


Mr. R. N. Van Arnam of Lehigh University has been promoted 
to an assistant professorship. 


Dr. G. L. Walker of the University of Delaware has been promoted 
to an assistant professorship. 


Miss Fern Welker of the University of Toledo has been promoted 
to an assistant professorship. 
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Dr. Y. K. Wong of-the University of Chicaso bas been appointed 
lecturer at the University of North Carolina. 


The following individuals are assisting in the military training pro- 
gram at the University of Chicago: Professors J. M. Kinney and 
E. R. Breslich, Miss Evelyn R. Garbe, Messrs. Herman Meyer, 
Daniel Zelinsky, H. J. Zimmerberg, L. A. Blatz, Charles Brumfel, 
Morris Friedman, Miss Marjorie Groves, Messrs. A. R. Jacoby and 
Charles Nichols. : 


The following appointments to instructorships are announced: 
University of Cincinnati: Mr. Robert Fopma; DePaul University: 
Mr. Paul D'Arco; Greenbrier Junior College, Lewisburg, W. Va.: 
Miss Margaret. R. Davis; Heidelberg College, Tiffin, Ohio: Dr. Ruth 
G. Simond; Kansas State College: Mr. D. K. Brooks, Mr. L. E. 
Milleson, Mr. W. V. Unruh; University of Kentucky: Mrs. J. C. 
Lamb, Mrs. C. G. Latimer; Lehigh University: Mr. R. C. King, Mr. 
S. W. Smith; Michigan State College: Mr. Nicholas Musselman; Ohio 
State University: Mr. L. H. Miller; University of Oklahoma: Miss 
Phyllis Barclay, Mrs. Dorothea A: Sudduth; Oregon State College: 
Miss Florence Bakkum, Mr. L. R. Foote, Mr. Fred Young; Pennsyl- 
vania State College: Mr. J. R. Kinney, Mrs. Nellie M. Krall; Univer- 
sity of Pennsylvania: Mr. R. C. Cambell; Purdue University: Mr. 
: H. M. Anderson, Mr. F. C. Leone; Rice Institute: Mr. G. R. Mac- 
Lane; Stanford University: Miss Marjorie L. Hoffman, Miss Mary V. 
Sunseri; Yale University: Mr. J. S. Blair, Mr. J. C. Caughlan, Dr. 
'W. C. G. Fraser, Mr. C. R. Kossack, Mr. J. R. Lee, Mr. P. E. Poe, 
Mr. James Smillie. : 


The death in 1941 of Professor H. L. Lebapi of the Collège de 
France is now reported. 


Dean John Matheson of Queen’s University died January 24, 1944, 
at the age of seventy-one years. He had been a member of the Society 
since 1918. 


Professor Emeritus H. H. Dalaker of the University of Minnesota 
died May 20, 1943. He had been a member of the Society since 1909. 


Professor Emeritus T. S. Fiske of Columbia University died Janu- 
"ary 10, 1944. Further notice of his death will appear in a forthcoming 
issue of the BULLETIN. . 


Dr. Edward Helly of the Illinois Institute of Technology died 
November 28, 1943. 
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Mr. H. L. Mintzer died November 24, 1943. 


Associate Professor G, A. Pfeiffer of Columbia University died De- 
cember 28, 1943. He had been a member of the Society since 1914. 


Professor H. L. Rietz of the State University of Iowa died Decem- 
ber 7, 1943. He had been a member of the Society since 1902. 


_ ABSTRACTS OF PAPERS 
SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


53. A. W. Jones: The lattice isomorphisms of certain finite groups. 


Let G be any finite group whose lattice of subgroups is modular. The author gives 
an explicit procedure for obtaining defining relations for all groups whose lattices are 
isomorphic to the lattice of G. Since abelian groups have lattices which are modular, 
the procedure given includes a characterization, for the finite case, of the groups 
which are lattice isomorphic to abelian groups (cf. Baer, Amer. J. Math. vol. 61 
(1939) pp. 1-44). (Received January 28, 1944.) 


54. Oystein Ore: Galois connexions. 


In numerous mathematical theories there occur order inverting correspondences 
between two structures P and Q, $—Q(£), g>P(q), such that POC) Dp, QP(a) Da. 
The basic properties of such Galois correspondences are derived. They correspond 
to a duality between structures or closure relations and can also be considered to be 
mappings of closure relations. They are closely connected with the theory of binary 
relations as discussed in the author's Colloquium Lectures given in Chicago in 1941, 
Among the applications should be mentioned a general Galois theory for binary rela- 
tions, illustrated in detail for the case of equivalence relations, (Received December 7, 
1943.) 


55. Raphael Salem: On a remarkable class of algebraic integers. 
Proof of a conjecture of Vijayaraghavan. 

Let us denote by C the set of all algebraic integers such that all their conjugates 
have moduli inferior to 1 (“Pisot-Vijayaraghavan numbers? or briefly “P. V. num- 
bers"). It is proved that the set C is closed. C being enumerable it follows that it is 
(1) nowhere dense; (2) not dense in itself; (3) reducible. There exists a number larger 
than 1 which is the smallest *P. V. number." (Received December 29, 1943.) 


56. P. M. Whitman: Identities in lattices of equivalence relations. 
Preliminary report. 


It is shown that free lattices can be represented by equivalence relations. There- 
fore no lattice identity can hold in every lattice which consists of all equivalence rela- 
tions on some set, unless it holds in every lattice. (Received December 27, 1943.) 
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'57. P. M. Whitman: Lattices and equivalence relations. Prelimi- 
nary report. 


It is shown that any lattice is isomorphic to a sublattice of the lattice of all 
equivalence relations on some set. (Received January 28, 1944.) 


ANALYSIS 


58. Jesse Douglas: Separable transformations with separable $n- 
verse. i 


All transformations X —f(x)--h(y), Y=g(x)+k(y) are found whose inverses are 
of the same form. Six essentially different types are obtained. If x, y are interpreted 
as minimal coordinates u-+49, «—iv (and X, Y similarly), we have all harmonic trans- 

` formations whose inverses are harmonic. The paper will be published in full. (Re- 
ceived January 15, 1944.) 


59. K. O. Friedrichs: The identity of weak and strong extensions of 
differential operators. 


In applying the theory of linear operators in Hilbert spaces or spaces L, to the 
solution of differential equation problems, it is impossible to retain the meaning of 
differentiation in the ordinary sense; the concept of differential operator must be 
extended. Two such extensions offer themselves, a “weak” and a “strong” one, that is, 
the adjoint of the “formal-adjoint” and essentially the closure. The purpose of the 
paper is to prove the identity of these two extensions for general linear differential 
operators. The main tool for the proof is a certain class of smoothening operators ap- 
proximating unity. They yield the identity of both extensions immediately for differ- 
ential operators with constant coefficients; they are a strong enough tool to yield this 
identity likewise for operators with non-constant coefficients. (Received December 3, 
1943.) 


60. B. M. Ingersoll: On singularities of solutions of linear partial 
differential equations. , 


Let U(s, 2), se x+4y, 2— x —1y, x, y real, be a real solution of L(U)mAU+AU, 
HB U,-- CU —-0, where A, B, and C are entire functions when x and y are extended 
to complex values. To every such solution corresponds uniquely a complex solution 
u(s, 2) = 2 ao 272 -oA mein of L(U) =0, with the property that 72 o4 o«£* =x U(0, 0) 
exp (—/i (0, z)d£), where a(s, 2) (1/4) {A [(4-2)/2, (s—2)/25) ] HB [((s--2/2, 
(z—3)/2:)]]. These solutions were introduced by Bergman (Rec. Math. (Mat. 
Sbornik) N. S. vol. 2 pp. 1169-1198 and Trans. Amer. Math. Soc. vol. 53 pp. 130- 
155) who showed that the location of the singularities of u(z, 2) is determined by 
the sequence {Ano}. Employing this result the author investigates the relations 

. between sequences {Ans}, k fixed, m=0, 1,2, - - , and the positions of singularities 
of u(x, 8). For example, using a result of Mandelbrojt (C. R. Acad. Sci. Paris, 1937, 
pp. 1456-1458) he determines the arguments of the singularities on the circle of 
convergence of s(s, 3) in terms of the sequence {Ams}, k fixed. In the last section 
of the paper, using explicitly an integral representation of the complex solutions u(s, 8), 
the author investigates the real solutions U(s, 8) =) Roo) 2-oDma®™#* of L(U) m0. 
He constructs, in terms of {Das}, k fixed, m=0, 1, 2, - - - , and some of the deriva- 
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tives of the coefficients of L, an saai function f(s/2) whose singularities coincide 
with those of U(s, 2). (Received January 28, 1944.) 


61. Mark Kac: On real zeros of some functions. 


The purpose of this note is to call attention to some applications of the formula for 
the number of real roots given recently by the author (Os the distribution of values of 
trigonometric sums with linearly independent frequencies, Amer. J. Math. vol. 65 (1943) 
pp. 609-615, in particular $3). If f(x) has a continuous first derivative and a finite 
number of turning points in (a, b) then the number of zeros of f(x) in (a, b) is given 
by the formula (x/2)/*2(/? cos (f()) (GO | dx] d£, with the understanding that 
multiple roots are counted only once and that end points (a and b) if they happen to 
be roots are counted as 1/2 each. This formula is a source of amusing identities. For - 
instance if f(x)=cos x, a=0, b—2« one obtains easily that 4«*» [2 f*2((Jo(£) 
—Jo(£14-52)1/2)/33)d£ds. Also this formula is very convenient in computing average 
numbers of real roots of certain random functions. (Received January 31, 1944.) 


62. A. T. Lonseth: Dsrichlet's principle for Au = F.(u; x, y). 


This nonlinear elliptic partial differential equation (A7 Laplacean operator) is the 
Euler-Lagrange equation for the minimization of f/f (14--s; -2 F(u; x, » ]dx dy. Here 
the simultaneous boundary-value and minimum problem solution is obtained by 
modifying Courànt's method for self-adjoint linear elliptic equations (R. Courant and 
D. Hilbert, Methoden der mathematischen Physik, ‘vol. II, Berlin, 1937, chap. 7). It is 
assumed that F(u; x, y) is of class C” and convex in s, and of class C' in x and y. 
Assumptions as to region and boundary values are as in Courant-Hilbert. (Received 
January 17, 1944.) 


63. Szolem Mandelbrojt: Some theorems connected with the theory 
of infinitely differentiable functions. ; 


The author gives a simple and elementary proof of the necessity of a well known 
necessary and sufficient condition for quasi analyticity, and an immediate proof of a 
theorem concerning Watson's problem. The author proves also an inverse to a the- 
orem of S. Bernstein on the best approximation on the whole real axis. (Received 
_ -January 27, 1944.) 


64. H. E. Newell: The solaions of a certain linear matric difer- 
ential equation. | 
The linear matric differential equation GY (x, d)/dxm {Alura + (au(x, 3))] 
- Y(x, A), x and à being complex, has been shown to possess under certain conditions 
solutions of the form P(x, \)E(x, A), where E(x, A) = (85 exp {X/f*r,(x)dx}) and 
P(x, X), analytic in x, reduces uniformly in x to the identity matrix when à becomes 
infinite. The theory, originally developed by R. E. Langer (R. E. Langer, The bound- 
ary problem of an ordinary linear differential system in the complex domain, Trans. 
Amer. Math. Soc. vol. 46 (1939) pp. 151—162; correction, p. 467) and later extended 
by the author (H. E. Newell, Jr., The asymptotic forms of the solutions of an ordinary 
linear matric differential equation $n the complex domain, Duke Math. J. vol. 9 (1942) 
pp. 245-258, and vol..10 (1943) pp. 705-709), was applied for the most part to cases 
in which the elements q;,(x, 4) were analytic and bounded. The present paper treats 
' .of certain special cases in which the functions g;;(x, X) may have poles on the boundary 
of the x region in question, (Received January 21, 1944.) : 
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65. A. M. Peiser: Some applications of Fourier analysis to the siudy 
of real roots of algebratc equations. 


Let N.(x) = N.(xo, +++, xn) denote the number of real roots of Fm) j o,f! 0. 
It is shown that at each continuity point of Ns, N(x) = limy,«(5/(22)1/) f, A (2) 
-| Y«(z, 2| exp [—22X3(x, 2)/2 ]dt where A (f) is a known positive function of ¢ alone, 
and X, and Y, are orthogonal, normal linear forms in Xo, °° * , Xa. Thus, if the x's are 
independent, normally distributed random variables, then X, and Y, a-e normally 
distributed and, because of the orthogonality, independent. For the average number 
(mathematical expectation —m.e.) of real roots of F=0 in this case we find 
m.e. { Na(x)} = limp (8/(29)/3) 5,4 (t)m.e. ( | Y«(2,2) | ] m.e. (exp [—22X2(, t) /2]])at. 
, Suppose now that m.e. {x,] =c and that for each j, m.e. {x3} =s. The author com- 
pares the number of real roots Na(c) of Fem) 7 jt —0-with the number of real 
roots N.(c4d-sx) of Fem) }o(cj+sx;)==0, and shows how to choose s so that 
m.e. [ N (c -s2)] is near N,(c). This may have an application to empirical equations, 
for we can consider Fi 0 as the theoretical, ot “true” equation, and F;=0 as an *ob- 
served? equation in which each coefficient is measured with precision s, (Received 
January 28, 1944.) 


66. Harry Pollard: Fourier series with coefficients in c Banach 
space. 

g Let f(t) be a function on (0, 1) to the complex Banach space B. Bochner has shown 

that a large part of the older theory of Fourier series carries over to functions of this 

character, but breaks down in the fundamental La theory. In particular Bessel's 

inequality is no longer valid. It is proved in this paper that the inequality carries over 

if and only if B admits a scalar product. (Received January 24, 1944.) 


67. C. E. Rickart: Representation of linear transformations on sum- 
mable functions. 


This paper contains an integral representation theorem for the general bounded 
linear transformation on summable functions to an arbitrary Banach space. The 
representation is obtained by means of an abstract Radon-Nikodym theorem proved 
earlier by the author (see abstract 49-11-270). (Received January 26, 1944.) 


68. H. E. Robbins: 4 note on the Riemann integral. 


Let f(x) be a continuous function. If, in the usual definition of the Riemann 
integral of f(x) from a to b as the limit of S, equals the sum of terms of the form 
JE) (x:—241), the points of subdivision, xoa, xi, - ^ - , €. b, are not assumed to 
have the property x2 xı, then Sa need not tend to a limit as d, - max [xi—x i| 
tends to 0. But if any constant Cè (b—a) is given in advance and if the points of 
every subdivision satisfy the inequality, sum of |%—x:.| $C, then Sa will tend to 
the Riemann integral of f(x) as d, tends to 0. (Received January 28, 1944.) 


69. F. H. Safford: Analysis of a non-harmonic wave. 


The present paper considers the problem of expressing a periodic function by 
means of sines and cosines up to p harmonics, when the values of the function are 
given as ordinates for equidistant abscissas, with no further information. This is a 
variation of the method of selected ordinates used by J. Fischer-Hinnen in 1901, but 


ad ? : n 
1944] ABSTRACTS OF PAPERS 183 


with f coefficients for the sine terms and p+1 coefficients for the cosine terms, corre- 
sponding terms being combined into the form A sin (¢-+,6).The period may be taken 
as 2x, and the values of » are from 0 to f. It is necessary to use a second set of ordi- 
nates at the distance (x/2p) from the first set thus-providing 2p-+1 disposable con- 
stants corresponding to the same number of points from the observed function, The 
presence of higher harmonics with composite indices is duly provided for. The the- 
orem concerning the sums of equidistant ordinates of sine curves provides the com- 
ponents of the observed ordinates and the latter are linearly related to the disposable 
constants. Thus for each harmonic it is possible to obtain its amplitude and phase 
angle without trigonometric ambiguity, in terms of the observed values of the given 
ordinates. (Received January 24, 1944.) 


70., Raphael Salem: On a theorem of Bohr and Pål. 


The paper gives a short and simple proof of the following extension of a theorem 
of Pál, due to H. Bohr: given a function ¢(#) continuous and of period 2x, there exists 
a function (0) (t(0)=0, é(2x)=2x), continuous, strictly increasing, such that the 
Fourier series of $(é(6)) converges uniformly for 030 32x. (Received December 29, 
1943.) 


71. Raphael Salem: Seis of — and sets of multiplicity. II. 


This paper is a continuation of a paper which appeared under the same title in 
Trans, Amer. Math. Soc. vol. 54 (1943) pp. 218-228. It gives the necessary and suffi- 
cient condition for an unsymmetric perfect set of constant ratio to be a set of unique- 
ness, It deals also with some aspects of the classification in sets of uniqueness and 
. sets of multiplicity of symmetrical perfect sets of the Cantor type and of variable 
ratio of dissection. (Received December 29, 1943.) 


72. A. R. Schweitzer: On funcional equations with solutions con- 
taining arbitrary functions. IV. 

Whenever an iterative compositional functional equation has a solution containing 
an arbitrary function in two or more variables, the possibility of an associated repre- 
sentation of substitution groups by functional equations may be entertained. A simple 


example is f(s, Wy ttt, Xn, 7) f(x, scc, Enpi) where u=f(x, hh, tts, t.) and 
v—f(xega, hi f 5, &)(n—1, 2, +» ) with solution: f(x, xa, * * * , Xapi) 23 — Xapi 
Tan, +++, £a). A group of equations follows if f(x: xa, * © * , Sapı) mf xw tn, 


Zins X441). In this and certain analogous representations of a substitution group G, 
the equation corresponding to the identical substitution has a solution containing an 
arbitrery function and the corresponding group of equations has a solution based on 
the invariance of the latter function under G. A generalized associative equation as 
inverse of the above egnan corresponds to the identical element in the group 


of equations: ofelen ttt, May, y») Jeet; n ya] -éln, X, ttt, Xn 
és utr, Ls 544)]- Anota example is fae on flu, m, D where 
u= fn, X» | Enya) with solution: fn, x ’ £441) = a(w, Wace, Wa) a4. 


where tr; 2 x: —x441 and a is arbitrary except ; for (0, 0,*-:,0)-0. (Received Janu- 
ary 24, 1944.) ` ; l 


73. A. R. Schweitzer: On functional equations wiih solutions con- 
taining arbitrary funcisons. V. 


The quasi-transitive equation, f(s, ta''', Wan)mf(s scia Sap), 


184 ABSTRACTS OF PAPERS [March 


uc fn, ti, b, +++, Fa), is made the basis of an (n--1)-adic genesis of the group con- 
cept by postulating further: (1) Given f(m, xs, - - * , x41), there exists $(x1,%2,-°-°, 
X241) such that f{ o(x, hh tts, Hs), hfc, tn} =x and el, hh tis, tn), 
hh, ta} x. (2) If xy, then f(x, Hoty x)=f(y, »ttt, y). (3) The set S 
of elements x; is closed under the compositions f and $. The preceding postulates 
define a group under binary composition if in the functions f(x, xs, * * - , x441) and 
Pll Xa co, Lap), May +++ xa. The postulates are also satisfied in the 
domain of abstract groups under (s--1)-ary composition if f(x, x, * - - , Xay) 
=y enh a(t, t, °° +, wa) where w= x; xxii and a is an arbitrary “function” of 
group elements. Finally, the postulates are satisfied by a set of elements closed under 
the binary compositions of a commutative group and any one of a class of specialized 
operations represented by the function a, including multiplication of arguments, An 
analogous genesis based on a generalized associative equation is discussec. (Received 
January 24, 1944.) 


. 74. M. F. Smiley: An extension of metric disiribuisve lattices with 
an application $n general analysis. 


It is shown that a metric distributive lattice (Garrett Birkhoff, Laitice theory, 
Amer. Math. Soc. Colloquium Publications, vol. 25, 1940, pp. 41 and 74) may be 
embedded in a field of sets with a finitely additive measure provided that the modular 
functional of the basic lattice is bounded from below. Under the additional hypothesis 
that this functional is bounded, it is proved that the corresponding measure is com- 
pletely additive. This result is applied to E. H. Moore's last instance of his second 
general analysis theory (General analysis, Part I, Memoirs of the American Philosophi- 
cal Society, vol. 1, 1935, pp. 14-15). In this example the positive character of Moore's 
basic matrix is found to depend essentially on the distributive law. The proof of the 
major result employs theorems of H. Wallman (Lattices and topological sbaces, Ann. 
of Math. (2) vol. 39 (1938) pp. 112-126) and of M. H. Stone (Applications of the 
theory of Boolean rings to general topology, Trans. Amer. Math. Soc. vol. 41 (1937) 
pp. 376-481) on the representation of Boolean rings, as well as methods of H. M. 
MacNeille (Extension of a distributive lattice to a Boolean ring, Bull. Amer. Math. 
Soc. vol. 45 (1939) pp. 452~455) and of S. Kakutani (Concrete representation of abstract 
(L)-spaces and the mean ergodic theorem, Ann. of Math. (2) vol. 42 (1941) p. 533). 
(Received January 10, 1944.) 


75. F. T. Wang: On Riesz summability of Fourier series. IV. 


Let f(t) be an integrable periodic function with period 2r and ¢a(#) be the frac- 
tional integral of $(/) 2271 f(x-F-1) --f(x —4) —2s} of order e. Then we have the 
following results: (1) If alt) —o(i*?/log £7), a>0, as 10, then the Fourier series of 
f( is summable by Riesz typical mean of type A, =exp (log n)!** and of order 
«-Hi, or simply, summable exp (log s)!* |, a+1, to sum s at tex. (2) If 
Da (as bi) (log n)" (0 <a <1) converges then the series 3o (a. cos nx-+d, sin nx) 
is summable exp (log #)“*}, 8, 50, almost everywhere. (Received January 5, 1944.) 


76. F. T. Wang: Some remarks on oscillating series. 


Let o® be the rth Cesàro mean of the series 3,2304 where r is a positive integer. 
Then we have the following result: If o—s=o(n-™), 0«a«1, as t—« and 
a, > — Kn?71, then the series ? 2.23, converges to sum s. For the case r= 1 this has 
been proved by Boas. The author proves in this note the result for r 22, and gives an 
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example from the theory of Fourier series that there exists a divergent series ? , oda 
such that of’ ~s =0(7 27), 0 <a’ Ca «1 and an= O(n). (Received January 5, 1944.) 


- 7T. D. V.. Widder: The iterates of the Laplace kernel. 


The iterates of the Laplace kernel Go(x, y) =e are defined by the recursion rela- 
tion G,(x, y) = fPGo(x, t)Gea(t, y)dt, n=1, 2, - - - . In an earlier paper (Bull. Amer. 
Soc. vol. 43 p. 813) the author determined explicitly all these functions which have 
odd subscripts. They are rational functions of x, y and log (x/y). In the present paper 
the iterates with even subscripts are studied. They cannot be expressed in terms of 
the elementary functions. Complete asymptotic series for their behavior near x= + © 
are obtained. For their behavior near the origin they are developed in power series 
which converge for all positive values of x. The method consists in expressing the ath 
iterate in terms of a function ka(x) whose bilateral Laplace transform turns out to be 
T(—s)**! T(s--1)*. The function 4,(x) is in turn expressible in terms of a new set of 
transcendental functions related to the familiar exponential integral EI(x). (Re- 
ceived Januaty 14, 1944.) 


APPLIED MATHEMATICS 


78. Stefan Bergman: On solutions of certain partial differential 
equations $n three variables. 


(I) Let E(x, y, £, t, 7) bea solution of the equation G(E) zL(E) + [0-1 U(1 —7) (Es 
-HE, cos #+4E, sin ).]--4 [(1/2)r -M1 —r2)E], which satisfies certain boundary con- 
ditions. Here L(E) =AE+A(xEs+yEy+sE,)+CE, U=x+iy cos i-is sin f. Then 
V, y, s) f? f1, Ef[(1/2)u(1 —72), 1]/didr, where f(t, t) is an arbitrary analytic 
function of ¢ and #, will be a solution of L(y) =0. (II) If A and C are entire functions 

of ríezx!--33--s! alone, then G(E) becomes G(E)zm(1—79)Em4n-—-7 (14-725. 
+rr[Ent+2r E + BE] 20 where B=[—(3/2)A — (1/2)4 4 - C — (1/4)341]. The au- 
thor shows that in the case II, there always exists a solution E=H(r, r) of Go(E) —0, 
which is an entire function of r. The author considers vectors S» (1, Va, Ys) where 
Vi f? Jl Bfdtdr, am for. f, Bf cos tdtdr, ya if? [^1 Bf sin tdidr. Clearly L(Vx) =0, 
K —1, 2, 3. Let c! be a simple closed curve which lies on a sphere x!--5*-1-s? const. 
If the Vx are regular in this sphere then fa S: X —0. Here X= (x, y, s), and - means 
the interior product. “Residue” theorems are derived if the yx have singularities in 
the above sphere. Applications in the theory of waves propagation are indicated. 
(Received January 28, 1944.) 


79. Nathaniel Coburn: 4 jana value problem $n plane glasses 
‘iy for the Coulomb yield condition. 


The following problem is studied: given a semi-plane x0, composed of plastic 
material which follows the Coulomb yieldicondition; the stresses oe, oy, Tey acting on 
the boundary x=0 are considered as known; to find the stresses at any point in the 
interior of the semi-plane. The method of attack is a modification of that used in 
studying a similar problem for a perfectly plastic material. The stresses and the func- 
tions sin 2y, cos 2y (where y is the angle between the x-axis and a tangent to a line 
of principal shearing stress) are expanded in power series of the friction coefficient. 
Substituting these power series into the Levy equations, there results an infinite set 
of Levy equations for the various approximations to the stresses. By requiring that 


N 
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each set of approximations satisfy the equilibrium relations, an infinite sequence of 
Airy stress functions is obtained. Since each Airy stress function must satisfy two in- 
dependent Levy equations, there results an infinite set of second order linear partial 
differential equations. The various approximations are determined and the conver- ' 
gence of ozy is demonstrated for the case osy(0, y) «0. (Received December 20, 1943.) 


80. H. L. Garabedian: The analogue of Bromwich's theorem for tn- 
tegral transformations. ` . 


The main theorem of this paper provides sufficient conditions in order that a 
method of summation defined by an integral transformation of the type s(x) 
= fok(x, t)a(t)dt shall include Cesàro summability of positive integral order n, de- 
fined by the transformation y(x) = f3(1 —1/x)"a(t)dt. A kernel k(x, 1) is exhibited which 
fulfills the conditions of this theorem and thus provides a means cf solving in a 
rigorous fashion the problem of the flow of heat in an infinite rod whose surface is a 
non-conductor. (Received December 20, 1943.) . 


81. Michael Goldberg: A three-space analog of a plane Kempe link- 
age. 

The following theorem is due to A. B. Kempe: Each of the sides of a plane quadri- 
lateral linkage may be joined by a link to a common pivot without restricting the 
movability of the linkage. The new pivot associated with a side need not be collinear 
with the other pivots of that side; the three pivots may form a triangle in a rigid 
plate. Extensions and further studies on this theorem were made by Kempe (On 
conjugate four-bar linkages, Proc. London Math. Soc. vol. 9 (1878) pp. 133-147) and 
Darboux (Recherches sur un systéme articulé, Bull. Sci. Math. vol. 3 (1879) pp. 151- 
192). This paper is concerned with the analogous theorem in three-space. It is shown 
that it is possible for each of the four bodies of a movable hinged skew quadrilateral 
(a Bennett linkage) to be joined by a hinged link to a common hinge without restrict- 
ing the movability. As in the case of.the plane, the three hinges in a body need not 
have a common perpendicular. In general, these hinge lines are non-parallel and 
non-intersecting. (Received January 29, 1944.) 


82. Max Herzberger: The diapoint characteristic.’ 


To every point in an optical system with symmetry axis belongs a manifold of 
diapoinis, the intersections of the image rays with the meridian plane. If the object 
point has a sharp image, all the diapoints coincide with it; if the object point has an 
image with a curved or straight symmetry axis, the diapoints form the axis. The 

` author introduces the diapoint characteristic, a function giving the optical path be- 
tween point and diapoint. Such a function has a two-dimensional manifold of values 
in the general case, a one-dimensional manifold in case of symmetry, and is constant 
if the object point is sharply imaged. The diapoint function F(x, y, s, v, w) can be con- 
structed as a function of the coordinates of the object point (x, y, z) and two param- 
eters v, w. Its analysis for a given system gives at once all the points in space 
which are sharply or symmetrically imaged, and tells whether there are any sur- 
faces sharply or symmetrically imaged. An example, refraction at a plane and at a 
sphere, is'analyzed. (Received January 24, 1944.) 


:83. R. P. Isaacs: Aérfotl theory for flows of variable velocity. 
There arise many cases in aircraft practise—conspicuously that of the rotating 
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wing—where the flow over the lift surface is of variable velocity. The first section of 
this paper deals with theory of an airfoil in a variable speed stream (but constant 
angle of attack). The result is an integrodifferential relation between the two functions 
involved: velocity and circulation. Next the case is treated: velocity =constant+sinu- 
soidal variation. Finally the. lift is studied and given explicitly for this latter case in 
the form of a Fourier series. (Received January 24, 1944.) 


84. R. v. Mises: Note on the numerical solution of linear partial dif- 
ferential equations. 


The usual method of numerical solution consists in replacing the differential equa- 
tion L(u)=0 by a set of algebraic linear equations for the values «(P;) where P; 
are the points of a rectangular lattice. This procedure has obvious inconveniences in 
the case of curved boundaries. Many questions arise if instead of this lattice more 
general types of point sets are used. The present paper deals with some of these ques- 
tions, in particular with the number and the arrangement of points required for any 
order of approximation and with the possibility of applying the method of successive 
approximations (relaxation method) to the -solution of the algebraic equations. 
Specified formulae are proposed for the case of the Laplace equation. (Received 
January 28, 1944.) 


85. David Moskovitz: Numerical solution of Laplace's and Pois- 
son's equations. 


This paper considers the system of equations (1) Los(s) — tyli) —#,-1(4) = ¢,(4) 
(521,2, ***,n—1;j21,2, -- , m—1), where Ls is the linear operator defined by 
LJ = d(5) —f¢+1) —f($—1); cis a constant, the ¢;(#) are prescribed, and we seek the 
values #,(¢). The solution of (1) is obtained in symbolic form which is interpreted to 
define actual solutions. Application is made to the numerical solution of Laplace's and 
Poisson's equations with prescribed values on a rectangular boundary. Tables of 
values are included to facilitate making the applications. (Received January 28, 
1944.) 


86. Isaac Opatowski: Use of spectal functions $n a i problem of uni- 
form strength. 


A cantilever is bent under the action of its own weight and a concentrated load 
Fat the free end. If x is the distance of the cantilever's cross section from its free end, 
A(x) the area of the cross section, S(x) the section modulus, g the specific weight of 
the beam, s the maximum stress of each cross section, the condition of uniform 
strength is: (*) Fx+g/¢(x—g)A(g)dqg=sS(x). If the surface bounding the cantilever 
is representable in the parametric form: y= u(x) U(t), s==0(x) V(t) where (x, y, z) are 
orthogonal Cartesian coordinates, with s-axis lying in the plane of the bending couple, 
the use of the functions w(x) = x(x) [v(x) ]5, r(x) =1/v(x) (that is, w directly propor- 
tional to the section modulus, r inversely proportional to the radius of gyration) 
reduces (*) to the differential equation (**) w''(x) =ar(x)so(x), where a is a constant 
depending on the type of cross section. (**) gives a wide possibility of use of most of 
the special functions. Cases leading to hyperbolic and cylindrical functions are dis- 
cussed in detail. The treatment is general, that is, independent of the type of cross 
section. (Received January 28, 1944. ) 
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87. H. E. Salzer: Table of coefficients Jor inverse interpolation with 
advancing differences. 


This table can be used in place of the similar one described in a previous abstract 
(49-9-224). In addition it has the advantage that it can be employed for inverse inter- 
polation near the beginning or end of a table and also when only a few tabulated 

- values are available (as is the case, for instance, when solving transcendental equa- 
tions). The Mathematical Tables Project has computed the coefficients of the prod- 
ucts of ratios of advancing differences of various order. These coefficients occur in 
the formula obtained by the inversion of the Gregory-Newton formula for direct 
interpolation, employing Lagrange’s theorem. The polynomial expressions for those 
coefficients are given in H. T. Davis, Tables of the higher mathematical functions, 
vol. 1, pp. 80-81. (A slight addition to the formula was made to complete it as far as 
the eighth order.) The coefficients of the two fourth order and the two fifth order 
terms were calculated to ten decimals, at intervals of 0.001 of the argument 
m =a (u — uo) / (1 —9). The coefficients of the four sixth order terms were calculated 

_ at intervals of 0.01 and the four seventh order coefficients as well as the seven eighth 
: order coefficients were computed at intervals of 0.1 (all to ten decimals). (Received 

December 2, 1943. ) 


88. Andrew Vazsonyi: On two-dimensional rotational gasflows. 


The differential equation of an inviscous compressible fluid is determined under the 
condition that the conductivity of the gas is negligible. (By admitting discontinuities 
this includes flows with shock waves.) The equation of motion is (1) Yes(1— (u?/a?)) 
~ (20/0?) ey Hoy (1 — (02/2?) — p [8ho/ 89 — ((k — 1)/kR) e--23/2)05/y], u= (1/p)¥, Yn 
v= — (1/o)Vs, pe^ (ho —q2/2)/71, gt(bo—g2/2)471 — etg) tyr), am ke 070 

* (ke —g?/2) where the notations are as follows: y streamfunction, q velocity, « and v 
velocity components, p density, a local speed of sound, ko stagnation enthalpy (Ber- 
noulli constant), s specific entropy, R gas constant, k isentropic exponent. There are 
two arbitrary functions in this equation, namely: hs(V) and s(y); these must be given 
by the boundary conditions (or by the nature of the discontinuities). The flow is 
rotational in general and the rotation is given by w=dv/dx-—du/dy—= —pdho/dy 
+(p/R)ds/dy. For irrotational flow the right-hand side of (1) equals 0. (Received 


' , January 28, 1944.) 


GEOMETRY 


89. Stefan Bergman: A Hermitian metric and tts property. Pre- | 
liminary report. 


Let the real analytic function (s, ss, 21, 25), keit ym xy —1ys, k=l, 2, of 
four real variables x1, x2, 1, Jı, satisfy the equation @=c{ [a*/as,08, ] [259/2243] 
— | a*/as,0%,| ? }, c=constant, ¥mlog 4, in a domain B of the (four-dimensional) ' 
space and become infinite on the boundary of B. The expression dsL(s, 21) 
-— anal [33t /ðsm a2, ds. da. defines in B a Hermitian metric which is invariant with 
respect to transformations by pairs of analytic functions, z4* —s,*(s;, 23), E=1, 2, of 

` two complex variables which are regular in B. Using the methods of the theory of 
orthogonal functions (see Bergman, Sur les fonctions orthogonales de plusiers variables 
complex avec les applications à la théorie des fonctions analytiques, Interscience Pub- 
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lishers, New York, 1941, chap. 4) the author investigates the property of this metric 
in the Be The author introduces the system of orthogonal functions, (M!(s,, z;), 
M?!(s;, 14), * - - } (see loc. cit. p. 28) which he obtains by replacing in the formula (9) 
(see loc. cit. p. 46) the kernel function K by &. Various applications to the theory of 
pseudo-conformal transformations are discussed. (Received December 15, 1943.) 


90. S. S. Chern: A simple intrinsic proof of the Gauss-Bonnet for- 
mula for Riemannian polyhedra. 


In an n-dimensional Riemannian space let Ri zı be the Riemann-Christoffel tensor. 
Let e*1°***s equal 1 or —1, according as the indices form an even or odd permutation of 
1, +; +, f, and be otherwise zero. Define Seti "facit Rita + + Rig stein tin 
when 5 is even and S=0 when n is odd. Let the Riemannian space be orientable and 
closed. The Gauss-Bonnet formula in its simplest form asserts that the integral of S 
over the volume element is equal to a constant multiple of the Euler characteristic 
of the space. (Cf. C. B. Allendoerfer and André Weil, Trans. Amer. Math. Soc. vol. 53 
pp. 101-129.) A simple intrinsic proof of this formula is given, based on the following 
two facts: (a) the integrand in question is a null form in the (2n—1)-dimensional 
space formed by the unit vectors of the Riemannian space; (b) a field of unit vectors 
can be defined in the space with a finite number of singular points. Of these two facts 
(a) is proved by an explicit formula, while (b) is well known. An application of Stokes’ 
formula in the space of unit vectors immediately yields the desired result. Incidentally 
the index theorem on vector fields follows as a consequence of the present proof. 
Suitable modifications give the formula for a Riemannian polyhedron. Under reason- 
able assumptions the formula holds for an infinite Riemannian space. (Received De- 
cember 13, 1943.) ' 


91. J. M. Feld: On a representation in space of groups of circle and 
turbine transformations $n the plane. 


In a previous paper (Bull. Amer. Math. Soc. vol. 48 (1942) pp. 783-790) the 
author showed that the oriented lineal elements of the euclidean plane can be mapped 
continuously and 1-1 upon the points of quasi-elliptic three-space, Q;, so that the 
group of whirl-similitudes in the plane is isomorphic with the group of automorphic 
projectivities of Qs. In this paper the mapping is extended to a 1-1 continuous rep- 
resentation of the lineal elements of the Moebius plane upon the points of projective 
Ss. The Laguerre, Moebius, and Lie groups of circle transformations are then shown 
to be isomorphic with groups of projective transformations in S, which leave certain 
linear complexes and congruences of lines invariant, and Kasner'a group of turbine 
transformations is shown to be isomorphic with the projective group of Sı. (Receiyed 
January 29, 1944.) 


92. C. C. Hsiung: Some invariants of certain pairs of hypersurfaces. 


The purpose of this paper is to generalize the results of Buzano (Bollettino della 
Unione Matematica Italiana vol. 14 (1935) pp. 93-98), Bompiani (Bollettino della 
Unione Matematica Italiana vol. 14 (1935) pp. 237-243), and the author (Projective 
invariants of a pair of surfaces, to appear in Amer. J. Math.). Two pairs of hyper- 
surfaces V, 1, Vit Lina space Sa of n (23) dimensions are considered: (a) The tangent 
hyperplanes far, 4*3 at two ordinary points O, O* are coincident. (b) The tangent hy- 
perplanes é_1, #1 at two ordinary points O, O* are distinct, and the common tangent 
flat space ts of fai, £f contains the line OO*. It is shown that determined by the 
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neighborhoods of the second order of the hypersurfaces V4 1, Vati at the points O, O* 
there exist a unique and two projective invariants for the two cases respectively; and 
each invariant is given metrically as well as projectively geometric characterizations. 
(Received December 29, 1943.) 


93. G. B. Huff: The completion of a theorem of Kantor. 


Let a complete and regular linear system £ be defined by its order xo and its 
multiplicities xı, - - * , x, at a set, P5, of p general points in the plane. A planar 
Cremona transformation C whose fundamental points fall at P$ will send Z into a 
system X’ of order x and multiplicities xi, * + * , x; at the fundamental points of C71, 
The characteristic {x} = (xo; s, - - - , xp} of Z is related to (x'] = (x56; æi, <- <, 22] 
by a linear transformation L which has integral coefficients and the invariant forms 
(mae) matt +++ Hahaa and (Ix) am ++ ++ x, —3xo. In his prize memoir of 1884, 
S. Kantor incorrectly asserted the following: proposition: any L with integral coeffi- 
cients, leaving (xx), (ix) invariant, and having the coefficients of x» positive and all 
others negative, must be the description of some planar Cremona transformation. 
The author approaches the problem by obtaining further properties of an L associated 
with a C and proves the theorem: An L is the description of some C if and only if the 
coefficients are integers, (xx), (Ix) are invariants, and the sign of xo in all P-character- 
tstics is unchanged. Some results are listed. (Received January 26, 1944.) 


94. Edward Kasner and John DeCicco: Scale curves in cartog- 
raphy. 

In a non-conformal map T of a surface upon a plane, the scale function o=ds/dS 
depends upon the lineal-element (x, y, y"). The scale curves defined by e(z, y, y’) 
»- const. are «? in number. If the osculating circles are constructed to the «o! scales 
passing through a fixed point P, at P, then the locus of the centers of curvature is a 
general cubic curve which has a node at P, the directions of the tangent lines at P 
coinciding with the characteristic directions. A complete analytic characterization of 
the o? scales is obtained. A new class of surfaces is found whose ©? scales are all 
straight. In this class, the only surfaces of constent curvature are the developables. 
If the « scales are of the Lie-Liouville cubic type, then they must form a velocity 
system. The cubical locus degenerates into a straight line. The velocity systems of 
scales define a new class of surfaces which are studied in detail. (Received January 25, 
1944.) 


95. Edward Kasner and John DeCicco: Scale curves in conformal 
maps. 


In any conformal map I of a surface upon a plane, the scale function o=ds/dS 
depends upon (x, y) only. Thus there are œ! scale curves o(x, y) const. which may 
be any simple family. If it be demanded that an isothermal (or parallel) system be 
scale curves of a conformal map T' such that the gaussian curvature is constant along 
the scales, then the surface must be developable (A) or 'applicable upon a surface of 
revolution (Z). For (A), the scales can be any isothermal family, whereas for (Z), the 
scales are concentric circles or parallel lines. If the scales are straight or circular such 
that the gaussian curvature is constant along them, then the suríace is a (A) or a 
(2), and the scales must be pencils of lines or circles. The application of these results 
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to any conformal map of a sphere upon a plane lead to new characterizations of the 
Mercator, stereographic, and the general Lambert conical projections. Thus the only 
conformal map with straight scale curves is the Mercator;'and the only circular cases 
are the stereographic and Lambert maps. (Received January 25, 1944.) 


STATISTICS AND PROBABILITY 


96. Benjamin Epstein and C. W. Churchman: On the statistics of 
sensitivity data. 

“Sensitivity data” is a general term for that typeof experimental data for which 
the measurement at any point in the scale destroys the sample. The paper is a gen- 
eralization of a method of treating such data due to Spearman. (C. Spearman, The 
method of “right and wrong cases” (constant stimuli) without Gauss’ formulae, British 
Journal of Psychology vol. 2 (1908) pp. 227-242.) Formulae for the moments and 


„their standard sampling errors are given. Certain minimiration problems are also 
discussed. (Received fone 26, 1944.) 


97. E. J. Cumbal: The observed return. period. 


The theoretical return period T(x) of a value equal to, or greater than, x is defined 
as the inverse of the probability 1— F(x). The question is ‘how to calculate, for s 
observations, the return period T(x») of the mth observation x(m 1,2, +++ ,n), and 
especially T (xa) of the largest observation x, for an unlimited variate. This problem is 
important in probability papers where the variate is plotted as a function of the 
return period. Engineers use a compromise between the exceedance interval 'T(x,) 
-5/(n-1) and the recurrence interval "T(x4)-5s/(n—m-F1), namely T(x&) 
=n/(n—m+1/2), In this case T(x.) «2s. If, however, the probability F(%,) of the 
median % of the largest value is attributed to xn, T(x.) «1.445 4-1/2. Both methods 
can hardly be justified. The author attributes the probability F(z4) of the most prob- 
able largest value Xa to xa. Then T (x4), as is to be expected, converges toward n, and 
equals » for the exponential distribution, and *+1 for the logistic distribution. In 
the same way, the probability F(x;) of the most probable smallest value % is used, 
_for an unlimited variate, as frequency of the smallest observation x. The frequencies 
F(£&) of the intermediate s —2 observations are obtained by linear interpolation be- 
tween F) and F(z,). Thus the return periods may be determined for all observa- 
tions. (Received January 27, 1944.) 


98. H. E. Robbins: On ihe measure of a random set. 


Let X, a measurable subset of Euclidean n-dimensional space E, be a random 
variable (for example, X may be the set-theoretical sum of N possibly overlapping 
and independently chosen unit intervals on a line with a given probability distribution 
for their centers). Let m(X) denote the measure of X, and for any point x of E let 
p(x) denote the probability that X contain x. Then under very general hypotheses on 
X it is shown that the expected value of m(X) is equal to the integral over E of p(x). 
More generally, the expected value of the rth power of m(X) is equal to the integral 
over rn-dimensional space of the function p(m, - - + , x;) "probability that X contain 
all the points zi, - - .- , £r. (Received January 28, 1944.) : 
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TOPOLOGY 


99. C. L. Clark: Arc reversing transformations. 


If A and B are separable metric spaces, B nondegenerate, a single-valued continu- 
ous transformation f(A) =B is said to be arc reversing provided the inverse of every 
simple arc in B is a simple arc in A. After several basic results are obtained, it is shown 
that if f(A) =B is arc reversing, with A locally compact and B a locally connected 
generalized continuum, then the sets 4 —4; and B—B, are homeomorphic, where B, 
is the set of all points b in B whose inverses f-{b) are nondegenerate and 4, = f1(By). 
In particular if f(A) = B is (1-1), A and B are homeomorphic. A characterization of arc 
reversing transformations is afforded by the result that a single-valued continuous 
transformation T(4) B, where A and B are locally connected continua, is arc 
reversing if and only if the set of inverses [T-1(b)], b in B, consists of single points 
and at most a countable number of free arcs whose end points are of Urysohn- Menger 
order at most 2 in A. Further results are obtained concerning local separating points 
and continua having homeomorphs of finite linear measure. (Received December 29, 
1943.) \ 


100. Mariano Garcia: Component orbits under pointwise recurrent 
homeomorphisms. 


A point x of a separable metric space X on which a homeomorphism f(X) =X is 
defined is called recurrent under f if, given any neighborhood U of x, there exists an 
N such that f” (x) C- U, and an invariant set L in X whose components can be ordered 
in a sequence +--+, 4. s, As, Ao, Ai, As, -+ + such that f(40) 45,5 is defined as a 
component orbit. Using methods analogous to those used by Whyburn in proving the 
results that Hall and Schweigert obtained relative to periodic component orbits (com- 
ponent orbits having a finite number of components) under a pointwise periodic 
homeomorphism on X, this paper establishes extensions of these results to non-point- 
wise periodic mappings. It is shown for example that if f(X) =X is a homeomorphism 
on a compact space X and Gj, Ga, +++ is a sequence of component orbits whose limit 
inferior contains a periodic component orbit Q, and if (either) each point of 
lim sup G, —Q is recurrent under both f and f~ or each point of ? i-i G;--lim sup Gi 
is recurrent under f, then lim sup Gs is a periodic component orbit. (Received Decem- 
ber 27, 1943.) 


101. W. H. Gottschalk: Powers of homeomorphisms with almost 
periodic properties. 

Let X be a topological space and let f(X)=X be a homeomorphism. A point x 
of X is said to be recurrent under f provided that to each neighborhood U of x there 
corresponds a positive integer s such that f"(x) C U. A point x of X is said to be almost 
periodic under f provided that to each neighborhood U of x there corresponds a mono- 
tone increasing sequence m, 74, +++ of positive integers with the properties that the 
numbers nı —5; (151,2, - - - ) are uniformly bounded and f(x) C U (151,2, - - - ). 
A subset Y of X is said to be minimal under f provided that Y is nonvacuous, closed 
and invariant under f, and furthermore Y does not contain a proper subset with these 
properties, The following theorems are established: (1) If x CX is recurrent under f, 
then x is also recurrent under f* for every positive integer n. (2) If X is minimal under 
f but not under f*, where k is a nonzero integer, then there exists an integer n, n>1, 
such that s divides | b| and f" gives a finite minimal-set decomposition of X which 
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contains exactly s elements. These theorems are developed and applied to yield fur- 
ther results, among them the following: If X is a compact, metric space and if x CX 
is almost periodic under f, then x is also almost periodic under f^ for every integer n. 
(Received December 31, 1943.) 


102. D. W. Hall: On rotation groups of plane continuous curves un- 
der pointwise periodic homeomorphisms. 


This note makes use of the work of G. T. Whyburn on light interior transforma- 
tions and orbit decompositions of certain spaces to obtain a theorem by means of 
which a certain subset of the orbits of points under a pointwise periodic transforma- 
tion may be given a linear ordering. This theorem is then used to obtain an accessi- 
bility theorem for plane continuous curves similar to one previously published by 
L. Whyburn (Fund. Math. vol. 28 (1937) p. 127), but having the emphasis in the 
hypothesis placed upon the type of the transformation rather than upon the order 
of the rotation group under consideration. (Received December, 18, 1943.) 
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- ON THE BERGMAN OPERATORS FOR LINEAR PARTIAL 
DIFFERENTIAL EQUATIONS 


KAJ L. NIELSEN 


1. Introduction. The frequent occurrence of the partial differential 
equation 


(1) L(U) = Ua + aU, -- bU; +cU =0, 


where a, b, c are functions of s=x-+¢y and 25x —$y and U,—0 U/0z, 
U,—9U/02, U4—0*U/0z08, in the theory of dynamics has led to a 
considerable amount of investigation. This investigation has in part 
been directed along the lines of solving boundary value and character- 
istic value problems and of finding particular solutions. These prob- 
lems are of course classical questions in the theory of partial differ- 
ential equations and have been widely discussed in the literature. 
Among the recent developments on these problems is the work done 
by Bergman [1-5],! who in his investigations has introduced oper- 
ators 


| +1 . 
Q P= f Ees Gl- enar - e 


where f is an arbitrary analytic function of one complex variable. 

These operators shall be called the Bergman operators. They trans- 

form the class A of analytic functions of one complex variable into a 

certain class of functions C(E), which has the following properties: 
(1°) If E is a solution of the equation 


G(E) = (1 — P) (Eu + aE) — F(E: + 4E) 
+ 2zi(En + o£, + bE, + cE) = 0 


which satisfies certain conditions, then every function U of the class 
C(E) will be a particular solution of L(U)=0 and further there 
always exist solutions E satisfying the mentioned conditions. 

(2°) It is possible to determine two functions, say E; and Es, 80 
that C(E:)+C*(Es) represents the totality of solutions of L(U) =0 
(see [2, 5]). C* is an analogous class of functions, the f being an 
analytic function of 8. 

The general problem of finding the Bergman operators for a given 
partial differential equation (1) has been thoroughly discussed by 

Presented to the Society, November 26, 1943; received by the editors April 18, 
1943. 

1 The numbers in the brackets refer to the bibliography. 
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Bergman [1, 2, 3] and by the present author and Ramsay [7]. The 
singularities of the operators have been tréated by Bergman [1] and 
the present author [6]. In [4] Bergman discussed a method of solu- 
tion of the classical problems consisting of approximations by ex- 
pressions W, =) * ,o(9$,(x, y) where ¢,(x, y) are particular solutions 
of the considered differential equations. Here the a) are constants 
which are to be determined by the requirements that the values of 
W, on the boundary approximate the given data. (This method is 
in a certain sense the reverse of the Rayleigh-Ritz method in which 
' the approximating expressions satisfy the boundary conditions but 
do not satisfy the given equation.) The operators give a simple 
procedure for the construction of the particular solutions. To further 
expedite the numerical computation in practical problems it is de- 
sirable that the function E(s, 2, 7) have a simple form; for example, 


(4) ~ l E(s, 8, t) = exp Y C,(z, 8)t*. 


The coefficients a, b, c, and C,(s, Z) are connected by equation (3). . 
This problem was considered in [7] and in the investigations which 
lead to that paper the converse problem suggested itself; namely, 
that of finding partial differential equations for which the Bergman 
operators have a particular form. In [7] it became apparent that 
a systematic approach to this converse problem would be to con- 
sider in turn expressions of the form exp (N#*), exp (Nit+M?*), 
exp (Nt"+ Mt* 4- Ri), and so on, where N, M, and R are functions 
of z and &. It is the purpose of this paper to give a general pro- 
cedure for both problems and to complete the discussion for the case 
E=exp (Nt*-- Mi"). 


2. General procedure. The equation L(U) =0 can always be trans- 
formed into the equation 


(5) L'(V) = Va + BV; +CV =0 


- (see [2, p. 1172]). Thus it suffices to consider this equation. The 
equation (3) reduces to 


(6)  G(E) = (1 — P)(Eu) — Ei/t + 2zí(Ea + BE, + CE) = 0. 
A given form of E will determine a particular solution 


o vY-P- f. Ee, 2, )f(e[1 — #]/2)ae/(1 — £i 
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of the partial differential equation L'(V) =0 provided the coefficients 
B and C satisfy the equation (6) (see [2, p. 1171]). Thus for any 
given form of E we determine the required derivatives 


(8) Es, En, Eg. 


Substituting these values into (6) we obtain an equation which is 
zero for an arbitrary £; thus the coefficients of each power of ; must 
vanish. This yields a system of equations for B, C, M, and N. Upon 
solving this system we obtain the values for these unknowns and thus 
determine the partial differential equation (5) for which (7) with the 
given form of E is a particular solution. 

The converse problem then reduces to a discussion of this system. 
A systematic approach to such a discussion would be to consider in 
turn the cases in which W is a function of 3 only (that is, N,—0), 
M is a function of z only, and so on. If all functions M, N, and so on, 
are functions of z only, then we have a trivial case. This is easily 
seen, for consider this case. We have 


(9) E = exp > C,(z)#. 


The required derivatives (8) for the equation (6) are then all zero as 
each has a derivative with respect to z. If we further choose C=0, 
the equation (6) is satisfied. This would give the result that the 
function 


+1 n ` 
v= fi [ex Deer eti — n]/2à/( — Pn 


is a particular solution of L'(V) — Va-4-B(s, 2) V; 20 for all values 
of B(s, 2), C,(z), and v. But this is evident, as any analytic function 
f(z) is a solution of this partial differential equation. We shall there- 
fore say that if N,—0, M;-—0, and so on, simultaneously, we have a 
trivial case. 


3. Case I. E—exp[N(s, z)t^]. For simplicity of notation let v— N(s, 
Z)". In general we shall let v —» *.1C,(s, Z)4 for each case; no am- 
biguity should arise in its meaning. The required derivatives (8) for 
the equation (6) are 

E, = e [Nii], 
(10). Ea = e[nNNi + aN], 
Eu = [NNE + Nuit]. 
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The system of equations obtained by substituting (10) into (6) and 
setting the coefficients of the various powers of f equal to zero is 


i^ (4 — 1)N, = 0, ] 
(11) B": nNN,-90, p": (22N,— nN)N, = 0, 
iH: (23B—n)N:+23Na=0, t: 2:C = 0. 
THEOREM 1. Exclusive of the trivial case, the only possible values of n 


in Case I for which (7) is a particular solution of L'(V) —0 are n —0, 
n=1, and n=2. 


Proor. To consider any case other than the trivial case N must be 
a function of 3 as well as 2; that is, N0. By (11) Ns0 only if 
2n—1=X where X denotes any exponent of ; in (11). Thus 


2n —1—25n—1 or n=0; 2n — 1 = 2n + 1, impossible; 
2n—1l1=n+1 or n=2; 2n—1=1 or n=1. qed. 
THEOREM 2. When n=0, Case I reduces to the trivial case. 


Proor. If n=0, the system (11) reduces to 
p — N, = 0, 
t: 22NíN, + 22N 4 + 2B NN, + 22C = 0. 


From the first of these equations N,20 which is the trivial case. 
. The cases for 5 —1 and n=2 have been discussed in [7] and the 
solutions for B, C, and N were obtained there. 


4. Case II. E=exp [Ni*4-Mi"] -e*. If N 20, or M=0, or n=m 
this case reduces to Case I; thus we consider only 740, M70, 
næm. In order to avoid further duplication we may, without any 
loss of generality, order m and s in the following manner 


n « mif n and m have different signs; 

(2) | 5| >| m| in all other cases. 
The required derivatives (8) are 

E, = e [Nu + My], 

Ej = e[nMaur- + mM Mab! + Nyt + nN Ng) 
(13) + (mMN; + nN Myytn*n7], 

Eg = [Ma + MMP” t Nat” + NN 

+ (MN: + MAN jt*7]. 
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The system of equations obtained by substituting (13) into (6) and 
setting the coefficients of the various powers of £ equal to zero is 


B1; 8RNN,-0, 
i77 (n — 1)N; = 0, 
peti; (sN, — nN)N, = 0, 
iti: (23B — n)Na + 2zN a = 0, 
B". mMM, = 0, 
(14) i": (m — 1)M; = 0, 
pmt: (28M, — mM)M; = 0, 
"tl; (23B — m)M;, + 2zM a = 0, 
pt": mMNi + nNM,; = 0, 
iim; (23M, — mM) Na + (23N, — nN)M; = 0, 
t: 23C = 0. 

As was indicated in §2 the procedure of analysis is to first con- 
sider N;=0, M0; then My=0, N0; and finally neither equal to 
zero. If Nz=0 and M;=0, we have of course the trivial case. From 
(14) it is clear that N;=0 unless 2n —1— X where X denotes any 


exponent of # in the system (14). Checking all these possibilities and 
using (12), we obtain the following property. 


Property 1. N,-—0 for all values of m and n except n 21 and n=2. 
If Ns=0, the system (14) reduces to 
Bal: mMM, = 0, 


1773: (m — 1)M, = 0, pe: (22M,— mM)M,-0, 
(15) emt: (23B — m)M, + 22M, = 0, i^t: nNM,-—0, 
ink": (23N, — n)N M, = 0, t: 2C = 0. 


If M;=0, the system (14) reduces to 
p": NN, = 0, 


(16) i"; (n — 1)N, = 0, Be: (23N, — nN)N, = 0, 
i. (zB — n)N, = 0, ett: mMN:= 0, 
i^t": (23M, — mM)N: = 0, t: 2C = 0. 


THEOREM 3. Case II reduces to the trivial case 
(i) sf n «0 and mz 0; 
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(ii) sf n «0 and m «0; 
(iii) if m>2; 

(iv) if n>2 and m=0; 
(v) if n>3 and m=1; 
(vi) if n>4 and m=2; 
(vii) if n=3 and m=2. 


Proor. By definition of the trivial case it is A to show 
only that under these conditions N,—0 and M, = 

(i) and (ii). If n «0, N,—0 by Property 1. The ee a 
reduces to an analysis of the exponents of t in (15). In (15) M;— 
unless 2m—1=X and n--m —1— X simultaneously, X denoting any 
other exponent of / in the system (15). If n<0 and mz0, 2m —1— X 
only if m=0, m=1, or m—2; n+m—1=X only if m»2. By a com- 
parison it is easily seen that none of these conditions are satisfied 
simultaneously, therefore M, is also zero. If n<0 and m<O, 
i n-+-m—1=X only if n=m+2; 2m—1=X only if n=m—2. These 
conditions can not be satisfied simultaneously, therefore M;=0. 

(ii). In (14) M, —0 unless,m —1— X ; but by (i), (ii), and (12) this 
is impossible for m 72; thus M; 0. If M,—0, the system (14) reduces 
to (16) and N:=0 unless 2Y7—1— X, n—1—X, and nt+m—1=X 
simultaneously in (16). Checking these conditions one easily sees 
that this is impossible if m>2. Thus N; is also equal to zero. 

We now turn to (iv), (v), and (vi). If n>2, N,—0 by Property 1. 
The system (14) then reduces to (15). 

(iv). If m=0, the exponents of t in (15) become 


—1,1,5—1, and n+1. 


Further M;—0 unless —1— X and n—1=X simultaneously. This is 
impossible if 52. Therefore M; is also equal to zero. 
(v). If m —1, the exponents of ¢ in (15) become 


1,3,2,5n, and m +2. 


Further M,—0 unless 5— X which is impossible if n3. Therefore 
M; is also zero. 
(vi). If m —2, the exponents of ¢ in (15) become 


3,1,5,n d- 1, n 4- 3. 


Further M,—0 unless s 4-1— X which is impossible if n >4. Therefore 
Mi is also zero. 

(vii). If n=3 and 2 it is easily seen that the system (14) 
yields N,z=0 and M,— 
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THEOREM 4. The only. possible integral values for m and n which 
yield solutions different from those of the trivial case are 
` (i) m=0 and n=1 or n—2; 
(ii) m=1 and n=2 or n=3; 
(iii) m=2 and n=4. 


Proor. This theorem follows directly from Theorem 3. 
The cases of Theorem 5 have been discussed in [7] and solutions 
for B, C, M, and N were obtained there. 
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` ON THE EQUATION xæ=yx+8 OVER AN ALGEBRAIC 
j > DIVISION RING 


R. E. JOHNSON 


I -— 2 


1. Introduction and notation. The main purpose of this paper is to 
give necessary and sufficient conditions in order that the equation 


(1) ' xa — yx + B 


have a solution x over an algebraic division ring. In case a solution 
exists, it is given explicitly if it is unique; otherwise, a method of ob- 
taining one of the solutions is given. The application of the results 
to a quaternion algebra is discussed in the final section. 

Let R be a division ring algebraic over its separable! center F, and À 
a commutative indeterminate over R. Using the notation of Ore,? a 
polynomial aA) € R [A] of degree n, 


(2) a(X) = AnA” + QnA”! + eet + «o, 


will be called reduced if.a,=1. The unique reduced polynomial 
m(A) € F[A] of minimum degree for which m(o) —0 will be labelled 
m.(A). It is apparent that m,(A) is irreducible over F[A]. The ring of 
all elements of R which commute with « will be denoted by Ra. 

The substitution of an element of R for \ in the polynomial (1) is 
not well defined, as > commutes with elements of R, whereas the ele- 
ments of R do not all commute among themselves. However, unilat- 
eral substitution is well defined. We shall use the symbol a'(8) to 
mean that B has been substituted for À on the right in (2), so that 


(3) G'(B) = anp” + a 877 + +++ + on. 


Left substitution is defined similarly—as there is a complete duality 
between left and right substitution in our case, we shall discuss right 
substitution only. If a'(6) =0, 8 is called a right root of a(A). The nota- 
tion a(A) DA) is used to mean that a(A) is a right factor of òQ). As is 
- well known, £ is a right root of a(X) if and only if A —8) |a). 


2. Preliminary lemmas. A division algorithm exists over R[A]. 
The particular case of interest here is given by 


, Presented to the Society, November 27, 1943; received by the editors September 
27, 1943. 

1 That is, no irreducible polynomial in F[A] has a multiple root in R. 

20. Ore, Theory of noncommutative polynomials, Ann. of Math. vol. 34 (1933) 
pp. 481-508. 
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(4) BCA) = NA — a) + b(a). 


That is, the remainder on dividing a polynomial (A) on the right by 
(\—a) is b(a). For any two elements a(A), b(A) of R [A], there exists 
a unique reduced greatest common right divisor and a unique reduced 
least common left multiple. 

The following lemma is true for any ring? R. Itis frequently proven 
for special cases. i 


LEMMA A. If c(X) =a(A)b(A), than b'(a) =0 implies c'(o) =0. 


To prove this for a general ring, let a(A) — uM, BAA) => BON: 
then 


(5 c(h) = x«( = Boy 


From this form, it is apparent that c'(o) =0 if bt(a) =0. 
In any polynomial ring which possesses a division algorithm, the 
following lemma holds. 


LEMMA B. If c(A)=a(A)bQA), then (—a)|"cQ) if and only if 
(A—a) |"a(A)o"(@). , 


From (4), cCA) =a A) A) A —a) +a()b"(@), and the lemma follows. 
Over a division ring, this lemma can be put in the following form. 


Lexma B’. If cA)=a Ab) and 7 =b'(a) 40, then a'(r- r7) =0 
if and only 1f c' (œ) =0. l 


This result was obtained by Wedderburn,‘ and later by Richardson’ 
and, in a more general form, by Ore.? Another result of Wedderburn’s* 
is the following lemma. 


Lemma C. If a'(rar-1) =0 for all nonzero elements TER, then 
ma(d)|aQ). 


The following fundamental theorem was obtained by Wedderburn‘ 
for division algebras and holds equally well for algebraic division rings. 


LEMMA D. If Mma) £s of degree n, then there exist elements on( =a), 
Q9, °° , n în R such that 


3 See C. C. MacDuffee, Vectors and matrices (Carus Mathematical Monographs, 
No. 7), Mathematical Association of America, 1943, Theorem 36. 

4 J. H. M. Wedderburn, On division algebras, Trans. Amer. Math. Soc. vol. 22 
(1921) pp. 130-131. 

5 A. R. Richardson, Equations over a division algebra, Messenger of Mathematics 
vol, 57 (1928) pp. 1-6. 
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(6) Ma(d) = (A — a)0 — ana) +++ (A —2). 


A particular factorization of (X) is needed in the proof of Theo- 
rem 2. To obtain this, we establish the following lemma. 


LEMMA D’. There exist elements ou, ou, > - - , Cn ER such that, tf ` 
(7) Citi j = Oa — oF Harisinh j-1,2,--:,5-—1, 


where aio —1 for all i, then m«(X) has the factorization (6) for 


—1 : 
(8) Qi = 0,1 100 i1, 4#=2,3,-++ mn, 


That this is true can be seen inductively. Assume that on, ou, eis, 
** 5,01 x1 exist, k «m, so that 


Mal) = aAA — a) — ar) +++ (A— a), 


where o5, os, * * * , œp are given by (7) and (8). Let 

aCA) = a0 —a)0 —oa 2: ($$ —a) i912. ,À 
and 

O)-0-—e)4—2a)---(—22, $21,2,...,K 


From Lemma C, there must exist an element ei R such that 
bi(oueoy') £0. Then cuasi —o17*0, and by Lemma B’, a;[(euac;! 
a) ona; (cuoc —o:)-1]-0 or al(enuocg!)-0. Now, as bi) 
=b:(A)(A—an) and bi (onac) 750, b$(0:1002;) <0 from Lemma B'. Thus 
Onan — 05740, so that a3[(on00n! — ar)onocy (0330/05) — 03) 1] =0 
or a(o) =0. By induction, a{(onacg') —0, i=1, 2, -- - , k+1, 
so that we can select o41 =0r41 10054, t 

It is apparent that ma(rar—) 20 for all nonzero TGR. That all 
roots of m4(X) are of this form is given by the following lemma. 


LEMMA E. If m.(8) —0, then B ts a transform of a. 


To prove this, let m.(A) — (à —8)a(X). From Lemma C, there must 
exist an element TER such that a'(rar-1);»40. Thus, in view of 
Lemma B’, 8 —cac^!, where o =a"(rar—). 


3. Principal theorems. If either o or y is in F, equation (1) becomes 
trivial. Therefore we shall assume that both « and y are not in F. 
Define vo =£, and, in general, 


r, = VB + y Ba + +++ + yBat! + Bal, ee rae 
Then, if mA) =)02_ uA! is any polynomial in F [A], any x which is a 
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solution of (1) is also a solution? of 


(9) cma) eom XE Con 


The discussion of (1) is divided quite naturally into two cases. The 
first case, which is the easier of the two, is for 'y not a transform of a. 
The second case is for y a transform of a. 

Case 1. As a and y are not transforms of each other, ma(y) #0 in 
view of Lemma E. Thus, if we let m(A) of (9) be m.(A), we obtain 


(10) | x — [ma(y) P( Xu) 


as the unique solution of (9). A substitution of this value of x in (1) 
shows that it is also a solution of (1). As any solution of (1) is also a 
solution of (9), (10) gives the unique solution of (1). We have thus 
established the following theorem: 


THEOREM 1. If œ and y are not transforms of each other, then 
xa = yx t B 
has a unique solution. If y is not zero, thts solution ts given by (10). 


Case 2. The remaining considerations are for y =rar—. It is appar- 
ent that the methods of Case 1 now fail, as m.(vy) =0. Thus a new 
approach must now be made. 

Equation (1) can now be put in the form 


xa = rary + B. 

This equation has a solution if and only if the equation 

riya = arty + 178 
has a solution. Therefore we need only consider an equation of the 
form 
(11) » xa = ax + B. 
The existence of solutions of this equation is given by the following 
theorem. 


THEOREM 2. Let a be an element of R notin F with minimum poly- 
nomial maA) =a(A)(A—a) and B be a nonzero element of R. Then the 
equation 


* See M. H. Ingraham and H. C. Trimble, On the matric equatton TA =BT+C, 
Amer. J. Math. vol. 63 (1941) p. 13. 
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xa = ox + B 
has a solution x in R if and only tf a*(Bog 7?) =0. 

Proor. We shall first assume that there exists an element xCR 
such that (11) is satisfied. Then, as ma(xax~) =0 and xazsox, we 
have by Lemma B’ that ae'([xa—oex]oa [xa —ox]"!?) 20. Thus 

a' (Bag) =0, and the first part of the theorem is established. 

' On the other hand, suppose that a*(Baf-1) 20. We shall now use 
the particular factorization of m4(À) given in Lemma D’. Let the 
` polynomials 5;,(A) be defined by 


bi) = —a)&$—aL): Aae) iEjS12-, 
Also, let 8; — 8, and recursively, 
_ 02 Bi = Brie — adf, i-52,3,..., n. 


There must exist an integer k such that bh (8o48) 750, 51, (£081) — 0. 
As in the proof of Lemma D’, the successive application of Lemma B’ 
yields 
l bra ia (BiaBi ) = 0, + = 1, 2, aaa k. 


The last application gives bi... 14:(6:08;°) =0, so that arı =fræßp;'. 
From (8), o4 0441409052, p: thus there must exist an element 
ôr C R, such that By — 0141 25%. Now let us assume that there exist ele- 
ments 6;€R, and an integer m such that 


+ 


g : 

B; = Di ons ds t=mm+i,---,k. 
foi 

Then it follows from (7), (8), and (12) that 


k 
Bure — ambai = 2, (Uni — Omonid4, 
j-- 
so that 
k k 
( m-—1 — 2 eh) Et ae (Bs BE 2: emi): 
f- jm. 


AS On =On m 100, n1, there must exist an element à, 1 R, such that 


b 
Bni = 25 Om 303: 
. . +n- 
By induction, , 
B tsi; 
il 
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From (7), 
B= È oð — 25 eub 


j=l 


and thus, for any 6C R,, 


k 


(13) x= Qe oi, t? 


ren 
is a solution of (11). : 

4. Special considerations. As a special case of Theorem 2, consider 
R as the ring of quaternions over a formally real field F, 
R= F(1, 4, j, k). If we let & denote the conjugate of a, æ not in F, then 

ma) = (A— &(A— a). 
Thus a(A)=(A—a), and Theorem 2 can be written in the following 
form. 


COROLLARY 1. Jf R is a quaternion algebra over a formally real field 
F and a ts an element of R not in F, then 


xa = ax +B 
has a solution tf and only tf 
(14) Ba = à. 


Having obtained one solution of (11) from (13), say x1, then all 
solutions are given by xı+ô, 8C R,. It is observed that (11) cannot 
have a solution if 8C R,—as a'(Bo 1) =a" (a) in this case, and a'(a) 
cannot be zero due to the separability of F. However, it is not true 
that (11) always has a solution if B is not in Ra. A simple example to 
show this is as follows: let R be the ring of quaternions over a formally 
real field F, For B —i--j and a=4, (14) is not satisfied, and thus (11) 
can have no solution. 


WASHINGTON, D. C. 


A RECURRENCE FORMULA FOR THE SOLUTIONS OF 
CERTAIN LINEAR PARTIAL DIFFERENTIAL 
EQUATIONS 


MORRIS MARDEN 


1. Introduction. In a number of recent papers, Bergman! has de- 
veloped the theory of operational methods for transforming analytic 
functions of a complex variable into solutions of the linear partial 
differential equation 
(1.1) LU) = Ug + a(z, £ U, + b(z, ZU + c(z, 2) U = 0, 


where z 2x--$y, Z=x—ty, 


1/au ðU 1/au au 
ve iE) n Le I, 








2 Nóx ay /’ 2 Nàx ay 
1 ( U ay ) AU 
Us = — =—, 
4 \ dx? — dy? 4 


and where the coefficients a(z, 2), b(s, 8) and c(z, 2) are analytic func- 
tions of both variables z and Z. The equation (1.1) is equivalent to the 
system of two real equations 


AU? + 24U + 2BUe -- 2cu® + au 


EAGT = 4aU® = 0, 
(2) 


AU" — 2CUD — DUS FAU + apy 
+ 4aqU + 460 = 0, 
where 
U-UO-iU*; 24=(a+4)+(6+5); 2B=i[(a—a)—(b—d)]; ^ 
€— 614-163; 2D-—(a-4-à)—(b4-b); 2C=i[(a—a)+(b—d)]. 


Presented to the Society, November 26, 1943; received by the editors November 


13, 1943. This paper was prepared while the author was a fellow under che Program - 


of Advanced Instruction in Mechanics at Brown University. 

1 S. Bergman, (a) Zur Theorie der Funktionen, die eine lineare partielle Diferential- 
gleichung befriedigen, Rec. Math. (Mat. Sbornik) N.S. vol. 44 (1937) pp. 1169-1198; 
(b) The approximation of functions satisfying a linear partial differential equation, 
Duke Math. J. vol. 6 (1940) pp. 537-561; (c) Linear operators in the theory of partial 
differential equations, Trans. Amer. Math. Soc. vol. 53 (1943) pp. 130-155; (d) On 
the solutions of partial differential equations of the fourth order, to appear later. 
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Furthermore, if a=6 and c is real, then C=D=c;=0, and the two 
differential equations become real and identical. z 

For equations (1.1), Bergman proved the existence of two functions 
Ex(z, 8, f) and E,(z, 3, #), called by him “generating functions of the 
first kind,” ? with the following properties: 

(1) They have the forms 


Ex(z, Z, = exp (- f aas) [1 + z;EET (s, 2, 2)], 


Ex, Z, Ò = exp (- f p dr) [1 + siEES (2, Z, 2)], 


where each E;*(z, 2, t) has continuous first partial derivatives in z, 2 
and ¢ for |t| S1 and for z and Z within a certain four-dimensional 
region. 

(2) The classes C(E;) and C(£x) of functions Ui(s, 2) and Us(s, 2) 
defined by the formulas 


aD Ted- f ' Es, 2, DfG(1 — #9/2)41/(1 — 2)”, 


(1.3  Ua(z, 2) = f Eis, 3, #)g(a(1 — #)/2)dt/(1 — Pv, 
-1 


where f(t) and g(¢) are arbitrary analytic functions of t, form subsets 
of solutions of (1.1). 
(3) Every solution U(z, Z) of (1.1) may be written in the form 


U(s, Z) E Uls, 3) F Uis, z), 


with f(£) and g(§) suitably chosen analytic functions. 

As was proved by Bergman, to many theorems about analytic func- 
tions of a complex variable correspond analogous theorems about 
functions belonging to classes C(E) generated by functions E of the 
first kind. In particular, if we define as “basic solutions” those corre- 
sponding to f(s) —z*, that is 


(1.4) ups, Z) = ' EG, z, #)[s(1 — )/2]rdt/( — n, 


—1 5 
then every function U of class C(E) which is regular in |z| Sr may 


4 Generating functions which are considered as not of the first kind are those 
failing to satisfy property (1). When E is a generating function not of the first kind, 
the integration in (1.2) and (1.3) must be taken along a rectifiable curve joining the 
points £— +1, but not passing through #=0. 
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be expanded in a series U=) apt, which is uniformly and absolutely 
convergent in |s| xr. 
For example, in the case of the equation 


(1.5) AU 4- U ^ 0, 


E(s, Z, 2) —e''r, where z2re* and thus r = (zz)!/?. Because of the well 
known formula for the Bessel function of the first kind 


1,40) = G/90/r( + 1/2) f e"2»a — ena; 
the basic solutions are i 
(1.6) up(r, 0) = (x13/2)T (5 + 1/2)e»*7,(r). 


But for (1.5), successive terms in the expansion U=) a,u, can be 
computed from earlier terms by the use of some recurrence relation 
satisfied by the Bessel's functions, as for example the relation 


(1.7) Jg (r) = P/I) — Jour). 


It would likewise be of practical value in the case of other differential 
equations L(U)=0 to determine what recurrence relations, if any, | 
are satisfied by the basic solutions v, (r, 0). 

In the present note, recurrence formulas connecting the basic solu- 
tions u,(r, 0) are found in the case of differential equations L(U) =0 
for which at least one of the corresponding "generating functions" 
E(s, 3, f) is of the form E(z, Z, £) «exp f(r, 0, t) where f(r, 0, #) is a poly- 
nomial in ¢ containing either only even powers of £ or only odd powers 
of :. Obviously, the equation (1.5) is an example of such an equation. 
Other examples can be found by requiring the coefficients a, b and 
c in the equation L(U) =0 to satisfy certain differential relations.? 

Our first main result may be stated as follows: 


THEOREM 1. Let L(U) =0 be a partial differential equation of the type 
(1.1) for which there exists a generating function having one of the forms: 
(I) E(z, 8, f) = exp P(r, 0, 2), 

(II) E(s, 8, i) = exp £P(r, 0, 2), 

where P(r, 0, i) =ao(r, 0) -Fay(r, 0) - - - - +an(r, OE”, and where the 
coefficients a,(r, 0) are of class C' in r and 0. Let u(r, 0) be the corre- 
sponding “basic solutions” of equation L(U) —0 and let 


3 See reference in footnote 1a, pp. 1194-1195, and also p. 158 of the following ar- 
ticle: K. L. Nielsen and B. P. Ramsay, On particular solutions of linear partial differ- 
ential equations, Bull. Amer. Math. Soc. vol. 49 (1943) pp. 156-162. 
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(1.8) © «(8 = (— »| Deve ar (=): 


“Or. re”? 
COR OEE] 2 + Deres) CL) - 


Then, if E has form (1), 
Ou $ ^ 
(1.10) — =u + emp 
or r ra 
whereas, if E has form (11), 
ð 2 n 
(1.11) c Se a SP 
or r | rei! Ao + 2p +1 


The above theorem will be derived as an immediate consequence 
of two lemmas that are given in the next section. In the third section 
the theorem will be applied to a few specific equations of form (1.1). 


2. Two lemmas. First we shall derive a result for polynomials 
P(r, 0, t) involving only even powers of t. 


LEMMA 1. Let 
P(r, 6, i) = ar, 0) + a(r, 0)? perte: as(r, a)", 
where the a,(r, 0) are functions of class C' in r and 0. Then the function 
1 
(2.1) u(r, 0) = eP(r60(1 — $2) P-112(y@19/2) dt 
~1 


satisfies the recurrence formula 


(2.2) 9u,/ór = [p/r + P(r, 9, (1 — T)") Jup, 
where T ts the operator such that, T acting k times upon ty, 
(2.3) T*u, = (2/re) tups 


for k=0,1,-°°. 
Proor. From (2.1) we obtain by differentiating with respect to r: 
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To evaluate the latter integral, let us note that 


1 
f , BreP(1 — P) (ret /2)rdt 
—1 


' [1 — (1 — B) |ve?(1 — £)»7U3(re/2)7di 


—1 


m 1 
= D (—12€..] eP(L — P) reit /2) Fat 
k=l —1 


= Y C DC. aQ/re?)?uyis. 


Hence, 
(2.5) f " pmeP(1 — nyr-in(ret]2)odt = (1 — T) uy. 
e à; 
Substituting now from (2.5) into (2.4), we find 
Penh us Tu, tL = Tu + +—(1-T)™, 


m [b/r F P.(r, 0, (1 = T)!) ]u,, 


as was to be proved. 
The corresponding result for a polynomial that involves only odd 


powers of ¢ may be stated as follows. 


Lemma 2. Let Q(r, 6, t) =ao(r, 0)t--ai(r, B+ -- +> +an(r, 0) 
=tP(r, 0, t), where the a,(r, 0) are functians of class C' in r and 0. Then 
the functions u,(r, 0) defined by (2.1) satisfy the recurrence formula: 


dup/ðr = (p/r)us + {Qulr, 8, (1 — T)! 


ula 
(2.6). i f P.r, 0, (1 — yan Tort yg, 


where T is the operator defined by equation (2.3). 
PROOF. In place of (2.4), we now have 


ð 1 i 
Maz Tpi aje + Lb dots 
r 


Or r Pe | 
+ — 905 r (1 men en (^ T dt. 
or 2 


In order to evaluate the latter integral, let us first integrate by parts: 
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P — B)»1(ret/2) »dt 
FE z e(1 — ir tS(rei*/2)»d(1 — #) 


-1 


= (1/Q5 + 1) f &(0/00) (1 — #) >#/9(¢e/2) rds 


- pi 
= (1/05 -- 1) | Ala + 3a +- 
A 


+ (25 + 1)a,it7](1 — £)7*/1(reit/2)2dt. — 
Hence, by equation (2.5), 


1 
f ie9(1 — i)»71/3(re0/2)»dt = (1/(2p + 1))0.(r, 0, (4 — T)!?) Tu, 
—1 A ad 
06s a DH ( f ma) ront 
0 
Let us then assume that the formula 


1 DEN 
C hg (1 — £2) 91 (peit/7) edt 
—1 . 


(2.8) , . EET mf pr(1— Pat) TPH Ryp 


has already been verified for m —0, 1, 2, - - - , N and proceed to verify 
the formula for m — N-4-1, as follows. 


e 
pH — )si(geit/2)»di 
-1 


Ss 3 
= f prag pu #) P—1/2(rei8 /2) Pd} 
—1 i 


= prag — p)yr'ü(rest /2) Pdi 
A 
= Qr, 6, (1 — nuig) f i p»(1— ea Tra, 
zx [f^ peni — eai je!) Tup} 


70,6 : T)12) ( f = P(t — peat Teup 


` 
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Thus, formula (2.8) has been established by mathematical induction. 
We now substitute from formula (2.8) into expression (2.7), thus 
obtaining 


wnat (0 ir, 8, (1—T)*/*) 
T 


gih Od ôm OG, 
.]. ped 1- ee. + 1d | rote 
| f PRI PH EA ») , 


mua 
=P tour. 07 194 f pep de,8, (17009  T-e Pa, 


as was to be proved. 
Proor or THEOREM 1. Formula (2.2) may be reduced to inula 
(1.10) if, using (1.8) and (2.3), we set 


a ða reo\a 
P,(r, 0, (1 — T)Z)u, = D> A (1 — Ti", = a(S ) T thy 
r 


j=0 


LJ 
= 25 Qa pg 


g=0 


To reduce formula (2.6) to (1.11), let us set 
Qu, 0, (1— Tt) = X oj + tet — T) = S0,(—) 1 
| with the £; defined as in formula (1.9). Since 
Pea (1 = #980) = Sa (M, 


we may write the second term of the left side of (2.6) as 


n i k 
fa (tol [esa el] rms, 
km0 2 0 j-0 


s eif (T) rem 2 n OM prr : 
iro 2p 2j 1 PO ret judo 2p + 241 


Thus the proof of our main theorem is completed. 


3. Examples. Let us first verify that the recurrence relation (2.6) 
is a generalization of that for Bessel's functions as given in formula 
(1.7). Here Q(r, 0, i) =rti and thus (2.6) becomes 


+ 
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ðup/ðr = (p/r)us + ri | f E eria T-5Hy, 
= (p/r)u — Qe */(29 + D)usa- 


(3.1) 


If now we set 
up = (T/T + 1/2)J ,(r)e'9, 
upi = (12/2) (p + 1/2)T (5 + 1/2)J palrie, 


formula (3.1) reduces at once to formula (1.7). 

As our second example, let us consider the differential equation 
L(U)-0 in which the expression F=c—ab—a, #0 satisfies the two 
equations 


(3.2) F, — 0, 2F — a, +h = 0. 
As shown by Bergman,‘ one of the possible corresponding generating 
functions is E(s, £, t) =exp P(r, 0, t) exp (ao--ait?), where 
` a 3 
. (8.3) ` o = -f adz, a = 2s f Fda. 
0 0 


According to our theorem, the recurrence relation satisfied by the 
basic solutions is in this case 


(3.4) (8w,/0r) = (p/r) tp + Qop + Q115 5-1; 
where 


" 
æo = Oao/ór + 0a1/ür = — ae! + 2rF + 2e f Fd3, 
F 0 


ai = — (2/re**)(da1/dr) = — 4e-tF — ajo f ra. 


A partial differential equation which satisfies conditions (3.2) is 
(3.5) Ua — 2(s - Z)U, 4-U- 0. 


Here F(z) =1, ao=0, a1—2r?, and therefore in the recurrence relation 
(3.4) ao=4r, and œ= —8e-?. Setting U=U%+4U, we see that 
equation (3.5) is equivalent to the system of two partial differential 
equations 

AU” — 8xU. + 820, + AU — 0, 


AU? — 8U? — 8U +4u = 0, 


* See p. 1194, reference in footnote 1a. 
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and that recurrence relation (3.4) for up=u® +iu® is in this case 
equivalent to the system of recurrence relations 


auc far = (p/r)uy? + bru? — Stora cos 0 — Buca sin 6, 


aus ) Jr = (p/r)uy + 4r us = Sut cos 0 + 8u, sin 6. 


Other examples of partial differential equations L(U)'=0 for which 
log E is an even or odd polynomial in ¢ may be found in the articles 
referred to in footnotes 1a and 3. For these differential equations also, 
a recurrence relation may be derived by use of Lemmas 1 and 2. 


4. Generalization. By means of formulas (2.5) and (2.8), the theo- 
rem given in the introduction may be extended to partial differential 
equations of type (1.1) for which a generating function exists that has 
the form E=g exp f with both f and g suitably chosen polynomials 
in # The generalization may be stated as follows. 


THEOREM 2. Let L(U) —0 be a partial differential equation of type 
(1.1) for which a generating function E(s, Z, t) exists that has one of the 


forms 
I. E(z,2,i) = R(r,0, t) exp P(r, 0, 2), 


II. E(s, 2,4) = R(r, 0, t) exp tP(r, 4, D), 

III. E(z, Z, 4) = tR(r, 0, t) exp £P(r, 6, 2), 
where 

P(r, 0,1) = alr, 0) + air, DP +++ + aalr, OP, 

R(r, 6, 2) = Bo(r, 6) + bilr, DE +--+ - + bur, 0), 


and where the a (r, 0) and b,(r, 0) are of class C' in r and 0. Let ulr, 6) be 
the Corresponding basic solutions and let R(Op/dr) =} e "cr, 0)19, 


sie Ge) È 3: Gj + DC; 








2 bh ntm 
6, = (— 1)* > uos yx = (— 1)* Dd Cy act. 
ret ôr re) i 


Then the recurrence relation satisfied by these basic solutions is 


ou, — Pu, ntm 


+ 2 Brp + Da 


ðr r 


if E has the form I; 
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| O05, " Pu (| A ONY py htt 
ór ^r + È Biton + D i 2p + 2r 4- 1 


tf E has the form 11; and 


à » m an ^ j 
m t (L) È i(i) 
re 


or T k=O 2p + 2» + 1 
mtn 2 
you, + >> (» Tx ) Uptr 
kæ] 


af E has the form III. 


UNIVERSITY OF WISCONSIN AT MILWAUKEE 


ON GAUSS’ AND TCHEBYCHEFF’S QUADRATURE 
FORMULAS 


J. GERONIMUS 
The well known Gauss’ Quadrature Formula 
(1) f 099 - Xie 


t=] 


is valid for every polynomial G4(x), of degree k S221 —1, the [£"] 
being the roots of the polynomial P,(x), orthogonal with respect to 


the distribution dj(x) ($21, 2, ---, n; n=1, 2, - -): If the se- 
quence {P,(x)} is that of Tchebycheff (trigonometric) polynomials, 
then the Christoffel numbers p?, $—1, 2, - - - , n, are equal, and the 


two quadrature formulas of Gauss and Tchebycheff coincide: 
| f: Gi(x)dy(x) = XC ), RS m—-1;n=1,2,---. 


The converse—that this is the only case of coincidence of these 
formulas—was proved by R. P. Bailey [1a] and, under more restric- 
tive conditions, by Krawtchouk [1b] (cf. also [2]). 

We shall give here four distinct proofs of this statement, without 
imposing any restrictions on W(x). 


Received by the editors June 1, 1943. 

1 y(x) is a bounded non-decreasing function, with infinitely many points of in- 
crease, for which all moments exist: c. 7 f^ xtd); n=0,1,2,---. 

? Numbers in brackets refer to the bibliography at the end of the paper. 
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Consider the sequence of complex numbers fcn}, n=0,1,2,---, 
subject to the conditions 


(3) Anta = | Cyn ao 7 0; n= 0,1,2,- 


Consider also the Stieltjes linear functional ø, with 


-(4) c(x9) = cy; bm; 1:32. 
and the polynomials UP (2) ), n=0, 1, 2, +--+, orthogonal relative to 
the sequence {c,}, that is [3, 4] 
0, m Æ n, 
5 ci P.(x)P«(x)| = { 
©) | hs = Asi As ¥ 0, m= n., 


Let { i ‘hs 4—1,2,---, n, be the roots, distinct or not, of P,(x), 
E 2,° 
. The first method of proving our statement consists in proving 
a allowing theorem. 


THEOREM. From the validity of the formula 
Be k+1 
© - pede)" = on na [=] 
: i=l 2 


for kS2, it follows that the {Pq(x)} are the Tchebycheff polynomials, so 
that (6) holds for all integral k. 


Introduce the mean of order » of the numbers [£0], 41,2, - - -,m: 


(7) w| 2 : y=i1,2,---j;n=1,2,--- 


On equating the coefficients of x*~! and x"^ on both sides of the re- 
currence relation 


P, (x) = (x — On) Pa-i( x) — MP, s(z), 


(8) 
#0, P.12:0,n 1,2,* 
we get 
g 3 (n) ^ n r—1 
(9) -- Le b= — M+ Dad oe, 
b-2 T= kol 


where we let 
(a) n—1 (2) 2: (n) 


(9) Pia) =a +8 ae c Tek. 
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On putting.k =0, 1, 2 in (6) we obtain 


(2) (n) i 
(10 Pa = en; m = 1/6, n i; p = c/co nZ 2. 


Since, by (9) and (9°), 


nu -—-— Au = > Oy, 
(11) i i ^ 2 ^ a rl 
auct e m y. = opes (Èa) 239 35 $9257 ey, 
kl hæl f—2 bl 
we find: 


aı = (ay + a:)/2 = (ar + as + 9/3 = +>, 


whence we have the fundamental result: 


(12) 017304 ***: =a, 
and similarly, 
(12^) aMSN 


Here o and à are independent of s. The solution of (8) under these 

conditions is 

P.(z) = [(# — a + (s — a)? — 49197 
t(r—a-((z—dt'-A)nl2n n= 1,2, 


which shows that the { Px(x) } are the Tchebycheff polynomials, 
whence the validity of (6) for k =3, 4, - * - follows. 

We have found incidentally the following property of the Tcheby- 
cheff polynomials. 


(13) 


COROLLARY. If the arithmetic mean and the root-mean-square of the 
roots {EP}, $—1, 2,---, n, of the orthogonal polynomials P,(x), 
n=1,2,---+, do not depend on n, the means of all orders v $2n—1 
possess the same property, and the {Pa} are the Tchebycheff polyno- 
mials (13). 

II. Define 

Rea) = o{ (Pa(y) — Pa(2))/(y — 2)}, 


a polynomial of degree n—1; n=1, 2, -+ +. Our second proof consists 
in showing that (6) implies 


(14) Rya(y) = (60/2) P4 (9), ne 2. 
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From (6), wherein p, necessarily equals Co/n, we get, by virtue of 


(4, 





S crt * 3 k+1 
EDE D) = — Dae”), rz |] 
n ml "od 2 
The desired relation : 
Qo Aw BO) T PC) _ : 
Ray) = y; 9 ^L pu); == prp) 
"c JEN n Ely 


follows. Now there are different methods of showing that (14) im- 
plies (13). 

II, This statement is proved in a note [2] as a particular case of 
more general theorems. 


IIx. Introduce the polynomials LP (x) i, $—1,2,---., n—the de- 
nominators of the convergents of order of the continued fractions? 
A M 
(15) NC EET UNA #=1,2,--- 
Poster: (ean 


We have PP (x) 2 P.(x); P® (x) =(1/co)Ra(x), n=0, 1, 2, ---. 
It is‘easy to show that 


(16) P.(2) = (x — a) P(e) — MPO), "is Sak 
On the other hand 

(17) Rya(x) = (x — o) Rxa(x) — XR, a(z), n= 3,4,-- 
Using (8), (14) and (17), we find that 


(18) Paala) = (s — ae) Po a(t) — Pan), scd dcus 


which gives, in conjunction with (16), 
(19) (a — cen) Pye) = Dy Po a(x) — Paz), n=, h 
Hence 


Gg = 047 ***—0,7— a, MSMS. mNM22AN 


P9) PO ua. 


This identity, for n —4, gives o—a, and thus we have arrived again 
at (12, 12’). 
IIs. On putting 


. * They were introduced by Stieltjes [5]; cf. also Perron [6]. 
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(a) n—1 (n) 


QD. R.(y)- aQ + dry” cd) 
we find from (17) the relations 


(n—1) z Ge L E 2 
(22) dı = — J a, dy = asd ar — D> Ne 
kun? k-3 Tm? k-38 


analogous to (9). From (14) we find 
(n—1) (n) 


(23) nd | —-(n—1)i, 

whence again o4 —05— +++ =a; and in the same way, the condition 
Q5 — sd; = (n — 2). 

again implies M= = ++ - =M/2 =). 


We have found incidentally the following property of the Tcheby- 
cheff poly nomials. 


COROLLARY. If the three highest coeficients of the polynomials 
[nR.aQ)] and (e P7 (x)}, n=1, 2, - - - , coincide, then these poly- 
nomials are identical, and the {P,(x)} are the Tchebycheff polynomials 
(13). 
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KHARKOFF STATE UNIVERSITY 


POWERS OF HOMEOMORPHISMS WITH ALMOST 
PERIODIC PROPERTIES 


W. H. GOTTSCHALK! 


Let X be a topological space (an “accessible space,” a “1-space,” 
or a *Ti-space" in the terminology of Fréchet, Kuratowski, or 
Alexandroff-Hopf, respectively) and let f(X) =X be a homeomor- 
phism. We use the following terminology, which was suggested by 
_ G. A. Hedlund and which is to be carefully distinguished from those 
terminologies used by Birkhoff, Ayres, Whyburn, and others. A point 
x of X is said to be recurrent under f provided that to each neighbor- 
hood U of x there corresponds a positive integer n such that f"(x) E U. 
The mapping f is said to be potniwise recurrent provided that each 
point of X is recurrent under f. A point x of X is said to be almost 
periodic under f provided that to each neighborhood U of x there cor- 
responds a monotone increasing sequence 7, #2, * - - of positive in- 
tegers with the properties that the numbers t;41—5; (£—1, 2, - - -) 
are uniformly bounded and f**(x) C U (221,2, - - - ). The mapping f 
is said to be pointwise almost periodic provided each point of X is 
almost periodic under f. Following Birkhoff [1, p. 198],? a subset Y 
of X is said to be minimal under f provided that Y is nonvacuous, 
closed and invariant under f, that is, f(Y) ^ Y, and furthermore Y 
does not contain a proper subset with these properties. For x C X, the 
set n? 12 f*(x) is called the orbit of x under f and the set > 44 of" (x) 
is called the semt-orbit of x under f. A decomposition of X is a collection 
of nonvacuous pairwise disjoint closed subsets of X which fill up X. 


THEOREM 1. Jf x € X ts recurrent under f, then x is also recurrent 
under f for every positive integer n. 


Proor. We make use of an induction. The theorem is true for 5 —1. 
Let m be any positive integer. Assume the theorem is true for n Sm. 
We now show the theorem is true for n=m+1 =k. 

We may suppose without loss of generality that X is the closure 
of the semi-orbit of x under f, for this set is invariant under f. Define 
X; (¢=0, 1, - - +, k) to be the closure of the semi-orbit of f*(x) under 
f*. It is readily verified that f(X;)) 2X. (£20, 1,---, k—1), 
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f(X) CX; (690,1, ---, k), and X 227120 X«. We may suppose that 
xcix i, for otherwise the conclusion follows. Let 5,1 Sp Sk—1, 
be the smallest integer such that x X,. Then, the semi-orbit of x 
under f* is contained in X,. Hence, XoCXp=f?(Xo0) and $ is the 
smallest positive integer such that XoCf?(Xo). Since P(X) C Xo, 

. there exists a smallest positive integer ¢ such that f'(Xo) C.X». Now 
fX) CXoCfr(Xo). Since f'*-*(X) CXo and. XoCf7-(Xo), p is 
neither less than nor greater than ¿ Hence, f —£ and f?(X:) — X». 
Write k=pq-+r, 0 Sr « p, where q and r are integers. Now 


Xo D f*(X9) = f'(f(X9) = F(E). 


Thus, r=0 and k=pg. If p=1, then Xo=X,= +--+ =X, whence 
xC X, and the conclusion follows. We may suppose, therefore, that 
p>1. Now p m and q Sm. By the induction assumption, x is recur- 
rent under f? and, applying the induction assumption to f?, x is re- 
current under (f?)*=f*. E 


COROLLARY 1. Every positive power of a pointwise recurrent homeo- 
morphism on a topological space ts itself poiniwise recurrent. 


Theorem 1 can be used to provide a different proof of the following 
theorem, due to Birkhoff and Smith [2, p. 358, Theorem 3]. 


THEOREM. If X is a compact metric space and if f(X) =X ts a homeo- 
morphism, then for every nonzero integer n the central orbits under f* 
are tdentical. with the central orbits under f. 


‘This follows from Theorem 1 and the result, due to Birkhoff and 
Smith [2, p. 353, Theorem 2], that the sum of the central orbits under 
-a homeomorphism 5 on a compact metric space is characterized as 
the closure of the set of points recurrent under both 5 and &7. Al- 
though their results on central orbits [2, pp. 350-355, 356-360] are 
stated for closed surfaces, their proofs are actually valid for compact 
metric spaces. 


` THEOREM 2. I If X is a compact connected metric space and sf the re- 
current points are dense in X, then every recurrent cut poini x of X ts 
periodic. 
' PROOF. Express X =A +B, where A and B are nondegenerate con- 
tinua such that 4-B=sx. By a theorem due to Kelley [4, p. 194, 
Theorem 3.4] there exists an F-set (that is, either a simple link, or 
cut point, or end point) F of X such that f(F) = F. (For properties of 
simple links, see Whyburn [5, pp. 64-65].) Now F is contained in 
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either A or B, say A, and A-f*(A)+A for every integer n. Since 
some point of B —x is recurrent under f, there exists a positive integer 
n such that B-f"(B) A. By Theorem 1, x is recurrent under f^. Ap- 
plying a lemma due to Whyburn [5, p. 247, Lemma 4.21], itfollows 
that f^(x) =x. The proof is completed. 

Theorem 2 and its proof are partial generalizations of Whyburn 
[5, p. 248, Theorem 4.6], but the original conclusion—that the 
mapping is elementwise periodic on all simple links—is no longer 
' valid without semi-local connectedness, even though the mapping be 
regularly almost periodic in the sense of Whyburn [5, p. 250]. Theo- ` 
rem 1, however, may be used as an aid in the proof of the cited theorem. 

Remarks. 1. If the subset Y of X is minimal under f, then Y is 
minimal also under f~t. 2. A nonvacuous subset Y of X is minimal 
if and only if the closure of the orbit of every point of Y is Y. 3. The 
collection of sets minimal under f is a decomposition of X if and only 
if the closure of the orbits under f is a decomposition of X; and, in 
either case, these two collections coincide. In other words, f gives a 
minimal-set decomposition if and only if f gives an orbit-closure decom- 
position. 


THEOREM 3. If X ts minimal under f but not under f*, where k is a 
nonzero tnteger, then there exists an integer n, n>1, such that n divides 
|z| and f" gives a finite minimal-set decomposition which contains ex- 
actly n elements. 


Proor. By Remark 1, it is sufficient to prove the theorem when £ 
is positive. There exists a point x of X such that the orbit of x under f* 
is not dense in X, by Remark 2. Define X; (¢=0, 1, - - - , &—1) to 
be the closure of the orbit of f'(x) under f*. Clearly, f(X;) 5 X; 
(£20, 1, ---, £—2), Xm) 2 Xs, and f*(X,) =X; (£250, 1,---, 
k —1). Let p be the maximum positive integer such that there exist 
integers 41, 4, | - +, $9 with the properties that 0S4 «4« +--+ «f, 
&k—1 and [ iX, A. Choose integers £, da, - - -, ip with these 
properties. Define Y [TX i. Clearly, f*(Y) — Y. Let n be the 
smallest positive integer such that f*(Y)- Y. Define Y;—f'(Y) 
(j=0, 1, - - - ,n—1). The sets Y, (j 50, 1, - - - , n— 1) are closed and 
pairwise disjoint. Choose y€ Y. Then, 


-s Un — "—1 »—1 
X=jL fy) =F DH) = i fo) = » Ys 


Thus, D=[Y,|j=0, 1, - - - , —1] is a decomposition of X. 
We show 521. Suppose n=1. Then, X= Y= Y=X;,, and thus 
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X =f'-4(X;,) =f*(Xo) = Xo whence the orbit of x under f* is dense 
in X, contrary to the second statement of the proof. 

We show that » divides k. Write E —qn--r, OSr<n, where g andr 
are integers. Then, 


Y = f*(Y) = f'(fr(Y)) = F). 
Hence, r=0. . 
In order to show that each element Y; of D is minimal under f^, 
it is sufficient to observe that for y C Y, the orbit of y under f is dense 
in X, D is a decomposition of X whose elements are invariant un- 


der f^, and the subset of the orbit of y under f which is contained in 
Y, is actually the orbit of y under f^. 


COROLLARY 2. If X ts connected and minimal under f, then X is also 
minimal under f" for every nonzero integer n. 


COROLLARY 3. If X has only finitely many, say k, components and 
if X ts minimal under f, then for every nonzero integer n the mapping f^ 
gives a finite minimal-set decomposition, the number of whose elements 
is the greatest common divisor of k and |n]. 


If k=1, Corollary 3 reduces to Corollary 2. If k>1, Corollary 3 
may be proved by first of all considering the case when k=k’ and 
n —n' »0 are relatively prime and then extending the result to k=ak’ 
and n=an’', where a is any positive integer. Corollary 3 essentially 
combines Corellasy 2 with a property of cyclic Counting or, what is 
the same, a property of periodic orbits. 


THEOREM 4. If X ts minimal under f, then for every nonzero integer 
n the mapping f^ gives a finite minimal-set decomposition of X $nio at 
most |n| elements. 


Pnoor. By Remark 1, it is sufficient to prove the theorem when z 
is positive. We make use of an induction. The theorem is true for 
n=1. Let m be any positive integer. Assume the theorem is true for 
nm. We now show the theorem is true for n=m+1 =k. 

If X is minimal under f*, the conclusion follows. Suppose now that 
X is not minimal under f*. By Theorem 3, there exist integers p and q 
such that 5 » 1, k =pq, and f? gives a finite minimal-set decomposition 
D of X into exactly p elements. Let Y be any element of D. Now 
apply the induction assumption to f?(Y)=Y and n=qSim. Thus 
(f?)*=f* gives a finite minimal-set decomposition of Y into at most q 
elements. Hence, (f?)*—f* gives a finite minimal-set decomposition 
of X into at most pq =k elements. 
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COROLLARY. 4. If the mapping f gives an orbtt-closure decomposition 
of X, then for every integer n the mapping f” also gives an orbtt-closure 
decomposition of X. f 


Proor: By virtue of Remark 3, it is sufficient to apply Theorem 4 
to the elemerits of the orbit-closure decomposition given by f. 


LEMMA 1. If X is a metric space and if x C X 4s almost periodic un- 
der f, then the closure Y of the orbit of x under f ts minimal under f. 


Poor. Suppose Y is not minimal. Then, there exists a nonvacuous 
closed invariant subset Z of Y such that x«&Z. Choose CZ. Let 2e 
be the distance from x to Z. There exists a positive integer JV such 
that in every set of N consecutive positive integers appears an in- 
teger n” so that p(x, f*(x)) <e, where p is the metric in X. Choose 670 
so small that x'/C X with p(z, x’)<6 implies p(f*(z), f*(x^)) «e 
(¢=1, 2,---, N). There exists an integer p20 such that p(z, f?(x)) 
<6. Also it is possible to find an integer q, 1g SN, so that 
p(x, f7**(x)) <e. Furthermore, p(f*(z), f?+#(x)) <e. Hence, p(x, f*(2)) 
«2e which is impossible because f*(2) CZ. 


LEMMA 2. If X is a compact meiric space and if f gives an orbit- 
closure decomposition, then f ts pointwise almost periodic. 


Pnoor. Suppose that some point x of X is not almost periodic. Then 
there exist a neighborhood U of x and a sequence mı, ms, «+ - of posi- 
tive integers such that U.D fmt (x) =A (691,2, -- ). We may 
suppose that the sequence { f(x) } converges to some point, say y, 
of X. It is easy to show that the orbit of y is contained in X — U. 
Hence, the closure of the orbit of y is a proper subset of the closure 
. of the orbit of x. This is impossible. 


THEOREM 5. If X ts a metric space, then tn order that f give an orbit- 
closure decomposition si is sufficient that f be pointwise almost periodic; 
and in case X is compact, thts condition is also necessary. 

'The proof follows easily from Lemmas 1 and 2 and Remark 3. 
Theorem 5 and Lemmas 1 and 2 are closely related to Hall and Kelley 
[3, p. 628, Theorem 4] and to Birkhoff [1, p. 199]. 

THEOREM 6. Every power (including negative powers) of a pointwise 
almost periodic homeomorphism on a compact metric space ts itself poini- 
wise almost periodsc. 

The proof follows readily from Theorem 5 and Corollary 4. 


THEOREM 7. If X is a compact meiric space and if x € X is almost 
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periodic under f, then x ts also almost periodic under f" for every integer n. 


The proof proceeds easily from Lemma 1, Remark 2, and Theo- 
rems 5 and 6. - 
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SOME PROPERTIES OF SUMMABILITY. II! 
|J» HILL 


1. Summability of bounded sequences. It follows from a well 
known result of H. Steinhaus? that' no regular matrix method of 
summability can be effective for (that is, assign a finite limit to) 
every element in the space (m) of bounded sequences. The object 
of this note is to consider some questions suggested by this fact. The 
first of these may be formulated as follows. If A is a given regular 
: matrix method let J, denote the set of all 4-summable bounded se- 
quences. We then ask what are necessary and sufficient conditions 
.on a subset E of (m) in order that there exist a regular A such that 
“ECJa? In Theorem 1 below it is shown that the separability of E 
is a sufficient condition. It seems unlikely that this condition is neces- 
sary although we have been unable to decide the question. It is clearly 
equivalent to the question of whether every J4 is separable. 


THEOREM 1. Let E be an arbitrary separable subset of (m). Then 
every regular matrix A = (ax) contains a (necessarily regular) row-sub- 
mairix B= (G«,x) such that EC Jp. 


Received by the editors Noveniber 6, 1943. 

1 This note is in the nature of an appendix to the paper cited in footnote 4. 
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lineare Transformationen in der Theorie der unendlichen Reihen, J. Reine Angew. 
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Proor. The proof depends on an application of the so-called di- 
agonal process. Let D denote a dense denumerable subset of E of 
points xn {st} for n=1, 2, 3,---, and let A —(a4;) be an arbi- 
trary regular matrix. By the Silverman-Toeplitz conditions the se- 
quence [d e ausi] is bounded and therefore contains a conver- 
gent subsequence CAR where we may suppose that mı=1. Let 
Gm,s=Gn for all $ and k, and select a convergent subsequence {f} 
from the bounded sequence {ġ =) ahs} so that h=1 and $,—2. 
Next let a1, =a for all j and k, proceed to [s], and so forth. We de- 

_ fine in this way a sequence of regular matrices (a4), (al), (ahs), °° -, 
(aga), © © * , each a row-submatrix of the preceding. The “diagonal 
matrix" (a) =B is evidently regular and by its construction it 
is clearly effective for each x, in D. To show that B is also effective 
in E—D we first observe that the operation y — B(x), where B(x) 
= 55s and xe {ss}, is linear on (m) to (m). Then if xo is any 
point of E—D there exists a subsequence {x,,} of D that converges to 
xo. Setting y,=B(x,,) we have yo=lim, y; —lim; B(x4,) = B(x). Since 
yi belongs to (c), a closed subset of (m), it follows that yo belongs to 
(c). This completes the proof. 


2. A property of reversible methods. Let us first recall the follow- ` 
ing definitions. The method A corresponding to the matrix (Gms) is 
said to be reversible? if the system of equations 


(2.1) tn = >> Gmbh (m = 1, 2,3,+-+) 
kol 


has a unique solution {sz} corresponding to each convergent sequence 
{tn} . The method A is said to be of? type M if the conditions 


Elun) < ©, 2 Madar = 0 (k = 1, 2,3,+-+-) 
m=] mal 


always imply u#.=0 (m=1, 2, 3,- - -). Finally, every method A 
which is simultaneously regular, reversible, and of type M, is said to 
be perfect. 

We now ask if every regular method of summability which is 
stronger than convergence is necessarily effective for some unbounded 
sequences. For.the class of reversible matrix methods an affirmative 
answer is supplied by the following theorems. These theorems bring 
to light the fact that while perfect methods of summability may be 
equivalent to convergence, reversible regular methods not of type M 
are always stronger than convergence. 


3 S. Banach, Théorie des opérations linéaires, Warsaw, 1932, p. 90. 
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THEOREM \2. Every perfect method of summabiltiy which 4s stronger 
than convergence is effective for some unbounded sequences. : 


Proor. Let A — (as) be an arbitrary perfect matrix, stronger than 
convergence, and let F4 denote the set of all A-summable sequences. 
'Then the transformation (2. 1) of F4 into © has an inverse of the 
form‘ 


(2.2) : Sa = > ER (61954-00555 
i m-0 


where ij elim, 4, and > | Ax«| « ^ (k=1, 2, 3, - - - ). If we let 
x= {se} and y= {ta} we may express (2.1) as y=A(x) and (2.2) as 
x —A3(y). 

Since A is of type M it follows from a lemma of Banach? that as 
x ranges over (c) the set G4 of all points y =A (x) is dense in (c). 

To give.an indirect proof we assume now that F4C (m), that is, 
that every A-summable sequence is bounded. As a consequence it 
follows easily that the operation x =A~1(y) is then linear on (c) to Fa. 
Let xo be an arbitrary point of F4 and set yo =A (xo). Since yo is in (c) 
there exists, by the foregoing remark, a sequence {yn} in Ga, where 
Ya =A (x4) for certain x, in (c), such that y,— yo. But then x, —4-1(y,) 
=A (yo) — xo, and since (c) is complete we see that xo belongs to (c). 
Thus A is equivalent to convergence, and this contradiction com- 
pletes the, proof. 


THEOREM 3. Every reversible regular method A which $s not of type 
M is effective for some unbounded sequences. 


Proor. As x ranges over (m) we denote by Hy, the set of all points 
y=A(x). By an easy extension of the previously mentioned lemma 
of Banach, it has been shown? that A is of type M if and only if the 
points z= {53} for n=1, 2, 3,--+ (where 6% is the Kronecker 
symbol) are points of H4, the closure of H4. Hence if A is not of 
type M at least one of the points s,, say Z, is not in H4. Since A is 
reversible and s, belongs to (c), the equation A (x) —^z, has a unique 
solution x— =% It is clear that x, can not be a point of (m) and this 
fact establishes the theorem. ` 


-4 See J. D. Hill, Soms properties of summability, Duke Math. J. voL 9 (1942) pp. 
373-381; in particular, p. 376. 

5 See footnote 3, p. 93, Lemma 2. 

5 See J. D. Hill, On perfect methods of summability, Duke Math. J. vol. 3 (1937) 
pp. 702-714; in particular p.-704, Theorem 4. 
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An alternative proof of this theorem may be given as follows. 
Under the assumed hypotheses on A we conclude from known theo- 
rems that’ there exists a regular method B, not weaker than A, with 
which A is inconsistent; and that? A and B are consistent for bounded 
sequences. Hence the inconsistency must occur for unbounded se- 
quences. 


_ 3, Methods effective for no bounded divergent sequences. As our 

final question we ask if there exist regular methods, stronger than 
convergence, which are effective for no bounded divergent sequences. 
An example will suffice to show that the answer is affirmative. 

Example. We define matrices B=(bmx) and C= (Cms) as follows: 
bu=br, 1 (k=1, 2, 3, - - -), and 5,420 otherwise; Cam=1/m 
(m=1, 2, 3, - - -), and ¢,,=0 otherwise. The matrix B is a regular 
matrix that leaves invariant tbe limit points of each bounded se- 
quence. The matrix C, on the other hand, assigns the limit 0 to every 
bounded sequence. Consequently, the sum matrix A=B-+C leaves 
invariant the limit points of each bounded sequence, and is there- 
fore effective for no bounded divergent sequence. One easily verifies, 
however, that A assigns the limit 0 to the unbounded sequence 
{(—1)1EI}. 

The matrix A of this example is a simple instance of a Raff matrix,? 
namely, a matrix that leaves invariant the limit points of each 
bounded sequence. Every Raff matrix which is stronger than con- 
vergence will therefore possess the property in question, for example, 
every reversible Raff matrix which is not of type M (see Theorem 3 
above). 
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T See footnote 4, p. 380, Theorem 5. 

8 See footnote 3, p. 95, Théorème 11. 

? Hermann Raff, Zur Theorie der lineare Transformationen, Math. Zeit. vol. 37 
(1933) pp. 572-577. 


"THE TRANSFORMATION OF CECH 
V. G. GROVE ` 


1. Introduction. The purpose of this paper is to give a simple con- 
struction of the general transformation of Cech [1, p. 192]. 

Let the differential equations of a surface S be written in the Fubini 
canonical form [2; p. 123] 


Xun = bulu + Bx, + pa, 
= y%y + O54, + qu, ` 6 = log (fy). 


Let the differential equation defining a conjugate net N on S be writ- 
ten'in the form 


Q) ‘dot — Ndu? = 0. 


(1) 


The ray and the associate ray intersect in the canonical point [3, p. 7] 
' of N. The line joining the point x to the canonical point intersects 
the reciprocal of the Green-Fubini projective normal in a point whose 
coordinates are 


(3) : (B/N) £u — YN xr. 
We shall call this point the conjugal point of N at x. 


2. Conjugal quadrics. Let the coordinates X of a point X be 
written in the form 


X = aya F Lalu H vam. + rater. 


Then with properly selected unit point, (x1, xs, xs, x4) are the coordi- 
nates of X referred to the tetrahedron (x, £u, Xy, Xuv). The equation 
of the three-parameter family of quadrics each of which has second 
order contact [2, p. 142] with S at x is 


(4) - ety + xí(— Xi + Reva + kats Tox) = 0. 
The equation of any plane through the conjugal point (3) is 
(5 . — k(yMa, + (B/M) xa) — 2lx, = 0. 


We shall RAE of this plane as the conjugal plane of N at x. 
If we impose the condition that the polar plane of the covariant 
point (0, 0, 0, 1) with respect to the quadric (4) be the conjugal plane 


Presented to the Society, November 27, 1943; received by the editors December 
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(5), we find that the equation of the quadric (4) assumes the form 


(6) wets + wal — 2 + RM + (B/N) a2) + Ix,] = 0. 


' We shall call the quadric so determined a conjugal quadric of S at x 
with respect to the conjugate net N. There is a two-parameter family 
of such quadrics associated with a given conjugate net. It follows 
from (6) that a given conjugal quadric may also serve as the conjugal 
quadric of the associate conjugate net of N only tf ti ts a quadric of Dar- 
boux. Such a quadric serves as the conjugal quadric of any conjugate 
net. 

Davis has defined [3, p. 12] a pencil of quadrics by demanding that 
the tangents to the curves of intersection of a quadric of the family 
(4) with S be apolar to the tangents to the curves of a conjugate net. 
The quadrtc of Davis for the conjugate net defined by (2) ts the conjugal 
quadric (6) with k=1. The quadric of Davis for the associate con- 
jugate net of N is the conjugal quadric (6) with k= —1. We may call 
this quadric the conjugate quadric of Davis. 

If one demands that a quadric of the family (4) have third order 
contact with each of the curves of N, the quadric must be a conjugal 
quadric with k = —1/3. The quadric with & 21/3 plays the same role 
with the associate conjugate net. 

It will be recalled [2, pp. 185, 187] that the lines joining the points 
whose general coordinates are 


ty — bz, X, — Gx, 
wherein 


(7) a= (0, + N^ mB/9)/2, b= (Ou — N^ + myy9/2, 


are respectively the flex-ray, ray, associate ray, principal join and as- 
sociate principal join according as 


m = 0, — 1, 1, 5/3, — 5/3. 


The lines joining x to the point whose coordinates are x,,—a'x, 
—'x, with a’, b’ defined by 


(8 a = (0, M/A + n8/8)/2, b = (0, — Au/d + nyN9/2 


are respectively the axis, associate axis, cusp-axis, polar reciprocals 
‘of the principal join and associate principal join with respect to any 
quadric of Darboux according as 5 —1, —1, 0, 5/3, —5/3. 

lmposing the condition that the lines determined by (7) be the 
polar lines of those defined by (8) with respect to the quadric (4) we 
find that quadric must be a conjugal quadric with 
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(9). k — (n— - m)/2. 


It follows that the conjugal quadrics may be defined as quadrics having 
second order contact with S at x with respect to which canonical [3, p. 7] 
lines of the first kind are one! polars of canonical lines of the second 
kind. 

Using the various values B. m aad: n for the well known canonical 
lines above we find interpretations for the conjugal quadrics for the 
particular values k=0, +1/3,-+1/2, +5/6, +1, +4/3, +5/3. 

In particular the quadric of Davis 4s a quadric having second order 
contact with S at x and for which the axis of N is the polar of the ray 
of N. Thus a new characterization of this quadric is obtained. 

By means of the first characterization of the conjugal quadric with 


" k= —1/3, we may give characterizations of some of the canonical 


lines associated with the net N. In' particular the principal join of the 
curves of N may be characterized as the polar line of the axis of the net 
with respect to the conjugal quadric k= —1/3; or $t is the reciprocal of 
the-assoctate ray of N with respect to the quadric of Davis. 


3. The transformation of Cech. In this section we shall show how. 
the conjugal quadrics (6) may be considered as inducing the general 
transformation of Cech. > 

The coordinates of any point p on the tangent to the curve defined 

by dv —Adu =0 of the net N may be written in the form 


` p= wy F A. + ux. 


The polar plane of p with respect to a conjugal quadric (6) has local 
coordinates given by the formulas 


(10 m=- m=, m= m= — Net kE X). 


If the local coordinates of p be written in the form (xi, xs, xs, 0), equa- 
tions (10) assume the form 


$5 2 

4i 0, M= Tts 7 ts =, Xfi, 
3 2 

ty = — tata + (Baa + Yxa) 


of general transformation of Čech. We shall say that the conjugal 
quadrics (6) $nduce thé general transformation of Cech. In particular 
the quadrics of Darboux induce the polarity of Lie,k =0,and the quadrtcs 
of Davis induce the correspondence of Segre, k=1. 

The associate quadric of Davis may be said to induce the assoctate 
correspondence of Segre, k= —1. The conjugal quadric k= —1/3 in- 
duces the correspondence of Moutard. We may call the transformation 
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(11) with k — 1/3 the associate correspondence of Moutard. The quadric 
(6) with k 21/3 induces this latter correspondence. The other particu- 
lar conjugal quadrics characterized in the previous section of course 
induce the corresponding transformations of Cech. 

Lane has given [2, p. 203] certain properties of the general trans- 
formation of Cech. We call attention to one additional property. We 
may easily verify that the most general linear transformation which 
leaves the form of the equations of the family of conjugal quadrics (6) 
invariant is the transformation 
(12) oxy = £1 — bia — dX3 — Cı 

OX, = Z3 = GX4, ox; = dg — bu, gX4 = By. 
The transformation (12) and the corresponding transformation in 
plane coordinates leave the form of each of the transformations of 
Cech (11) absolutely invariant. It follows therefore from the form of 
(12) that the transformation of the form (11) obtatned by using any 
R-harmontc line [4, p. 584] and its reciprocal in the definition of the 
conjugal quadrics ts the transformation of Cech for the same value of k. 
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DISTANCE GEOMETRY NOTES 
L. M. BLUMENTHAL 


Introduction. This paper is concerned with several disconnected 
developments in distance geometry. $1 deals with the congruent im- 
bedding of metric spaces in euclidean or Hilbert spaces. By showing 
that the validity of the pythagorean theorem insures the essentially 
euclidean character of the metric, the basic role this theorem plays 
in euclidean geometry is, seen to be fully justified. In $2 the circle 
and n-dimensional sphere are considered with respect to the property 
of covering euclidean subsets. The concluding section presents an 
algebraic-geometric proof of the quasi congruence order property of 
the E, which, ‘by making use of determinants, achieves a consider- 
able abbreviation of the two proofs of this important result hitherto 
published. The desired purely algebraic proof has not yet been ob- 
tained. 


1. Metric spaces and the theorem of Pythagoras. If a metric space 
contains a line L (that is, a set congruent with the euclidean straight 
line) and a point $ not on L, then the line contains a point po nearest 
p. The pythagorean theorem is valid in the space provided for each 
element x of L, pp3+pox? = px*. It is clear that this property insures 
the uniqueness of the point po. 


THEOREM 1.1. A separable, complete, convex, externally convex metric 
- space in which the theorem of Pythagoras is valid ts congruent with a 
euclidean or Hilbert space. 


Proor. From an early result of the writer it suffices to show that 
the space has the weak euclidean four-point property; that is, each 
quadruple of points containing a linear triple is congruently contained 
in the plane.! If b, q, r, s are four such points, L a line containing 
q, 7, 5, and po the point of L nearest p, let g’, r’, s', bd be points of 
an E, congruent with the set gq, r, s, po. In the plane Es formed by 
this E, and the line perpendicular to it at pd, let p’ denote a point on 
this perpendicular with p’p¢ =ppo. Since the theorem of Pythagoras 
is valid in both the given space and in Fa, it is clear that the distances 
of p’ from the points g’, r’, s’ equal, respectively, the distances of p 

- from q, r, s, and the theorem is proved. 


Presented in part to the Society, September 13, 1943, under the title New formula- 
tions of some imbedding theorems; received by the editors December 17, 1943. 
1 See Amer. J. Math. vol. 57 (1935) pp. 51-61; in particular, p. 61. 
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It is worth remarking that the proof of the theorem, trivial when 
based upon the weak euclidean four-point property, is by no means 
_ immediate in terms of the ordinary four-point property which neces- 
sitates showing that every quadruple is congruently contained in Es. 
It serves, therefore, as a good example of the usefulness of the weaker 
property. 

If any condition leading to finite dimensionality is adjoined to those 
in the theorem (for example the absence of equilateral (n+2)-tuples 
or the compactness of bounded sets) the condition of separability may 
be suppressed (completeness also in the second alternative, of course) 
and congruence with a euclidean space results. 


2. Covering indices. A given space is said to, have congruence 
indices (n, k) with respect to a prescribed class of spaces provided 
any space of the class, containing more than n+ points, is congru- 
ently contained in the given space whenever each of its #-tuples has 
this property. The indices (s, k) are “best” in case neither can be 
reduced. 

If the given space is a subset of a euclidean space and the spaces 
of the prescribed class are also euclidean subsets (though not neces- 
sarily of the same space of which the given space is a subset) the 
possession of congruence indices (5, k) means that any member of 
the class, containing more than n+ points, can be covered by the 
given space whenever each » of its points is coverable by the space. 
, This suggests the term “covering indices" as a specialization of the 
more general concept. Thus, for example, a circular disc has covering 
indices (3, 0) with respect to the class of subsets of the plane, since 
any plane set may be covered by such a disc whenever each three of 
its points are so coverable. Denoting by Ca,- the surface of the n-di- 
mensional sphere of radius r, with euclidean (chord) metric, we have: 


LEMMA 2.1. If each three of four distinct coplanar points are coverable 
by the circle C1,,, but ihe four points are not so coverable, then they form 
an orthocentric quadruple. ` 


Proor. Let pı, £s, 21, 24 denote the four points, and q; the circum- 
center of the triple obtained by omitting the ith point (¢=1, 2, 3, 4) 
(clearly no three of the points are on a line). It follows at once 
from the hypotheses that qı, qs, gs are reflections of q4 in the sides 
Pats, Pils, fifa, respectively, of the triangle fipsps, and pugi = page 
244 =r. Thus p4 is the isogonal conjugate of the circumcenter qa 


2 The concept of congruence indices was introduced in Bull. Amer. Math. Soc. 
vol. 47 (1941) pp. 435-443. 
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of triangle pipeps and hence is the orthocenter of the triangle. 

If four points form an orthocentric quadruple, the four triples have 
circumcircles of the same radius. But the four points are surely not 
concyclic, for since p4, for example, is the isogonal conjugate of the 
circumcenter q4 of the triangle pipeps, it follows that q4 is the isogonal 
conjugate of pı which cannot then lie on the circumcircle of pipsps 
since no point on this circle has an isogonal conjugate with respect to 
fipsbs. Hence a necessary and suficient condition thai four distinct co- 
planar points be not coverable by Ci, though each triple of the points 
be coverable, is that the four points form an orthocentric quadruple. 


THEOREM 2.1. The Cie has best covering indices (3, 1) with respect 
to subsets of the plane. 


Proor. To prove the validity of indices (3, 1) it suffices to show 
that any planar quintuple is coverable by Ci,, whenever each three 
of its points are. If, now, pı, - - - , ps be such a quintuple, an assump- 
tion that it is not coverable by Ci,. implies that at least two of its 
quadruples be not coverable. According to the foregoing, each of these 
quadruples forms an orthocentric set, and since they have a triple 
in common, the fourth points in each quadruple coincide, for each is 
the orthocenter of the common triple. 

That the indices (3, 1) are best is obvious since it is trivial to ob- 
serve that the first index cannot be reduced, while the example of an 
orthocentric quadruple shows that the second index cannot be re- 
placed by zero. 


LEMMA 2.2. If four noncoplanar points have each triple coverable by 
Cis, then they are the vertices of an isosceles tetrahedron. 


Proor. Let O dénote the center of the sphere circumscribing the 
four points and R its radius. The feet of the perpendiculars from O to 
the faces of the tetrahedron are the circumcenters of these faces and so 
the distances of O from each face is (R3—r2)!2, Thus O is also the 
center of the inscribed sphere and the assertion of the lemma follows. 


LEMMA 2.3. The Cı, has best covering indices (3, 1) with respect to 
subsets of Es. 


Proor. Let S be any subset of E; containing more than four points, 
each three of which are coverable by Ci,,, and let pı, -- - , ps be any 
five points of S. If these five points are not coverable by Ci,. then, 
by Theorem 2.1, the five points are not coplanar.and hence they con- 
tain at most one planar quadruple. Examining the (at least) four non- 
planar quadruples in the light of Lemma 2.2, one sees that all the 
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ten distances determined by the five points are equal. Since the Es 
contains no equilateral five-point, this is impossible and the lemma 
follows. (Since the indices (3, 1) are best with respect to subsets of E; 
they are a fortiori best for subsets of E;.) 

It i is noteworthy that Cı,- has the same set of best indices with 
respect to subsets of E; as it has with respect to subsets of Es. 


THEOREM 2.2. The Ci, has best covering indices (3, n —2) with re- 
spect to subsets of En, n 72. 


Proor. This has been proved for »=3. We make the inductive as- 
sumption of the theorem's validity in En, 172. Let pı, ps, © © ©, Pats 
be any (n4-3)-tuple of a subset S of E441 containing more than n 4-2 
points, with each triple coverable by C;,,. If this (7-+3):tuple be sup- 
posed not coverable by Ci,. it follows (by the inductive hypothesis) 
that the (n+3)-tuple is not contained in E,. 

Case 1. No (n+2)-tuple of pi, fs, © © © , Pags f$ $n. Ey. 
` Then no quadruple of these points is in E and hence (Lemma 2.2) 
for each quadruple $;, £ y, Dr, Pu “opposite” distances are equal. Then 
the 1 4-3 points form an equilateral set, which is impossible since they 
are contained in Eas. 

Case 2. At least one (n--2)-tuple of bi, fa, +++, Dogs $5 contained 
tn En. 

Since the (z+3)-tuple is not contained in E,, it follows that in this 
case exactly one (n--2)-tuple is contained in Ex, say fs © * * , Pays 
By the inductive hypothesis these 14-2 points are coverable by Ci,,, 
and hence they lie in a plane. But then the »+3 points lie in Es, 
which (since 572) contradicts the conclusion reached above that 
pi, fa, © + > , Pags are not contained in E,. 

Hence the Ci,. has covering indices (3, n—2) with respect to sub- 
sets of En, n>2. The presence in £, of equilateral (n+1)-tuples with 
each three points coverable by Cı, shows that the indices (3, n— 2) 
'are best. 


THEOREM 2.3. The Ca, has covering indices (n+2, 1) with respect 
to subsets of En41. 


Proor. Let S be a subset of Z,41 containing more than n+3 points 
and consider the semimetric space .$'-- (a^), with S’ congruent with 
S and a'p' =r for each element p’ of S”. 

It is seen at once that each set of »+3 points of this semimetric 
space is congruently contained in Fay, for if the »+3 points are 
in S’ this follows from the congruence of S’ with S, while if 
bi, bi,°°-s Pda are any n+2 points of S’, the (n+3)-tuple 
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POM, ** r Pita a’ is congruent with pi, fs, * * * , Pasa, 2, where the, 
points £1, ps, * * * , Pays are selected from S and the point a is the cen- 
ter of the Cx,- passing through them. 

Since .S' - (a^) contains more than n+4 points, and F441 has, by a 
fundamental theorem (proof of which is given in $3), congruence in- 
dices (n+3, 1) with respect to the class of all semimetric spaces, it 
follows that this semimetric space is congruently contained in E,,, 
and as each point of S’ has distance r from a’, it is coverable by Ca, 
and the theorem is proved. 

It seems quite likely that the indices (54-2, 1) are best, though this 
has not as yet been completely established except for 2 —1, 2. 

It is expected that these covering properties will lead to new char- 
acterizations of the figures concerned. It has already been shown, for 
example, that the circular disc is characterized among all connected, 
simply connected domains of the plane by the property of possessing , 
covering indices (3, 0) with respect to plane sets. In an analogous 
manner, the circular rim Ci,, might be characterized among all simple 
closed curves of the plane by possessing best covering indices (3, 1) 
with respect to planar subsets (or, perhaps, among all Jordan curves 
of E, by having as best indices (3, 5 —2)).* 


3.' Congruence indices of the E, with respect to semimetric spaces. 
It was shown by Menger that any semimetric space of more than 
n-+3 points is congruently contained in E, whenever each n 4-2 of its 
. points has this property. Thus 'E, has congruence indices (n+2, 1) 

with respect to the class of semimetric spaces or, in the older termi- 
nology, quasi congruence order 54-2. This theorem is fundamental 
in the metric study of euclidean space. 

The literature contains only two proofs of this important result, 
both of which are quite lengthy and necessitate considerable indoc- 
trination of the reader in the preceding theory.* This is due, in part, 
to the fact that the argument is entirely geometrical and demon- 
strates more than is actually needed in order to arrive at the desired 
result. Since the theorem is easily formulated in the language of de- 

.terminant or quadratic form theory, attempts have been made to 
furnish a completely algebraic proof of the theorem. 'The develop- 


\ 3]n this connection it would be of interest to prove or disprove the writer's con- 
jecture that corresponding to each plane simple closed curve there exists a circle 
‘with each three of its points coverable by the simple closed curve. In the event that 
the curve is a triangle, the inscribed circle serves as the circle of the conjecture. 

* The proofs are by Karl Menger, Math. Ann. vol. 100 (1928) pp. 120-130 and 

Amer, J. Math. vol. 53 (1931) pp. 730-737. ` 
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ments presented here do not accomplish this but they do employ 
determinant theory to considerably shorten the proofs heretofore ob- 
tained, and they hew close to the line by proving only those facts 
which are needed to establish the result. Thus the end is achieved 
more speedily though the route travelled is not essentially different. 5 

Calling a set pseudo-E, provided it is not congruently contained in 
E, though each of its (n+2)-tuples is, we show first the following 
lemma. | 


. Lemma 3.1. A pseudo-E, (n+4)-tuple P contains at least n+2 
pseudo-E, (n+3)-tuples. 


Pnoor. Suppose this is not the case. Then P contains at least 
three (1 3-3)-tuples which are congruently contained in E,. Now since 
any three (n+3)-tuples of P have »+1 points in common, we 


may assume the labelling so that fi fs -*--, Patt, Pass, Pays} 
Pi, Pay + t s Pati Patsy Patti Pis Pas © © +» Patty Pus Pars are euclidean 
(n+3)-tuples. Then the determinant D(p1, fs, * ** , Pass, Pays) of 
the set P has rank less than or equal to +2, since the principal 
minors D(fi ba, * * * , Patt, Pati) vanish for $2, 3, 4 (every n+2 
points of P being euclidean) and 
D(bi, ttt, Py Pata Pats) = Dlhy, tt Pu Pata, Pats) 
(O8 D(by * +s Patt Parti Pata) = 0 


(since the three (n-+3)-tuples are euclidean). 

It follows that each (n+3)-tuple of P has a vanishing determinant 
D and hence is congruently contained in E,. But this implies that P 
is euclidean, contrary to the hypothesis. 


Lemma 3.2. Let P bea pseudo-E, (n+3)-tuple. Then each n+2 points 
of P contains an independent (n--1)-tuple. : 


Proor. If this is not the case we may assume the labelling so that 
fi, Pa + +, Pays are n4-2 points of P with each of its (2-4-1)-tuples 
. dependent. Then D(fi Hs, +++, Pare) has rank not exceeding n+1, 
for D(pi, pn +++, Patz) vanishes and D(fi brttt, Pay Patt) 
E Dp, Paes Pay Dass) = D(fi, Pa 7555 Pay Pun Pata) 70. 
Thus all first minors of D(p1, f»---, Pays) vanish, and hence 
D(bi fa, + + * , Pats) is zero. This is impossible since P is a pseudo-E, 
(n+3)-tuple. 


5 We are referring here to the second of the two references in the preceding 
footnote. 
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LEMMA 3.3. Let P and Q be two pseudo-E, (n-+3)-tuples with n--2 
points of P congruent with n+-2 points of Q. T. hen P and Q are congru- 
ent.- 


"PROOF. By the preceding lemma the n+2 points of P which are con- 
gruent to n+2 points of Q contain an independent (n+1)-tuple. Se- 
lecting the labelling so that the n+2 points £1 ps, * * *, Pasi, Pays of 
P are congruent with the n+2 points gi, Qs * * * , qa+1s mpa Of Q, it 
follows easily that the distances of $443 from the points of the first 
set are the same functions of the mutual distances of p1, fs, * > * , Pata 
as the distances of gais from the points of the congruent set 
Qu qa, * * *» Jaya, and hence the two (#+3)-tuples are congruent. 


THEOREM 3.1. If a semimeiric space S of more than n+3 points has 
each of its (n-+2)-tuples congruently contained. in iine, then S ts congru- 
ently contained in En. 


ProoF. Suppose S is not congruently soatdined in E,. Then S has 
at least one (1 1-3)-tuple with this property, and any (n+4)-tuple con- 
taining this (n-1-3)-tüple is a pseudo-E, set. Let P = (fi, pa, * * ©, Paya) 
be such an (n4-4)-tuple. By Lemma 3.1 at most two of the (»4-3)- 
tuples of P can be euclidean, say f: fs >>, Pass, Ds and > 
Di Das © ° e s Patis Dnt- ' 

‘To- show that pı, Pa, * + *, bapa forms an equilateral set (which 
furnishes the desired contradiction to.the assumption that S is 
not congruently contained in E,)-let pj, fb. be any pair of its 
nonzero distances. Then the indices ¢,~j, r, s are selected from 
the numbers 1, 2,---,-54-2, and so the two (5--3)-tuples 
$u Pat, Pir, Puaccc, Pea Pacco, Pas Pats, Patt, Pi; 
Pi, bast) Pity Pir ty Pry Dess ey Pats, Pats, Pays, Pr are 
pseudo-E,. From Lemma 3.3 we have pi ;— PrP}. 

But from the two pseudo-E, (n--3)-tuples pi, fs, © * ©, fg. Pu 

DobPenfeaccc 1 Pantas Pats, Pers Psi Pi, Da, * vie PeuPHy e's 
"d Pencct, Dus Pats, Part, Pa we have pj;p.—p.., Hence 
pip — prp. and the n+2 points pı, fs; ++ +, Pays form an equilateral 
_ (n4-2)-tuple. They are not, then, congruently contained in E,, con- 
trary to the hypothesis, and the theorem is proved. 
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TOPOLOGICAL ANALOG OF THE WEIERSTRASS 
DOUBLE SERIES THEOREM 


G. T. WHYBURN 


Since any light interior transformation of a sphere or a Riemann 
surface into a sphere is topologically equivalent to an analytic trans- 
formation and any non-constant analytic transformation is light and 
interior, it might be expected in view of the Weierstrass Double 
Series Theorem that the limit of a uniformly convergent sequence of 
light interior mappings of a sphere into a sphere would be light and 
interior. However, this is readily seen not to be the case. For if we 
let r denote [z] and for each n>0 we map the complex sphere onto 
itself by the function f,(z) defined by 


w=s forr z 2, 
w= s/n forr £ 1, 
w = (r — 1)z + (2 — r) (z/n) forl<r< 2, 


each mapping is topological, whereas the sequence f,(z) converges 
uniformly to the mapping f(z): 


w=z forr 2 2, 
w=0 forr S 1, 
w = (r — 1)z forl<r< 2. 


The latter mapping is neither light nor interior. (Of course, analytic 
mappings topologically equivalent to the transformations f,(z) can be 
chosen so as to exhibit a wide range of behaviors, since they need 
only be topological mappings.) 

It will be noted in this example, however, that if we factor the limit 
mapping w=f(z) into the form fsfi(z) where fı is monotone and f; is 
light,? the transformation fs ts light and interior. This suggests the pos- 
sibility, which will indeed be realized in the much more general situa- 
tion where the mappings operate on an arbitrary locally connected 
continuum, that the limit of a uniformly convergent sequence of light 
interior mappings always factors into a monotone transformation fol- 
lowed by a light interior one. In fact, it will be shown that if the 


Presented to the Society under the title Mapping classes for locally connected con- 
tinua, November 27, 1943; received by the editors December 27, 1943. 

1 See S. Stoflow, Leçons sur les principes topclogiques de la théorie des fonctions 
analytiques, Paris, 1938, Gauthier-Villars. 

? See, for example, the author's Analytic topolegy, Amer. Math. Soc. Colloquium 
Publications, New York, 1942, chap. 8. Note references therein also to S. Eilenberg. 
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individual mappings in the sequence admit of such factorization, so 
also does their limit. 

Now it was shown by Wallace? that a continuous transformation ' 
f(A) 4B on a locally connected continuum A factors into this form 
if and only if it is quasi-monotone, that is, provided the inverse of 
each continuum K in B having a non-empty interior relative to B 
consists of a finite number of components each of which maps onto 
all of K under f or, equivalently, provided that for each connected 
‘open set R in B each component of f-1(R) maps onto R under f. Thus 
our main conclusion asserts in these terms that the class of quasi- 
monotone mappings of a locally connected continuum A onto an- 
other one B is closed in the space B4 of all mappings of A into B. 
' The Weierstrass Double Series Theorem asserts, of course, that the 
class of analytic transformations is closed. In view of the equivalence 
theorem of Stotlow! our result is’ analogous, except that the “con- 
stants” (more precisely, “the continua on which the mappings are 
constant”) must first be factored out. 


THEOREM. The limit mapping f(A) =B of a uniformly convergent 
sequence of quasi-monotone mappings f,(A) =B on a locally connected 
continuum A ts itself quasi-monotone. 


In view of the fact mentioned above that a continuous mapping 
g(A)=B on a locally connected continuum A is quasi-monotone if 
and only if each component of the inverse of an arbitrary region (that 
is, connected open subset) R in B maps onto R under g, our theorem 
is a direct consequence of the following more general one. 


THEOREM. Let the sequence of continuous mappings f,(A) =B on the 
locally connected continuum’ A converge uniformly to the mapping 
f(A) — B. If for each e>0 there exists an integer N such that for any 
n> WN it 45 true that sf Ris any region in B and Q ts any component of 
JKR), then 


i AO- {R— R-V.[F(G)]) = 
f«(Q) D R — R-V.[F(R)], 
then f ts quast-monotone. 


3 A. D. Wallace, cs acid transformations, Duke Math. J. vol. 7 (1940) 
pp. 136-145. 

'ATt is understood that a continuum is compact, metric and connected. For any 
set X and any e>0, V.(X) denotes the set of all points x whose distance p(x, X) from 
X is less than e. Also if G is any open set, F(G) denotes its boundary, that is, 
G—G- FG). : 


implies 
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Pnoor. To prove f quasi-monotone it suffices, in view of the fac- 
torization process, to show that for any y € B and any neighborhood 
V of a component X of f-1(y), f(V) contains a neighborhood of y. By 
local connectedness, there exists a region U in A such that 


V25U25U ox. 


Further, since X is a component of f-!(y), we may choose U also so 
that if F= F(U), f(F)-y=0. Let R be a region in B containing y and 
such that R-f(F) =0. Let 


3e = e[R, fF], 
F, = fF). 


By uniform convergence there exists an integer JV such that for 
any n>N, : 


(i) 


F.C V.[fF)], 
fX) CR. 


Now for any n>N, let R, be the component of B — F, containing R 
and let Q, be the component of f! (R,) containing X. By (ii) we have 


(ii) 


FQ) R ¥ 0. 
Whence by (i) 
SOn): {Rn — Ru VelFal} 7 0; 
and since 
F, D F(R), 
this gives 


ION- {Rn — Ra Ve[F (Re) ]} = 0. 
By hypothesis this implies that for each n>N, 
f(Q) D R, — Ra: V.[F(R)] D R. 
Thus, since QC U, 
fU) D f(Q) DR, 


‘for every n>N. T 
Now by uniform convergence, f,(U) converges to f(U). Thus we 
have 


fU) = lim f. (U) DR, 
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86 that 
KV) 5 fU) DR, 


' as was to be proven. 


COROLLARY. If the sequence f(A) =B of light interior mappings on 
a locally connected continuum A converges uniformly to the mapping 
f(A) =B, then f admits of unique factorization into the form f =frf. where 
fi ts monotone and f, is light and interior. 


The case in which A is a topological sphere is of special interest, 
not only because of its connection with analytic functions but also 
because in this case the action of the separate factor mappings can 
be more completely analyzed. For the monotone factor fi(A) =A’ al- 
" ways yields’ a cactoid A’ and then the light interior factor f(A’) =B 
operating on the cactoid A’ lends itself readily’ to analysis. 
: In conclusion it may be noted that our main conclusion obtained 

here for monotone mappings is known? to hold also for monotone 
` mappings, that is, the limit of a uniformly convergent sequence of 
monotone mappings of a locally connected continuum A onto an- 
other one B is monotone. 


UNIVERSITY OF VIRGINIA 


5 See R. L. Moore, Concerning upper semi-continuous collections, Monatshefte für 
Mathematik und Physik vol. 36 (1929) pp. 81-88. 

$ See footnote 2, chap. 10. 

* Footnote 2, p. 174. 


THE “FUNDAMENTAL THEOREM OF ALGEBRA” 
FOR QUATERNIONS 


SAMUEL EILENBERG AND IVAN NIVEN 
We are concerned with polynomials of degree 5 of the type 
f(x) = aoza% - - - xa, + (2), 


where x, o, 01, * * * , an are real quaternions (4,0 for? 0,1, - - *, m) 
'and $(x) is a sum of a finite number of similar monomials 
boxbix + « + xbr, where k «m. 


THEOREM 1. The equation f(x) =0 has at least one solulion.! 


The 4dimensional euclidean space R, of all quaternions will be 
made compact by adding the point œ to form a 4-dimensional sphere 
Sy. Setting f(o) = œ we get a mapping 


Jisa — Sy. 


The continuity of f at œ follows from the fact that | F(x)| increases 
without limit as |x| increases without limit, a fact which is obvious 
from the definition of f. It should be noted that this argument is not 
valid for polynomials of degree n with more than one term of degree n. 

Theorem 1 is then a consequence of the following theorem which 
asserts that “essentially” the equation f(x) =0 has exactly n solutions. 


THEOREM 2. The mapping f: SiS, has the degree n ($n the sense of 
‘Brouwer).? 


We define a mapping g:.Si—S, as follows: 
g(x) = x” for xcR, glo) = œ. 
Theorem 2 is a consequence of the following two lemmas. 
LEMMA 1. The mappings f and g of S, into S, are homotopic. 
LEMMA 2. The mapping g has degree n. 


Proor oF Lemma 1. Define for OS#S1 


Received by the editors December 27, 1943. 

1 This result has been obtained for the special case in which all terms of f(x) have 
the form ax*; cf. Ivan Niven, Equations in quaternions, Amer. Math. Monthly vol. 48 
(1941) pp. 654-661. 

2 Cf. Alexandroff and Hopf, Topologie, Berlin, 1935, chap. 12, for the theory of the 
degree of a mapping. 
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filx) = awxax---xa.4d-(1— Dolz) for x ER, 
filo) = œ. 


Clearly f(x) is continuous in both x and #, and consequently f is 
homotopic to the mapping 


f(x) = dowayx--- xa, for x ERa 
file) = œ. 


Now for each ¢=0, 1, - - - , n choose a continuous path a;,; in R,— (0), 
where 1 Si €2, with end points a;,, =a; and a; 2 =1. Define for 1S#S2 


` 


Sle) = ae4811x : Laat for x E R filo) = œ. 


Again f.(x) is continuous in x and ¢ and since fs(/) =g(t) the conclu- 
sion follows. 
Proor oF LEMMA 2. It is known? that the equation 


(1) g(x) = i, thatis, x" i, 


has exactly » roots in quaternions, and hence these must be simply 
the nth roots of 4 in complex numbers. We shall compute the Jacobian 
of the mapping function g for the roots of (1), and show that it is 
positive at each of these roots. This imples our conclusion.‘ 

Any quaternion x-—zid-x3--x1j4-x4j can be written in the form 
x S k(cos 04-7 sin 0), where 


k= (xt + adn 205 
+ (zi deu + xa)” /h, cos 0 = xi/ E, 


t (æsi + zaj t zij) / (2a t t t a) 

The last equation is invalid if *3-++-3-+x4 —0; in this case let 7 be any 
unit vector. The sign used in the last two equations is arbitrary; 
however, in the special case to be considered in which x represents 
any nth root of 4, it will be convenient to let this sign coincide with 
that of xs. Now we have 


X^ = k*(cos n0 + 7 sin n6), 
and writing x* — fi-E-fst d-faj --fàj we obtain 
fi = filu x2, Xa, 34) = E cos nb, 


* Cf. Ivan Niven, The roots of a quaternion, Amer. Math. Monthly vol. 49 (1942) 
pp. 386-388, or Louis Brand, a paper with the same title, same journal and volume, 
pp. 519, 520. 

* Cf. Alexandroff and Hopf, p. 477. 


sin 0 


t 


T 
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fe = felt, Xa, £a, £a) = Rx, sin n0/ + (xs +a ta) (r = 2, 3, 4). 


Computing 0f./0x, (r, s=1, 2, 3, 4), and using the following relations 
which hold for all the roots of (1), k 51, sin n0 51, cos 10 =0, sin 0 =x, 
cos Ü =%1, Xs x40, T —4, we find that the Jacobian of the system is 


| 5X3 -nz 0 0 
NX NT 0 0 
0 0 1/23 0 

0 0 0 — i/z 


Since x1 -33 — 1 and 2570, this has the positive value n?/x2. This com- 
pletes the proof. 

The above proofs can be extended to the case where the coefficients 
of f(x) belong to the Cayley algebra with 8 units, using mappings of 
an 8-dimensional sphere Ss into itself. The following two facts should 
be kept in mind. (1) Due to the non-associativity of the Cayley num- 
bers each monomial of f(x) must be parenthesized in a definite man- 
ner, and. a monomial of degree k may contain more than &+1 
constants. (2) The monomial x* need not be parenthesized. 

The proof also applies equally well to the fundamental theorem of 
algebra in the usual case of complex variables. The resulting proof 
will use the degree of a mapping of the 2-sphere Sz into itself. This 
proof differs slightly from the topological proof of Alexandroff and 
Hopf’ which uses the degree of a mapping of S; into itself and the theo- 
rem of Rouché (in a topological formulation). 


UNIVERSITY OF MICHIGAN AND 
PURDUE UNIVERSITY 


5 Loc. cit. p. 469. Cf. also Wei-Liang Chow, Math. Ann. vol. 116 (1939) p. 463. 


ON ORTHOGONAL LATIN SQUARES 
' - HENRY B. MANN! 


An m-sided Latin square is an arrangement of the numbers 
1,2,:-:,m into m rows and m columns in such a way that no row 
and no column contains any number twice. Two Latin squares are 
said to be orthogonal if when one is superimposed upon the other 
every ordered pair of numbers occurs once in the resulting square. 
Various methods have been devised for the construction of sets of 
orthogonal squares. However no method has as yet been given which 
would yield all possible sets of orthogonal Latin squares. In con- 
structing' orthogonal sets it is of value to have simple criteria which 
enable us to decide whether a given Latin square can be a member of 
an orthogonal pair. 

A Latin square to which an orthogonal square exists will be called 
a basis square. In this note we shall derive two simple necessary con- 
ditions for a square to be a basis square. 


THEOREM 1. If tn the Latin square L of side 4n-+-2 the square formed 
by ihe first 2n+1 rows and the first 2n+1 columns contains fewer than 
n+l numbers which are different from 1,2, - - - , 2n--1 then L ts nota 
basis square. 


Proor. Denote by I the square formed by the first 2543-1 rows and 
the first 2n-+1 columns, by II the square formed by the first 2n 4-1 
rows and the last 25--1 columns, by IV the square formed by the 
last 25 4-1 rows and the last 25 4-1 columns. Then if a number occurs 
a times in I it must occur 2n+1—a times in II and 2n+1— 
(2n 4-1—2) =a times in IV. Hence in J and IV together every number 
occurs 2a times. Assume now that I contains fewer than #+1 num- 
bers different from 1,2, - - - , 251-1 and let L’ be a square orthogonal 
to L. In the square resulting from superimposing L’ on L every pair 
1,4 2,4 -*- 2n--1, $ must occur. Hence every number ¢ in L’ occurs 
2n-+1 times combined with a number of the set 1,2, - - - , 2n -1in L. 
But at most 2» numbers of the set 1, 2, - - - , 25 4-1 occur in L out- 
side of I and IV. Hence at least 2n-+2 numbers t of L’ occur combined 
with the numbers 1, 2, - - - , 254-1 in J and IV together an odd num- 
ber of times. But at most 25 numbers of L’ occur in I and IV com- 
bined with numbers of L which are different from 1, 2, - - - , 2n 4-1. 


Received by the editors May 24, 1943, and, in revised form, December 29, 1943. 
1 Research under a grant in aid of the Carnegie Corporation of New York. 
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Hence at least 2 numbers of L’ would occur in I and IV an odd num- 
ber of times; this is impossible. 


COROLLARY 1. If a (4n+2)-sided Latin square L contains in 
any subsquare formed by the rows $1, ts,- >, tany and the columns 
ju ja ->e o, faga fewer than n+1 numbers different from a given set of 
2n-F1 numbers ki, ks, +++ , kenyi, then L ts. not a basis square. 


Corollary 1 follows from Theorem 1 if we permute the rows, 
columns and numbers of Z in a suitable manner. It may be remarked 
that using this corollary Tarry's [1]* proof of the nonexistence of an 
orthogonal pair of 6-sided Latin squares can be simplified con- 
siderably. 

We shall say that a Latin square L contains a Latin subsquare of 
side m if only m different numbers appear in a subsquare of L 
formed by m rows and m columns. Fronr Corollary 1 we have another 
corollary: 


COROLLARY 2. If a (4n-4-2)-sided Latin square contains a subsquare 
of side 2n+1 then it is not a basis square. 


Every multiplication table of a group forms a Latin square. A 
group of order 4n+2 has a subgroup of order 2n-+-1 which generates 
a Latin subsquare of side 254-1. We therefore have the following 
corollary: 


COROLLARY 3. A multiplication table of a group of order 4n+2 is 
not a basts square. 


THEOREM 2. If in the (4n+1)-stded Latin square L the square formed 
by the first 2n rows and the first 2n columns contatns fewer than n/2 
numbers different from 1, 2, - - - , 2n, then L ts not a basis square. 


Proor. Denote by I the square formed by the first 2” rows and the 
first 2n columns and by II the square formed by the last 25 4-1 rows 
and the last 2n-+1 columns. By an argument similar to that used in 
the proof of Theorem 1 it may be shown that if a number occurs a 
times in I it must occur a +1 times in II. Hence it occurs 2a --1 times 
in I and II together. I and II together contain numbers different 
from 1, 2, - -- , 2n at most 2n+1+n—1=3n times and outside of 
I and II numbers of the set 1, 2, - - - , 2% occur at most 1 —1 times. 
If L' were orthogonal to L it would follow, using the methods of the 
proof of Theorem 1, that at least two numbers of L’ would occur in 
I and II together an even number of times; this is impossible. 


2 Numbers in brackets refer to the References listed at the end of the paper. 
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COROLLARY 4. If in ihe (4n4-1)-sided Latin square L a subsquare 
formed by any 2n rows and any 2n columns contains fewer than n/2 
numbers different from a given set kı, bs, +--+, kan of 2n numbers, then 
L ts nota basis square. 


COROLLARY 5. If a (4n-+1)-sided Latin square L contains a 2n-sided 
Latin. subsquare, then L is not a basis square. 


In the following we shall use some notations and definitions intro- 
duced by the author in a previous paper [3]. 

Let P; be the permutation which transforms 1, 2, - - - ; m into the 
ith row of the Latin square L. We identify L with its m row per- 
mutations and write L—(Pi, Ps,---, Pa). If L=(Pi,---, Pu), 
L'—(Pt,Pi,---, Px) then we define LL’=(PiP{,---, P,P4). 
LL’ is not necessarily a Latin square. From Theorem 1 of [3] it fol- 
lows that two Latin squares A and B are orthogonal if and only if 
there exists a Latin square C such that AC=B. If P is any per- 
mutation and A4-—(41---, Am) a Latin square then we put 
PA-(PA,:--, PA), AP=(AiP,--+,AmP). PA and AP are also 
Latin squares. If AC =B then PAQQ-!CR — PBR. Hence we have the 
following lemma: 


LEMMA 1. If A ts orthogonal to B then PAQ ts orthogonal to PBR for 
any permutations P, Q, R. 


A is said to be equivalent to PAQ. 

If A; is the identical permutation then A is said to be reduced. 
Clearly if A is reduced then also P-14P is reduced. 

We can now proceed to prove the following theorem. 


THEOREM 3. Every 5-stded basts square whose first row ts 12345 ts a 
muluplication table of the cyclic group of order 5. 


Pnoor. It follows from Corollary 5 that a 5-sided basis square can- 
not contain a 2-sided Latin subsquare. Hence every row of a 5-sided 
basis square must be obtained from every other row by a cyclic per- 
mutation of order 5. Let L=(1, Ps, Ps, Ps, Ps) be a basis square. 
P, is a cyclic permutation of order 5. Since in the symmetric group 
all cyclic permutations of the same order belong to the same class 
there exists a permutation Q such that Q-!P,0 = (12345). QO7LQ=L’ 
is by Lemma 1 a basis square. Its first row is 12345 and its second 
row 23451. Considering that no 2-sided subsquare may be contained 
in a 5-sided basis square we obtain as possible third rows of L' the 
rows 31524, 35214, 34512. The first two of these third rows lead 
necessarily to Latin squares with 2-sided subsquares, the third leads 
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to a multiplication table of the group of order 5. 
We shall say that a Latin square is based on a permutation group 
G if its rows can be obtained from the row 1, 2,  - - , m by the per- 
, mutations of G. 


THEOREM 4. Two Latin squares based on two different permutation 
groups of order 5 cannot be orthogonal. 


Let Z and Z’ be two such groups. If P1 is in Z then P-!Z'P;£Z', 
for otherwise one could obtain a group of degree 5 and order 25. By 
transforming Z’ with the permutations of Z we can therefore obtain 
5 different permutation groups all different from Z. But the sym- 
metric group of degree 5 has only 6 subgroups of order 5. Hence every 
subgroup of order 5 which is different from Z can be obtained by 
transforming Z’ with the permutations of Z. Such a transformation 
applied to Z itself leaves all elements of Z fixed. Hence if a Latin 
square based on Z were orthogonal to a Latin square based on Z' it 

- would also be orthogonal to a Latin square based on any other group 
of order and degree 5. 
It is therefore sufficient to show that the Latin square 


12345 
23451 
Z = 34512 
45123 
51234 


cannot be orthogonal to any Latin square L whose rows are 12345, 
24531, 35214, 43152, 51423. By Lemma 1, Z is also orthogonal to 
LP; where P; is the first row permutation of L. Since the permuta- 
tions of L form a group, LPi' contains the same permutations as L. 
Thus it can always be achieved that the row 12345 stands over the 
first row of Z. Then since the pairs 11, 22, 33, 44, 55 all occur in the 
first row, the row 24531 must stand over the fourth row of Z and the 
row 35214 over the second row of Z. But then the pair 23 would 
occur twice. This proves Theorem 4. 

In [3] the following definition was given. A biunique mapping S 
of a group G into itself is said to be a complete mapping if every 
element of G can be represented in the form XXS where X is an 
element of G and X? the image of X under the mapping S. 

It was shown in [3] that two orthogonal Latin squares Lı, La based 
on the same permutation group define a complete mapping S of 
'the abstract group and that the squares can then be written as 
L.-(P. PIS (P1P?, +++, Pa PS). If the mapping T—14-5, 


1 
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that is to say the mapping defined by XT — X X5, is an automorphism’ 
then S is said to be derived from the aiifomorphisia T. In this case 
Le -, Pa), Ia (PI, Tras eae 

We shall state this result as a lemma. 


LEMMA 2. If the orthogonal Latin squares Lı and La are 
based on the same permutation group G then Li1=(Pi,:+-+, Pn), 
I,=(P,P%, ---, PaPE), where Pi, +--+, Pm are the permutations of G, 
and S ts a complete mapping of G. i 


In [3] it was shown: If S is a complete mapping of G and 
P;,--++, Pa is a regular representation of G then the Latin squares 
(Pi, ---, Pm) and (PP$, --- , P,P3) are orthogonal. 

We shall now define a slightly different procedure by which orthog- 
onal squares may be obtained from complete mappings. It has been 
shown in [3] that every complete mapping can be transformed into 
a complete mapping S for which 15251: In the following we shall 
consider only complete mappings which have this property. 

Let G121,-:--* , Gm be the elements of a group G. Let S be a com- 
plete mapping of G. We form two Latin squares Lı and Ls in the fol- 
lowing manner: In the¢th row and kth column of Liwrite lifG,G,=Gi. 
In the ith row and kth column of Z4 write J if G,G4GP —G;G?. L; and 
Lz are Latin squares since they are multiplication tables of G. More- 

-over Lı is orthogonal to Ly. Otherwise for some 4, j, k, } with 
(i, j) dii I) we should have 


(1) GG; 5 GG = 
and oe 
(2) GGG: =G.GG: =G.G.. 


(Equations (1) and (2) must hold if the pair m, n occurs in the ¿th 
row and jth column and in the &th row and /th column.) But from 
(1) and (2) follows G? =G}. 

Since S is a biunique mapping this is possible only if 7 —7. It fol- 
lows then from (1) that ¿=k contrary to our YN 

Now let Li=(Pi,++-, Pm), La= (Pl, -> Px). Let Lı consist of 
the same permuta nona as L3; we shall Show that the mapping T de- 
fined by GI — GG? is an automorphism. 

'To prove this we have to show that from 


(3) GiGi =a Ga 
follows 


(4) GGGGE = GG». 


D 
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By assumption P;—P/ for some j. Hence if GiG, =G; we must 
have 


(5) GGG SCG, 


P, transforms 1 into l. Hence also P} transforms 1 into Z and by 
our definition of Z4 we have 


(6) GA1 = GG. 


But 118=1.Hence G;=G,G? and (4) follows from (5). Hence we have 
the following theorem. 


THEOREM 5. If a group G admits a complete mapping whtch ts not 
dertved from automorphisms then there extst two orthogonal Latin 
squares based on two different permutation groups both tsomorphtc to G. 


COROLLARY 6. The group of order 5 only admits complete mappings 
which are derived from automorphisms. 


The corollary is an immediate consequence of Theorems 4 and 5. 

A set of m—1 orthogonal m-sided squares is said to be a complete 
set of Latin squares. 

In the following we shall abbreviate finite two-dimensional projec- 
tive geometry by PGs. 

In his beautiful paper [2] R. C. Bose established the connection 
‘between PG;’s and complete sets of Latin squares as follows. 

_ Let G be a PG; with m+1 points on every line. We pick any line 
L of G and call it the line at infinity. Let Po, - - - , Pm be the points of 
L. Through every one of these points pass m lines different from L. 
We number these lines and let Z,; (020, ---, m; j20,---, m—1) 
denote the jth line passing through P,. Every finite point P can then 
be identified with an (m4-1)ad of numbers (Io, +-+, Im), where 
I;=k if L,» passes through P. It is possible to identify every point 
with such an (m-+1)ad of numbers since every pair of points deter- 
mines exactly one line. A complete set of Latin squares can now be 
formed in the following way. Write the number & in the ith row and 
jth column of the square L, (r=2,---, m) if k is the rth number of 
the (m+1)ad whose first number is 4 and whose second number is j. 

. That is to say, we let the first two numbers be the row and column 
numbers. From the fact that two lines intersect in one and only one 
point it follows that La, - - - , Lm are orthogonal Latin squares. 

Conversely if a complete set of Latin squares is given, R. C. Bose 
constructs a PG: in the following manner: Every “finite” point of 
the PG; is identified with an (m+1)ad of numbers (Io,-+-, Im) 
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where, for r=2, the number J, is the number in the Ith row and the 
. Ist column of the rth Latin square. We form m?+m lines La 
(s=0,---,m;k=0,--+, m—1), where La is the set of all points 
whose sth number is k. Thus we obtain m 4-1 sets of parallel lines, each 
set containing m lines. From. the orthogonality of the Latin squares 
it follows that two nonparallel lines intersect in only one point. We i 
add now one point to each set of parallels and let this additional 
point lie ón every line of the set. The set of added points forms the 
. “line at infinity." Two lines then intersect in one and only one point. 
From this and the fact that m-+1 lines pass through every point it 
follows easily that every pair of points is contained in one and only 
one line. Thus we obtain a PG: with m*+m-+1 points arranged in 

m?! --m 4-1 lines. 

We shall exemplify R. C. Bose! s construction by constructing a 
finite projective geometry consisting of 13 points from a set of 2 
orthogonal 3-sided Latin squares. We start from a 3-sided Graeco- 
Latin square whose boxes, that is to. say our finite points, we shall 
denote by letters. Thus we have 


lie 22b 33c 
23d 31e  12f 
32g 135  21;. 

The sets of parallel lines are: Rows: abc, def, ghi. Columns: adg, 
beh, cfi. Numbers of the first Latin square: afh, bdi, ceg. Numbers of 
the second Latin square: aet, bfg, cdh. 

Adding the “points at infinity” we obtain the finite geometry 

abcj adgk afhi acim jkim 
defj- behk bdil bfgm 
ghij cfik cegh cdhm ‘ 

Let 0, 1, gs, * * * , £41 be the numbers of a Galois field. Form the 

Latin squares . f 


0 1 se Epa 
gi £ini ttt g1 F Eva 


Li— 8i ggati -coEd £3 — j—12,;55:,m—1. 


bbw Biber tls: Eid + ER 
R. C. Bose [2] has shown that Li,---, | are ne cotdplete Set 
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of Latin squares. We shall say that this set is based on the Galois 
field GF(m). We shall further say that a PG, is equivalent to a com- 
plete set S of Latin squares if one can be obtained from the other by 
, Bose's method. , 
We shall prove the following theorem. 


THEOREM 6. If a PGs ts equivalent to a complete set of Latin squares 
' based on a Galois field then it is the analytic geometry of this Galois field. 


Proor. The complete set of Latin squares can by hypothesis be 
represented by m? different (m--1)ads of numbers (Io, + + + , Im) of 
the Galois field, where I,=a,Io+J; (rz 1) with o; 20 and o;7£a; for 
i<j. The lines of the PG, consist of the points ((m--1)ads) with fixed 
I. and of one point at infinity. Let (1, Io, Z3) be the coordinates (x, y, 2) 
of every finite point and let the coordinates of the infinite point cor- 
responding to the rth set of parallels be (0, 1, —a,) for rz 2, (0, 1, 0) 
for r 21 and (0, 0, 1) for r 20. Then all points on a line satisfy an 
equation ax--by--cs—0, namely —J,«+a,y+s=0 for rz1 and 
— Ix 4-y =0 for the lines of the first set. Hence the PG; is the ana- 
lytic geometry of GF(m). 

As an application of Theorems 3, 4, 5, and 6 we shall prove the 
following: 


THEOREM 7. Every PG, with 6 points on every line ts the analytic 
geometry of GF(5). 


Proor. From Theorems 3, 4, and Corollary 6 it follows that every 
orthogonal pair Lı, L4 of 5-sided reduced squares is based on the same 
permutation group. If Li—(1, Ps,---, Ps) then, by Lemma 2, 
L,—(1, PAP, +++, PsP3) where S is a complete mapping of the 
cyclic group of order 5. The mapping defined by P?=P;P? is by 
Corollary 6 an automorphism. Hence L4 — (1, P7, - - - , PT) where T 
is an automorphism. We write the group of order 5 as the additive 
group of remainders mod 5. Its only automorphisms are those induced 
by multiplication with the remainders 1, 2, 3, 4. Therefore if P, is 
the permutation obtained by adding i to every remainder P? must 
be the permutation obtained by adding at to every remainder where 
a depends only on T. Hence every complete set of 5-sided Latin 
..8Squares is based on the remainder system mod 5. Since the remainders 
mod 5 form a Galois field, Theorem 7 follows from Theorem 6. 

It is also easy to show that every complete set of 2, 3, and 4-sided 
Latin squares is based on a Galois field. Hence also the uniqueness 
of PG,’s with 3, 4, and 5 points on every line can be proved in the same 
manner. 
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The uniqueness of finite geometries with A than 6 points on every 
line was first proved by J. H. M. Wedderburn and O. Veblen [4]. The- 
uniqueness of finite geometries with 6 points on every line was first 
demonstrated by C. R. MacInnes [5] i in a rather laborious tactical 

enumeration of cases. 
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SOME THEOREMS ON CO-TERMINAL ARCS 
R. H. SORGENFREY . 


' It is the purpose of this note to prove certain properties of sums of 
simple arcs which have one or both end points in common. The in- 
vestigation was undertaken to answer a question, that of the validity 
of Theorem 3 below, raised by Miss Harlan C. Miller. An example is 
included to show that two of the results obtained are not valid for 
irreducible continua in general. 


THEOREM 1. If H and K are two distinct arcs from A to B, then each 
point of H--K —H - K belongs to a simple closed curve lying $n the closure 
"of H+K—-H-K. 


.  Pzoor. Let P be any point of H+K—H-K=N, and let S be the 

component of N which contains it. The set S is an arc segment; let 
its end points be X and Y. Suppose that no simple closed curve lying 
in Ẹ contains P. Then N—S contains no continuum containing both 
X and. Y, for if it did it would contain an arc from X to Y, and this 
arc plus S would be a simple closed curve lying in Ñ and contain- 
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ing P. There exist, therefore, two disjoint closed sets U, containing X, 
:and V, containing F, such that N —.S— U4- V. The components of 
EH 4- K — (U-4- V) are, except for S, subsets of H- K and hence are seg- 
` ments of arcs or segments plus one end point. Let U’ be U plus all 
components of Z4-K —(U-- V) which have no end points in V, and 
let V’ be V plus all components of H+K—(U+V) which have no 
end points in U. Then U' and V' are closed and disjoint. Hence the 
components of H 4- X —(U' J- V^) are finite in number since each of 
them has one end point in U’ and the other in V'. Since all these seg- 
ments but S are subsets of both H and K, while S is a subset of only 
one of these, it follows that the number of segments between U” and 
V’ of one of the arcs H and K is even, while that of the other is odd. 
This is impossible siace both H and K have A and B as end points. 


THEOREM 2. If H, K, and L are three distinct arcs from A to B, then 
there are two of them neither of which ts a subset of the sum of the other 
two. 


Proor. Suppose that H is a subset of K --L and K is a subset of 
H+L; then H--K — H- =N is a subset of L. This implies that N 
is a subset of L. By Theorem 1 there is a simple closed curve in Ñ. 
Hence the arc L contains a simple closed curve. It follows from this 
contradiction that one of the arcs H and K fails to be a subset of the 
sum of the other two. Suppose H does. Then it may be shown in the 
same way that one of the arcs K and L fails to be a subset of the sum 
of the other two, and the theorem is proven. 


` THEOREM 3. If H, K, and L are three arcs emanating from a point A 
and no one of them ts a subset of any other, then there ts one of them which 
Jails to be a subset of the sum of the other two. 


Proor. Suppose that each of the arcs H, K, and L is a subset of 
the sum of the other two. Let the end points, other than 4, of H, K, 
and L be Bg, Bx, and Br, respectively. No two of the points Bg, Br, 
and B; coincide, for if they did a contradiction could be reached, as 
it was in the proof of Theorem 2, by the use of Theorem 1. If By did 
not belong to L, some neighborhood with respect to H+K -+L of Bg 
would be a subset of Z- K, which is impossible unless Bg and Bx co- 
incide. Hence By and, similarly, Bx belong to L. Suppose that Bg 
precedes Bx in the arder AB, on L. Not every point of the interval 
A Bg of-L belongs to H, or if it did H would be a subset of L. Hence 
there exists a segment S of the interval AB, of L which contains 
no point of H. Let X and Y be the end points of S. Denote the inter- 
vals of AX and Y Br of L by U and V, respectively. A contradiction 


E 1 x 
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' may now be reached by an MEM very similar to the last part of 

the proof of Theorem 1. 

That Theorems 2 and 3 do not remain true if the word “arcs” in 
their hypotheses i is replaced by the words “irreducible continua” 
shown by the following example. 

Example. There exist in the plane two points A and B and three 
continua, each irreducible from A ‘to B, such that each of them is a 
subset of the sum of the other two. 

Construction. Let C be a unit circle and S be C plus its interior. 
Denote by Iz, Ix, and Iz three mutually exclusive and non-abutting 
segments of C. For each positive integer s let Dua, Dra, and Din 
be simple domains lying in S—C such that if X is H, K, or L and 
Ex, Dxid-Dxy- +++ +Dx,, then (1) Dri-C=Tx, (2) Dra-C=0 if 
n>1, (3) Dra: Ds] is an arc of length less than 1/n, (4) Drs: Dring 
—0if £21, and (5) each point of S is within 1/5 units of Ex,. Further- 
more let Dx, be such that Eun" Exe” Era Eun =Era: Ega 'Then if 
Mx-S— xDrDut: - ), it follows that each of the sets Mz, 
Mx, and M; is an ndecor cosi continuum,! that each of them is 
a subset of the sum of the other two; and that no one of them is a 
subset of any other. It is readily seen that there are two points be- 
tween which each of these continua is irreducible. 


UNIVERSITY OF CALIFORNIA AT Los ANGELES 


1 t will be noted that the construction of the separate continua H, K, and L was 
made by the “canal” method. See K. Yoneyama, Theory of continuous set of points, 
Tohoku Math. J. vol. 12 (1917) pp. 60-62. f i 


COMPONENT ORBITS UNDER POINTWISE RECURRENT 
HOMEOMORPHISMS 


MARIANO GARCfA 


1. Introduction. The notion of a component orbit is due to G. E. 
Schweigert,! and is closely associated with two theorems established 
` by D. W. Hall and G. E. Schweigert,? but so far has been considered 
only in connection with pointwise periodic homeomorphisms. It is 
the purpose of this paper to consider an extended concept of this no- 

. tion and, by applying methods analogous to those used by G. T. Why- 
burn? in obtaining the results of Hall and Schweigert, exhibit certain 
theorems that contain these results as special cases. 


2. Preliminary definitions and remarks. Throughout this paper, 
X will denote a separable metric space. Let f(X) =X be a homeomor- 
phism defined on X and let EX. 

The point x is recurrent under f provided that given any neighbor- 
hood U of x, there exists a positive integer n such that f"(x) c U. 

The mapping f is potntwtse recurrent on the set A CX provided each 
point of A is recurrent under f. It should be noted that pointwise re- 

. currence, as defined here, is equivalent to pointwise almost periodicity 
as used by Ayres, Whyburn, and others. 

A non-empty invariant set L whose components can be ordered in 
a sequence 


R +++, A-s Ai Ao, Ái, Aa, * 
such that ' 
f(Ad) = Aux #=0,+1,+2,---, 


- will be termed a component orbit. 
' A component orbit one of whose components is invariant under a 
positive power of f will be termed a periodic component orbit. 
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By the set-orbit of a set ACX we mean 
a d 
; Z f(A), 


and a set-orbit is non-wandering® if there exists a positive integer N 
such that A -f¥(A)0. 

It follows without difficulty that a component orbit is the set-orbit 
of a connected set, and conversely, the set-orbit of a connected set is 
a component orbit. Also, a periodic component orbit is the non-wan- 
dering set-orbit of a connected set, and conversely, the non-wandering 
set-orbit of a connected set is a periodic component orbit. Also, if a 
component orbit contains a periodic component orbit, it is a periodic 
component orbit, and in a compact space X, a component orbit is 
periodic if it is closed. Finally we remark that the orbit of a point x 


+0 
La) 


is a component orbit, and if x is periodic, its orbit is a periodic com- 
ponent orbit. 


3. The main results. We now prove the principal theorems. 


THEOREM I. Let f(X)=X be a homeomorphism on a compact space 
X. If Gi, Gs, + - - isa sequence of component orbits whose limit inferior 
contains a periodic component orbit Q, and sf both f and f-! are pointwise 
recurrent on lim sup G; — Q, then lim sup G; és a periodic component orbit. 


Pnoor. Let Qo be a component of Q and let K, be the compo- 
nent of L=lim sup G; which contains Qo. Since L is invariant, 
the image of Ko under any power of f is a component of L. Let 
f(Ko) = Ky, KK) — Ks, Pe ae EK) =K,, f(K.) — Ko, so that 


K=) Ki 
0 


is a periodic component orbit which contains Q. We shall show K =L. 

Suppose this is not true. Then we can find* an open set V contain- 
ing K, whose boundary F(V) does not intersect L and such that L 
is not contained wholly in V. 


* In this connection see G. D. Birkhoff and P. A. Smith, Structure analysts of sur- 
face transformations, J. Math. Pures Appl. vol. 7 (1928) p. 350. 

* ATW, Theorem (9.3), p. 15. The proof of Theorem I follows closely the proof of 
Theorem (6.5), p. 259. 
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Select a point x; from each G; such that x;—x € Qo. Infinitely many 
G; intersect.X—V and, thus we may assume that for each 4 there 
exists a point y;CGi; such that y;C X — T. Let Ce; be the component 
of Gi containing x;. Since x Clim inf C,,, lim sup Cs, is connected’ and 
hence is contained in Ko. Also,® for almost all 4, and therefore we may 
assume for all +, C,,C V. Each Cz, contains a point z; of the orbit 
of y:i. A subsequence of (si :}, which we may suppose is the whole se- 
quence, converges to a point zC Ko. 

There exists a subsequence {z,,} of (z;] such that for each 4; y; 
is a positive power of zi, or for each 4;, y; is a negative power of 4,. 
We shall assume that this sequence is {z,} and that y; is a negative 
power of z; for each 4, since the proof for the case where y; is a posi- 
tive power of z; for each 4 is perfectly analogous. 

Now, let b; be the first point in the sequence 


i Zi, f (2), fX. 

‘which is in X — V. A subsequence of (5,], which again we may sup- 
pose is the whole sequence, converges to a point 5C L. Furthermore, 
b« Y, since L- F(V) —0. 

For each 5, f(b.) is in V and consequently 
f(b) > f(b E VL- E), 


since L —K is invariant. 
Now, there exists an integer Ñ: such that 


f(b) Æ zi for $i» N; 
'This is true because otherwise we should have 


f(b.) 78 


and therefore 
b; > f2) =£ b. 


Thus the points f(b.), $i» Ni, are negative powers of z; which are 
in V, and therefore the points f?(b.), >i, are in V. Also, 


f(b) 5 fb) € V-(L —K). 
‘But again, there exists an integer N37 Ni such that 
; P) F z e for i> Na 
The points f*(b;), +> Ns, are then in V and 


1 ATW, Theorem (9.1), pp. 14-15. 
8 ATW, Theorem (7.2), p. 12. 


/ ; Ac $ 
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| Fb) 9 FO) EV- (L-E)... 

But we can find an integer N: > Ny'such that - 


fb) A si l - for i> Ny 


t 


and continuing in this mannèr we obtain ; 
OFOCY, "^ na-1428-- 


4 


This contradicts the recurrence of the point b under f, since bc Y 
and therefore we can find a neighborhood R of.5 such that 


f)R-0 acq au. 


Had we considered a sequence (z,] for which y; is a positive power 
of g; for each 4, we would have obtained a contradiction to the re- 
currence under f~! of some point of lim sup G;— Q. 


_ THEOREM II. Let f(X) =X be a homeomorphism on.a compact space 
X. If Gi, Gs, + - - ds a sequence of component orbits whose limit inferior 

- -contains a periodic component orbit Q and sf f is pointwise recurrent on 

lim sup GtriiG, then lim sup G; is a periodic component orbit. 


Proor. This follows from the proof of the preceding theorem. Let 
0; be the orbit determined by y; and z; in the proof of Theorem I. 
There exists a neighborhood U; of gs of diameter less than 1/3, such 
that U,C V and, due to the recurrence of s, under f, corresponding to 
U; we can find a point r; C U; such that r; is a positive power of y;. 

Let b; be the first point in the sequence 


ro Fr), fP), 
which is in X — V. Since r,s, we can proceed as in the proof of Theo- 
rem I to show that the point b, to-which we may assume {b} con- 
verges, is not recurrent under f.. 


From the previous proofs | we immediately have the following 
corollary. E 


COROLLARY 1. Under the piia of Theorem I or of Theorem II, 
the number of components of lim sup G; can not exceed the number of 
components of Q. Thus, if lim inf G; contains an invariant connected set 
(4n particular, if it contains a fixed point), then lim sup G; is connected. 


COROLLARY 2. Let f( X) — X be a homeomorphism on a compact space 
X. Let G be a component orbit in X. If f is pointwise recurrent on G 
and G contains a periodic component orbit Q, then G 4s a periodic com- 
ponent orbit and the number of tts components does not exceed the number 
of components of Q. 


` 
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Pnoor. This is a direct consequence of Theorem II and Corollary 1, 
for we need only take G;=G for all ¢. Then lim G;=G and the conclu- 
sion follows. 


COROLLARY 3. Any pointwise periodic continuous mapping g of a 
compact totally disconnected space X into itself has equicontinuous 
powers.® 


Proor. It is a well known fact! that under the above hypotheses’ 
g is a homeomorphism of X onto itself. Let us show that the orbit 
decomposition given by g is continuous. 

- Let (Oa) be a sequence of orbits of X such that «Clim inf (O,). 
Then, letting O, be the orbit of x, 


O+ C lim inf (0,) C lim sup (0,). 


Now, by Theorem I, lim sup (0,) is a periodic component orbit and, 
since X is totally disconnected, lim sup (O,) is an orbit. 

Thus, lim (0,) =O, and therefore the orbit decomposition is con- 
tinuous, from which it follows that f has equicontinuous powers.i* 


THEOREM III. Let f(X) =X be a homeomorphism on a compact space 
X. If L=Li+ Ia is a separation of a non-empty, closed, invariant set L 
in X such that f is pointwise recurrent on L and, for i=1 or for $—2, 
L; has the property that the closure of the orbit of each of its points is a 
pertodic component orbit, then there exists a positive integer N such that 


f'(L)-L, i= 1,2. 


, PROOF. It is no restriction to assume that L, has the indicated prop- 
erty: x€L; implies that the closure of the orbit of x is a periodic 
component orbit. 

Since f is pointwise recurrent on L, if the theorem is false, for each 
n there exists an x4 CL, such that f"! (xa) CLs. 

Choose a subsequence {x,,} of {x,} converging to a point xELi. 
Let O be the orbit of x. By hypothesis, 


° For the meaning of the terms involved in this corollary, see ATW, pp. 34, 239, 
252. 

10 ATW, Theorem (1.1) and Corollary (1.11), p. 240. 

n ATW, pp. 129-130. 

12 ATW, Theorem (6.4), p. 257. See also Corcllary (6.42), p. 258. 

u We could substitute “contains a periodic component orbit” for the phrase “is a 
component orbit,” but in virtue of Corollary 2 this does not matter. 

M In connection with the phrase that follows, see ATW, Theorem (4.12), p. 247, 
keeping in mind that “pointwise almost periodic,” as used there, is “pointwise recur- 
rent” in our notation. 
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O — Ao Aite Án 
where Ao is a component of O and 
f(A) = Aut #=0,1,---,2-4, 
and f(A4) 24$. We may also assume that 4,744, for rs, r and s 
being any integers, O0 Sr, sSk. 
Then x €A ,, where j is an integer such that 0 Sj Sk. 
Define g(y) =f*(y), yEL. By a result of W. H. Gottschalk, g is 


pointwise recurrent on L. 
For each n;, let Ga, be the orbit under g of x,,. Now, 


a € lim inf Gn; 


Furthermore, since 
+o 
Y f**(a) C lim inf Gap 
i=—o 


Fe T 
A;= Y; f*(x) C lim inf G,,. 
im—co a] 


But now g(L)=L is a homeomorphism on the compact set L and 
Ga,} is a sequence of orbits whose limit inferior contains the con- 
nected set 4;. Also, A; is invariant under g and g is pointwise re- 
current on L. Thus, by Theorem II, lim sup G,, is connected and 
consequently 
lim sup Gn, C Li, 


since x CL. 
But for each $, 


ftx.) € La 


and for s; >k, 
S En) = g^ b, ). 


Thus it follows that G,,- 4740 for n,» k. This gives 
La: lim sup Gn; Æ 0, 
which contradicts lim sup G4, CL. 


4. Conclusion. The main results that Hall and Schweigert obtained 
relative to component orbits can be stated in the following way:!* 


B5 Powers of homeomorphisms with almost periodic properties, Bull. Amer. Math. 
Soc. vol. 50 (1944) Corollary 1, p. 223. This result is very useful here. 
15 See footnote 3. 
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THEOREM 1. Let f( X) — X bea pointwise periodic homeomorphism on 
a compact space X. Then tf Gi, Ga, - - - is a convergent sequence of peri- 
odsc component orbits in X, the limit set L is a periodic component orbit. 


THEOREM 2. Let X be compact and suppose f(X) — X 4s pointwise 
periodic. Any non-empty disconnected invariant closed set L in X has 
the property that for every separation 


Lll 
there exists an integer N such that 
) f*(L) = Ly, i= 1,2. 


Theorem 1 follows immediately from either of Theorems I and II 
of this paper, for since f is pointwise periodic on X, f and f^! are 
pointwise recurrent on X. Also, since X is compact, any set which is 
the limit of a convergent sequence of component orbits is non-empty, 
and therefore contains a periodic orbit, which clearly is a periodic 
component orbit. Thus, the hypotheses of Theorems I and II are 
satisfied and hence lim G; is a periodic component orbit. In this con- 
nection it may be remarked that a homeomorphism f(X) — X is point- 
wise periodic if and only if every component orbit in X is a periodic 
,component orbit, where X is not necessarily compact. 

That Theorem I is considerably more general than Theorem 1 is 
evident in more than one sense. Referring to the notation employed 
in Theorem I, examples satisfying the hypotheses of the theorem can 
be constructed for which f is not pointwise recurrent on Q and such 
that f is not pointwise periodic on lim sup G;— Q. 

Theorem 2, which incidentally may be used to prove Corollary 3 of 
this paper, is a direct consequence of Theorem III. For if f is pointwise 
periodic on X, the closure of any orbit in X is a periodic component 
orbit; namely, the orbit itself. 

Here again Theorem III is of more generality than Theorem 2. 
Using the notation of Theorem III, examples fulfilling the conditions 
of the theorem can be given for which there exist points in La, say, 
the closures of whose orbits are not even component orbits, and such 
that f is not pointwise periodic on Li nor on Za. 
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GROUPS WITHOUT PROPER ISOMORPHIC 
QUOTIENT GROUPS 


- REINHOLD BAER 


If f is a homomorphism of the group G, and if g is an isomorphism 
of the image group Gf, then fg is a homomorphism of G too; and this 
homomorphism is an isomorphism if, and only if, f is an isomorphism. 
Consequently the following three propres of the group G imply 
each other. 

(1) Homomorphisms of G upon ES groups are isomorphisms. 

(2) Homomorphisms of G upon itself are isomorphisms. 

(3) If Nisa ita subgroup of G such that G and G/N are iso- 
morphic, then N=1 

Groups meeting Ades requirements (1) to (3) shall be termed 
Q-groups. A direct product of an infinity of isomorphic groups differ- 
ent from 1 is certainly not a Q-group. On the other hand it is readily 
seen that groups satisfying the ascending chain condition for normal 
subgroups.are Q-groups. Deeper is the fact that the group G is a 
Q-group if it belongs to one of the following three classes of groups. 

(a) Free groups on a finite number of generators. . 

(b) Groups of finite dimensional matrices with coefficients from a 
field, which are generated by a finite number of elements. 

(c). Free products of a finite number of abelian groups each of 
which is generated by a finite number of elements? 

All these groups are generated by a finite number of elements. But 
we are able to show that this latter condition is neither necessary 
nor sufficient for a group to be a Q-group. The complexity of the situ- 
ation is increased by the fact that neither subgroups nor quotient 

` groups of Q-groups need be Q-groups. Thus it becomes desirable to 
obtain general criteria for a group to be'a Q-group, and this is the 
main object of the present note. 

The subgroup S of the group G shall: be termed completely charac- 
teristic, 4f S=S! for every homomorphism f of G which satisfies G=G!. 
Examples of completely characteristic subgroups are the commutator 

. subgroup of G and its generalizations. If G happens to be a Q-group, 
then every characteristic subgroup of G is completely characteristic. 
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THEOREM 1. The group G is a Q-group tf there exists a well ordered 
ascending chain of completely characteristic subgroups S, with the fol- 
lowing properties. 

(i) So=1; S1 —G for some k. 

(ii) Sa/So is a Q-group for every v <k. 

(iii) If v 4s a limit ordinal, then every element in S, 4s contained in 
some Sy with u «v. 


Proor. Suppose that f is a homomorphism of G satisfying G —Gf, 
and that N is the kernel‘ of this homomorphism f. We are going to 
prove by complete (transfinite) induction that the crosscut* of N and 
S, is 1. Since this assertion is certainly true for v —0, we may assume 
its validity for every u «v. 

Case 1. v=u-+1 is not a limit ordinal. 

Then we infer from our induction hypothesis that NOS,=1. We 
deduce furthermore S,=S/ and S,-—.SÍ from the fact that the sub- 
groups S are completely characteristic subgroups of G and that G —G/. 
Thus f induces a homomorphism of S,/S, such that S,/.S, = (S,/S.)'. 
But S,/Su is by (ii) a Q-group and f consequently induces an iso- 
morphism in S,/Su. If x is an element in the crosscut of N and 5,, 
then (Sy«)f=S,. Hence Sux —S, and x is in Su. But the crosscut of 
S, and N is 1, proving x —1. Thus NMS, =1. 

Case 2. v is a limit ordinal. 

. If x belongs to S.N, then x belongs by (iii) to SuN for &«v. 
Hence x —1 may be inferred from the induction hypothesis, showing 
" again that NOS, — 1. 

* Thus it follows in particular that N= N'YG- N(MS4-1, proving 
that f is an isomorphism, as we desired to show. 

The subgroup S of the group G has been termed strictly characteris- 
Hc! if SI SS for every homomorphism f of G satisfying G! =G. The 
members Z,(G) of the ascending central chatn of the group G are 
strictly characteristic subgroups of G. To prove this it suffices to re- 
call their inductive definition. 

(i) Z(G) - 1. 

(ii) Ze(G)/Ze (G) is the center? of G/Z. (G). 

(iii) If v is a limit ordinal, then Z,(G) is the (set theoretical) join 
of the subgroups Z,(G) for u<o. 


* The kernel of the homomorphism f consists of the elements in G which are 
mapped upon 1 by f. 

5 The crosscut of the sets A and B will always be denoted by Af \B. 

* For a discussion of this and related concepts see Baer [2]. 

7 The center of the group G consists of all the elements s in G which satisfy sx-—xz 
for every x in G. 


1944] GROUPS WITHOUT PROPER ISOMORPHIC QUOTIENT GROUPS 269 


Let us note that the group G is termed nilpotent? if there exists an 
ordinal z such that G = Z,(G). 

The members of the ascending central series, though strictly char- 
acteristic, need not be completely characteristic. This will be appar- 
ent from the following example,? which shows at the same time the 

‘impossibility of substituting “strictly characteristic" for “completely 
characteristic" in Theorem 1. 

Let B be an abelian group of type p”. Then B contains one and 
only one subgroup B; which is a cyclic group of order £i, and every 
element in B is in at least one B;. Denote by G the group obtained 
by adjoining to B an element g subject to the relation 

gxg = xk? 
for x in B. It is readily seen that B, = Z;(G) for finite $, that B=Z.(G) 
and that G—Z,41(G). Thus G is nilpotent and the quotient groups of 
successive terms in the ascending central series are cyclic groups (and 
therefore Q-groups). But G is not a Q-group, since G and G/B, are 
clearly isomorphic groups. 


COROLLARY. If G is a nilpotent group and if every Z.(G)/Z.(G) 4s 
a Q-group, then the following condition is necessary and sufficient for G 
to be a Q-group. 

Every Z,(G) is a completely characteristic subgroup of G. 


The sufficiency of this condition is an immediate consequence of 
Theorem 1; its necessity may be derived from the fact that every 
characteristic subgroup of a Q-group is completely characteristic. The 
impossibility of omitting this condition from the statement of this 
corollary is a consequence of the considerations immediately preced- 
ing this corollary. f 


LEMMA. If S $s a strictly characteristic subgroup of the group G, and 
if G/S is a Q-group, then S is completely characteristic. 


Proor. If f is an endomorphism of G such that G=G’, then SSS 
and an endomorphism of G/S upon itself is defined by mapping the 
coset X in G/S upon the coset SX’ in G/S. Since G/S is a Q-group, 
it follows that this endomorphism of G/S is an automorphism. From 
this fact we conclude that the element x in G belongs to Sif, and only 
if, x/ belongs to S. But to every element y in S there exists an element 
zin G such that #=¥y; and from the preceding remark we infer now 
that z belongs to S too, proving S —.S/, as we desired to show. 

* See Baer [1] for a discussion of this concept of nilpotency. 

° This is essentially a restatement of Baer [1, Example 2.5, p. 406]. 
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` The next criterion is an almost exact dual to Theorem 1 with the 
important difference that we need only consider strictly characteristic 
subgroups. 


THEOREM 2. The group G ts a Q-group if there exists a well ordered 
descending chain of strictly characteristic subgroups S, with the follow- 
ing properties. 

(i) So=G; Sy=1 for some ordinal k. 

(ii) S,/Sey1 fs a Q-group for every v <k. 

(iii) If v ts a limit ordinal, then S, ts the crosscut of the subgroups Su 
foru<o., f 


Proor. If the homomorphism f of the group G satisfies G =G, then 
we are going to prove the following assertion by complete (transfinite) 
induction with respect to v. 

(v) S, =S! and f induces an isomorphism of G/S». 

Since this assertion (u) certainly holds true for u=0, we may as- 
sume its validity for every u «v, in order to prove (v). We distinguish 
two cases. : 

Case 1. v=u+1 is not a limit ordinal.’ 

Then we infer from the induction hypothesis that S, = S{ and that f 
induces an isomorphism in G/S,. Since S, is strictly characteristic, 
we have S/SS.. If X is a coset in S,/S,, then mapping X upon S,X^ 
effects a homomorphism of S,/S, upon itself, that is, S,/5S, is the 
image of S,/5, under this homomorphism. But S,/S, is by (ii) a 
Q-group, and thus f induces a proper automorphism of S,/S,. Sup- 
pose now that X is a coset of G/S, which is mapped upon 1 by the 
' homomorphism f of G/S». Then X/ SS, and therefore S, X7 = Su. But 

f induces an isomorphism in G/S, so that X S.S, and X is a coset of 
S,/S,. But then X —1, since f induces an isomorphism in 5,/,5,, and 
we have shown that f induces a proper automorphism of G/S.. If x 
is an element in S, then there exists an element y in G such that x — /. 
The coset S,y is mapped by f into part of S,. Since f induces an iso- 
morphism in G/S,, as we have shown just now, it follows that 
S,y—.S,, and this proves .5,—.S7, completing the proof of the case 
(v) =(u+1). 
Case 2. v is a limit ordinal. 
If X is a coset of G/S, such that X! SS», then X’ S, for « «v. 
„From the induction hypothesis we infer that f induces an isomor- 
phism in G/S, for u «v. Since f maps the coset S,X of G/S, upon the 
identity of G/S,, it follows that X S.S, for u «v, and we infer from 
(iii) that X €.S,. Thus f induces a proper automorphism of G/,S,; the 
, fact that S, — 5] is verified as in Case 1. 
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$ 

Thus we have verified (v) for every v Sk. From condition (i) and 
proposition (k) we infer finally that f is an automorphism of G, as 
we desired to show. 

To enunciate two important consequences of this theorem we need 
the descending central series of G, whose members *G are defined in- 
ductively as follows: 

(i) *G-G. 

(ii) "=G is generated by all the commutators xy-xy for x in G 
and y in *G. 

(iii) If v is a limit ordinal, then *G is the crosscut of all the "G 
foru «v. : 

It is readily verified that *G/ € *G for every endomorphism" f of G; 
that is, the subgroups *G are fully invariant," and they are both com- 
pletely and strictly characteristic subgroups of G. This descending 
central chain certainly meets the requirement (iii) of Theorem 2, and, 
thus we obtain the following criterion. 


COROLLARY 1. The group G ts a Q-group, if there exists an ordinal 
k such that *G —1, and if the (abelian) groups *G/**!G are all Q-groups. 


An abelian group is certainly a Q-group if it is generated by a 
finite number of elements. It is well known furthermore that ‘G/i#G, 
for finite 4, is generated by a finite number of elements if G is gener- 
ated by a finite number of elements. Thus the following fact is a spe- 
cial case of Corollary 1. 


COROLLARY 2. The group G is a Q-group tf it ts generated by a finite 
number- of elements, and 4f *G=1. 


If Fis a free group, then Magnus" has shown that *F —1, and thus 
the last criteria are generalizations of the theorem™ that free groups 
on a finite number of generators are Q-groups. 

In order to apply Theorem 2 to abelian groups we introduce some 
notations. If A is an abelian group, then denote by F,(A) the set 
of all the elements in A whose order is a power of the prime num- 
ber p. Clearly F,(A) is a fully invariant subgroup of A. The product 
F(A) of all the F,(A) is their direct product and consists of all the 
elements of finite order whereas A/F(A) contains no elements of 
finite order except 1. 


1? Endomorphisms of the group G are homomorphisms of G into G. 

1 This concept is due to Levi [1]; for further discussion see Baer [2]. 
2 Fouxe-Rabinowitch [1]. 

u Magnus [1]. 

M See footnote 1, 
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COROLLARY 3. If A/ F(A) as well as every F,(A) ts a Q-group, then 
the abelian group A is a Q-group. 


Proor. Let S9=A, Sı= F(A), Si-]DIis;F,, (4) where pi, pa- 
is some enumeration of the primes. The subgroups, S: are clearly 
strictly characteristic and their crosscut S.=1. Since S9/51 — A/ F(A) 
and since S:/Si is, for positive 4, isomorphic to F,,(A), the hy- 
` potheses of Theorem 2 are satisfied by this descending chain of sub- 
groups, proving the validity of our present contention. 

Let us note that F,(A) is a Q-group if it is finite, and that F/F(A) 
is a Q-group if it is of finite rank, that is, if there exists an integer k 
such that every subgroup of F/F(A) which may be generated by a 
finite number of elements may also be generated by k elements. Com- 
bining Corollaries 1 and 3 and the preceding remarks it is easy to 
construct any number of examples of Q-groups that cannot be gen- 
erated by a finite number of elements. 

Examples. 1.. It is known that the free group on two generators 
contains a free group on an infinity of generators as a subgroup.® The 
former group is a Q-group, the latter is not. This shows that not every 
subgroup of a Q-group need be a Q-group. 

2. The additive group R of the rational numbers cannot be gen- 
erated by a finite number of elements. But R is a Q-group. For if R 
is considered modulo a subgroup different from 0, then all the ele- 
ments in the quotient group are of finite order. If J is the subgroup of 
the integers in R, and if E is the subgroup of the even integers in R, 
then E SJ and R/J and R/E are isomorphic groups so that R/E is 
not a Q-group, showing that quotient groups of Q-groups need not be 
Q-groups. 

3. We are going to construct an example of a group m with the 

, following properties. 

(a) G is generated by two elements. 

(b) (G, G") —1. 

(c) Gis not a Q-group. 

Here we denote by G’ the commutator subgroup of G, bs G"' the 
commutator subgroup of G’, and by (G, G’’) the subgroup generated 

` by all the commutators a Vy iy for x in G and y in G”. 

This example shows that Corollary 2 of Theorem 2 is in certain 
respects a “best” result. 

To construct the group G we proceed as follows. Let F be a free 
group on two generators and denote by x, v a free pair of generators 
of F. Then F/ F' is the free abelian group of rank 2. The group F'/F'' 


15 For example, the commutator subgroup. 
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may be shown to be a free abelian group, a basis of which is given by 
the elements 
(i, ) = wv iu v Iupviu! 


for integral 4, 7. We put N= (F, F’’). Then F''/N is part of the center 
of F/N; it is a free abelian group, generated by the elements (com- 


mutators) 
(i, 26, 7) G, NA FV. 


Every subgroup of F"/N is a normal subgroup of F/N, since F”/N 
is part of the center of F/N. We denote by U the subgroup of F gen- 
erated by N and the elements (0, 7) (0, j^)(0, j)~1(0, j’)—? for all posi- 
tive j, j’, and we,denote by V the subgroup of F generated by N and 
all the elements (0, 7)(0, 7’)(0, 7)—*(0, j^)! for j, j’ not negative. It is 
clear that U and V are normal subgroups of F and that 


N<V<U<F". 


We are going to prove now that G= F/V is the desired group. It 
is immediately clear that conditions (a) and (b) are satisfied by G. 
To prove (c) we construct an automorphism of the group F which 
maps V upon U. There exists one and only one automorphism f of F 
which maps & upon wv and v upon v. We have © 


Fi = F’, Ft = FU, N! = N, 


since these subgroups are characteristic subgroups of F. Furthermore 
we have 


(0, OF = (uriu) = (uo) totuv) = v-1(0, 0)» = (0, 1), 
and consequently 


for integral j. From this last equation one derives the equality W = U, 
completing the proof. 

From the preceding arguments one deduces readily the noteworthy 
fact that the ascending chain condition is not satisfied by the normal 
subgroups of a nonabelian free group. 

Dualizing the concept of a Q-group we define as an S-group a group 
G meeting the following requirement. 

(S) If the subgroup S of G is isomorphic to G, then S —G. 

It is readily seen that every group satisfying the descending chain 
condition for subgroups is an S-group. An example of an S-group not 
satisfying this chain condition is the additive group of rational num- 
bers. 
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To enunciate conveniently a criterion for S-groups we need the 
following concept. The subgroup C of the group G is said to be an 
S-characterisisc subgroup of G if C SC for every isomorphism f of G 
into itself. Clearly every fully invariant subgroup is S-characteristic 
and every S-characteristic subgroup is characteristic. If G happens to 
be an S-group, then conversely every characteristic subgroup of Gis - 
S-characteristic. 


THEOREM 3. The group G ts an S-group tf there exists a well ordered 
ascending chain of S-characteristic subgroups N(v) of G with the follow- 
ing properties: . 

(i) N(0) 21 and N(t)=G for some ordinal t. 

(ii) N(v4-1)/N(v) is an S-group. 

(iii) If v is a limi: ordinal, then every element in N(v) is contained 
in some N(u) for u «v. ` 


Proor. Suppose that f is an isomorphism of G upon some subgroup 
S of G. We are going to prove by complete (transfinite) induction 
that N(v¥ = N (0) for every v. This assertion is certainly true for v=0; 
and thus we may assume its validity for every u «v. If v happens to 
be a limit ordinal, then our contention is directly derived from (iii) 


-and the induction hypothesis. If, however, v=u-+1 is not a limit 


ordinal, then we deduce from N(u) — N(u) and N(v) 8 N(v) that f 
induces an isomorphism of the group N(0)/N(u) upon a subgroup of 
N(v)/N(u). But it follows from (ii) that N(vr)/N(u) is an S-group. 
Hence (N(v)/N(u)’ =N(v)/N(u) or N(v) - N(eY N(u) - Nv N(uy) 
— N(vy, as we desired to show. Now G — N(t) = N(t) =G is a conse- 
quence of (i). 

We are interested in the relations between Q-groups and S-groups. 
There are groups that are both, like the finite groups or the additive 
group of rational numbers. Any direct (or free) product of an infinity 
of isomorphic groups (7*1) is neither. The infinite cyclic groups are 
Q-groups, but not S-groups, and the abelian groups of type p° are 
S-groups, but not Q-groups. Thus the following theorem seems to be 
of some interest. 


THEOREM 4. If N ts a fully snvariant subgroup of the free group F, 
and if G=F/N is an S-group, then G 4s a Q-group. 


Proor. If L is a normal subgroup of G such that G and G/L are 
isomorphic groups, then denote by M the uniquely determined nor- 
mal subgroup of F such that NSM and M/N=L. There exists an 
isomorphism g of G upon G/L, and hence there exists an endomor- 
phism f of F satisfying X? — M X for every coset X of F/N=G. (To 
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prove the existence of f, consider a free set of generators of F and 
define f on this free set of generators in accordance with our require- 
ment. Then f can easily be seen to be a desired endomorphism.) Then 
F-F'M and FOM=NSN, since N is a fully invariant subgroup 
of F. Since M and N are normal subgroups of F, we deduce from 
Dedekind's law that 


FIN(\M = (FPO M)N =NN=N, 


and from N € M we infer (F/N)M = F! M =F. The subgroup (F/N)/N 
= V of G=F/N has therefore the following properties: 


VAL=1 and VL =G. 


Thus every coset of G/L contains one and only one element of the sub- 
group V of G, proving that V and G/L are isomorphic. But G/L and 
G are isomorphic and G is an S-group, proving that V=G. This im- 
plies finally L —1, showing that G is a Q-group. 

It is apparent from the proof of this theorem that it remains valid 
if we substitute for the hypothesis that F be a free group the following 
assumption: 

If M and N are normal subgroups of F, if N & M, and if g is an iso- 
morphism of F/N upon F/M, then there exists an endomorphism f 
of F, satisfying ; 

X’ = MX! 


for every coset X of F/N. 

It has been shown that the properties (1) to (3) may be deduced 
(a) from the existence of an ascending chain of completely character- 
istic subgroups, meeting certain requirements (Theorem 1), and 
(b) from the existence of a descending chain of strictly characteristic 
subgroups, satisfying certain conditions (Theorem 2). But these prop- 
erties (a) and (b) are not independent. For the following correspond- 
ence between subgroups maps every ascending chain of completely 
characteristic subgroups upon a descending chain of strictly charac- 
teristic subgroups. If S is a subgroup of the group G, then let S* be the 
ceniraliser of S in G, which consists exactly of those elements in G 
commuting with all the elements in S. To substantiate our contention 
we enumerate a number of properties of this operation. 

(1) If SST, then T* S S*. 

(2) If S is the (set theoretical) join of the subgroups S,, then S* 
is the crosscut of the subgroups S;*. 

These two properties are immediately obvious. It should be noted, 
however, that neither the dual nor the converse of (2) is true. 
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(3) If S is a completely characteristic subgroup of G, then S* is a 
strictly characteristic subgroup of G. 

Proor. If G —G/ is satisfied by the endomorphism f of G, if s is an 
element in S, and if is an element in S*, then there exists an element 
s' in S such that s =s”; and we find: 


| SH = sU = (sl = (Is)! = Ist = Bs, 


proving that // belongs to S* too, or SY S S*. 

REMARK. The impossibility of proving that S* is completely char- 
acteristic, if S is completely characteristic, may be shown by the fol- 
lowing example: If S=G, then S is certainly completely characteris- 
tic. But S* is the center of G; and we have pointed out before that the 
center is not always completely characteristic. 

Note that in the proof of (3) we actually verified the following fact. 
If S is a subgroup of G, if f is an endomorphism of G, and if SSS, 
then S*/<S*. This implies in particular: 

(4) S* is a normal subgroup of G, if S is a normal subgroup of G. 

To enunciate the next statement it will be convenient to introduce 
some notations. If X and Y are subsets of G, then we denote by 
(X, Y) the subgroup generated by all the commutators x^!y7!xy for x 
in X and y in Y. For these subgroups P. Hall proved the following im- 
portant inequality: 

(H)** If A, B, C are normal subgroups of G, then 


(A, (B, O) < (B, (C, 4))(C, (4, hia 


Now we are able to prove 

(5) If (G, T) SS is satisfied by the ETN S and T of G, then 
(S*, St) ST". 

Proor. We deduce from (H) that 


(7, (S*, S*)) & (S*, (S*, T)) < (S*, (G, T)) < (S*, S) = 1, proving (5). 


We define the derived series G® of the group G inductively as fol- 
lows. 

(i) G9 —G. 

(ii) G+ is the commutator subgroup of G(?. 

(iii) If v is a limit ordinal, then G(? is the crosscut of the subgroups 
G™ for u «v. 

If in particular there exists an ordinal s such that G=G®, then G 
may be termed soluble.” 

1 Hall [1]. 

17 A different concept of solubility which is narrower than the present one has been 
discussed in Baer [1]. 
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THEOREM 5. Nilpotent groups are soluble. : ES 


Proor. Put C, — Z,(G)* for every v. Then we have C= Ci — G, since 
Zı(G) is the center of G. From (G, Z.a(G)) X Z.(G) and property (5) 
we deduce that 

(C, C.) < p 


If v is a limit ordinal, then Z,(G) is the join of the Z,(G) for u «v, and 
we infer from (2).that C, is the crosscut of the subgroups C, for u «v. 
Hence it follows by complete (transfinite) induction that 


GG) < C, for every v. 


Since G is nilpotent, there exists an ordinal k such that G — Zi(G). 
Clearly C; is the center of G. But G™ is part of C, and C, is abelian. 
Hence G+) =1, proving the solubility of G. 

Appended to Theorem 1 is a discussion of an example of a nilpotent 
group G which can be shown to have the property !G —!Gz£1. Thus 
nilpotency does not imply that the descending central series ends 
with 1. i 

On the other hand it may be worth noting that the nonabelian 
free groups F satisfy “F =1, though their center is equal to 1, showing 
the impossibility of deducing nilpotency from the fact that the de- 
scending central chain ends with 1. 

We note finally that the situation is altogether different if one is 
mainly interested in finite chains. For the following theorem is well 
known:!* G=Z,(G) for finite n if, and only if, 1="G for finite m. 
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A SUBSTITUTE FOR THE AXIOM OF CHOICE 
A. D. WALLACE 


The following result appeared in the 1914 edition of Hausdorff’s 
Mengenlehre, p. 140: i 


(A) Any partially ordered system contains a maximal simply ordered 
subsystem. 


This theorem is well known to be equivalent to the axiom of choice 
(though there does not seem to be a proof of this fact in the literature) 
and it has been suggested as an alternative for this axiom. The pur- 
pose of this note (which is purely methodological) is to propose a 
simpler but equivalent formulation of (A) as a substitute for the 
Zermelo axiom. The simplicity lies in the fact that we make no as- 
sumptions concerning the relation R which replaces partial order. 

Let Q be a set and R an arbiirary binary relation on Q. A subset 
of Q will be termed R-simple if for any pair of its elements, a and b, 
we have either aRb or bRa. The version of (A) we propose is: ' 


(B) Any R-simple subset of Q is contained in a maximal R-simple 
subset of Q. 

It is clear that (B) implies (A). Conversely, let Qo be an R-simple ` 
subset, of Q. Let P be the partially ordered (by inclusion) system 
composed of all R-simple subsets of Q which contain Qo. Then by (A) 


there is a maximal simply ordered subsystem P, of P. The union of 
all the sets in P, is the desired maximal R-simple subset. 
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PROOF OF A THEOREM OF THORIN 


J. D. TAMAREIN AND A. ZYGMUND 
Let 


A(x, y) = Do arty 
j kel 


be a complex bilinear form, and let M (o, 8) denote the upper bound of 
| A (x, y)| for the x’s and 5's satisfying the condition 


(lels, Col xl" Ss 1. 


Then log M(a, B) is a convex function of the point (o, B) in the tri- 
angle 


(1) 0sosi OSfS1, octBzl 


The above result is due to M. Riesz.! In a recent paper it was 
shown by Thorin? that the theorem is restricted neither to bilinear 
forms nor to the triangle (1). Thorin's result is as follows. 


THEOREM. (i) Let f(zi, 23, - - - , Z) be an entire function of r com- 


plex variables zi, %, +++ , 8. Let K bea bounded domain (vi, 02, - > - o) 
of the r-dimensional Euclidean space, satisfying the conditions 1,20, 
n20,- , %20. Let M(œ, 03, >- , ar) denote the upper bound of 
|fe %, "°° , £&)| for 
| as] =y, e, |s| - 5 and (91, 93, * * * ,9) EK. 
Then log M(ou, 03,---, œ) is a convex funcion of the point 
(03,05, + + + , œ) $n the domain 0Sa; 4-9, —1,2, - * ^, r. 
(ii) If the points of K satisfy a condition 

0<AS0;S BC+ (j21,2,:::,7) 
then log M(a1, 0, - - +, Gr) is convex $n the whole space — œ <a; < t o, 
gj=1,2,---,7. 


In case (ii), vanishing of some of the o's does not require addi- 
tional discussion. The situation is slightly different in case (i), since 
77 has no meaning if both v; and a; are zero. The sets #1, 82, - + +, Zr 


Received by the editors January 6, 1944. 

1M. Riesz, Sur les maxima des formes bilinéaires ei sur les fonctionnelles linéaires, 
Acta Math. vol; 49 (1926) pp. 465-497. 

2 G. O. Thorin, An extension of a convexity theorem dus to M. Riess, Kungl. Fysio- 
grafiska Sällskapets i Lund Fórhandlinger vol. 8 (1939) no. 14. 
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for which this occurs have simply to be disregarded in the definition 
of M(os aa, - + - , o). 

Owing to the importance of the theorem (even in the special case 
of M. Riesz), any simplification of its proof may be of interest. The 
proof given below seems to be slightly simpler than the original one 
of Thorin, and is based on the following elementary principle 


(a) A necessary and sufficient condition that a real valued function 
f(t) be convex in an interval (a, b) ts that, for any subsnterval (a', b!) 
and any real number p, the maximum of the function o(t)-+-ué én (a’, b^) 
be attained at least at one of the end potnis a’, b’. 


Its proof is immediate. If $(/) is convex, so is ¢1(t) 2$ (!) tut. Since 
no point of the arc y=¢1(#), a’ St € b, lies above the chord joining its 
end points, the maximum of $i(/) in (a’, b’) is either at =a’ or t —b'. 
Conversely, if $(/) is not convex in (a, b), there is an arc y=¢(2), 
Ga'StSb', which lies partly above the corresponding chord. If 
y= —pií—v is the equation of the chord, the sum ¢(t)+ut+r vanishes 
for t=, 4, and takes on positive values at some points inside (a/, 5"). 
Hence ¢(¢)+# does not attain its maximum in (a’, b’) at either of 
the end points a’, b’. 

The following form of the principle will be more convenient for our 
purposes. ý 


(b) A necessary and sufficient condition that the logarithm of a non- 
negative function p(t) be convex in an interval (a, b) 4s that, for any 
Subinterval (a/, b") and any real p, the maximum of the function (i)er 
$n. (a^, b^) be attained at least at one of the end points a’, b. 


The necessity of the condition follows from (a). So does the suff- 
ciency, if ¢(¢) is strictly positive. It is, however, easy to show that if 
$(/) is non-negative, satisfies the condition of (b), and vanishes at a 
point £o of (a, b), then ¢(t) vanishes identically inside (a, b). For if 
$(!) were positive at a point & which lies, for example, to the right 
of to, so that £o « & «b, and if & «& «b, then $()e»(-!» is 0 at fo, is 
(i) at h, and is very small at 4, if u is negative and large enough. 
Hence the maximum of ¢(é)e*(-™ in (to, t) is attained at neither end 
point. This proves (b), if we agree to consider the function which is 
— « everywhere inside (a, b) as convex. 


* This principle, both in forms (a) and (b), was first stated by S. Saks and used by 
him to simplify certain proofs from the theory of functions. See his papers Sur un 
thtorème de M. Montel, C.R. Acad. Sci. Paris vol. 187 (1928) pp. 276-277, and On the 
Properties of convex and subharmonic functions (in Polish), Mathesis Polska vol. 6 
(1930). 
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. We now pass to the proof of the theorem of Thorin, starting with 
part (ii). Let 
9; = eli, — j9152:;:5r. 


If (01, 94, - + +, 9) CK, the £'s are bounded. Obviously, we may as- 
sume here that K is closed. Hence 


Mlan as +++ , a) = max | Jenita, FAUE S etti) | 


for (e, e... , e) K and m, 7:7, v" arbitrary. Since 
| f(emtrtin, . )| is a continuous function of the variables aj, £5, ny 
it follows that M(o1, a2, - - - , @,) is a continuous function of the o's. 


In order to show that its logarithm is convex on any straight line 


0 0 0 
Oy = ay + Nul, a: = a3 + Ml, s, Op = ar F At, 
it is enough to show that, for any real p, the product 


Mla, Piao tiie 


has no proper maximum for any finite £. 

Let us assume, contrary to this, that for some » such a maximum 
does exist. By a change of variable we may adjust it so that the maxi- 
mum is attained for £ —0. Then 


0 0 0 
() Mery an +++, o) & M(oi + Mb as dub, ++ pap + de 
for small |¢|, and we have strict inequality for some /'s arbitrarily 
small. We may write 
Mist sce ales uen, er, 
where (eti, e, +--+, ef) is a point of K, and the nf, 25 - - ^ , np are 
suitably chosen. Thus 
| fleatettist, o, gartrein| 
= | f(etatrrotitin, 6. , earths DEP gat | 


(3) 


for all real /'s sufficiently small in absolute value, and for all real n’s. 
We assert that (3) holds for all complex t's of sufficiently small modu- 
lus. This follows immediately, for if we replace £ by ¢+4v in (3), the 
only effect will be to change the n’s. It follows in particular that the 
modulus of the entire function (in #) 


f(e dnit, -o , pore Diei) gt 


attains a proper maximum at £—0, which contradicts the principle 
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of the maximum for analytic functions. Hence part (ii) of the theorem 
18 proved. 

As Thorin himself points out, part (i) of the theorem is an immedi- 

' ate consequence of part (ii). For if K, is the part of K for which 


vuze, j=1, 2, ---, r, and if Man as - ++, œ) is the function 
M(o1, a2, * + + , œ) corresponding to K,, then 

lim M (a, 3,777, Cir) ed M(ai, [^4 T2 = , o). 
This holds both when all the o's are different from zero and when 
some of them vanish. Hence M(ai, os ---., æ) is convex for 
20,0220, ---,0, 20. The restriction a;20 is introduced to avoid 


infinite values for M. . 

Let k>0. The theorem of Thorin may be considered as the limit- 
ing case (k=+) of a similar theorem in which the expression 
M(os, 03, - ++, 05) is replaced by 


M (oi, [7 LP ær) 
2r 2v 

à = max f — f | flemtrtin, ... , ertet) |*dm; s dn 
0 0 g 

and (ef, - - - , ef) C K. The limitations on the a’s are the same as be- 


fore. The proof does not differ from the one given above, if we use 
the fact that the integral 


2r 2r i à 
l f eg f | (euD, 26.) gat OP, 
0 0 


is a subharmonic function of the (complex) variable #, and so cannot 
attain a proper maximum. That this integral is a subharmonic func- 
tion of ¢ follows from the fact that | f(ecct0tHm, ... | * is sub- 
harmonic in ¢ for every fixed set of 71, 9, ©- > Nre 

, As Thorin pointed out, the function f(z;, z;, - - - , 8) of his theorem 
need not be entire. If it is regular in a domain D, the function 
M(a, +++, o) is convex in a domain of the variables Qj, 0. 
The same remark applies to M. 
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THOMAS SCOTT FISKE—IN. MEMORIAM 


Thomas Scott Fiske died at Poughkeepsie, Néw York, January 10, 
- 1944. Hespent the whole of his active life in New York City and for 
fifty years was connected with Columbia College as a student and as 
a teacher. Shortly after his graduation he was instrumental in forming 
the New York Mathematical Society of which he became secretary 
and later president. This society was the forerunner of the American 
Mathematical Society. Later, upon the organization of the College 
Entrance Examination Board, he was made its secretary and it was 
under the influence of his initiative and guidance that the Board be- 
came an important factor in matters pertaining to college entrance 
requirements. He also served as dean of Barnard College for a short 
time. 

Through these activities, €: over such a long period of time, 
he came into contact with many Columbia students, with practically 
all the active mathematicians of the country together with many of 
those living in' Europe, and with many college and school men in 
other departments. His striking personality and lovable qualities 
made a deep impression upon these groups, as is evidenced by the 
action taken by the Society at its semicentennial celebration in 1938 
as well as by the action of the College Entrance Examination Board 
upon the occasion of his retirement from the management of its 
affairs. 

His colleagues at Columbia who were more closely associated with 
him will feel his loss perhaps more keenly than others, although it has 
been fifteen years since he gave up the active guidance of me Depart- 
ment of Mathematics there. ` 

Those who knew Fiske well recognized that he had an unusually 
clear and incisive mind. He had a firm grasp of those parts of mathe- 
matics to which he gave his attention, and if his inclination had led 
him in that direction he probably would have made his mark as a 
research man. But he preferred to devote his energies to administra- 

- tive matters and in this field and in his personal relations he will be 
remembered with admiration and affection. 
à XN ds W. BENJAMIN FITE. 
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RECURSIVELY ENUMERABLE SETS OF POSITIVE 
INTEGERS AND THEIR DECISION PROBLEMS 


EMIL L. POST 


Introduction.. Recent developments of symbolic logic have con- 
siderable importance for mathematics both with respect to its phi- 
losophy and practice. That mathematicians generally are oblivious to 
the importance of this work of Gödel, Church, Turing, Kleene, Rosser 
and others as it affects the subject of their own interest is in part due 
to the forbidding, diverse and alien formalisms in which this work is 
embodied. Yet, without such formalism, this pioneering work would 
lose most of its cogency. But apart from the question of importance, 
these formalisms bring to mathematics a new and precise mathemati- 
cal concept, that of the general recursive function of Herbrand-Gàdel- 
Kleene, or its proved equivalents in the developments of Church and 
Turing.’ It is the purpose of this lecture to demonstrate by example 
that this concept admits of development into a mathematical theory 
much as the group concept has been developed into a theory of 
groups. Moreover, that stripped of its formalism, such a theory ad- 
mite of an intuitive development which can be followed, if not indeed 
pursued, by a mathematician, layman though he be in this formal 
field. It is this intuitive development of a very limited portion of a 
sub-theory of the hoped for general theory that we present in this 
lecture. We must emphasize that, with a few exceptions explicitly so 
noted, we have obtained formal proofs of all the consequently mathe- 
matical theorems here developed informally. Yet the real mathemat- 
ics involved must lie in the informal development. For in every 
instance the informal *proof" was first obtained; and once gotten, 
transforming it into the formal proof turned out to be a routine chore. 

We shall not here reproduce the formal definition of recursive func- 
Hon of positive integers. A simple example of such a function is an 


An address presented before the New York meeting of the Society on February 26, 
1944, by invitation of the Program Committee; received by the editors March 25, 
1944. 

1 For “general recursive function? see [9] ([8] a prerequisi-e), [12] and [11]; for 
Church's “d-defineability,” [1] and [6]; for Turing's “computability,” [24] and the 
writer's related [18]. To this may be added the writer's method of "canonical systems 
and normal sets” [19]. See pp. 39-42 and bibliography of [6] for a survey of the litera- 
ture and further references. Numbers in brackets refer to the bibliography at the end 
of the paper. 

* Our present formal proofs, while complete, will require drastic systematization 
and condensation prior to publication. 
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arbitrary polynomial P(x, xs, © * * , x4), with say non-negative in- 
tegral coefficients, and not identically zero. If the x's are assigned 
arbitrary positive integral values expressed, for example, in the arabic 
notation, the algorithms for addition and multiplication in that nota- 
tion enable us to calculate the corresponding positive integral value 
of the polynomial. That is, P(x1, xs, - - - , x4) is an effectively calculable 
function of positive integers. The importance of the technical concept 
recursive function derives from the overwhelming evidence that it is 
coextensive with the intuitive concept effectively calculable function.? 

A set of positive integers is said to be recursively enumerable if there 
is a recursive function f(x) of one positive integral variable whose 
values, for positive integral values of x, constitute the given set. The 
sequence f(1), f(2), f(3), - - - is then said to bea recursive enumeration 
of the set. The corresponding intuitive concept is that of an effectively 
enumerable set of positive integers. To prepare us in part for our in- 
tuitive approach, consider the following three examples of recursively 
enumerable sets of positive integers. 


(a): l 13, 23, St 0. 

(b): 1, 2, 213, Qh — 

(c): 12,22, 33, . .. 
14,253... 


14, 24 34... 


In the first example, the set is given by a recursive enumeration 
thereof via the recursive function x*. In the second example, the set 
is generated in a linear sequence, each new element being effectively 
obtained from the elements previously generated, in this case by 
raising 2 to the power the sum of the preceding elements. The set 
is effectively enumerable, since the nth element of the sequence can 
be found, given s, by regenerating the sequence through its first n 
elements. In the third example, we rather imagine the positive in- 


` tegers 1, 2, 3, - - - generated in their natural order, and, as each 
positive integer n is generated, a corresponding process set up which 
generates n?, n°, n‘, - - - , all these to be in the set. Actually, the stand- 


ard method for proving that an enumerable set of enumerable sets is 
enumerable yields an effective enumeration of the set. 


3 See Kleene [13, footnote 2]. In the present paper, “recursive function” means 
“general recursive function.” 
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Several more examples would have to be given to convey the writ- 
er’s concept of a generated set, in the present instance of positive 
integers. Suffice it to say that each element of the set is at some time 
written down, and earmarked as belonging to the set, as a result of 
predetermined effective processes. It is understood that once an ele- 
ment is placed in the set, it stays there. The writer elsewhere has re- 
ferred to a generalization which may be restated every generated set of 
positive integers is recursively enumerable.* For comparison purposes 
this may be resolved into the two statements: every generated set is 
effectively enumerable, every effectively enumerable set of positive 
integers is recursively enumerable. The first of these statements is 
applicable to generated sets of arbitrary symbolic expressions; their 
converses are immediately seen to be true. We shall find the above 
concept and generalization very useful in our intuitive development. 
But while we shall frequently say, explicitly or implicitly, “set so 
and so of positive integers is a generated, and hence recursively 
enumerable set," as far as the present enterprise is concerned that 
is merely to mean "the set has intuitively been shown to be a gen- 
erated set; it can indeed be proved to be recursively enumerable." 
Likewise for other identifications of informal concepts with corre- 
sponding mathematically defined formal concepts. 

At a few points in our informal development we have to lean upon 
the formal development. The latter is actually yet another formalism, 
due to the writer [19] but proved completely equivalent to that of 
general recursive function. It will suffice to give the equivalent of 
“recursively enumerable set of positive integers” in this development. 

A positive integer n is represented in the most primitive fashion 
by a succession 11 - - - 1 of n strokes. For working purposes, we in- 
troduce the letter b, and consider “strings” of 1’s and b's such as 
1151551. An operation on such strings such as “b1bP produces P1bb1” 
we term a normal operation. This particular normal operation is ap- . 
plicable only to strings starting with bib, and the derived string is 
then obtained from the given string by first removing the initial b1b; 
and then tacking on 1551 at the end. Thus b1bb becomes b1bb1. “gP 
produces Pg’” is the form of an arbitrary normal operation. A system 
in normal form, or normal system, is given by an initial string A of 
1's and 6’s, and a finite set of normal operations "g;P produces Pg} ," 
$—1, 2,--- , p. The derived strings of the system are A and all 
~ strings obtainable from A be repeated applications of the u normal 
* See [19, p. 201 and footnote 18]. In this connection note Kleene's use of the word 


“Thesis” in [14, p. 60]. We still feel that, ultimately, “Law” will best describe the 
situation [18]. 
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operations. Each normal system uniquely defines a set; possibly null, 
of positive integers, namely the integers represented by those derived 
strings which are strings of 1's only. It can then be proved that every 
recursively enumerable set of positive integers is the.set of positive 
integers defined by some normal system, and conversely.’ We here, 
as below, arbitrarily extend the concept recursively enumerable sel to in- 
clude the null set. 

By the basis B of a normal system, and of the recursively enumer- 
able set of positive integers it defines, we mean the string of letters 
and symbols here represented by D 


A; gP produces Pgi , > -> , aP. produces Pg; . 


When meaningfully interpreted, B determines the normal system, 
and recursively enumerable set of positive integers, in question. Each 
basis is but a finite sequence of the symbols 1, b, P, the comma, semi- _ 
colon and the letters of the word “produces.” The set of bases is there- 
fore enumerably infinite, and can indeed be effectively generated in 
a sequence of distinct elements 


0: Bi, Bs, Bi, MEET: 


Since each B; defines a unique recursively enumerable set of positive 
integers and each such set is defined by at least one B;, O is also an 
ordering of all recursively enumerable sets of positive integers, though 
each set will indeed recur an infinite number of times in O. We may 
then say, in classical terms, that whereas there are 28° arbitrary sets 
of positive integers, there aré but No recursively enumerable sets. 

By the decision problem of a given set of positive integers we mean 
the problem of effectively determining for an arbitrarily given posi- 
tive integer whether it is, or is not, in the set. While, in a certain sense, 
the theory of recursively enumerable sets of positive integers is 
potentially as wide as the theory of general recursive functions, the 
decision problems for such sets constitute a very special class of deci- 
sion problems. Nevertheless they are important, as is shown by the 
following special and general examples. 

One of the problems posed by Hilbert in his Paris address of 1900 
[10, problem 10] is the problem of determining for an arbitrary di- 
ophantine equation with rational integral coefficients whether it has, 
or has not, a solution in rational integers. If the variables in a 


5 We have thus restricted the normal operations and normal systems of [19] be- 
cause of the following result. If in the initial string and in the normal operations of a 
normal system with primitive letters T al, ***, G5! , each aj, $1, - - - , p’, is re- 
placed by bi -.-- ib with ¢ 1's; a normal system with primitive letters 1, b results, 
defining the same set of strings on 1 only as the original normal system. 
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diophantine equation be chosen from a given enumerably infinite 
set of variables, it is clear that the set of diophantine equations is 
enumerably infinite. Indeed they can be effectively put into one-one 
correspondence with the set of positive integers. Since for any one di- 
ophantine equation, and assignment of rational integral values to its 
variables, it can be effectively determined whether or no the equa- 
tion is satisfied by those values, the set of diophantine equations 
having rational integral solutions can be generated. The correspond- 
ing integers under the above one-one correspondence can then also 
be generated, and, indeed, constitute a recursively enumerable set of 
positive integers. And under that correspondence, Hilbert's problem 
is transformed into the decision problem of that recursively enumer- 
able set. f 

The assertions of an arbitrary symbolic logic? constitute a gener- 
ated set A of what may be called symbol-complexes or formulas. We 
assume that A is a subset of an infinite generated set E of symbol- 
complexes, which in one case may be the set of meaningful enuncia- 
tions of the logic, in another the set of all symbol-complexes of a 
given mode of symbolization. The decision problem of the logic, more 
precisely its deducibility problem [3], is then the problem of deter- 
mining of an arbitrary member of E whether it is, or is not, in A. 
Granting that every generated set is effectively enumerable, the mem- 
bers of E can be effectively set in one-one correspondence with the 
set of positive integers. The positive integers corresponding to the 
members of A then constitute a generated, and'hence, under our gen- 
eralization, a recursively enumerable set of positive integers. And un- 
der that correspondence the decision problem of the symbolic logic 
is transformed into the decision problem of this recursively enumer- 
able set of positive integers. 

Closely related to the technical concept recursively enumerable set 
of positive integers is that of a recursive set of positive integers. This 
is a set for which there is a recursive function f(x) such that f(x) is 
say 2 when x is a positive integer in the set, 1 when x is a positive 
integer not in the set. We may also make this the definition of the 
decision problem of the set being recursively solvable. For 2 and 1 may 
be regarded as the two possible truth-values, true, false, of the propo- 
sition “positive integer x is in the set," and the definition of recursive 
set is equivalent to this truth-value being recursively calculable for 
all positive integers x. If then recursive function is coextensive with 

* In view of [17] we inadvertantly carried through our formal verification with 


“rational integral solution" replaced by “positive integral solution.” 
7 See Church (S, p. 225] for our omitting the qualifying “finitary.” 
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effective calculability, recursive solvability is coextensive with solva- 
bility in the intuitive sense. In particular, the decision problem of a 
recursively enumerable set would be solvable or unsolvable according 
as the set is, or is not, recursive. More generally than in our two illus- 
trations, through the more precise mechanism of Gödel repre- . 
sentations [8], a wide variety of decision and other problems are 
transformed into problems about positive integers; and whether 
those problems are, or are not, solvable in the intuitive sense would 
be equivajent to their being, or not being, recursively solvable in the 
precise technical sense. 

Gédel’s classic theorem on the incompleteness and.extendibility of 
symbolic | ogics [8] in all but wording led him to the recursive un- 
solvability of a generalization of the above problem of Hilbert [8, 9, 
22]. Church explicitly formulated the concept of recursive unsolva- 
bility, and arrived at the unsolvability of a number of problems; cer- 
tainly he proved them recursively unsolvable [1-4]. The above prob- 
lem of Hilbert begs for an unsolvability proof (see [17]). Like the 
classic unsolvability proofs, these proofs are of unsolvability by means 
of given instrunients. What is new is that in the present case these in- 
struments, in effect, seem to be the only instruments at man's dis- 


Related to the question of solvability or unsolvability of problems 
is that of the reducibility or non-reducibility. of one problem to an- 
other. Thus, if problem P; has been reduced to problem P}, a solution 
of P, immediately yields a solution of Pi, while if P; is proved to be 
unsolvable, Pa must also be unsolvable. For unsolvable problems the 
concept of reducibility leads to the concept of degree of unsolvability, 
two unsolvable problems being of the same degree of unsolvability 
if each is reducible to the other, one of lower degree of unsolvability . 
than another if it is reducible to the other, but that other is not 
reducible to it, of incomparable degrees of unsolvability if neither 
is reducible to the other. A primary problem in the theory of recur- 
sively enumerable sets is the problem of determining the degrees of 
unsolvability of the unsolvable decision problems thereof. We shall 
early see that for such problems there is certainly a highest degree 
‘of unsolvability. Our whole development largely centers on the single 
question of whether there is, among these problems, a lower degree of 
unsolvability than that, or whether they are all of the same degree 
of unsolvability. Now in his paper on ordinal logics [26, section 4], 
Turing presents as a side issue a formulation which can immediately 
be restated as the general formulation of the *recursive reducibility" 
of one problem to another, and proves a result which immediately 
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generalizes to the result that for any “recursively given” unsolvable 
problem there is another of higher degree of unsolvability.9 While his 
theorem does not help us in our search for that lower degree of un- 
solvability, his formulation makes our problem precise. It remains a 
problem at the end of this paper. But on the way we do obtain a 
number of special results, and towards the end obtain some idea of 
the difficulties of the general problem. 


1. Recursive versus recursively enumerable sets. The relationship 
between these two concepts is revealed by the following 


THEOREM. A set of positive integers ts recursive when and only when 
both tt and sts complement with respect to the set of all positive integers 
are recursively enumerable.? 


For simplicity, we assume both the set S and its complement S to 
be infinite. If, then, S is recursive, there is an effective method for 
telling of any positive integer n whether it is, or is not, in S. Generate 
the positive integers 1, 2, 3, - - - in their natural order, and, as a 
positive integer is generated, test its being or not being in S. Each 
time a positive integer is thus found to be in S, write it down as be- 
longing to S. Thus, an effective process is set up for effectively enu- 
merating the elements of S. Hence, S is recursively enumerable. ' 
Likewise 5 can be shown to be recursively enumerable. 

Conversely, let both S and S be recursively enumerable, and let 
fij; Ha, ns, © - - bea recursive enumeration of S; rmi, ma, ms, -> > , of S. 
Given a positive integer s, generate in order 7, Mı, na, Mz, Ns, Ms, 
and so on, comparing each with n. Since n must be either in S or in S, 
in a finite number of steps we shall thus come across an n; or my 
identical with s, and accordingly discover tt to be in S, or S. An effec- 
tive method is thus set up for determining of any positive integer n 
whether it is, or is not, in S. Hence, S is recursive. 


COROLLARY. The decision problem of a recursively enumerable set is 
recursively solvable when and only when its complement is recursively 
enumerable. 


For then and only then is the —€— enumerable set recursive. 
' It is readily proved that the logical sum and logical product of two 


* Both our generalization of his formulation and of his theorem have been carried 
through, rather hastily, by the formalism of [19], without, as yet, an actual equiva- 
lence proof. It may be that Tarski's Theorem 9.1 [23] can be transformed into a like 
absolute theorem. 

* The only portion of this theorem we can find in the literature is Rosser's Corol- 
lary II [20, p. 88]. 
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recursively- enumerable sets are — amu EIS the comple- 
ment of a recursive set, and the logical sum, and hence logical prod- 
uct, of two recursive sets are recursive. 

Clearly, any finite set of positive integers 4s recursive. For if 
1, na, sc ,n, are the integers in question, we can test s being, or not 
being, in the set by directly comparing it with m, tt, © - - ; #».1° Like- 
wise for a set whose complement is finite. For arbitrary infinite sets 
we have the following result-of Kleene [12]. An $nfinite set of positive 
integers is recursive when and only when tt admits of a recursive enumer- 
ation without repetitions $n order of magnitude. Indeed, if mi, m2, ns, + > - 
is a recursive enumeration of S without repetitions in order of mag- 
nitude, all n:s beyond the sth must exceed s. Hence we can test n 
being, or not being, in S by generating the first n members of the 
given recursive enumeration of S, and seeing whether » is, or is not, 

' one of them. Conversely, if infinite S is recursive, the recursive enu- 
meration thereof we Set up in the proof of our first theorem is of the 
elements of S without repetition, and in order of magnitude. 

A direct consequence of the first half of the last result is the follow- 


ing 


THEOREM. Every infinite recursively enumerable set contains an in- 
finite recursive set. 


For, if f; na, fs, + - - is a recursive enumeration of an infinite set S, 
for each n; there must be, in this sequence, a later nj>n,. Hence, 
generate the elements m1, fia, ns, * * - in order, and let mim, Ms = Mi, 
the first n; greater than fi, ma-n4, the first n; beyond n; greater 
than n; and so on. The sequence mı, ms, Ms, - - - is then a recursive 
enumeration of a subset of S without repetitions in order of magni- 
tude. That subset is therefore infinite, and recursive. 

Basic to the entire theory is the following result we must credit to 
Church, Rosser, Kleene, jointly [1, 20, 12]. 


THEOREM. There exists a recursively enumerable set of positive in- 
legers which is not recursive. 


By our first theorem this is equivalent to the existence of a recur- 
sively enümerable set of positive integers whose complement is 


10 The mere existence of a general recursive function defining the finite set is in 
question. Whether, given some definition of the set, we can actually discover what the 
members thereof are, is a question for a theory of proof rather than for the present 
theory of finite processes. For sets of finite sets the situation is otherwise, as seen in 
811. z 

u In each of our existence theorems we show how to set up the basis of the set in 
question—at least, the corresponding formal proof does exactly that. 
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not recürsively enumerable. Generate in order the distinct bases 
Bı, By, Ba, - - - of all recursively enumerable sets of positive integers 
as mentioned in the introduction, and keep track of these bases as 
the first, second, third, and so on, in this enumeration O. As the nth 
basis B, is generated, with n —1, 2, 3, - - - , set going the processes 
whereby the corresponding recursively enumerable set is generated, 
and whenever 5 is thus generated by B,, place » in a set U. Being a 
generated set of positive integers, U is recursively enumerable. A 
positive integer n, then, is, or is not, in U according as it is, or is not, 
in the sth recursively enumerable set in O considered as an ordering 
of all recursively enumerable sets. Hence, n is, or is not, in U, the 
complement of U, according as it is not, or is, in the nth set in O. 
We thus see that U differs from each recursively enumerable set in 
the presence or absence of at least one positive integer. Hence T is 
not recursively enumerable. 


COROLLARY. There exists a recursively enumerable set of positive in- 
legers whose decision problem is recursively unsolvable. 


Taken singly, finite sets, or sets whose complements are finite, are 
rather trivial examples of recursive sets. On the other hand, if we 
define two sets of positive integers to be abstractly the same if one can 
be transformed into the other by a recursive one-one transformation 
of the set of all positive integers into itself, then all infinite recursive 
sets with infinite complements are abstractly the same. Our theory 
being essentially an abstract theory of recursively enumerable sets, 
our interest therefore centers in recursively enumerable sets that are 
not recursive. Such sets, as well as their complements, are always 
infinite. We do not further pursue the question of two sets being ab- 
stractly the same, for that is but a special case of each set being one- 
one reducible to the other (§4). 


2. A form of Gódel's theorem. Given any basis B, and positive . 
integer 5, the couple (B, n) may be used to represent the proposition, 
true or false, “n is in the set generated by B." By interlacing the proc- 
ess for generating the distinct bases in the sequence Bi, Bs, Bs, -> 
and the process for generating the positive integers in the sequence 
1,2, 8,- ** by the addition of 1's, we can effectively generate the 
distinct couples (B, n) in the single infinite sequence 


0': (Bi 1), (Ba, 1), (Bı, 2), (Bs, 1), (Ba, 2), (Bı, 3), ERE, 


On the one hand, the set of all couples (B, n) is thus a generated set 
of expressions which we shall call E. On the other hand, O' leads to 
an effective 1-1 correspondence between the members of E and the 
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set of positive integers, (B, s) corresponding to m if (B, m) is the 
mth member of O'. We may call m the Gödel representation!? of 
(B, n). Given a generated subset of E, the Gódel representations of its 
-members will constitute a generated set of positive integers, and con- 
versely. Thus, in the former case we can generate the members of the 
subset of E, and, as a couple (B, n) is generated, find its Gödel repre- 
sentation m by regenerating O’. The set of these m’s is thus a gener- 
ated set. Likewise for the converse. If, therefore, we formally define 
a subset of E to be recursively enumerable if the set of Gódel repre- 
sentations of its members is recursively enumerable, we can con- 
clude that every generated subset of E is recursively enumerable, and, 
of course, conversely. Sinullerly for a like formal definition of a recur- 
sive subset of E. 

While Æ is just the set of couples (B, n), it may be interpreted as 
the set of enunciations “n is in the set generated by B.” The subset 
T of E consisting of those couples (B, s) for which m $s in the set 
generated by B may then be interpreted as the set of true propositions 
in E, while T, the complement of T with Ced to E, consists of the 
false propositions in E. 

Actually, T itself can be generated as ‘allows: Generate Bi, Ba, 
B;,- -> in order. As a B is generated, set up the process for generat- 
ing the set of positive integers determined by B, and, whenever a 
positive integer s is thus generated, write down the couple (B, v). 
Each (B, n) for which y is in the set generated by B will thus be writ- 
ten down, and conversely. This generated set of (B, n)'s is then T. 
We therefore conclude that T és recursively enumerable. 

Now let F be any recursively enumerable subset of T. If (B, n) is 
in F, it is in 7, and hence s is certainly not in the set generated by 

B. Now generate the members of F, and if (B, n) is thus generated, 

` find the nth member B, of O: Bs, Bs, Bs, - - - , and if B, is B, place n 
in a set of positive integers So. Since S, is thus a generated set of 
positive integers, it is recursively enumerable. It will therefore be 
determined by some basis B. Let this basis be in the vth in O, that is, 
let the basis be B,, and form the couple (B,, y). Now by construction, 
So consists of those members of F of the form (B,, n). Suppose that 
(B,, v) is in F. Then, on the one hand, proposition (B,, v) being false, 

2 Rather is the Gödel representation in [8] not just an effectively corresponding 
positive integer, but one which, when expressed according to a specific algorithm, is 
“formally similar,” in the sense of Ducasse [7, p. 51], to the symbolic expression 
represented. $ 

13 In our own development [19], “recursively enumerable subset of E" is defined 


directly as a normal subset of E, or rather of the set of symbolic representations of the 
members of E. 
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v would not be in the set generated by B,, that is (1): » would not be 
in So. But (B,, v) being of the form (Bn, n), (2): v would be in So. 
Our assumption thus leading to a contradiction, it follows that (B,, v) 
$s nol in F. But v can only be in S, by (B,, v) being in F. Hence, v ts 
not tm So. Finally, (B,, v) as proposition says that v is in Sp. The 
proposition (B,, v) is therefore false, that is (B,, v) is in T. 

For any recursively enumerable subset F of T there is then always 
this couple (B,, v) in Ty but not in F. On the one hand, then, T can 
never be F. Hence, T is not recursively enumerable. By the definitions 
of this section, and the first theorem of the last, it follows that T, 
while recursively enumerable, is not recursive. By the decision problem 
of T we mean the problem of determining for an arbitrarily given 
member of E whether it is, or is not, in T. But that can be interpreted 
as the decision problem for the class of recursively enumerable sets 
of positive integers, that is, the problem of determining for any arbi- 
trarily given recursively enumerable set, that is, arbitrarily given 
basis B of such a set, and arbitrary positive integer n whether m is, 
or is not, in the set generated by B. We may therefore say that the 
decision problem Jor the class of all recursively enumerable sets of positive 
integers is recursively unsolvable, and hence, in all probability, unsolva- 
ble in the intuitive sense. ' 

On the other hand, since (B,, v) of T is not in F, T and F together 
can never exhaust E. Now T, or any recursively enumerable subset 
T’ of T, in conjunction with F may be called a recursively generated 
logic relative to the class of enunciations E. For the appearance 
of (B, n) in T" assures us of the truth of the proposition “n is in 
the set generated by B," while its presence in F would guarantee 
its falseness. We can then say that no recursively generated logic rela- 
tive to E is complete, since F alone will lead to the (B,, v) which is 
neither in 7" nor in F. That is, (B,, v) is undecidable in this logic. 
Moreover, if, with a given “basis” for F, the above argument is car- 
ried through formally," the recursively enumerable S; obtained above 
will actually be given by a specific basis B which can be constructed 
by that formal argument. Having found this B, we can then re- 
generate O:B;, Bs, Bs, - - -., until B is reached, and thus determine 
the » such that B — B,. That is, given the basis of F, the (B,, v)‘in T 
and not in F can actually be found. If then we add this (B,, v) to F, a 
wider recursively enumerable subset F' of T results. We may then say 
that every recursively generated logic relative to E can be extended. 
Outwardly, these two results, when formally developed, seem to be 


4 Here, the basis of F may be taken to be the basis of the recursively enumerable 
set of Godel representations of the members of F. But see the preceding footnote. 
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Gédel’s theorem in miniature, But in view of.the generality of the 
technical concept general recursive function, they implicitly, in all 
probability, justify the generalization that every symbolic logic is 
incomplete and extendible relative to the class of propositions con- 
stituting E. The conclusion is unescapable that even for such a 
fixed, well defined body of mathematical propositions, mathematical 
thinking is, and must remain, essentially creative. To the writer's 
mind, this conclusion must inevitably result in at least a partial 
reversal of the entire axiomatic trend of the late nineteenth and 
early twentieth centuries, with a return to meaning and truth as being 
of the essence of mathematics. 


3. The complete set K; creative sets. Return now to the effective 
1-1 correspondence between the set E of distinct (B, n)'s and the set 
of positive integers obtained via the effective enumeration O' of E. 
Since T is a recursively enumerable subset of E, the positive integers 
corresponding to the elements of T constitute a recursively enumer- 
able set of positive integers, K. We shall call K the complete set.'* 
Since T is not recursively enumerable, K, which consists of the posi- 
tive integers corresponding to the elements of 7, is not recursively 
enumerable. Now let B be the basis of a recursively enumerable sub- 
set a of K. The elements of E corresponding to the members of « con- 
stitute, then, a recursively enumerable subset F of 7. Find then the 
(B,, v) of T not in F, and, via O', the positive integer s correspond- 
ing to (B,, v). This n will then be an element of K not in o. 

Actually, we have no general method of telling when a basis B 
defines a recursively enumerable subset of K. Indeed, the above 
method will yield a unique positive integer v for any basis B of a re- 
cursively enumerable set a of positive integers. However, when « is.a 
subset of K, s will also be in K, but not in a. 

Furthermore, even the formal proof of this result merely gives 
an effective method for finding s, given B. But this method itself 
can be formalized, so that, as a result, n is given as a “recursive 
function of B." This can mean that a recursive function f(m) can be 
set up such that n —f(m) where B= B... We now isolate this property 
- of K by setting up the 


DEFINITION. A creative set C is a recursively enumerable set of post- 
tive integers for which there exists a recursive function giving a unique 


18 See Kleene's Theorem XIII in [12] for a mathematically stateable theorem ap- 
proximating the generality of our informal generalization. 

3 “A complete set”-might be better. Just how to abstract from K the property of 
completeness is not, at the moment, clear. By contrast, see “creative set” below. 
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positive integer n for each basis B of a recursively enumerable set of 
positive integers a such that whenever a is a subset of C, n ts also in 
C, but notin a. 


THEOREM. There exists a creative set; to wit, the complete set K. 


Actually, the class of creative sets is infinite, and very rich indeed 
as shown by the following easily proved results.!” If C is a creative 
‘set, and E a recursively enumerable set of positive integers, then if 
E contains C, CE is creative, if C contains E, C+E is creative. Re- 
'sults of $1 enable us actually to construct creative sets according 
to the first method by using E's which are the complements of re- 
cursive subsets of C. Results of the rest of this section lead to con- 
structions using the second method. 

It is convenient to talk as if the n in the definition of a creative set 
were determined by the æ thereof instead of by the basts B of a. Clearly 
every creative set C ts a recursively enumerable set which is not re- 
cursive. For were C recursively enumerable, there could be no s in 
C not in the recursively enumerable subset C of C. The decision prob- 
lem of each creative set is therefore recursively unsolvable. On the other 
hand, the complement C of any creative set C contains an infinite re- 
cursively enumerable set. Recall that every finite set is recursive, and 
‘hence recursively enumerable. With, then, @ of the definition of 
creative set as the null set, find the n =n of C “not in o." With o the 
unit set having s; as sole member, n =n, will be in C, and distinct 
from m. With a consisting of m and m, n ns will be in C, and dis- 
tinct from 7 and ss, and so on. The set of positive integers 7h, na, 
fia +--+ is then an infinite generated, and hence recursively enumer- 
able, subset of C. 

Actually, with this subset of C as a, a new element n, of C is olx: 
tained, and so on into the constructive transfinite. But this process 
is essentially creative. For any mechanical process could only yield 
n's forming a generated, and hence recursively enumerable, subset 
« of C, and hence could be transcended by finding that s of C not 
in a. 


4. One-one reducibility, to K; many-one reducibility. Let S, and 
Sa be any two sets of positive integers. One of the simplest ways in 
which the decision problem of Sı would be reduced to the decision 
problem of S: would arise if we had an effective method which would 
determine for each positive integer n a positive integer m such that 
n is, or is not, in Sı according as m is, or is not, in Sy. For if we could 


Of course, all sets abstractly the same as a given creative set, in the sense of $1, 
. are creative. Likewise for our later simple and hyper-eimple sets. 
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somehow determine whether m is, or is not, in S4, we would deter- 
` mine # to be, or not be, in Sı correspondingly. If “effective method” 
be replaced by “recursive method;" we shall say, briefly, that Sı is 
then many-one reducible to S. If, furthermore, different n’s always 
lead to different m's, we shall say that Sı is one-one reducible to S.1* 
*Recursive method" here can mean that bd where f(n) is a 
recursive function. 


THEOREM. The decision problem of every recursively enumerable 
set of positive integers is one-one reducible to the decision problem of the 
complete set K. : 


For let B’ be a basis of any one recursively enumerat set S’. 
The effective one-one correspondence between all (B, n)’s and all pos- 
itive integers yielded by the effective enumeration O' of E, the set 
of all (B, s)'s, then yields a unique positive integer m for each 
(B', n),B’ fixed, and thus a unique m for each n, different n's yielding 
different m's. Now n is, or is not, in S’ according as (B', n) is in T, or 
T, and hence according as m is in K, or K, whence our result. 

Since K itself is recureively enumerable, we may say that for re- 
cursively enumerable sets of positive integers with recursively un- 
solvable decision problems there is a highest degree of unsolvability 
relative to one-one reducibility, namely, that of K. Actually, one-one 
reducibility is a special case of all the more general types of reduci- 
bility later introduced, and, though the proof of this is still in the 
informal stage, these latter are special.cases of general recursive, 
that is, Turing reducibility. The same result then obtains relative 
to these special types of reducibility and, more significantly, for re- 
ducibility in the general sense.!? 

We have thus far explicitly obtained two recursively enumerable 
sets with recursively unsolvable decision problems, the U of our first 
section, and K. We may note that a certain necessary and sufficient 
condition for the many-one reducibility of K to a recursively enumer- 
able set, the proof of which is still in the informal stage, has as an 
immediate consequence that K is many-one reducible to U. It would 
then follow that K and U are of the same degree of unsolvability rel- 
ative to many-one reducibility. 


18 The resulting one-to-one PEET A is then between S1+5, and a subset, 
recursively enumerable indeed, of S+S. Of Course, both 5,+.5; and S3+5: consti- 
tute the set of all positive integers. 

19 [t seems rather obvious that K and the problem of Church [1] are each at least 
many-one reducible to the other; likewise for the problem of [1] and of [2, 3]. Had 
we verified this in detail, we would have called this highest degree of unsolvability 
of decisions problems of recursively enumerable sets the Church degree of unsolvability. 


! 
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5. Simple sets. It is readily proved that the necessary and suffi- 
Cient condition that every recursive set be one-one reducible to a 
given recursively enumerable set of positive integers S is that S is 
infinite, and S contains an infinite recursively enumerable set. We 
are thus led to ask if there exist sets satisfying the following 


DEFINITION. A simple set is a recursively enumerable set of posi- 
tive integers whose complement, though infinite, contains no infinite 
recursively enumerable set. 


We now prove the 
THEOREM. There exists a simple set. 


Recall the set T of all couples (B, 5) such that positive integer 
n is in the recursively enumerable set of positive integers determined 
by basis B. Since T is recursively enumerable, we can set up an ef- 
fective enumeration 


0”: (B5, m), (Bi n3), (Bi, n3), nV 


of its members. The subscript of each B is its subscript in the effec- 
' tive enumeration O:Bi, Bs, Bs, - - - of all distinct B's. Now the com- 
plement of a set containing no infinite recursively enumerable set is 
equivalent to the set itself having an element in common with each 
infinite recursively enumerable set. Generate then the distinct bases 
Bi, Bs, By, - - - , and as a B; is generated, regenerate the sequence 
O'' of (B, n)'s in T, and the first time, if ever, B is B;, and n is greater 
than 2i, place n in a set S. The resulting set S is then a generated, 
and hence recursively enumerable, set of positive integers. We pro- 
ceed to prove it simple. 

` If S’ is an infinite recursively enumerable set of positive integers, 
it will be determined by some basis B,, and will have some element 
m greater than 24. Since (B,, m), being then in T, will appear in O'', 
our construction will place m in S, if some earlier (B,, n) of O” has 
not already contributed an element of S’ to S. That is, S has an ele- 
ment in common with each infinite recursively enumerable S”. As for 
S being infinite, note that each B; contributes at most one element 
to S. The first n B's in O therefore contribute at most s elements to 
S. Each B, with $2n--1 can only contribute to S an element greater 
than 2n4-2. Of the first 2n --2 positive integers, at most n are there- 
fore in S, and hence at least n+2 are in the consequently infinite 


$^ 


2° >i can replace #>2i in the above construction, but the proof will then de- 
pend on there being an infinite number of bases defining the null set. 
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Having one simple set, the method of our succeeding §8 can be 
modified -to yield a rich infinite class of simple. sets. Clearly, every 
simple set S is a recursively enumerable set that is not recursive. For 
were S recursive, 5 would be an infinite recursively enumerable sub- 
set of S. The decision problem of each simple set ås therefore recursively 
unsolvable. We thus have obtained two infinite mutually exclusive 
classes of -recursively enumerable sets with recursively unsolvable 
decision problems, the class of creative sets, and the class of simple 
sets. They are poles apart in that the complements of creative sets 
have a creative infinity of infinite recursively enumerable subsets, 
those of simple sets, not one. 

In passing, we may note that every recursively enumerable set of 
positive integers S -with recursively unsolvable decision problem 
leads to an incompleteness theorem for symbolic logics relative to 
the class of propositions n CS, n an arbitrary positive integer. Creative 
sets S are then exactly those recursively enumerable sets of this 
type each of which admits a universal extendibility theorem as well, 
simple sets S those for which, given S, each logic can prove the falsity 
of but a finite number of the infinite set of false propositions n C... 

It is readily seen that no creative set C can be one-one reducible to 
a simple set S. For under such a reduction, each infinite recursively 
enumerable subset of C, proved above to exist, would be transformed 
into an infinite recursively enumerable subset of S, contradicting 
the simplicity of S. Simple sets thus offer themselves as candidates 
for recursively enumerable sets with decision problems of lower 
degree of unsolvability than that of the complete set K. Even for 
many-one reducibility the situation is no longer immediately ob- 
vious; for an infinite recursively enumerable subset of C could thus 


„be transformed into a finite subset of 3, the complement of simple S, 


without contradiction. However we can actually go much further 
than that. 


6. -Reducibility by truth-tables. If Sı is many-one reducible to Ss, 
positive integer » being, or not being, in Sı may be said to be deter- 
mined by its correspondent m being, or not being, in S; in accordance 
with the truth-table - 


(S) m a (50. 





Here, the two signs +, — under m represent the two possibilities m is 
in Sa, m is not in Sg, respectively. And by the sign under s in the 
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same horizontal row as the corresponding sign under m the table in 
the same language tells whether » correspondingly is (+), or is not 
(—), in Sı. The table then says that when m is in Sa, n is in Sı, when 
m is not in Ss, n is not in Sı, as required by many-one reducibility. 
Now there are altogether four ways in which s being, or not being, 
in S; can be made to depend solely on m being, or not peng in S, 
the signs under n being +, — as above; or +, +; — , +. If 
then we have an effective method which for each PE cance n 
will not only determine a unique corresponding positive integer m, 
but also one of these four “first order” truth-tables, and if in each 
case the table is such that for the correct statement of membership 
or non-membership of m in Ss, it gives the correct statement of mem- 
bership or non-membership of s in S, then the decision problem of 
Si will thus be reduced to the decision problem of 53. For here also, 
given n, if we could somehow determine whether m is, or is not, in Se, 
we could thereby determine which row of the corresponding table cor- 
rectly describes the membership or non-membership of m in Sa, and 
from that row correctly determine whether 2 is, or is not, in S4. 


More generally, let there be an effective method which for each. 


positive integer determines a finite sequence of positive integers 
Mı, fis, ` ` +, Mm, v as well as the m’s depending on n. Let that method 
correspondingly determine for each s a "vth order" truth-table of 
the form 


(S) 


(S) m m'm, 


m s 





Each horizontal row, to the left of the vertical bar, specifies one of 
the 2" possible ways in which the v m,’s may, or may not, be in Sy, 
to the right of the bar correspondingly commits itself to one of the 
statements " is in Sj, n is not in Si. If then for each 5 that row of 


the corresponding table which gives the correct statements for the 


m’s being or not being in S3 also gives the correct statement regarding 
the membership or non-membership of s in Sj, the decision problem 
of S, is again thereby reduced to the decision problem of Sz. 

If such a-situation obtains with “effective method” replaced by 
“recursive method," we shall say that S, is reducible to Ss by truth- 
tables. “Recursive method” here can mean that a suitable Gödel 
representation of the couple consisting of the sequence t, ms, - - - , 


€ 


tant 
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m, and tlie truth-table of order v is a recursive function of n. If the 
orders of the truth-tables arising in such a reduction are bounded, 
we shall say that Sı is reducible to S4 by bounded truth-tables. Since 
there are 2” distinct truth-tables of order », reducibility by bounded 


. truth-tables is equivalent to reducibility by truth-tables in which - 


but a finite number of distinct.tables arise. 


E N 

7. Non-reducibility of creative sets to simple sets by bounded 
truth-tables. Let us suppose that creatiye set C is reducible to simple 
set S by bounded truth-tables. Let Ti, Ts, - - - , T, be the finite set 
of distinct truth-tables entering into such a reduction. That reduction 
then effectively determines for each positive integer m a finite se- 
quence of positive integers mı, m2, +--+, m, anda unique 75, 1 S£ Sx. 

The gist of our reductio-ad-absurdam proof consists in showing 
that under the assumed reduction we can obtain for each natural 
number p a sequence of m's at least p of which are in S. We then im-. 
mediately have our desired contradiction. For in each case p Sv. The 
finite set of »'s, the orders of the T,’ 8, being bounded, p cannot then 
be arbitrarily large as stated. S 

More precisely we prove by mathematical induction that under the 
assumed reduction the following would be true. For each natural num- 
ber p an effective process IL, can be set up which will determine for each 
recursively enumerable subset a of C an element n of C not in a, and 
which for the corresponding mi, ma, - - - , m, and T, yielded by the 
assumed reduction will correctly designate p of these m's as belonging 
to S. The mode of designation may be. assumed to be by specifying 
the sequence of subscripts, 41, fs, © - > , tp, of the m’s to be designated, 
with say 4:<%< -- - <4,. With the assumed reduction adjoined to 
this process, II; then determines for each œ in question the quad- 
ruplet (n, M, Ti, I), M being the sequence of m's, I the sequence of 
subscripts of the p designated m's. 

For f —0, II, is immediately given by the creative character of C. 
For that immediately gives us for each recursively enumerable subset 
a of C a definite element s of C not in o. The assumed reduction 
yields the corresponding M.and T,; and with no members of M desig- 


_ nated as being in S, I is the null sequence. 


Inductively, assume that we have the process II, for p =k. Let a be 
any given recursively enumerable subset of C, and let (n’, M', Ty, I^) 
be the corresponding quadruplet yielded by H}. Now suppose » is a 
positive integer for which the assumed reduction yields the same 
table T, as it did for n', and a sequence of m's, M, consequently of 
the same length as M', having the following property. For each un- 


c 
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designated element of M’, the correspondingly placed element of M 
is identical with that of M'; for each element of M’ designated as 
being in S, the corresponding element of M is also in S. Such an n must 
then be in C along with n’. For that row of T; which correctly tells 
of the m’s of M’ whether they are, or are not, in S will also be the 
correct row for M. And since in the former case that row must say 
that n’ is in C, in the latter case it will say that n is in C, and correct- 
ly so. We proceed to show how all such n’s may be generated. 

We first show how to generate all M’s obtainable from M’ by re- 
placing the designated elements of M' by arbitrary elements of S. For 
any one such M, the replacing elements, being finite in number, will 
be among the first N elements, for some positive integer N, of a 
given recursive enumeration of S. Generate then the positive integers 
1,2, 3,--+, and as a positive integer JV is generated, generate the 
first N elements of the given recursive enumeration of S. For each 
N place in a set B the at most N* sequences M that can be obtained 
from M' by replacing the designated elements of M' by elements 
chosen from the first N elements of S. The generated set of sequences 
B then consists of all M's obtainable from M' by replacing the desig- 
nated elements of M' by arbitrary elements of S. 

The n’s we wish to generate are then those positive integers for 
which thé assumed reduction yields the table T' and a sequence of 
m's, M, such that M is a member of B. Generate then the elements of 
B. As an element M of B is generated, generate the positive integers 
1,2, 3, - - - , and as a positive integer n is generated, find the corre- 
sponding sequence of m’s and table yielded by the reduction of C to 
S. If then that sequence of m's is M, and the table is Ty, add n to the 
given set œ. As seen above, each such 5 will be in C. Hence the re- 
sulting generated, and hence recursively enumerable, set œ’ is a sub- 
set of C containing a. Our reason for thus adding the desired m's to 
a instead of just forming the class thereof is that the iterative process 
we are about to set up requires a cumulative effect. 

As a result of our hypothesis and construction we thus have a 
derived process II; which for every recursively enumerable subset a 
of C yields a definite recursively enumerable subset a’ of C contain- 
ing a. Starting with a, we may then iterate the process II; to obtain 
the infinite sequence Ata), os, 6s, - ++, where o5 —a, On = (Qa). 
Each member of A is thus a recursively enumerable subset of C, and 


. contained in the next member of A. By applying the original process 


II, to the members of A we correspondingly obtain the infinite se- 
quence 2:01, oz, 03, - - - , where o; is the quadruplet (n, M, T2, 
I) yielded by Ly for o. We then observe the following. If for j15»€7s 
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the T’s of e; and c, are the same, and the Ts are the same, then the 
sequences obtained from the M's by deleting the designated m's can- — 
not be identical. For if they also were identical, then, with say jı <Ja 
ni» would have been assigned to a‘ét), whereas it actually is outside 
of a? which contains a(4+), Hence, the infinite sequence X’, ob- 
tained from È by deleting from each e; the integer n and the desig- 
nated m's of M®, itself consists of distinct elements. 

It follows that there are an infinite number of distinct undestgnated 
m's appearing in Z. Indeed, the distinct T's of Z are at most x 
in number. With 7” fixed, the order v of TË is fixed; and since 
isiP<M<..-. <iSyM, the number of distinct T's is finite. 
Finally, with T and J fixed, were the total number of distinct undesig- 
nated m's finite, the number of distinct ways in which those p? — & 
undesignated m’s could assume values would be finite. Hence 2’ 
would be finite, not infinite. l 

Now were each of this infinite set of undesignated m's in S, we 
could regenerate the elements of Z, and as an element c; thereof is 
generated, place all of its undesignated m’s in a set 'y, and thus ob- 
tain an infinite generated, and hence recursively enumerable, subset 
. of S. As this contradicts the simplicity of S, it follows that at least 
! one undesignated m arising $n Zi is in S. 

We can then find a unique such m, as well as ag in which it oc- 
curs, as follows. With N 21, 2, 3, - - - , generate the first N elements 
_of the given recursive enumeration of S, and the first N elements of 
Z, and test the latter in order to see if any undesignated, m is among 
those first -N elements of S. If a particular undesignated m of È in 
S, proved above to exist, is.the Lth member of S, and in the Kth 
member ox of Z, then an affirmative answer to the above test will 
certainly be obtained for N — max (L, K). Find then the first N for 
which an affirmative answer is obtained, and let (m, M, Ti, I) be the 
first ø to yield the affirmative answer for this N, m, the first un- 
designated m of M thus found to be in S. We can then add m; to the 
designated m's of M, thus obtaining a quadruplet (s, M, Ti, I), 
where J; designates (k-+1) of the m's of M as being in S, and where n 
is certainly a member of C not in the originally given o. But the whole 
process leading up to (n, M, Ti, ÅL) is determined by that a. It is 
therefore the desired process II, for p=k +1. ` 

Under the assumed reduction of C to S, II, would therefore exist 
for every natural number p. With æ say the null set, 'we would thus 
‘obtain for every natural number p a quadruplet (np, Mp, T, Ip) 
such that p of the members of the sequence M, are in S. Yet the total 
` length of M, is the order of T;,, and hence bounded. Hence the 
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THEOREM. ‘No creative set is reducible to a simple set by bounded 
truth-tables. 


We recall that every recursively enumerable set of positive in- 
tegers is one-one reducible to the creative set K, the complete set. 
Hence the 


COROLLARY. Every simple set is of lower degree of unsolvability 
than the complete set K relative to reducibility by bounded truth-tables. 


8. Counter-example for unbounded truth-tables. We recall that for 
the particular simple set S constructed in $5, of the first 2m+2 
positive integers at most m were in S, m being any positive integer. 
Hence, of the m+1 integers m+2, m+3, - - - , 2m-+2, at least one is 
in S. By setting m=2"—1, with n=1, 2, 3, - - - , we can effectively 
generate the infinite sequence of mutually exclusive finite sequences 


DE (3, 4), (5, 6, 7, 8, ---, (27+ 1,2* 4+ 2,---, Qt)... 


such that each sequence in c has at least one member thereof in S. An 
effective one-one correspondence between the positive integers 1, 2, 
3,--* and the elements of ø is then obtained by making the positive 
integer 7 correspond to the sequence (2*+1, 2*4-2,.. . , 2m) 
constituting the nth element of c. 

Given a creative set C, regenerate the elements of S, placing each 
in a set Sj. Furthermore, regenerate the elements of C, and as an 
element n thereof is generated, place all of the-positive integers in 
the nth sequence of g in Sı. The resulting set Sı is a generated, and 
hence recursively enumerable, set of positive integers. Since Sı con- 
tains S, S contains Si. As S is simple, S, and hence 3,, does not have 
an infinite recursively enumerable subset. Moreover, 5, is also infinite. 
For C is infinite. And, for each element of C, the corresponding se- 
quence in ø has only those of its members that are already in S also 
in Sı, and hence at least one element in 5,. Hence, S; is simple. 

Likewise we see that a positive integer is in C, or C, according 
as all of the integers in the mth sequence of ø are in Sj, or at least 
one is in Si. If then we make correspond to each positive integer n 
the sequence of 2" positive integers (274-1, 2*4-2, : - - , 2*7), and the 
truth-table of order 27 in which the sign under n is + in that row in 
which the signs under the 2* “m’s” are all +, and in every other row 
the sign under n is —, we have a reduction of C to S, by truth-tables. 
Hence the 


THEOREM. For each creative set C a simple set S can be constructed 
such that C is reducible to S by unbounded truth-tables. 
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COROLLARY. A simple set S can be constructed which is of the same 
degree of unsolvability as the enna set K relative to reducibility by 
truth-tables unrestricted. 


Simple sets as auch do not therefore give us the absolutely lower 
degree of unsolvability than that of K we are seeking. 


9. Hyper-simple sets. The counter-example of the last section sug- 
gests that we seek a set satisfying the following 


DEFINITION. A hyper-simple set H 4s a recursively enumerable set 
of positive integers whose complement H is infinite, while there is no 
infinite recursively enumerable set of mutually exclusive finite sequences 
of positive integers such that each- Sequence has at least one member 


^ thereof in H.™ 
‘In this definition we may use the original Gödel method for 
representing a finite sequence of positive integers m, Ma, +--+, m, 
by the single positive integer 2% 3% - - - p™, where 2, 3,---, p, 


are the first v primes in order of magnitude. A set of finite sequences 
of positive integers is then recursively enumerable if the get of Gédel 
representations of those sequences is recursively enumerable. 


THEOREM. A hyper-simple set exists. 


Our intuitive argument must again draw upon the forma! develop- 
ment to the effect that each recursively enumerable set of finite se- 
quences-of positive integers will be determined by a “basis” B*, 
and that all such bases can be generated in a single infinite sequence 
of distinct bases ` 

* 


Du By Ba B+ 


' Asin $2, generate the elements of O*, and as an element B* is gen- 


erated, set up the process for generating the set of sequences deter- 
mined by B*, and as a sequence s is thus generated, write down the 
couple (B*, s). The resulting set of couples is then a generated set, 


and can indeed be effectively' ordered in a sequence of distinct 


couples 
Or. (Bi, 51), (Biy $3), (Bi, 53), IAE. 


n Mutually exclusive sequences here mean no element of one sequence is an ele- 


` ment of another. Curry suggests that “hyper-simple” is linguistically objectionable, 


and should be replaced by *super- HIDE ? But we would not then know what to use 
in place of the letter H. 
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O;* then consists of all distinct couples (B*, s) such that finite se- 
quence s is a member of the recursively enumerable set of finite se- 
quences of positive integers determined by basis B*. 

Now the condition that no infinite recursively enumerable set of 
mutually exclusive finite sequences of positive integers has the prop- 
erty that each sequence has at least one positive integer thereof in 
H is equivalent to each such set of sequences having at least one se- 
quence all of whose members are in H. Our method of constructing 
the desired hyper-simple set H will then consist in placing in H for 
certain B*'s in O* all of the positive integers in a &equence in the 
set of sequences determined by B*. For purposes of presentation we 
shall call each such basis B* a contributing basis, while every B* 
determining an infinite recursively enumerable set of mutually ex- 
clusive sequences will be called a relevant basis. Set H, if recursively 
enumerable, will then be hyper-simple if each relevant basis is a con- 
tributing basis, and Z is infinite. 

If B* is a relevant basis, then among the infinite number of mutu- 
ally exclusive sequences generated by B* there must be a sequence 
each of whose elements exceeds an arbitrarily given positive integer 
N. For did every sequence generated by B* have as element one of 
the integers 1, 2, - - - , N, for any N+1 of these sequences at least 
two would have one of these integers in common. We shall then gen- 
erate H by regenerating sequence Oi*, and, as an element (Bj, s,) 
thereof is generated, we shall place all the elements of s, in H if Bt 
has not thus been made a contributing basis earlier in the process, 
while the elements of s, are all greater than a certain positive integer 
Nn, about to be determined; otherwise none. Inductively, assume NV, 
to have been determined for 1 Sm «n, and thus the entire process 
up to the time (Bf, s.) was brought up for consideration. Let 
Bf, BE, ^5, Bj, be the bases that have thus far contributed to H, 
and in the order in which they became contributing bases. These 
bases are then distinct, and hence their subscripts, which give their 
position in the sequence O* of all distinct bases, are distinct. Let 
kı, kn - - -, Ry be the largest integer placed in H by the first con- - 
tributing basis, by the first two, - - - , by the first v. The result 
being cumulative, & Es S --- Sk,. The crux of our construction 
is to make W, depend not on the history of all these » contributions 
to H, but only on that part of that history up to and including the 
last contribution, if any, made by a B* preceding Bf in O*. Specifi- 
cally, if B} is the last of the above » contributing bases preceding Bf 
in O*, that is, with 7, <tn, N, is to be one more than the largest integer 
present in E as a result of all the contributions made up to and in- 
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cluding the Guides made by By. That i is, N,=k,+1. Actually, 
' if none of the » contributing bases precede B% in OF, no condition i is 

to be placed on s,, and all.of its elements are placed in H so long as 
- Bt is distinct from the » contributing bases obtained thus far. 

Furthermore, in our induction assume that we have been able to 
keep a record of the sequence Bf, Bg, -- -, Bj, of ku Es - ++, krs 
and also of jı, ja, - - > , j» up to the time (Bf, s,) was about to be gen- 
erated. We then generate (Bg, Sa), and by regenerating O* find the 
place of B$ in O* thus determining the subscript îs. Our criterion 
for determining whether, or no, the elements of s, are to be placed 
in H then becomes effective. In the latter case, the record is un- . 
changed as we generate (Bow 5541). In the former, B% is written into 
the record as Bý, fa a8 jm while we can write in for k, the maxi- 
mum of k, and the largest integer in s,. The entire process is thus 
effective at each stage, and H is. thus a generated, and hence recur- 
sively enumerable, set of positive integers. We proceed to prove it 
hyper-simple. 

Let B* be any relevant basis. Of the finite number of bases pre- 
ceding B* in O*, but a finite number can be contributing bases. Let 
. Bj be the last of these contributing bases, if any, appearing in the 
sequence Bj, By, By, - ++ of distinct contributing bases determined 
by the above generation of H. There will then be a sequence s gen- 
` erated by B* each of whose elements is greater than &,-4-1. When then 
(B*, s), a definite element of Of, is generated in the course of generat- 
. ing H, B* will contribute each element of s to H unless it became a 
contributing basis earlier in the process. Hence, every relevant basis 
is a contributing basis. 

It also follows, or is easily seen directly, that the number of con- 
tributing bases is infinite. Consider then the infinite sequence of 


contributing bases By, By, By, +++, the corresponding infinite se- 
quence of subscripts ji ja js, © ; ^ , and the associated infinite se- 
quence kı, ks, ks, - - - . Since the contributing bases are distinct, so 


are their subscripts. Hence, for each jn, among the infinite set of j's 
following j» there is a unique least j, jw. Consider then the resulting 
infinite sequence Ji; fi, f» © © ©, Where jx, is the least j in the whole 
infinite sequence of j's, while M= A1), M= a), + +. Now Ay, is 
the largest integer contributed to H through the contributing basis 
with subscript j,. Since j,, is the smallest j following ja it is less 
than all succeeding j's. Hence B* with subscript ja, precedes in O* 
all bases following that B* in the above infinite sequence of con- 
tributing bases. Hence, each element added to H by contributing 
bases thus following B* with subscript jas must exceed ky, 4-1. It fol- 


f 
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lows, on the one hand, that for each positive integer 2, b, 4-1 is in F. 
On the other hand, Es itself exceeds by, --1 so that by, , 3-1» E, 1. 
'These members of Z therefore constitute an infinite subset of the 
consequently infinite H. Hence, H is hyper-simple. 

Clearly, every hyper-simple set H is simple. For an infinite recur- 
sively enumerable subset of H, as set of unit sequences, would con- 
tradict H being hyper-simple. Our construction of $6, in view of $8, 

` gives us, however, a simple set which is not hyper-simple. Hyper- 
simple sets thus constitute a third class of recursively enumerable sets 
with recursively unsolvable decision problems—a class which is a 
proper subclass of the class of simple gets. 


10. Non-reducibility of creative sets to hyper-simple sets by truth- 
tables unrestricted. Let creative set C be reducible by truth-tables to 
a recursively enumerable set of positive integers H. The given re- 
duction will again determine for each positive integer n a finite se- 
quence of positive integers fü, Ms, - - - , M, and a truth-table T of 
order v such that that row of the table which correctly tells of the m’s 
whether they are, or are not, in H will correctly tell of n whether it is, 
or is not, in C. Of course » and T as well as the m’s depend on n, and 
the set of distinct 7"s now entering into our reduction may be in- 
finite, and hence the set of distinct y's unbounded. 

Let h, h, ---,4, be any given finite sequence of distinct positive 
integers. A particular hypothesis on the /’s being, or not being, in H 
may then be symbolized by a sequence of u signs, each + or —, such 
as +—----+, such that the sth sign is +, or —, according as the 
hypothesis says that /, is in H, or H, respectively. We shall speak of 
such a sequence of signs as a truth-asstgnment for the /'s, the sth sign 
in that sequence as the sign of J; in that truth-assignment. Of the 2# 
possible truth-assignments for the /'s, constituting a set Vi, one and 
only one correctly tells of each J; whether it is, or is not, in H. Every 
set V of truth-assignments for the /'s is then a subset of Vi, and will 
be called a possible set of truth-assignments if it includes this correct 
truth-assignment. 

Let then V be any given possible set of truth-assignments for the 
. Ps. Let n be a positive integer with corresponding mi, fa, - ++, my, 

. T yielded by the given reduction of C to H such that each m not an i 
is in H. The correct row of table T must then have the following two 
properties. First, the sign under each m not an / must be ++. Second, 
the signs under those m’s which are /'s must be the same as the signs 
of those integers in some one and the same truth-assignment for the 
lsin V, in fact, as in the correct truth assignment for the /’s. Any row 
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of T having these two properties, given the /'s, m’s and V, will be 
called a relevant row of T. Since for our n the correct row of T is thus 
a relevant row, it follows that s will surely be in C if for each relevant 
row of T the sign under » is —. 

Generate then the positive integers 1, 2, 3, - - - , and as a positive 
integer N is generated, generate the first N members of à given re- 
cursive enumeration of H, and for each s, with 1 S56 <N, find the 
corresponding m1, m3, +--+ - , m,, T yielded by the given reduction of 
C to H. Of those m's, if any, which are not /'s, see if each is one of 
those first N members of H. If they all are, see if for each relevant 
. row of T the sign under » is —. If that also is true, place s in a set ay. 
‘Since each such s must be in C, as seen above, ay is a subset of C. 
And being a generated set, ay is therefore a recursively enumerable 
subset of C. 

C being creative, we can therefore find a definite positive integer 
n' in C but not in ay, and, by the given reduction, the corresponding 
mi, mi, mp, T'. Let pi, Ps © +- , px be those m"s, if any, which 
are not 7's. Now suppose that each f is in H. Then for at least one 
relevant row of T” the sign under n’ must be +. For otherwise, if p: 
is say the &;th element in the given recursive enumeration of H, n’ 
would have been placed in ay in the above generation thereof for 
N «max (hi, ka ++ +, ku n). Since n’ is in C, such a relevant row 
cannot be the correct row. But, with each p in H, the signs in that 
row under m’s that are not /'s are correctly +. Hence the sign under 
at least one m’ that is an } must be incorrect. But, by our definition 
of a relevant row, the signs under all such m’’s are the same as the 
signs of those integers in at least one truth-assignment in V. Such a 
truth-assignment in V cannot therefore be the correct truth-assign- 
ment for the Fs, and hence may be deleted from V. Perform this 
deletion for all such truth-assignments in V, and for all such relevant 
rows of T’, to obtain the set of truth-assignments V’. Under our 
hypothesis that each f is in H, V’ will then be a proper subset of V, 
and yet a possible set of truth-assignments for the /'s. i 

Actually, let V be any given set of truth-assignments for the /'s, 
possible or not. Each step of the above construction can then still be 
carried out, though the constructed entities need not now have all 
the properties they otherwise possess.” In particular, the set of in- 
tegers, possibly null, pı, $2, - - - , ġa can be found, all different from 
any 1. Likewise, whether the ’s are, or are not, all in H, the subset 
V' of V can be found. What we can say is that if V is a possible set, 


^ 9 Recall that in the definition of creative set, $3, each B determines an m, whether 
the æ determined by B is, or is not, a subset of C. 
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and if furthermore each f is in H, then V" is a proper subset of V, and 
itself is also a possible set of truth-assignments for the /'s. 

For the given sequence of /'s, start then with V= Vi, the possible 
set of all 2^ truth-assignments for the /'s, obtain the corresponding 
b's, Pi, Pa ©- +, Py and corresponding V’, Vae (Vi)'. With V= Vs, 
likewise find pj’, py, - - - , pi^, and Vs=(V:)’, and so on. Now each 
Vin is a subset of V;, while Vi is buta finite set of 27 members. Hence 
in at most 2* steps we shall come across a V, such that either V,+ is 
identical with V, or is null. But if all the p’’s, f'"s, - - - , p®’s were 
in H, Vi being a possible set, Vz, - - - , V. as well as Visi would all be 
possible sets, each a proper subset of the preceding. Vi41 could not 
then either be identical with V,, or null. It follows that at least one 
of the 2s with 1SjSxis in H. Each >” is an integer that is not 
one of the /'s. If then we take this finite set of p¥’’s and arrange them 
. in a sequence of distinct elements in say order of magnitude, we ob- 
tain for our arbitrarily given sequence of distinct positive integers 
h, h, > +--+, l a sequence of distinct positive integers ki, ka - - - , k, 
having no element in-common with the former sequence, and having 
at least one element in H. 

Starting with the null sequence as the sequence of /'s, we can thus 
find the sequence of k’s, (bj, ky, - - - , ky) of distinct positive integers 
at least one of which is in Zl. Inductively, let us have thus generated 
the sequences (ki, ki d) kp), STU gg (RY, ko, n tg Res), mutually 
exclusive, of distinct positive integers, each having at least one ele- 
ment in F. With the single sequence k’, - - - , kf); as the sequence of 


' Ps, we can find the corresponding sequence of k's, (A+), Ret”, . 


kA) of distinct positive integers with no element in common with 
any of the preceding sequences, and having at least one element in F. 

With creative C reducible to recursively enumerable H by truth- 
tables we can thus obtain an infinite generated, and hence recursively 
enumerable, set of mutually exclusive finite sequences of positive 
integers each having an element in H. The set H is therefore not 
hyper-simple. Hence the 


THEOREM. No creative set is reducible to a hyper-simple set by truth- 
tables. 


COROLLARY. Every hyper-simple set ts of lower degree of unsoluability 
than the complete set K relative to reducibility by truth-tables. 


Despite this result, the brief discussion of Turing reducibility, still 
in the informal stage, entered into in the next section makes it dubi- 
ous that hyper-simple sets as such will give us the desired absolutely 
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' lower degree of unsolvability than that of K. But, in the absence of a 
counter-example, they remain candidates for this position. 


11. General (Turing) reducibility. The process envisaged in our 
concept of a. generated set may be said to be polygenic. In a monogenic 
process act succeeds act in one time sequence. The intuitive picture 
is that of. à machine grinding out act after act (Turing [24]) or a set 
of rules directing act after act (Post [18]). The actual formulations 
are in terms of “atomic acts,” the first leading to a development 
proved by Turing [25] equivalent to those arising from general recur- 
sive function or \-definability, and hence of the same degree of gen- 
erality. In our intuitive discussion the acts may be “molecular.” 

An effective solution of the decision problem for a recursively 
enumerable set Sı of positive integers may therefore be thought of as 
a machine, or set of rules, which, given any positive integer n, will 
set up a monogenic process terminating in the correct answer, “yes” 
or “no,” to the question “is # in Sı.” Now suppose instead, says 
Turing [26] in effect, this situation obtains with the following modifi- 
cation. That at certain times the otherwise machine determined 
process raises the question is a certain positive integer in a given re- 
cursively enumerable get Ss of positive integers, and that the machine 
is so constructed that were the correct answer to this question sup- 
plied on every occasion that arises, the process would automatically 
continue to its eventual correct conclusion.? We could then say that 
the machine effectively reduces the decision problem of S; to the deci- 
sion problem of Sz. Intuitively this should correspond to the most gen- 
‘eral concept of the reducibility of Si to Sy. For the very concept of the 
decision problem of S; merely involves the answering for an arbi- 
trarily given single positive integer m of the question is m in S3; and 
in finite time but a finite number of such questions can be asked. A 
corresponding formulation of “Turing reducibility” should then be 
the same degree of generality for effective reducibility as say general 
. recursive function is for effective calculability.™ 
' We may note that whereas in reducibility by truth-tables the posi- 


2 Turing picturesquely suggests access to an “oracle” which would supply the cor- 
rect answer in each case. The “if” of mathematics i is however more conducive to the 
development of a theory. 

* A reading of McKinsey [16] suggested generalizing the reducibility of a recur- 
sively enumerable set 5 to a recursively enumerable set S’ to the reducibility of .S 
to a finite set of recursively enumerable sets. Sı, Ss, * ++, Sa. However, no absolute 
gain in generality is thus achieved, as a single recursively enumerable set S’ can be 
constructed. such that reducing S to (Si, Sa, * ++, Sa) is equivalent to reducing S 
to S”. Points of interest, however, do arise. 
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tive integers m of which we ask the questions “is m in S” are effec- 
tively determined, for given n, by the reducibility process, in Turing 
reducibility, except for the first such m, the very identity of the m's 
for which this question is to be asked depends, in general, on the cor- 
rect answers having been given to these questions for all preceding 
m's. The mode of this dependence is, however, effective, hence we 
still have effective reducibility in the intuitive sense. 

Let now creative set C be Turing reducible to a recursively enumer- 
able set S of positive integers. We shall talk as if our intuitive dis- 
cussion has already been formalized. Generate the positive integers 
1,2, 3, - - - , and as a positive integer N is generated, for each n with 
1SnSN proceed as follows. Set going the reducibility process of C 
to S for n. Each time a question of the form “is m in S” is met, see if 
m is among the first .V integers in a given recursive enumeration of S. 
If it is, supply the answer “yes,” thus enabling the reducibility 
process to continue. Finally, if under these circumstances the process 
terminates in a “no” for the initial question of n being in C, pldce n 
in a set a. This o is then a recursively enumerable subset of Č con- 
sisting of all members thereof for which the given Turing reduction of 
C to S leads only to cuestions of the form “is m in S” whose answer is 
“yes,” 

Find then s, of C not in a, and set the reducibility process going 
for mo. Now if at any time a wrong answer is supplied to a question 
“is m in S,” wé can nevertheless expect our machine for reducing C 
to S either to effectively pick up the wrong answer and operate on it 
to give a next step in the process, or to cease operating. Generate then 
the positive integers 1, 2, 3, - - - , and as a positive integer N is gen- 
erated, generate the first N members of the given recursive enumera- 
tion of S, and make the reducibility process for mo effective though 
perhaps $ncorrect as follows. Each time a question of the form “is m 
in S” is reached, see if m is among the first N members of S. If it is, 
answer the question “yes,” and correctly so; if not, answer the ques- 
tion “no,” whether that answer be correct or no. If now this pseudo- 
reduction terminates in a “no,” place the finite number of m's thus 
arising'in a set B,,. Note that n, consists of all such m’s for all such 
pseudo-reductions for the given no. Being a generated set of positive 
integers, Ba, is recursively enumerable. 

Now let the correct, though possibly non-effective, reducibility 
process for n; involve the u questions “is m in S,” 4=1, 2,---,p. 
Let m4, mi, +--+, m, be those of these m’s actually in S, and let 
them be the mst, mend, ---, n,th members of the given recursive 
enumeration of S. If then N= M max (m,74,: - : , n), or M=1 if 
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»=0; the corresponding psuedo-reduction for » becomes the correct 
reduction. For, inductively; if that be so through the time a question 
“ig m in S" is raised, m will be m1, ms, - - - , or m,, hence will, or will 
not, be in S according as it is, or is not, one of the first N members of 
S. The answer is then correctly given by that pseudo-reduction, 
which therefore continues to be correct through the raising of the next 
question. Finally, since m is in C, the correct reduction, now the 
pseudo-reduction, must terminate with a “no.” 
, It follows that all N’s with N» M merely repeat the contribution 
` to B,, made by N= M, that is, of the integers mi, ms, - - - , Ma. Since 
but a finite number of m's are contributed by N's with N < M, it fol- 
lows that Ba, $s a finite set. Finally, were each of the integers 
Mi, fs, - - +, m, in S, no would be in a. Hence, at least one member of 
Ba, is in S 
Formally, we would thus obtain a basis for a finite recursively 
enumerable set of positive integers at least one of whose members is 
in S. Instead of recursively enumerable sets of finite sequences of 
positive integers, we would thus be led to consider recursively enu- 
merable sets of bases for finite recursively enumerable sets of positive 
. integers. Though, in the last analysis, each sequence in the former 
Case must be generated atom by atom, there will come a time for 
each sequence when the process will say “this sequence is completed.” 
In the latter case, in general, we cannot have an effective method 
~which, for each basis, will give a point in the ensuing process at which 
it can say all members of the finite set in question have already been 
obtained, even though, with the process made monogenic, there al- 
ways is such a stage in the process. — . 

This suggests, thén, that we strengthen the condition of hyper- 
simplicity still further by replacing “infinitive recursively enumerable 
set of mutually exclusive finite sequences of positive integers” in the 
definition of §9 by “infinite recursively enumerable set of bases 
defining mutually exclusive finite recursively enumerable sets of 
positive integers.” Whether such a “hyper-hyper-simple” set exists, 
or whether, if it exists, it will léad to a stronger non-reducibility 
result than that of the last section we do not know. 

On the other hand, an equivalent definition of Hype simple get i8 
obtained if, for example, we replace the quoted phrase by “recur- 
sively enumerable set of finite sequences of positive integers having 
for each positive integer t a member each of whose elements exceeds 
n.” We now can say that with this as the definition of a hyper-simple 
set, the corresponding extension to a hyper-hyper-simple set cannot 
be made. For we prove the 
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THEOREM. For any recursively enumerable set of positive integers S, 
with infinite S, there exists a recursively enumerable set of bases defining 
finite recursively enumerable sets of positive integers, each set having at 
. least one element in S, and at least one set having each of tis elements 
greater than an arbitrarily given positive integer n. 


Briefly, with » given, for each positive integer N, and each positive 
integer m, place all of the integers n+1, n+2,---, ntm in a set 
a, if all, or all but the last, are among the first N members of a given 
recursive enumeration of S. It is readily seen that o4 is a generated, 
and hence recursively enumerable, set of positive integers. A corre- 
sponding basis B™ can actually be found, and the set of B("'s, 
n=1, 2, 3, - - - , being a generated set, is therefore recursively enu- 
merable. Moreover, if », is the smallest integer in the infinite 5 
greater than ñ, a, will consist of exactly the integers 4-1, n--2, ^ - -, 
Va, and hence will be finite, with indeed v, as the only element in S, 
and with each element greater than m. 

As a result we are left completely on the fence as to whether there 
exists a recursively enumerable set of positive integers of absolutely 
. lower degree of unsolvability than the complete set K, or whether, 
' indeed, all recursively enumerable sets of positive integers with re- 
cursively unsolvable decision problems are absolutely of the same 
degree of unsolvability. On the other hand, if this question can be 
answeted, that answer would seem to be not far off, if not in time, 
then in the number of special results to be gotten on the way.” 

Such then is the portion of “Recursive theory” we have thus far 
developed. In fixing our gaze in the one direction of answering the 
lower degree of unsolvability question, we have left unanswered many 
questions that stud even the short path we have traversed. Moreover, 
both our special, and the general Turing, definitions of reducibility 
are applicable to arbitrary decision problems whose questions in 
symbolic form are recursively enumerable, and indeed to problems 
with recursively enumerable set of questions whose answers belong to 
a recursively enumerable set. Thus, only partly leaving the field of 
decisions problems of recursively enumerable sets, work of Turing 
[26] suggests the question is the problem of determining of an arbi- 
trary basis B whether it generates a finite, or infinite, set of positive 


*5 This isa matter of practical concern as well as of theoretical interest. For accord- 
ing as the second or first of the above alternatives holds will the method of reducing 
new decision problems to problems previously proved unsolvable be, or not be, the 
general method for proving the unsolvability of decision problem either of recursively 
enumerable sets of positive integers or of problems equivalent thereto. 
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integers of absolutely higher degree of unsolvability than K. And if, 


80, what is its relationship to that decision problem of absolutely 


higher degree of unsolvability than K yielded by Turing's theorem. 
* Actually, the theory of recursive reducibility can be but one chap- 
ter in the theory of recursive unsolvability, and that, but one volume 
of the theory and applications of general recursive functions. Indeed, 
if general recursive function is the formal equivalent of effective cal- 
culability, its formulation may play a róle in the history of combina- . 
tory mathematics second only to that of PE formulation of the 
concept of natural number. 
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THE FEBRUARY MEETING IN NEW YORK 


The four hundred second meeting of the. American Mathematical 
Society was held at Columbia University on Friday and Saturday, 
February 25-26. The attendance was approximately two hundred 
seventy-five including the following two hundred seven members of 
the Society: ; 

C. R. Adams, E. B. Allen, H. W. Allen, C. B. Allendoerfer, R. L. Anderson, 
R. G. Archibald, K. J. Arnold, L. A. Aroian, S. P. Avann, Valentin Bargmann, A. E. 
Basch, Stefan Bergman, Lipman Bers, J. H. Bigelow, Garrett Birkhoff, Gertrude 
Blanch, Salomon Bochner, A. H. Bowker, C. B. Boyer, H. W. Brinkmann, H. C. 
Brodie, A. B. Brown, Hobart Bushey, J. H. Bushey, S. S. Chern, Alonzo Church, 
Harvey Cohn, L. M. Comer, T. F. Cope, Richard Courant, J. E. Crawford, H. B. 
Curry, M. D. Darkow, J. A. Daum, Jesse Douglas, Arnold Dresden, Nelson Dunford, 
William H. Durfee, J. E. Eaton, Benjamin Epstein, W. H. Fagerstrom, J. M. Feld, 
Will Feller, A. D. Fialkow, C. D. Firestone, Tomlinson Fort, R. M. Foster, F. H. 
Fowler, G. A. Foyle, W. C. G. Fraser, Bernard Friedman, K. O. Friedrichs, D. L. 
Fuller, R. E. Fullerton, G. N. Garrison, H. P. Geiringer, Abe Gelbart, B. H. Gere, 
B. P. Gill, Leonard Gillman, P. H. Graham, M. C. Gray, J. W. Green, Lewis Green- 
wald, C. C. Grove, E. J. Gumbel, Theodore Hailperin, D. W. Hall, P. R. Halmos, 
M. G. Harrison, J. O. Hassler, L. A. Hazeltine, M. H. Heins, Olaf Helmer, Max 
Herzberger, M. R. Hestenes, Einar Hille, Abraham Hillman, M. O. Hizon, Banesh 
Hoffman, A. P. Holló, Harold Hotelling, S. E. Hotelling, E. M. Hull, H. D. Huskey, 
L. C. Hutchinson, B. M. Ingersoll, R. P. Isaacs, Fritz John, R. A. Johnson, A. W. 
Jones, Mark Kac, Aida Kalish, Irving Kaplansky, Edward Kasner, Robert Kates, 
L. S. Kennison, S. A. Kiss, S. C. Kleene, J. R. Kline, Mark Kormes, Arthur Korn, 
D. M. Krabill, Jack Laderman, Howard Levene, Howard Levi, Simon Lopata, E. R. 
Lorch, Lee Lorch, A. N. Lowan, C. I. Lubin, N. H. McCoy, A. W. McMillan, Brock- 
way McMillan, L. A. MacColl, H. F. MacNeish, H. B. Mann, A. J. Maria, M. H. 
Martin, W. T. Martin, A. E. Meder, K. S. Miller, L. W. Miller, Don Mittleman, 
Deane Montgomery, D. J. Morrow, David Moskovitz, M. E. Munroe, C. A. Nelson, 
Otto Neugebauer, A. V. Newton, E. N.,Nilson, P. B. Norman, C. O. Oakley, L. F. 
Ollmann; A. F. O'Neill, Oystein Ore, J. C. Oxtoby, L. G. Peck, A. M. Peiser, F. W. 
Perkins, Hillel Poritsky, E. L. Post, Willy Prager, Walter Prenowitz, M. H. Protter, 
A. L. Putnam, R. G. Putnam, H. W. Reddick, Mina Rees, Helene Reschovsky, 
Mosés Richardson, R. G. D. Richardson, D. E. Richmond, C. E. Rickart, J. F. Ritt, 
R. K. Ritt, E. K. Ritter, H. E. Robbins, M. S. Robertson, P. C. Rosenbloom, J. E. 
Rosenthal, E. A. Saibel, Raphael Salem, H. E. Salzer, Hans Samelson, ‘Arthur Sard, 
L. J. Savage, S. A. Schelkunoff, C. E. Shannon, Seymour Sherman, Max Shiffman, 
L. L. Silverman, D. M. Smiley, M. F. Smiley, P. A. Smith, Ernst Snapper, E. R. 
Stabler, Fritz Steinhardt, Wolfgang Sternberg, G. R. Stibitz, J. J. Stoker, R. R. Stoll, 
M. H. Stone, W. J. Strange, E. G. Straus, M. M. Sullivan, Fred Supnick, J. D. 
Tamarkin, E. B. Tolsted, C. C: Torrance, E. M. Torrance, A. W. Tucker, J. W. 
Tukey, A. R. Turquette, G. L. Walker, R. M. Walter, W. R. Wasow, G. C. Webber, 
Louis Weisner, Hermann Weyl, A. M. Whelan, P. M. Whitman, John Williamson, 
W. H. Wise, Jacob Wolfowitz, Antoni Zygmund. 


President M. H. Stone presided at the general session Friday eve- 
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ning at which Professor H. W. Emmons gave an address on Numerical 
methods of soloing partial differential equations. The address was fol- 
lowed by a general discussion led by Professors Richard Courant and 
Harold Hotelling. 

On Saturday morning there were two sections, one for papers in 
Analysis and Geometry at which Professor W. T. Martin presided, 
and one for papers in Algebra, Statistics, and Applied Mathematics 
at which Professors Oystein Ore and H. B. Curry presided. 

At the general session Saturday afternoon Professor E, L. Post 


gave an address entitled Recurstvely enumerable sets of positive integers 


and their decision problems. Professor J. D. Tamarkin presided. 
- Titles and cross references to the abstracts of the papers read fol- 
low below. Papers whose abstract numbers are followed by the letter ¢ 
were read by title. Papers numbered 1 to 9 were presented in the 
section for Analysis and Geometry, papers 10 to 20 in the section 
for Algebra, Statistics, and Applied Mathematics, papers 21 to 54 
were presented by title. Paper 6 was read by Professor Kasner, paper 
13 by Mr. Churchman. Mr. Vazsonyi was introduced by Professor 
J. R. Kline and Professor Wang by Professor J. A. Shohat. 

1. A. M. Peiser: Some applications of Fourier analysis to the study of 
real roots of algebrasc equations. (Abstract 50-3-65.) 

2. B. M. Ingersoll: On singularities of solutions of linear partial dif- 
ferential equations. (Abstract 50-3-60.) 

3. C. E. Rickart: Representation of linear transformations on sum- 
mable functions. (Abstract 50-3-67.) 

4. M. F. Smiley: An extension of metric distributive lattices with an 
application tn general analysis. (Abstract 50-3-74.) 

5. Jesse Douglas: Separable transformations with separable inverse. 
(Abstract 50-3-58.) 

6. Edward Kasner and John DeCicco: Scale curves in conformal 
maps. (Abstract 50-3-95.) 

7. S. S. Chern: A stmple intrinsic proof of the Gauss-Bonnet formula 
for Riemannian polyhedra. (Abstract 50-3-90.) ` 

8. J. M. Feld: On a representation in space of groups of circle and 
turbine transformations tn the plane. (Abstract 50-3-91.) 

9. Wolfgang Sternberg: On difference equations. (Abstract 50-1-33.) 

10. A. W. Jones: The lattice isomorphisms of certain finite groups. 
(Abstract 50-3-53.) 

11. P. M. Whitman: Lattices and equivalence relations. Preliminary 
report. (Abstract 50-3-57.) 

12. Raphael Salem: On a remarkable class of algebratc integers. 
Proof of a conjecture of Vijayaraghavan. (Abstract 50-3-55.) 
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13. Benjamin Epstein and C. W. Churchman: On the statistics of 
sensitivity data. (Abstract 50-3-96.) 

14..H. E. Robbins: On ihe measure of a random set. (Abstract 50-3- 
98.) 

15. E. J. Gumbel: The observed return period. (Abstract 50-3-97.) 

16. Stefan Bergman: On solutions of certain partial differential equa- 
tions in three variables. (Abstract 50-3-78.) 

17. R. P. Isaacs: Airfoil theory for flows of variable velocity. (Ab- 
stract 50-3-83.) 

18. Andrew Vazsonyi: On two-dimensional rotational ,gasflows. 
(Abstract 50-3-88.) 

19. Max Herzberger: The diapoint characteristic. (Abstract 50-3- 
82. - 
20. David Moskovitz: Numerical solution of Laplace's and Pots- 
son's equations. (Abstract 50-3-85.) 

21. Stefan Bergman: A Hermitian metric and iis property. (Ab- 
stract 50-3-89-2.) 

22. C. L. Clark: Arc reversing transformations. (Abstract 50-3- 
99-2.) ; 

23. Nathaniel Coburn: A boundary value problem in plane plasticity 
for the Coulomb yield condition. (Abstract 50-3-79-1.) 
24. A. L. Foster and B. A. Bernstein: Symmetric definition and 
duality theorem for rings. (Abstract 50-1-12-1.) ] 
25. K. O. Friedrichs: The identity of weak and strong extensions of 
differential operators. (Abstract 50-3-59-1.) 

26. H. L. Garabedian: The analogue of Bromwich's theorem for in- 
tegral transformations. (Abstract 50-3-80-2.) 

27. Mariano García: Component orbits under pointwise recurrent 
homeomorphisms. (Abstract 50-3-100-7.) 

28. W. H. Gottschalk: Powers of homeomorphisms with almost peri- 
odic properties. (Abstract 50-3-101-/.) 

29. D. W. Hall: On rotation groups of plane continuous curves under 
pointwise periodic homeomorphisms. (Abstract 50-3-102-1.) 

30. C. C. Hsiung: Some invartants of certain pairs of hypersurfaces. 
(Abstract 50-3-92-1.) 

31. Dunham Jackson: Orthonormal polynomials on loci of the second 
degree. (Abstract 50-5-139-2.) 

32. Mark Kac: On real zeros of some functions. (Abstract 50-3- 
61-1.) 

33. Edward Kasner and John DeCicco: Scale curves in cartography. 
(Abstract 50-3-94-/.) 

34. Jakob Levitzki: A characteristic minimal condition for semi- 
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primary rings. (Abstract 50-1-14-2.) 

35. A. T. Lonseth: Dirichlets principle for Au = F.(u; x, y). (Ab- 
stract 50-3-62-1.) 

36. Szolem Mandelbrojt: Some theorems connected with the theory of 
infinitely differentiable functions. (Abstract 50-3-63-1.) 

37. R. v. Mises: Note on the numerical solution of linear partial dif- 
ferential equations. (Abstract 50-3-84-1.) 

38. H. E. Newell: The solutions of a certain linear matric differential 
equation. (Abstract 50-3-64-1.) 

39. Isaac Opatowski: Use of special functions in a problem of uni- 
form strength. (Abstract 50-3-86-1.) 

40. Oystein Ore: Galois connexions. (Abstract 50-3-54-/.) 

41. Harry Pollard: Fourier series with coefficients in a Banach space. 
(Abstract 50-3-66-/.) i 

42. H. E. Robbins: A note on the Riemann integral. (Abstract 50-3- 
68-1.) 
`” 43. F. H. Safford: Analysis of a non-harmonic wave. (Abstract 50- 
3-69-1.) 

44. Raphael Salem: On a theorem of Bohr and Pål. (Abstract 50-3- 
70-t.) ' 

45. Raphael Salem: Sets of uniqueness and sets of multiplicity. II. 
(Abstract 50-3-71-1.) 

46. H. E. Salzer: Supplementary calculation of coefficients for nu- 
merical inlegralion with central differences. (Abstract 50-1-41-/.) 
' 47. H. E. Salzer: Table of coeficients for inverse interpolation with 
advancing differences. (Abstract 50-3-87-1.) 

48. A. R. Schweitzer: On functional equations with solutions con- 
taining arbitrary functions. IV. (Abstract 50-3-72-1.) 

49. A. R. Schweitzer: On functional equations with soluttons con- 
taining arbitrary functions. V. (Abstract 50-3-73-1.) 

50. W. J. Thron: Sets of convergence for continued fractions. Pre- 
liminary report. (Abstract 50-1-34-2.) 

51. F. T. Wang: On Riesz summability of Fourier series. IV. (Ab- 
stract 50-3-75-1.) 

52. F. T. Wang: Some remarks on oscillating series. (Abstract 50-3- 
76-t.) : 

53. P. M. Whitman: Identities in lattices of equivalence relations. 
Preliminary report. (Abstract 50-3-56-/.) 

54. D. V. Widder: The sterates of the Laplace kernel. (Abstract 50-3- 
77-1.) à 

T. R. Horrcnaorr, 
Associate Secretary 


; BOOK REVIEW 


Metric methods in Finsler spaces aud in ihe foundations of geometry. 
By Herbert Busemann. Princeton University. Prem 1942. 24-243 
pp., 22 fig. $3.00. 


Metric notions have entered the foundations of geometry in various 
ways. In his Grundlagen, Hilbert formulates axioms of congruence 
which imply the availability of a metric, but the idea of distance is 
not explicitly used. In the projective framework for the classical non- 
euclidean geometries (for example, Klein), distance is defined in terms . 
of specific configurations which are themselves the product of rather 
elaborate preparatory study. In the differential approach (for ex- 
ample, Cartan), the theory of coórdinate manifolds is taken for 
granted, distance is first introduced locally, and even after its exten- 
sion to nonlocal measurements it plays little essential part in the in- 
vestigations. Others (Lie, Hilbert (Anhang IV to the Grundlagen)) 

' based their work on a group of transformations (motions) which pro- 
vided the means for defining congruence. The advent of metric spaces 
(Fréchet) raised the possibility of beginning with metric ideas and 
developing from them the equipment and resulta of the earlier theo- 
ries. Menger isolated and studied the properties a metric space must 
have in order to possess geodesics which behave conveniently. The 
present monograph takes up at that point and develops a connected 
theory, occasional portions of which have appeared elsewhere, of 
metric spaces with geodesics. 

The object of study is a finitely compact (hence separable) metric 
space Z which is (internally) convex in the sense that, if X Z, there 
is a point Y between X and Z (that is, such that X Y+ YZ 2 XZ). 
Define a segment to be a congruent map of a closed real interval, and 
a geodesic to be a locally congruent map of the real axis. As a decisive 
local restriction (D), each point of Z is assumed to have a neighbor- 
hood N such that, if A and B are any distinct points of N, the set of 
points between A and B forms a segment which can be extended 
appreciably (in fact, outside W), in either direction past A and B, 
and which is the unique segment between any pair of its points of 
which neither is too far beyond A or B. Without Axiom D, any two 
points P and Q can be joined by a segment. With Axiom D, this seg- 
ment turns out to be unique, if P and Q are not too far apart; further, 
any pair can be connected by a geodesic, and a given segment can 
be embedded in one and only one geodesic. If there is a point at which 
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Z is one-dimensional, 2 is congruent to a euclidean straight line or 
‘circle; if Z is two-dimensional, X is a manifold. 

Z is Minkowskian at a point P if and only if there is a neighbor- 
hood N of P into which a metric can be introduced, equivalent in an 
appropriate sense to the original metric, in such a way that under 
the new metric JV is congruent to an open sphere of a linear space 
which is so normed (cf. Minkowski) that its unit sphere U is a strictly 
convex surface with the origin as center. The author outlines a proof 
that a Finsler space ® is a space Z which is Minkowskian at each 
point if ® is regular (because U is strictly convex) and symmetric 
(because U has a center). Starting off, conversely, with a space Z 
(of chap. 1), he imposes a local condition (A) which enables him to 
introduce a Minkowski metric m at each point where A is satisfied. 
A refers to a trio of points which tend to coincidence, and controls 
the convergence of the segments and of the ratios of the distances de- 
termined by these points. The metric m is defined as follows, in a 
suitably restricted neighborhood N of P: For A in N and 0S1, 
let A; be that point on the segment PA for which PA,=iPA; then 
m(A, B) -lim t714,B, as i-0+. The neighborhood JV is expanded to 
a space Zp by continuing each segment PA past A up to the boundary 
of N and then on indefinitely through new points created explicitly 
for this purpose. m(A, B) is extended throughout Zp, which is then 
seen to be a normed (Minkowskian) linear space assóciated with Z 
at P. It follows from a further local condition A', if an open set G 
of È is the intersection of Zp and Zq, that the local (normal) coordi- 
nates provided for G by these spaces are connected by a transforma- 
tion of class 1. Finally, the metric m is used to define a function F(x, À) 
of the sort with which Finsler theories commonly set out. Thus A and 
A’ are conditions sufficient to insure that Z be a regular symmetric 
Finsler space. It may happen that m is euclidean in Zp; in the impor- 
tant special case in which this happens at every point, the Finsler 
space reduces to a Riemann space and Zp then differs but slightly 
from the tangent space widely used in differential geometry. 

Specializing the space Z of chap. 1 in quite a different manner, the 
remainder (two-thirds) of the book is based on the global Axiom E: 
Any two distinct points are on at most (hence exactly) one geodesic. 
Each geodesic of such a (straight line, S.L.) space is either open or 
closed (congruent to a euclidean straight line or circle), and the closed 
(open) geodesics form an open (closed) set. In the two-dimensional 
case any two closed geodesics intersect, and the geodesics through a 
given point are either all closed or all open. Hence an S.L. plane is 
either closed (all geodesics closed) or open (all geodesics open). By 
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mapping an S.L. plane Z in a specific way on a projective plane P? 
with an elliptic metric, it is shown that 2 is homeomorphic to E? 
(euclidean plane) or P? according as Z is open or closed. A homeo- 
morphism carrying geodesics of Z into straight lines is possible (that 
is, 2 is Arguesian) if and only if Desargues’ Theorem holds. (An 
Arguesian S.L. space of any dimension is either closed or open.) The 
inverse problem for E seeks conditions on a family F of curves ain E? 
sufficient to insure that a topologically equivalent new metric can be 
introduced in E? in such a way that the curves a become the geodesics 
-of the S.L. plane thus defined. In a very satisfying way, the suff- 
ciency of the following remarkably weak conditions is established: 
each o is an open simple unbounded Jordan curve, and any two dis- 
tinct points of E? are contained in eactly one curve of F. 

Define a sphere to be convex if no geodesic tangent to it contains a 
point interior to it. Let each sphere of the S.L. space Z be convex 
(condition K). This implies, for fixed P, as X moves on a geodesic g, 
that PX either is constant or has precisely one minimum which is 
attained just once. It follows that Z is either open or closed. In the 
closed case, with dimension not less than 3, È is elliptic. In the open 
case K is equivalent to convexity in the usual sense and to the exist- 
ence of precisely one (suitably defined) perpendicular to each geodesic 
from each external point. By detailed argument in which perpendicu- 
lars and baselines, parallels, bisectors (loci PX — QX) and their limits, 
and so on, are studied extensively, several theorems are proved estab- 
lishing conditions which completely characterize Z in one way or an- 
other. Examples: with dimension not less than 3, K, differentiable 

‘spheres (suitably defined), and euclidean parallelism, Z is Min- 
kowskian. In the plane case, with euclidean parallelism, Z is Minkow- 
skian if the following strengthened form of K holds: for some fixed 
az1, if XY-YZ-XZ/2, then 2P Ye S PXe-- PZ* for any P. If all 
bisectors are linear, regardless of dimension, then Z is euclidéan or 
hyperbolic. 

Along with the classical geometries, n-dimensional S.L. spaces Z 
can be characterized in terms of their mobility. An examination of in- 
volutoric motions and their fixed points réveals that Z is homogene- 
ous (congruent to a euclidean, hyperbolic, or elliptic space) if it is 
symmetric about each geodesic. If X is closed and symmetric about 
each point, Z is elliptic. In E^ a congruence between two triangles can 
be extended to a motion of E^; if Z has the property that there is a 
number 6>0 such that a congruence between any two triangles, each 
with diameter less than ô, can be extended to a motion of Z, then £X 
is homogeneous. An example of Fubini is adapted to show that the 
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similar hypothesis for pairs instead of trios of points is insufficient. 
Suppose that X is open, and admits a transitive abelian group G of 
motions; it is easily seen that G is closed and simply transitive and 
generates a Minkowskian plane by carrying either of two intersecting 
geodesics along the other, whence it follows that Z is Minkowskian. 
The plane case is studied in detail by means of translations along 


geodesics. Typical result: An S.L. plane is Minkowskian, hyperbolic, ` 


or elliptic if all possible translations exist along two geodesics one of 
which is not an asymptote to either orientation of the other. If an 
S.L. plane admits a transitive group of motions, then: either the plane 
is closed and its metric elliptic; or parallelism is euclidean and the 
metric is Minkowskian, or parallelism is hyperbolic and the metric 
is quasi-hyperbolic (admitting all translations along a geodesic and 
its nonparallel asymptotes). Attention is called, in conclusion, to a 
number of unsolved problems. 

As the cited results suggest, a superficial refresher in non-euclidean 
geometry is a desirable preliminary. The exposition is clear and per- 
suasive with the exception of one passage (pp. 49-63) which the re- 
viewer found rough in spots. The situation there is inherently com- 
plicated, notation, typography, and display are uncoóperative, and 
the style seems unnecessarily terse. Slight expansion would have ren- 
dered this material much more pleasantly accessible. 

Reading is enlivened by a stimulating diffusion of misprints. Only 
the following, which the author has kindly verified, are thought ca- 
pable of delaying the attentive reader: - 


Page Line For Read 
9 7 4 5 
65 4'^ A, B An B, 
97 4 [f(n)/5 —1/m2*] t[2f(0)/n —1/m27] 
167 8 h r 


With these trivial qualifications, the project has been conceived and 
executed in a thoroughly workmanlike fashion. Loose ends lead either 
.to specified passages in the literature, or to outstanding problems 
which are clearly indicated with accompanying remarks and refer- 


ences. Although the argument is basically “codrdinate-free,” appeal- . 


ing picturesquely to the intuition, one senses none of that loss of rigor 
which is sometimes felt to accompany “synthetic” methods. In pre- 
senting a connected account of-the author's valuable contributions, 
this book gives very useful access to an interesting field of study. 

In a recent paper (Trans. Amer. Math. Soc. vol. 54 (1943) pp. 171- 
184) the author establishes important new results. 
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. 1. A closed S.L. space of dimension not less than 3 is elliptic if each 
of its spheres has order 2 (condition Ki, weaker than K). Thus Ki, 
which was known (p. 135) to be equivalent to K in open spaces, is 
now seen to be.an adequate basis for the main theorem (p. 124, cited 
above) provéd with K in closed spaces. 
2. Several conditions, of which.a few have bé cited, are found in 
' the book under which an S.L. space is necessarily open or closed. 
Such conditions are now seen to be entirely superfluous, for any S.L. 
space is either open or closed with each geodesic in the closed case 
having the same length. 
These facts open the way for substantial improvements in the study 
based in the book on condition K. 
i 7 F. A. FICKEN 


NOTES 


Professor Harry Bateman of the California Institute of Technology 
and Professor W. M. Whyburn of the University of California at 
Los Angeles have been elected corresponding members of the Acad- 
emia Nacional de Ciencias Exactas, Fisicas y Naturales de Lima. 


Professor Felix Bernstein of New Vork University has been ap- 
pointed professor emeritus. 


Professor M. H. Stone of Harvard University has been awarded an 
honorary doctorate by the University of San Marcos. 


Mr. J. C. Adams and Mr. G. E. Nicholson have been appointed 
lecturers at the University of North Carolina. 


Associate Professor H. A. Bender of the University of Akron has 
been appointed to an associate professorship at Rhode Island State 
College. 


Professor W. C. Brenke of the University of Nebraska has retired. 


Assistant Professor H. F. Bright of Denison University has been 
appointed to an assistant professorship at the University of Roches- 
ter. 


Visiting Assistant Professor Nancy Cole of Kenyon College Es 
been promoted to a visiting associate professorship. 


Dr. R. H. Fox of the University of Illinois has been appointed to 
an assistant professorship at Syracuse University. 


Dr. W. H. Gottschalk of the University of Virginia has been ap- 
pointed to an assistant professorship at the University of Richmond. 


Dr. R. W. Hamming of the University of Illinois has been ap- 
pointed to an assistant professorship at the University of Louisville. 


Assistant Professor J. F. Heyda of Denison University has been ap- 
pointed to a professorship at St. Ambrose College, Davenport, Iowa. 


Dean H. M. Hosford of the College of Arts and Sciences, Univer- 
sity of Arkansas, has been promoted to the vice presidency of the 
University. 


Dr. D. H. Hyers of the California Institute of Technology has been 
appointed to an associate professorship at the University of Southern 
California. 
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Professor R. L. Jeffery of Acadia University has been appointed 
to a professorship at Queens University. 


Assistant Professor R. N. Johanson of Hamilton College has been 
appointed to an assistant professorship at Boston University. 


Mr. W. S. Krogdahl has been appointed to an adjunct professor- 
ship at the University of South Carolina. 


Professor C. V. Newsom of the University of New Mexico has been 
appointed to a professorship at Oberlin College. He will be chairman 
of the department of mathematics. 


Mr. J. D. Novak of MacMurray College has been appointed to an 
associate professorship at the University of South Carolina. 


Assistant Professor J. F. Randolph of Cornell University has been 
appointed to a professorship at Oberlin College. 


Mr. M. M. Resnikoff has been appointed to a professorship at 
State Teachers College, Minot, North Dakota. 


Dr. Henry Scheffé of Princeton University has been appointed to 
an assistant professorship at Syracuse University. 


Professor M. A. Scheier of St. Bonaventure College has been ap- 
pointed dean of the Division of Natural Sciences. 


Dr. James Singer of Brooklyn College has been promoted to an 
assistant professorship. 


Colonel R. H. Somers, U. S. Army, retired, has been appointed to 
a visiting lecturership at Dartmouth College. 


Associate Professor G. A. Williams of Oregon State College has 
been promoted to a professorship. f 


Associate Professor A. S. Winsor of the University of North Caro- 
lina has been promoted to a professorship. 


The following appointments to instructorships are announced: 
Dartmouth College: Mr. D. B. Kirk; University of North Carolina: 
Mr. B. M. Drucker, Mr. T. H. Partrick, Mr. W. H. Peacock, Mr. 
Irwin Stoner, Mr. W. S. Winn; Purdue University: Mr. H. W. Strand; 
University of Richmond: Mr. Mariano García. 


Professor Emeritus Harris Hancock of the University of Cincinnati 
died March 20, 1944 at the age of i seven years. He had been 
a member since 1895. 
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The following fifty-one doctorates, with mathematics or mathe- 
matical physics as a major subject, were conferred during 1943 in 
universities in the United States and Canada; the major subject is 
mathematics unless otherwise specified. The university, month in 
which degree was conferred, minor subject (other than mathematics) 
and the title of the dissertation are given in each case if available. 


W. F. Atchison, Illinois, June, minor in physics, Vsriual sets on an 
algebraic curve as contrasted with Abelian function theory. 


T. A. Bancroft, Iowa State, August, minor in economics, Tests of 
significance considered as an aid tn statistical methodology. 


Helen P. Beard, Massachusetts Institute of Technology, Decem- 
ber, minor in physics, Egusgonal planes and their connection with the 


theory of functions of two complex variables. 


4 


E. M. Beesley, Brown, June, I: Concerning total differentiability of 
functions of class P. IT: ġ-Cantorian functions and their convex moduli. 


D. L. Benedict, Wisconsin, May, Gamma ray energy standards and 
resonance half-widths. 


B. H. Bissinger, Cornell, October, Generalizations of continued frac- 
tions. 

Angeline J. Brandt, Michigan, October, The free Lie ring and Lie 
representations of the full linear group. 


A. J. Coleman, Toronto, November, A study in relativistic quantum 
mechanics, based on Eddtngton's relativity-theorem of protons and elec- 
trons. 


B. H. Colvin, Wisconsin, May, The expansion problem assoctated 
wiih a third order ordinary diferential system of highly irregular type. 


C. R. DePrima, New York University, June, Characteristic and 
uniqueness theory for linear hyperbolic partial diferential equations. 


Roy Dubisch, Chicago, December, Composttion of quadratic forms. 


William H. Durfee, Cornell, October,- Cdnetuence of quadratic forms 
over valuation rings. 


Jacques Dutka, Columbia, June, Transversality in higher space. 


Paul Eberhart, Brown, February, On the summation of derived series 
of Fourier series and conjugate series. 
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H. J. Eckweiler,"New York University, June, minor in physics, 
Periodic solutions of a class of nonlinear differential equations (the Van 
der Pol equation). ~N 


W. S. Erickson, Wisconsin, May, Asymptotic forms of the solutions 
of the differential equation for the associated Mathten functions. 


R. W. Gibson, Illinois, June, minor in physics, Projective geometry 
with coordinates from a commutative primary ring. 


Theodore Hailperin, Cornell, June, A set of axioms for logic. 


A. O. Hanson, Wisconsin, May, Voltage-measuring and control 
equipment for the electrostatic generator and an absolute measurement 
of the lithium proton-neutron threshold. 


Gerald Harrison, California Institute of Technology, June, minor 
in physics, The lattice structure of algebratc moduls. 


Boyd Harshbarger, George Washington, February, On the analysis 
of a certain six by six—four group lattice design. 


Euphemia L. Haynes, Catholic University, June, minors in physics 
and education, Determination of sets of independent conditions charac- 
tertzing certain special cases of symmetric correspondences. 


H. D. Huskey, Ohio State, March, Contribution to the problem of 
Geócze. 


H. S. Kieval, Cincinnati, June, On certain types of continued frac- 
Bon developments. 


Horace Komm, Michigan, February, Concerning the dimension and 
the lambda dimension of a partial order. 


Janie C. Lapsley, Illinois, June, minor in chemistry, Systems of 
bilinear forms. . 

Anne L. Lewis, Chicago, September, Sufficiency proofs for the prob- 
lem of Bolza $n the calculus of variations. 


J. C. R. Li, Iowa State, July, minor in genetics, Design and statisti- 
cal analysis of confounded experiments. 


B. J. Lockhart, Illinois, October, minor in astronomy, Covartant 
correspondences and covariant sets of points defined by a given corre- 
spondence on an algebratc curve. 


Janet MacDonald, Chicago, September, Conjugate nets in asymp- 
totic parameters. 
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Abraham Miller, New York University, June, minor in physics, 
The isoperimetric problem tn three or more dimensions. 


L. H. Miller, Ohio State, September, A method for proving the equiv- 
alence of certain orthogonal polynomial expanstons. 

C. D. Olds, Stanford, April, On the number of representations of the 
square of an integer as the sum of an odd number of squares. 


J. F. Paydon, Northwestern, minor in physics, The continued frac- 
tion as a sequence of linear transformations. 


W. H. Pell, Wisconsin, August, Thermal deflection of GUESQNOPIC 
` thin plates. 


George Piranian, Rice, June, A study of the position and nature of : 


the singularities of functtons given by Taylor series. 
R. C. Rand, Maryland, June, minor in physics, The rectilinear mo- 
tion of a gas subsequent to an internal explosion. 


R. H. Scanlan, Massachusetts Institute of Technology, May, minor 
in physics, On the existence of certain entire functions of zero type. 


O. H. Schmidt, Brown, June, On thé relation between ancient mathe- 
matics and spherical astronomy. 


Abraham Seidenberg, Johns Hopkins, June, Valuation ideals in 
rings of polynomials in two variables. 


W. de V. B. Spatz, New York University, June major in physics, 
Factors influencing the Plateau characteristics of self-quenching G-M 
counters. 


-Sister Mary P. Steele, Catholic University, June, minors in phi- 
losophy and physics, A geometric interpretation and some applications 
of the dihedral group Ge. 

C. F. Stephens, Michigan, October, Non-linear difference equations 
analytic tn a parameter. 

R. R. Stoll, Yale, June, Representations of completely simple semi- 
groups. 

W. J. Thron, Rice, June, Convergence regions for conisnued fractions. 


H. F. Tuan, Princeton, April, Groups whose orders contain a. prime 
number to the first power. 
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C. M. Turner, Wisconsin, May, Electrostatic generator with multiple 
electrodes. 


G.-C. Vedova, Maryland, June, minor in physics, Infinite processes 
$n Greek mathematics. 


T. C. G. Wagner, Maryland, June, minor in physics, The differen- 
Hal geomeiry associated with a given area metric. 


Marion D. Wetzel, Northwestern, August, minor in statistics, The 
analytic theory of positive definite J-fracitons. 


Fumio Yagi, Massachusetts Institute of Technology, May, minor 
in physics, On Stieltjes integrals: A convergence theorem and an in- 
tegral equation. 


The following doctorate was conferred in 1942, but was not in- 
cluded i in the list in the preceding volume of this Bulletin (vol. 49, 
PP. 355—360): 


" Aughtum S. Howard, Kentucky, September, Linear second order 
partial differential equations with constant coefficients. ` 


ABSTRACTS OF PAPERS 


7. f SUBMITTED FOR PRESENTATION TO THE SOCIETY 


` The following papers have been submitted to the Secretary and the 
Aiak Secretaries of the Society for presentation at meetings of 
the Society. They are numbered ‘serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volumé, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA ÀND THEORY OF NUMBERS 


' . 103. Leon Alaoglu and Paul Erdós: On highly composite and similar 


numbers. 


A number n is highly composite if for all m <n, d(m) «d(sn); superabundant if for 
all m «n, o(m)/m «c(n)/n; and highly abundant if for all m «s, o(m) <o(n). If g is 
tlie highest power of the prime g dividing the highly abundant number s, it is found 
that with at most c(e) logw/logis exceptions, (1—«) logs logua/q<q@* logg 
<(1+6) logs logs. The superabundants satisfy a stronger inequality with no 
exceptions, and a similar formula is proved for the highly composite numbers. For 
these two latter classes the inequalities determine the prime power factors almost 
uniquely. Highly composite numbers were introduced by Ramanujan. Pillai's D.Sc. 


thesis may contain related results, but it was never published and is inaccessible. 
-(Received February 14, 1944.) 


104. S. P. Avann: Relations between josn-irreducsbles and meetirre- 
ducibles $n a modular lattice. I. 


Let T and r' be the respective orders of the partially ordered sets P of join- 


: - irreducible elements and P” of meet-irreducible elements in a finite modular lattice L. 


- It is proved that v 7, if certain restrictions dre made upon the quotient sublattice 


r 


structure of L. A reasonable conjecture is that r=r’ without restriction, since P and 
P’ are even isomorphic when L is distributive. In a complete set Q: of projective prime 
quotients of L the number of minimal quotients, characterized by join-irreducible 
numerators, is equal to the number of maximal quotients, characterized by meet- 
irreducible denominators, if and only if r;-7( for the simple homomorphic image 


e L; of L corresponding to Q;. (Received March 29, 1944.) . 
105. Reinhold Baer: Groups without proper eee quotient 


groups. 


This paper contains a discussion of groups G with the following property: If N 
is a normal subgroup of G, and G and G/N are isomorphic groups, then N —- 1. (Re- 
ceived. February 2, 1944.) : 


` 106. Garrett Birkhoff: Subdirect products in universal algebra. 
It is.proved that any.abstract algebra A (in a very general sense) is a subdirect 


union of subdirectly irreducible algebras. This theorem contains as special cases - 
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various representation theorems due to Kothe, Stone, McCoy and Montgomery, and 
the author. (Received March 6, 1944) . 


107. R. H. Bruck: Quasigroups with the inverse property. I. Prelimi- 
nary report. 

If M is an arbitrary multiplicative system with a single-valued multiplication, 
the left associator of M is the set of elements a such that a-xy=ax-y for all x, y of M. 
The middle and right associators are similarly defined. For isotopic systems with 
units the corresponding associators are isomorphic. The three associators coincide 
for an I. P. loop. If Q is a quasigroup and U, V are one-to-one mappings of Q upon 
itself, let Q(U, V) be the principal isotope defined by xoy =< - y". An intensive study 
is made of the following questions: (I) If Q is either an I. P. loop or a totally sym- 


: metric quasigroup, when is Q(U, V) an I. P. loop? (II) If Q is a T. S. quasigroup, 


when is Q(U, V) a T. S. quasigroup? (III) If Q is an I. P. loop, when is Q(U, V) an 
I. P. quasigroup? The theory of Moufang loops has intimate connections with (I), 
and the theory of autotopiams of a loop, with (III). (Received February 28, 1944.) 


108. R. H. Bruck: Simple quasigroups. 


. This note is mainly concerned with a proof of the following conjecture, due to 
A. A. Albert: There exist simple loops of every finite order except order four. The 
proof is by graphical construction of so-called hyperabelian loops of every composite 


-order different from 4. Other constructions are also considered. A concluding section 


contains the proof of a theorem on arbitrary quasigroups which might be stated thus: 
Let Q be a quasigroup homomorphic to a quasigroup R, and let Qo be a loop isotopic 
to Q. Then there exists a loop Ro, isotopic to R, such that Qo is homomorphic to Re. 
(Received February 28, 1944.) 


109. W. B. Fite: The degree of a linear homogeneous group. 


The problem considered in this paper is that of the relation between the degree 
of a linear homogeneous group and the abstract properties of the group. In the first 
place the theorem of Frobenius states that the degree of an irreducible group is a 
divisor of the order of the group; then the generalization of this by Schur states that 
the order of the group is divisable by the product of the degree and the order of the 
central, Later the author called attention tothe importance of the commutators of the 
group in this connection by showing that the degree of an irreducible group is not less 
than the order of any invariant commutator. The present paper starts from this 
point and shows that the order of certain non-invariant commutators also has a 
bearing on the degree of the group whether it be reducible or irreducible. Moreover 
for groups of a certain category the degree is a multiple of the order of the whole 
commutator subgroup. (Received February 10, 1944.) 


110. Alfred L. Foster and B. A. Bernstein: A dual-symmetric defini- 
tion of field. 


In another paper the groundwork was laid for a dual-symmetric treatment of 
commutative rings with unit—a symmetric treatment exhibiting a ring-duality theory 
which subsumes the duality theory of Boolean algebra. In. the present paper this dual- 
symmetric method is specialized to the case of fields, yielding a definition of field in 
terms of two groupe which play PS symmetrical roles. (Received March 24, 
1944.) 
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111. R. D. James: Power series expansions for doubly periodic func- 
lions of the second kind. Preliminary report. 


It is well known that results on the representation of integers as sums of squares 
can be obtained by comparing coefficients in the expansions in power series and 
trigonometric series of the Jacobian elliptic functions (E. T. Bell, J. Reine Angew. 
Math. vol. 163 (1930) pp. 65-70). Trigonometric series expansions for the doubly 
periodic functions of the second kind 91 9«(x--y)/01(x)9.(5) are also well known (E. T. 
Bell, Trans. Amer. Math. Soc. vol. 22 (1921) pp. 198—219) but the corresponding 
double power series expansions do not seem to have been considered. These expan- 
sions are obtained in the present paper. The coefficients turn out to be polynomials 
in the usual ð constants ð, vs, and an additional one ð$’ /ðo. In a later paper the 
arithmetical applications will be considered. (Received March 27, 1944.) 


112. S. A. Jennings: A note on chain conditions in nilpotent rings 
and groups. 


Let R be a group and let 9 be any set of operators of R which contains all inner 
automorphisms of R. We say that R is Q-nilpotent if there exists in R a strictly de- 
creasing chain of Q-subgroups: RR; DRD ++: Ry )Rayi=1, such that, if 
aCR,, and EQ, then aj7*(\a,)C Ri, #=1,-++, M, where in general r is any in- 
teger, but if à is an inner automorphism r equals one. For Q-nilpotent groups we 
prove that the maximal or minimal condition for Q-eubgroups implies the corre- 
sponding condition for all subgroups. Nilpotent groups, and nilpotent rings and 
algebras, can be considered as special types of Q-nilpotent groups, and it follows that 
in any nilpotent group the maximal or minimal condition for normal subgroups im- 
plies the corresponding condition for all subgroups, while in any nilpotent ring or 
algebra the maximal or minimal condition for two-sided ideals implies the correspond- 
ing condition for modules, (Received March 24, 1944.) 


113. G. K. Kalisch: Generalized Hilbert spaces over fields with a non- 
Archimedean valuation. 


Let F denote an algebraically closed field complete with respect to a non-Archi- 
medean valuation. Consider a complete normed vector space S over F which satisfies 
the following conditions: I. lal =0 if and only if 520, [fo | = |f| [a], [a+b] Smax 
(Jal, |b|) for all fEF, oS, bES. 1I. There is defined in S a symmetric bilinear 
inner product (a, b) for all a€S, bC-S, such that (1) | (a, 5)| &|a| |] for all oS, 
bES; (2) if TCS is a finite set then for every aC-S linearly independent of T and 
orthogonal to T there exists «GS orthogonal to T euch that Pa, x)| =[a]|z], 
| (x, x)| = [x] 3; (3) if RCS is a countably infinite set such that (re, rj) = Sa; [rs] =1, 





** then lim (a, r,) «0 for all a@@S. It is proved that S is isomorphic with a space of 


countable sequences f= (f,) of elements f; F such that lim f;=0, |f| max (|fi|), 
(f, £ = figs. Closed manifolds, orthogonal manifolds, and projections are defined 
and it is proved that S is the direct sum of any closed manifold and its orthogonal 
complement. The usual theorems regarding projections and closed manifolds are 
found to be true. These results lead to investigations to be pursued in subsequent 
papers. (Received April 1, 1944.) i 


114. Knox Millsaps: On powers of third and fourth order matrices. 


Explicit formulae for arbitrary powers of square matrices of the third and fourth 
orders are obtained by using Fantappie's definition for an analytic function of a 


— M ÓÀ— 


was | "ABSTRACTS OF PAPERS ` 335 
matrix, The formulae are somewhat complicated and contain Waring functions of 
the first and second kinds. As a result of the aforementioned complications some 
approximate expressions are given for large powers. (Received April 1, 1944.) 


115. Albert Newhouse: On finite extending groups. 


In this paper it is shown that the elements of a finite extending group G of an 
algebra: A of order 5 over'a field F have representations in the total matrix algebra 
of degree # over F which are matrices whose minimum functions of degree less than 
or equal to * are divisors of some x* —1. Furthermore it is shown that there exist 
extending groups for any algebra of order » 2 which cannot be regarded as per- 
mutation groups for any basis of the algebra (a problem proposed by A. A. Albert, 
Ann. of Math. vol. 43 (1942) pp. 685—723). (Received February 17, 1944.) 


116. M. F. Smiley: An application of lattice theory to quasigroups. 


. It is shown that O. Ore's generalized Jordan-Holder theorem (Chains in partially 
ordered seis, Bull. Amer. Math. Soc. vol. 49 (1943) pp. 558-566) applies in the theory 
of loops (A. A. Albert, Quasigroups. I, Trans. Amer. Math. Soc. vol. 54 (1943) pp. 
507—519) to yield the Jordan-Hdlder theorems recently proved by A. A. Albert 
(Quasigroups. II, abstract 50-1-1). The proof is based on the fact that the normal 
divisors of A. A. Albert are the subloops H of a loop G which commute and associate 
with the elements of G in the sense that xH e Hx, (xy)H -x(yH), (xH)y=x(Hy), 
(Hx)y 5 H(xy) for every x, yCG. (Received April 1, 1944.) 


117. R. M. Thrall: Os modular representations induced by ordinary 
representations. 


Let G be a finite group, and R any representation of G by matrices over a field of 
characteristic zero. After suitable number theoretic preparation one can replace each 
matrix in R by its residue class, a matrix in a field of prime characteristic. The set, 
S, of matrices thus obtained is called an induced representation of G. Not all modular 
representations can be induced. In the present note it is proved if any induced repre- 
sentation is split into constituents, each corresponding to a single minimal non- 
nilpotent two-sided ideal of the modular group ring, T's, of G, then each such con- 
stituent is an induced representation. The main step in the proof is a lemma stating 
that any idempotent in the center of Tp is “induced” by an idempotent in the center 
of the group ring of G formed relative to a suitable p-adic closed field. (Received 
March 27, 1944.) 


118. Bernard Vinograde: On properises of completely primary rings. 


A cleft ring is defined as the sum of a semisimple ring and a radical. Let L, T, 
and R stand for composition series of left, two-sided, and right ideals respectively. 
Let C- K 4-N be a completely primary (or primitive) cleft ring with minimum con- 
dition on left ideals (ML). Then C=) Ku and has a matric representation of finite 
degree with coefficients from K. If K has only a finite number t of isomorphisms into 
a proper subset of itself and if C has an LT series, then MR is implied. If #=1 then 
C has an LR series and C9? Ku, =) s, K with sk» kSiu, where 5; is an automorph- 
ism. If S; is inner then C is the K envelope of an algebra over the center of K. When C 
is an algebra its L and R series have equal length, so an LT series implies an LR series. 
"More generally, for any cleft C with ML'and MR, an LT series implies an LR series, 
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Uncleft rings are extensions of cleft rings, and the study of extensions naturally 
starts with inseparable fields. (Received April 1, 1944.) 


119. John Williamson: Hadamard's determinani theorem and the 
sum of four squares. 


A square matrix H of order » is called an Hadamard or an H-matrix (Jacques 
Hadamard, Résolution d'une question relative aux déterminants, Bull. Sci. Math. (2) 
vol. 17 (1893) Part I, pp. 240—246) if each element of H has the value +1 and if | Z| 
has the maximum possible value n™/?, In the first part by an adaptation of methods 
used by R. E. A. C. Paley, On orthogonal matrices, Journal of Mathematics and 
Physics, Massachusetts Institute of Technology, vol. 12 (1933) pp. 311-320, it is 
shown that: (1) if there exists an H-matrix of order m>1, there exists an H-matrix 
of order m(£^--1) where 5 is an odd prime, and (2) there exists an H-matrix of order 
N(N—1) where N =2'kıks, +++, k, and k, - pK --190 mod 4, f; an odd prime. In the 
second part it is shown that an H-matrix of order 4s exists if there exist four poly- 
nomials A(x) =} fax, £—1, 2, 3, 4, satisfying the following conditions: 
G4 90; s, tl, D4 (Aslw))*=4n for every nth root w of unity. Such polynomials 
A,(x) are determined for specific small values of 5 and in particular for s 443 thus 
showing the existence of an H-matrix of order 172, a result not previously known. 
(Received March 22, 1944.) 


ANALYSIS 


120. R. P. Agnew: Summability of subsequences. 


If A is a regular (real or complex) matrix method of summability and x, is a 
bounded complex sequence, then there exists a subsequence Ya of x4 such that the 
set Ly of limit points of the transform Y, of y, includes the set Ls of limit points of 
the sequence x4. (Received February 2, 1944.) 


121. E. F. Beckenbach and Maxwell Reade: Further results on 
mean-values and harmonic polynomials. 


In this paper the authors study the relation between the *vertex averages? used 
by Walsh (J. L. Walsh, Bull. Amer. Math. Soc. vol. 42 (1936) pp. 923-930) and the 
“peripheral” and “areal averages” used by Beckenbach and Reade (E. F. Beckenbach 
and Maxwell Reade, Trans. Amer. Math. Soc. vol. 53 (1943) pp. 230-238). From the 
relation noted it follows that some of the results of Walsh are equivalent to those 
obtained by Beckenbach and Reade, and moreover, by following the methods out- 
lined by the latter authors, it is possible to extend Walsh's results tor more general 
“vertex averages.” (Received March 27, 1944.) 


` 122. E. F. Beckenbach and Maxwell Reade: Regular solids and 
harmonic polynomials. 


Suppose D is à domain containing a regular solid Vo and $ is a class of functions 
f(x, y, 8) defined and continuous on D. It is assumed that if V is similar and parallel 
to Vo then the value of F(x, y, 2) at the center of V is the mean of values of f(x, y, 2) 
at the vertices. The class ¢ is shown to consist of certain harmonic polynomials. For 
the five regular solids these classes are given in terms of three spherical harmonics 
and their partial derivatives. The solution of the problem, suggested by J. L. Walsh 
(Bull. Amer. Math. Soc. vol. 42 (1936) pp. 923—930), of determining the class of 
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functions satisfying the above mean-value property for all regular solids in D similar 
but not necessarily parallel to a given one, follows from the preceding results. (Re- 
ceived March 20, 1944.) 


123. Stefan Bergman: Certain classes of analytic functions of two 


- real variables and their properties. 


The author derives conditions in order that the operator T(f)eK(s, z)f(s) 
J-faE(s, 2, tf [n(s, 2) dt transforms analytic functions into complex solutions, #, of 
L (st) auat au, -bud-cu 50, 2 x--Hiy, $&x—iy, x, y real. Here E, E, n are some fixed 
functions, c! is a fixed curve in the complex / plane, and f ranges over the totality 
of analytic functions of a complex variable which are regular at the origin. Choosing 
K=0, #™3(1—#)/2, c'a[—1StS1] he shows that to every L the function 
E(s, 2, f) can be determined in such a way that E(s, 0, #4 =(1—#)—Y? and therefore 
uls, 0) fii f(s(1—15/2)dt/(1—72)!*, The above choice of K, E, n, c! defines a par- 
ticular operator, P. The author shows that to every real solution U, of L(U) =0, there 
exists a function f such that U=Re [P(f)]. The singularities and the value distribu- 
tion of the complex solutions, #= P(f), of L(#) =0 are studied. The sum of the indices 
of points where z(s, E) =b (8 conjugate to z) and which are situated in the circle 
x+y <r? is denoted by n[r, (u(s, z) —b)71]. Let u(s, 2) => 5 amo AmE be an 
entire function. An upper bound for the growth of #[r, (u(s, £) —5)1] considered as 
function of r, which is independent of b, is given in terms of the Ane, #™0, 1, 2, - - . , 
for a large class of differential equations, L. (Received March 27, 1944.) 


124. Stefan Bergman: The determination of some properties of a 
funcion satisfying a partial differential equation from its series de- 
velopment. 


Let #=)_Daas™5", Dam -D.. s=x-+ty, £$»x—1)y, be a solution of the differential 
equation L(U) = U,4--aU,--4U;--cU —0, c real, where a and c are entire functions of 
x and y. For certain types of equations L(U) «0 the author determines the upper 
bounds for the growth of | U| in terms of the subsequence {Duo}, m=0, 1, 2, - - -. 
Let Q™(s), n1, 2, -> * , bea set of analytic functions of a complex variable s, The 
point 2a 3s said to be a branch point of the type {gm} of an analytic function f(z) 
if, in the neighborhood of the point 2a, f(s) =)_%_ea,s* can be represented in the form 
FE) m «135 25279 (27 + 1) [r(n + 1) 190 (s) [s7/*(a — 2/2) ]-1--g(s) where 
g(s) is regular at s—2a and I* denotes the integral of the kth order. Necessary and 
sufficient conditions in terms of the a, are given in order that f has one and only 
one singularity on the circle of convergence, which singularity is a branch point of 
the type {Q™}. Generalization of this result to the case where «(s, 2) are certain 
complex solutions of L(v) =0 are given. (Received March 9, 1944.) 


125. B. H. Bissinger and Fritz Herzog: An extension of some previ- 
ous results on generalized continued fractions. 


In a previous paper (abstract 49-11-253) the authors have extended certain 
measure theoretical results concerning simple continued fractions to the f-expansion 
xmf(a1-+f(a2-+ +++, where f belongs to a certain class F, of functions. In this paper 
the following resulte are obtained: when fC F1 the set of all x, 0 «x«1, for which 
Gn Pk. for all s (the ką, being a given sequence of positive integers) is of measure 
zero if and only if ? ,f'(5.) diverges; for almost all x, 0«x«1, the a, assume every 
positive integer infinitely often; moreover, every finite sequence of, positive integers 
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occurs in successive places infinitely often in the f-expansion of almost all x, 0<*x<1. 
In the case f(#)=1/# the above results represent corresponding statements about 
simple continued fractions. (Received April 1, 1944.) 


126. Augusto Bobonis: A sufficiency theorem for differential systems. 


The purpose of the present paper is to establish necessary and sufficient conditions 
for linear-differential systems and boundary conditions of the form y’=(A-+)B)y, 
M(A)y(a) +-N(A)¥(b) =0 to have an infinite number of characteristic values. These 
are obtained on the assumptions that the matrix ||B|| has constant rank and the 
parameter à enters linearly in both differential equations and boundary conditions. 
By defining a problem of Lagrange, and the use of the extremizing properties of^the 
characteristic values, Reid (Trans. Amer. Math. Soc. vol. 44 (1938) pp. 508-521) 
established necessary and sufficient conditions for a system, not involving the linear 
parameter in the boundary conditions, to have an infinity of characteristic values. 
These conditions are obtained here by defining a Bolza problem and use of the ex- 
tremizing properties of the characteristic values of the accessory boundary value 
problem arising from this problem of Bolza. (Received March 7, 1944.) 


127. H. D. Brunk: Dirichlet series meromorphic $n a half-plane. Pre- 
liminary report. 

Applications are made of theorems given in another paper in obtaining information 
concerning the distribution of singular points (in particular, poles) of functions, given 
by Dirichlet series, which satisfy certain conditions of boundedness type in certain 
half-planes. For example, one theorem states that if the function f(s) whose Dirichlet 
series expansion is ) ;a,6^^* satisfies a certain condition of a boundedness type in an 
open half-plane containing its half-plane of absolute convergence, if the sequence 
fàn} satisfies certain "density? conditions, and if the coefficients (a,] satisfy an 
essential condition, and if further f(s) has as its only singularities in an open half- 
plane containing its half-plane of absolute convergence poles of finite maximum order 
at certain points so+2xks (k taking on only integral values) on its axis of absolute 
convergence, f(s) having at least one pole on this axis, then f(s) is essentially a linear 
combination of Taylor-Dirichlet series (series of the form ) /b,e77*). (Received March 
1, 1944.) 


128. H. D. Brunk: Theorems of composition for Dirichlet series. Pre- 
liminary report. 
. Theorems generalizing for Dirichlet series Hadamard's familiar multiplication 
‘theorem for Taylor series have been given by Mandelbrojt (Acta Math. vol. 55 
(1930) pp. 1-32). Let f(s), ¢(s), and H(s) & H(f, ¢) represent the (uniform) functions 
whose Dirichlet series expansions are, respectively, ? ape ™™, 9 bne ™ and ? .asb,o- et, 
One theorem of Mandelbrojt imposes certain types of boundedness conditions on 
f(s) and $(s), satisfied in certain half-planes, with neighborhoods of their singular 
points extracted. The result gives a region in which H(s) is holomorphic. The author 
of the present paper uses Mandelbrojt's method in generalizing this theorem, to give 
a theorem in which no such conditions are imposed on the functions f(s) and ¢(s). 
À region in which f(s) is holomorphic is obtained, defined in terms of regions in which 
f(s) and $(s) are bounded. This theorem is then used to give a theorem closely re- 
sembling that of Mandelbrojt, and is also used with a theorem of Schottky to define 
regions in which H(s) is holomorphic in terms of regions where the functions f(s) and 
9 (s) fail to take on two values. (Received February 25, 1944.) 
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. -129. H. D. Brunk: TFGSSTO mags of Dirichlet series. Preliminary 
g report. 


Let f(s) be a function having a Dirichlet series expansion ) ape ™', and F(s) the 
function whose Dirichlet series expansion is )-¥(a.)e~*‘, where ¥(s) is an entire 
function, ¥(s)=>_¢s*. If f(s) has a nonpositive axis of absolute convergence and 
satisfies a condition of a boundedness type in a certain half-plane, then, under certain 
auxiliary conditions on the coefficients {a,}, the sequence fàn}, and the magnitude 
of the coefficients {ca}, the possible singular points of F(s) are given very simply in 
terms of those of f(s). (Received February 24, 1944.) 


130. R. H. Cameron and W. T. Martin: Transformations of Wiener 
integrals under a general class of linear transformations. 


In this paper the authors study the behavior of Wiener integrals under transfor- 
mations of the form y(i) - T[x]() &x(t) T- /3K (t, s)x(s)ds-+xo(t). The function x(1) 
ranges over a Wiener measurable set S in the space C of all continuous functions . 
x(#) on 0 St S1 that vanish at the origin. The authors obtain the formula for changing 
variables from y to x in the integral /ZsF(y)dg for any functional F[y] which is 
Wiener integrable over the transform T'S of S by T. Finally, the authors show by 
evaluating [9 exp ( —Mfix(s)ds] dws  [sech X]! that this transformation theory 
may be used to calculate new integrals. (Received March 30, 1944.) 


. 131. M. M. Day: Cluster points of subsequences. 


Buck and Pollard (Bull. Amer. Math. Soc. vol. 49 (1943) pp. 924-931) showed 
that a number x is a cluster point of a sequence of real numbers (x,] if and only if 
x is a cluster point of almost every subsequence of {xa}. If the index system of in- 


~tegers is replaced by a countable partially ordered system S with no terminal ele- 


ments, the class C of cofinal subsets of S is a natural substitute for the class of infinite 
subsets of integers used in defining subsequences. It is shown that a measure can be - 
defined in a natural way in C and that for every function g from S into a neighborhood 
space satisfying the first countability axiom, x is a cluster point of g if and only if x 
is a cluster point of glE for almost-every E in C (where £l E is the function equal to g 
defined only over E. (Received March 29, 1944.) 


132. M. M. Day: On symmetric closed convex curves. 


An elementary proof not using fixed point theorems is given for the following 
theorem: If C is a closed convex plane curve with a center of symmetry, there is a 
parallelogram P circumscribed about C such that the center of P is the center of C 
and moreover the midpoint of each side of P is on the curve C. (Recerwed March 29, 
1944.) 


133. M. M. Day: Inner-product spaces. 


Two characterizations are given of inner-product spaces, that is normed spaces 
which are linear subsets of generalized Hilbert spaces. The first of these is a weakening 
of the condition of von Neumann-Jordon (Ann. of Math. vol. 36 (1935) pp. PE 
it holds for either real- or complex-linear spaces: The normed linear space B is a 
product space if and only if ||b:-+04||?+]]o,— bll’ =4 whenever ||bs|| =||b.|] =1: The: ad 
condition involves both elements 5; of B and 8; of B* and is suggested by an elemen- 


_ tary inequality that holds in all normed spaces: The normed real-linear space B is an 
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inner product space if and only if ||8:+6al| -||b1-+bal| +1]8:—Aall - llb — || =4 whenever 


{||| =||5.|| =6,(6:) 7 1. Whether this holds for complex linear spaces is unknown. Both - 


sufficiency proofs begin with the real two-dimensional case; they use the theorem of 
the preceding abstract (On symmetric closed convex curves) to select an ellipse and 
then show that this ellipse must be the unit sphere. (Received March 29, 1944.) 


134. Herbert Federer: The Gauss-Green theorem. 


A new definition of the exterior normal of a subset of n-space at a point of n-space 
is given in terms of the Lebesgue densities of the set and its complement on opposite 
sides of a plane through the point. This concept is used together with the (*—1)- 
dimensional surface measure over n-space previously introduced by the author (see 
Surface Area, I and II, abstracts 49-11-259, 260. These papers will appear in the 
Transactions) to prove the Gauss-Green formula under weak assumptions. In par- 
ticular, the formula applies to every bounded open set in the plane, whose boundary 
has finite Carathéodory linear measure. The present results are less complete in the 
case of dimension #>2. As an application of the general theory it is proved that the 
integral “around” a bounded open set in the plane of a function, which is analytic 
inside the open set and continuous on its boundary, equals zero, provided the bound- 
ary has finite Carathéodory linear measure. (Received March 22, 1944.) 


135. J. G. Herriot: Nérlund summability of multiple Fourier series. 


Ina previous paper (Trans. Amer. Math. Soc. vol. 52 (1942) pp. 72-94) the author 
showed that certain regular Nórlund methods of summability including Cesàro 
(C, a), a£ 1 but not a «1, applied to the square partial sums Sas of the double Fourier 
series of an integrable periodic function of two variables, possess the localization 
property, and that certain other regular Nórlund methods, including (C, a), «70, 
applied to the San, are effective almost everywhere. The same results are now obtained 
replacing the San by the triangular partial sums T formed by adding terms the sum 
of whose indices does not exceed s. For regular Nórlund methods with ~.20 (hence 
including (C, o), 220), these localization results do not admit of extension to Fourier 
series of dimension exceeding two. The proof is based on a theorem of Banach and 
Steinhaus on linear functionals. In the author’s previous paper it was shown that 
certain restricted double Norlund methods, including restricted (C, œ, B), a, B21 
but not « or 8 «1, applied to the double Fourier series, possess the localization prop- 
erty. It is now shown that for Fourier series of dimension exceeding two many re- 
stricted multiple Ndrlund methods, including restricted (C, a, p, + -- , x), a, Bytt, 
x20, do not possess the localization property. (Received March 15, 1944.) 


136. J. D. Hill: Cesdro summabilsty of sequences of O's and 1's. 

Let 0.31340 - ^ * be the dyadic representation of an irrational number x between 
0 and 1. Borel showed that lim, 171? ta} 1/2 for almost all x. This result asserts 
that almost ali sequences of 0's and 1's are summable (C, 1) to the value 1/2. In this 
paper it is shown that almost all sequences of 0's and 1's are summable (C, r) to the value 
1/2 for each r >1/2. The proof depends on the general inclusiveness theorem of Mazur, 
a well known lemma from the general theory of series, and certain properties of the 
Rademacher functions. (Received April 1, 1944.) 


137. J. D. Hill: Nérlund methods of summability that include the 
Cesàro methods of all positive orders. 
"HEL, Garabedian (Bull. Amer. Math. Soc. vol. 48 (1942) pp. 124-127) has re- 
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cently given examples of Hausdorff methods of summability which include the 
Cesàro methods of all positive orders, In this paper the corresponding problem for 
Norlund methods (N; pa) is considered. By employing the general inclusiveness 
theorem of Mazur (Math. Zeit. vol. 28 (1928) pp. 599-611) a necessary and sufficient 
condition is given for the relation (N; $1)2(C, r). Finally, it is shown that 
(N; cosh kY2)5(C, r) for every r>0. This article will appear shortly in the American 
Journal of Mathematics. (Received April 1, 1944.) 


138. H. K. Hughes: The asymptotic expansions of entire functions 
defined by Maclaurin series. 


Asymptotic expansions of the entire function f(s) my scag(n)z* (radius of con- 
vergence = o), valid for large values of s], are obtained under the asumption that 
the function g(w), where w=x-+4y, can be represented asymptotically in the form 
g(t) o s oc [D (o 4-129) ], where o and «are positive, while the c’s and tare any 
real or complex constants. Let Z,=(oxe?*#)(W), Y, ma Zi tefa c (Z,)7, and 
—x<arg z Sx. Then it is shown that f()-3 (O9 -—Ylag ne, the first sum- 
mation being taken over those integral values of » which satisfy | arg s4-2xu| &ra/2. 
The proof is based on recent theorems of W. B. Ford (The asymptotic developments of 
functions defined by MacLaurin series, University of Michigan Studies, Scientific 
series, vol. 11, 1936, p. 30) and C. V. Newsom (Amer. J. Math. vol. 60 (1938) pp. 
561—572), wherein the fuüction f(z) is expressed in a form containing a definite integral. 
It consists largely of finding the TERUS expansions of this integral. (Received 
February 21, 1944.) 


139. Dunham J ackson: Orthonormal polynomials on loci of the sec- 
ond degree. 

In a paper presented to the Society some years ago (abstract 45-5-192) but not 
published, the'author discussed the boundedness of orthonormal polynomials in two 
variables on certain elliptic and hyperbolic loci. The treatment was based on theo- 
rems of Peebles concerning the preservation of the property of boundedness of 
orthonormal polynomials or trigonometric sums in a single variable on transition from 


' one weight function to another. Thé approach is simplified now by the use of Korous's 


theorem on the bounds of orthonormal polynomials in place of the theorems of 
Peebles, and the scope of the results is extended in various ways, by the consideration 
of a greater variety of domains of orthogonality and especially by the use of affine 
linear transformations in the plane of the variables. (Received February 14, 1944.) 


140. Herman Kober: Approximation by integral functions $n the 
complex domain. 


Let F(s) be analytic and bounded in a sector of opening 6, 0 <0 «2, and uniformly 
continuous on the boundary. Then there exist integral functions ga(s) such that 


^ |ga(s)| SA exp [(a| s])^], o x/(2x—6), and limas» ga(s) = F(s) uniformly in the 
-gector. Here p is the least possible order of the approximations and their types can 


stay bounded if and only. if F(s) itself is an integral function of order p and finite 
type. More,general domains than sectors can be handled. Sharper results are possible 
when the sector is a half-plane and here ordinary boundedness may be replaced by 
boundedness in the mean of order p with corresponding interpretation of convergence. 
Extensions to unbounded functions are possible but, offer greater difficulties. The 
author also develops the theory of functions holomorphic and bounded in the mean 
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of order $ in a strip and proves that such a function may be approximated uniformly 
in mean of order p by integral functions of order one. (Received March 17, 1944.) 


141. L. H. Loomis: Abstract congruence and the uniqueness of Haar 
measure. 


The author proves simultaneously—and hence without use of the axiom of 
choice—the existence and uniqueness of Haar measure in any locally compact metric 
space satisfying the following weak combinatorial congruence axiom: if S, and Ss 
are compact spheres with the same radius and if 5; can be covered by N open spheres 
of radius x then so can 53. A Haar measure is a Lebesgue measure in which “con- 
gruent sets” (compact spheres with the same radius, in this case) have equal measures. 
For intuitive simplicity the theorem is stated and proved in the metric case, but the 
-proof is formulated so as to hold without modification in a suitably restricted uniform 
structure. The theory of Haar measure in locally compact groups is an immediate 
application. (Received February 8, 1944.) l 


142. A. N. Lowan and H. E. Salzer: Coeficients for complex inter- 
polation within a square grid. 


When interpolation by Taylor series up to terms in (As)* is adequate for the 
desired accuracy, the value of f(s9-+-As) may be obtained with the aid of a complex 
cubic approximation polynomial derived from the general Lagrange-Hermite inter- 
polation formula. If 3—1, zo, z;, and z; denote points in the s-plane at the corners of a 
square of length & whose sides are parallel to the axes, then f(zo--Az) =f(so+Ph) 
=L_4(P) f(t) +Lo(P)f(s0) +Li(P)f(s:) +La(P) f(s), where the L's are cubic poly- 
nomials in P = pig. The present table facilitates interpolation in the complex plane, 
whenever As = (p-++igq)hk where p and g range from 0 to 1 at intervals of 0.1. A similar 
table has been prepared for the case when a complex quadratic polynomial suffices 
to approximate the function and is based on the three points s_1, s», and zı. It should 
be noted that for purposes of systematic and extensive subtabulation, a method based 
on the use of real Lagrangian interpolation coefficients is more economical than the 
method here discussed. (Received March 10, 1944.) z 


143. G. W. Mackey: On infinite dimensional linear spaces. 


A general description of the contents of this paper and statements of some of the 
theorems which it contains will be found in Proc. Nat. Acad. Sci. U.S.A. vol. 29 (1943) 
pp. 216-221. (Received March 28, 1944.) 


144. A. M. Peiser: On the average sum of the real roots of a random 
algebrasc equation. 

Let Fm) *ox,#=0 be an algebraic equation with real coefficients, and let 
hh, © +- , & denote the real roots of F20 ina St Sb. It is shown that if ¢(?) is continu- 
ous, a St &b, then Ptol) Slim,.c (1/29 S 6l) (F)|3F/ðt| dt, where y.(x) —1 if 
| x| <eand y,.(x) 20 otherwise. If x», + - - , x, are independent standard normally dis- 
tributed random variables, and if ¢(t)= lel, then the average value (mathematical 
. expectation = m.e.) of the sum of the absolute values of the roots of F=0 in a <t Sb 
‘is given by.S,(a, b)=m.e. {245|} slime, (1/29 f2]t| me. {¥(F)| aF/at| ]dt 
= (1/2) fM | An(é)dé, where A.(f) is & concrete positive function of ¢. In particular, 
for a>1, S,(—a, a)~(2/r) log n. Kac (Bull. Amer. Math. Soc. vol. 49 (1943) pp. 
314-320) has shown that the average number of real roots of F=0 in any interval 
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containing 1 and —1 is asymptotically equal to (2/7) log sy. Thus, the present result 
makes even more apparent the fact already noticed by Kac that the real roots of 
random equations show a strong tendency to cluster (on the average) around 1 and 
— 1. Finally it is shown that for a «1, lima... S.(—a, a) = — (1/7) log Vat (Re- 
ceived March 24, 1944.) 


145. Maxwell Reade: On functions of class PL. 


If f(x, y) is continuous in a domain D, then f(x, y) is said to be of class PL in D 
provided f(x, y) z0 and log f(x, y) is subharmonic in D. Generalized Laplacean oper- 
ators are introduced for functions of class P.L in order to characterize those functions 
in terms of the operators. Since f(x, y) of class PL implies that f(x, y) is subharmonic 
too, there exist generalized mass distributions uj and p, associated with f(x, y) and 
log f(x, y) respectively; relations between s and ys are given. A typical result is the 
following theorem. If f(x, y) is continuous and of class PL in a domain D, and if p 
is the associated generalized mass distribution for f(x, y), then limo ( [L(f; Po, r) ]? 
—A(f*; Po, r) ] / (0/4) -f(P9) Dan (Po) —f.a(Po) —f$(P) for almost all points P, in D. 
Here L(f; Po, r) denotes the peripheral mean and A(f; Pe, r) the areal mean of f(x, y) 
for a circle with center at P, and radius r. (Received March 20, 1944.) 


146. Maxwell Reade: Two applications of generalized Laplaceans. 
Generalized Laplaceans are used to lessen some of the differentiability require- 


, ments in (a) the Kierst-Saks problem (S. Saks, Acta Univ. Szeged. vol. 5 (1930-1932) 


pp. 187-193) and (b) the author's extension of the isoperimetric inequality for func- 
tions having subharmonic logarithms (Maxwell Reade, Bull. Amer. Math. Soc. vol. 49 
(1943) pp. 894—897). (Received March 22, 1944.) 


147. L. I. Schoenfeld: A transformation formula tn the theory of 
partitions. 


Let f(x) -z0 - xmi where x is a positive integer. Then f(x) =) a ap(s)x*, 
2(0) =1, | x| <1, so that f(x) is the generating function of p(m), the number of un- 
restricted partitions of.m into «th powers. A shorter and simpler proof of Wright's 
Theorem 4 (Acta Math. vol. 63 (1934) pp. 143-191) is given; this theorem gives a 
transformation formula for f(x) which exhibits its behavior in the neighborhood of its 
singularities at the rational points of the unit circle. The proof given here makes use 
of a Mellin transform technique of Rademacher (J. Reine Angew. Math. vol. 167 
(1931) pp. 312-336). (Received March 16, 1944.) 


148. C. F. Stephens: Nonlinear difference equations analytic in a 
parameter. - 


The author considers the system of difference equations (1) ylti) 2 "bu(x)yi(x) 


MO), t yx): p(x); x), where the f; are analytic in the y(x) and p(x), but only 


continuous in x in the neighborhood of (x= œ, yi(x) €0, * ** , y«(x) 0, p(x) 0). 
The parameter f(x) is periodic of period 1, f; contain no linear terms in y,(x) and p(x), 
and f.(0, - > + , 0; 0; x) m0. The purpose of the paper is an investigation of those solu- 
tions of (1) which are analytic in (x) and continuous in x. It is shown that such 
solutions exist. Past methods made the associated system of linear equations 
yila +1) 2705 (x)y;(x) fundamental and cannot in general be applied to the case 
where 5;,(x) 0. The author arrives at generalizations in two ways. (a) The f, are 
taken to be continuous in x and not analytic as is usually required. (b) A new method 


t 
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of treating difference equations is established and can be applied when 5;,(x) =0, and 
also when f(x) is replaced by 0 in (1). The method makes use of analytic implicit 
functions and a matrix transformation, and the case where b (x) 40 is made to 
depend upon the case b; (x) m0. (Received February 1, 1944.) 


149. Otto Szász: On uniform convergence of trigonometric series. 


This paper contains generalizations of some theorems due to Chaundy and 
Jolliffe, to Hardy, and to the author. The following are some of the results. The 
trigonometric series ? rb, sin n is uniformly convergent if >." | bp —by 4 =0(n7) and 
if the sequence nb, is Abel summable to zero. The power series ? "c,s" is uniformly 
convergent in |s| s1, if YXvle—e4 —O0(17) and if $c, is Abel summable. The 
essential part of the proof concerns the point s=1, that is #=0; a device of the 
Tauberian type is employed. (Received March 18, 1944.) 


150. F. A. Valentine: Contractions in non-euclidean spaces. 


, Let f(x) bea function mapping a set Sin a metric space M into a set S’ in a metric 
space M’, and suppose a contraction of the type Ifa), feall alla, zll holds in S 
and S’. The existence of an extension of the range of definition of such a function 
80 as to preserve a contraction depends upon M and M’. In this article the author 
shows the extension exists when M =M" is the n-dimensional hyperbolic space. The 
proof used is applied to a metric space which includes both the hyperbolic and the 
spherical cases. Hence a unification of results is also obtained. (Received February 21, 
1944.) 


151. S. E. Warschawski: On conformal mapping of nearly circular 
regions. 


Generalizing results of L. Bieberbach (Sitzungsberichte, Berliner Akademie, 
1923) and of A. R. Marchenko (Bull. Acad. Sci. U.S.S.R. 1935), the author proves 
the following theorem: Let R be a simply connected region with the properties: 
(i) R contains the origin w=0 and its boundary lies in the ring 1S|w| €1--«, «being 
a fixed positive number; (ii) there exists a number sz such that any two points P, 
and P; of R of distance less than e can be connected in R by an arc of diameter less 
than s. If w=f(z) maps the circle |s| <1 conformally onto R (f(0) —0, f'(0) >0) then, 
for all |s| «t, |f(s) —s| SBe log (1/«) 3-4», where B is an absolute constant. An- 
alogous results for the derivatives of the mapping function, such as the following, are 
established. Let C be a simple closed curve p= p(¢), 039 32x (o, ¢ polar coordi- 
nates), such that 1Sp(¢)Si+e, |»'/e| Se, and that | p’(¢s)/p(¢:) — p'(di)/p(dn)| 
Sel ¢s—¢:| ,» 0«««1. If f(s) (normalized as above) maps |z| <1 onto the interior of 
R, then, for |s| S1, (AAAI S |sf'()/f()| SAHA and [f/(s)—1| 
S5(Ae--A —1), where A =4‘e*, (Received April 1, 1944.) 


APPLIED MATHEMATICS 
152. Wilfred Kaplan and Max Dresden: The mechanism of the con- 


densation of gases. 


The criterion previously formulated (see abstract 49-5-158) for the condensation 
- of a gas: namely, that condensation occurs at energy zero, when the topological struc- 
ture of the energy surface changes, is further explored. It leads to a qualitative picture 
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of the whole process of condensation. The theory has now been compared with ex- 
periment. The critical temperatures of seven inert gases are predicted from the 
known critical volumes, and a satisfactory agreement with observed critical tempera- 
tures is found. (Received March 23, 1944.) 


153. Morris Marden: Axtsymmeiric harmonic vectors. 


Let &(x, p) and Y (x, p), where p? 2 y*--s1, be respectively the potential and Stoke's 
Stream function in an axisymmetric flow and let i and m be the unit vectors along 
the x- and p-axis of the meridian plane. Then with the harmonic vector H= $i — p Vm 
may be associated an analytic function o(x+#) of a complex variable as follows (cf. 
S. Bergman, Bull Amer. Math. Soc. vol 49 (1943) pp. 163-174); H= (2r)? 
fF ¢(x-+4p cos #)(i+-4e'tm) dt, This formula is used in the present paper to study the 
relation between the two-dimensional flow with complex potential $(x--p) and the 
three-dimensional axisymmetric flow with potential H(x, p). The $(#) corresponding 
to certain distributions of doublet sources or vortices is found to be the associate of 
the H(x, p) corresponding to a circular source or vortex filament. The (u) corre- 
sponding to *Karman streets" of doublet sources or vortices is thus found to be the 
associate of an H(x, p) corresponding to Karman streets of circular source or vortex 
filaments. Finally, the energy in an axisymmetric force field is expressed operationally 
in terms of the energy in the associate two-dimensional field. (Received March 25, 
1944.) 


154. A. D. Michal: Physical models of some curved dsfferential-geo- 
metric metric spaces of infinite dimensions. II. Vibrations of elastic 
beams and other elastic media as studies in geodesics. Preliminary re- 
port. a : 

This is a continuation of a previous paper (abstract 49-11-289). In this paper a 
special study is made of the infinite dimensional Riemannian geometries determined 


by conservative vibration systems of beams and other elastic media. (Received April 
1, 1944.) 


155. Ida Roettinger: Certain integral — with applica- 
tions to boundary value problems. 


The transformations S{ F(x)} = fy F(x) sin (m—1/2)xdx and C{ F(x)} 
w [5 F(x) cos (n—1/2)xdx, n=1, 2, 3,+++, where F(x) is sectionally continuous on 
the interval (0, x), are studied. Four convolution theorems are proved, analogous to 
those given by Kniess for the ordinary sin sx and cos sx transformations. (See H. 
Kniess, Math. Zeit. vol. 44 (1938) pp. 266-292.) By means of one of these theorems 
the solution of the heat conduction problem U;(x, i?) — K(f) Uzs(x, t) - A (t) U(x, #) 
+0Q(x, f) 20, U,(0, £) 2 B(t), U(x, t) 3 C(t), U(x, 0) = F(x) is expressed in terms of the 
solution of the problem V;(x, f) & Ves(x, t), V(0, £f) «0, V(r, 20, V(x, 0) 1. 
Similar work has been done by Brown. (See H. K. Brown, Journal of Applied 
Physics vol 14 (1943) pp. 609—618.) Furthermore the transformations A(F(x)] 
= f F(x) sin M(1--x)dx and A{ F(x)} =/4iF(x) sin X.(1—2)dz, where As are the 
positive roots of tan 2 = —d/h, h 0, are studied and applied to the above heat equa- 
tion -with the boundary conditions U(—1, f) € H(), U.(1, )+AU(1, f -GX(), 
U(x, 0) = F(x). Three convolution theorems are proved for the A-transformation, 
(Received March 16, 1944.) 
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156. J. A. Shohat: Sertes expansions for the periodic solution of Van 
der Pol's equation and tts frequency for all values of the parameter. 


If the parameter » in Van der Pol's equation d%/dé?—y(1—u?)du/dt-+u=0 is 
small, power series exparsions for the periodic solution # (unique, save for time- 
translation) and its frequency v can be and have been given, say, by Lidstedt's 
method. In the present peper the author gives (for the first time, he believes) series 
expansion for u and v, valid for all values of y—large and small. Numerical computa- 
tion agrees quite well with known numerical results. (Received March 13, 1944.) 


GEOMETRY 


157. Reinhold Baer: The fundamental theorems of elementary ge- 
ometry. An axtomatic analysis. 


It is the object of this paper to evaluate the logical interdependence of certain 
fundamental theorems in elementary geometry. The paper deals with the theorems 
asserting the copunctuality of each of the following triplets of lines: medians, altitudes, 
perpendicular bisectors, and bisectors of angles; and the theorem stating that the 
locus of the points of equal distance from two different points is a line. The framework 
of our discussion is provided by a general affine plane in which we introduce just as 
many further relations as are needed for stating the investigated theorems. (Received 
March 22, 1944.) 


, 158. P. O. Bell: A study of surfaces by means of a system of differen- 
tial equations of the first order. 


The projective differential geometry of a surface in ordinary space is studied by 
means of tetrads of surfaces whose corresponding points x, (¢=0, 1, 2, 3) are linearly 
independent. The general homogeneous coordinates of x, satisfy a system of equations 
Ox, /du = Ci, «axa, a —1, 2, summed for k=O, 1, 2, 3. With the points x, as vertices of a 
local reference tetrahedron an algebraic surface a,,...x^x^ ++ + x'=0 is fixed as yt, u? 
vary independently, if and only if the coefficients a,,...: are proportional to the corre- 
sponding components of the covariant derivatives, of the aggregate of these coeffi- 
cients, with respect to the connection C,,;.. Such conditions of immovability form 
the basis for a general thecry of envelopes. Tetrads of surfaces are first investigated. 
The study of a surface S, is then undertaken by specializing the general theory. 
Auxiliary surfaces Sı, S, Ss covariantly determined with respect to So are selected 
so that the fundamental differential equations are as simple as possible and exhibit 
desirable properties of symmetry. Some differential invariants are characterized 
geometrically. When the esymptotic curves are parametric on one of the surfaces 
one of these invariants becomes the projective linear element and another becomes 
Fubini's element of projective arc length. (Received April 1, 1944.) 


159. S. S. Chern: Laplace transforms of a class of higher dimensional 
varieties in a projective space of n dimensions. j 


In a projective space of s dimensions a class of r-dimensional varieties is defined, 
-which form a natural generalization of the surfaces sustaining conjugate nets. These 
varieties are characterized by the property that the asymptotic net is an (r—1)- 
parameter linear system of cones whose base cones are linear spaces counted twice. 
(See E. Cartan, Bull. Soc. Math. France vol. 47 (1919) pp. 125-160.) This geometrical 
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characterization is in general equivalent to the following: On the variety there exist 
r families of curves such that when the tangent r-plane is displaced along a curve of 
the family its intersection with a neighboring tangent r-plane is the tangent (r—1)- 
plané formed by the tangents of the other r—1 curves. Basing on this property one 
can define on each of these r tangents 44;, £1, * - - , r, r—1 points 4,5, j4, having 
the property that when the s-plane 4.4;, * * ^4; is displaced along 44,, j 7&5, * * * , &, 
its intersection with a neighboring s-plane is the (s —1)-plane Ai, + * * 4;,,. The points 
Aj, describe varieties of the same type and are naturally defined as the Laplace trans- 
forms of the given variety, there being altogether r(r—1) transforms. Many well 
known properties of Laplace transforms can be generalized. (Received February 23, 
1944.) 


160. S. B: Jackson: Vertices of plane curves. 


A closed curve of class C’ "hot a circle, has two vertices by the continuity of the 
curvature. The present paper seeks to characterize geometrically those curves with 
exactly two vertices. Let a curve be called normalized if it contains no complete 
circles, and let a simple closed arc of the curve which is never crossed by the curve be 
called a simple loop. The following facts are established for any normalized curve C 
with two vertices: (a) C may be divided into two simple arcs; (b) all double points 
are simple; (c) C contains exactly two simple loops, one containing each vertex; 
(d) none of the plane regions bounded by C are-bounded always in the same sense 
except those regions bounded by the loops; (e) at any points of tangency the directed 
tangents coincide. For a curve which is not normalized these results are modified 
slightly. Two familiar theorems regarding the number of vertices on an oval are 
generalized to any simple closed curve. The methods employed are entirely elemen- 
tary, extensive use being made of the invariance of vertices under direct circular 
HünstoematoDh. (Received February 4, 1944.) 


161. `J. E. Wilkins: The contact ofa cubic surface with a ruled surface. 


It is shown that there exist «o! cubic surfaces having contact of order 5 with a non- 
developable ruled surface. If there is any cubic surface having contact of order 6 with 
a nondevelopable ruled surface, then the surface is itself a cubic surface. In order to 
obtain these results, there are first derived power series expansions for a nondevelop- 
able ruled surface to terms of the sixth degree. Similar investigations are made for 
developable surfaces. (Received April 1, 1944.) 


STATISTICS AND PROBABILITY 


162. C. W. Churchman and Benjamin Epstein: Estimates of error 
in parallel experimenis. 


It is common in many types of tests to have not only a random error from test to 
test due to a large number of unallocable causes, but it is also possible to have sys- 
tematic errors present. It is because of this possibility that one tests not only samples 
of the unknown, but also control samples. The purpose of using control samples is 
two-fold—(a) to find out whether or not abnormal experimental conditions exist 
"during the test and (b) to establish tentatively a level for the particular test under 
consideration. It is shown that a statistic can be found which gives the most efficient 
estimate of the corrections to be applied to the unknown under test for a variety of 
experimental conditions. It is further shown that this statistic must be a linear func- 
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tion of the random variables x and y where x corresponds to the values assumed by 
the unknown under test and y corresponds to the values assumed by the control 
from test to test. (Received March 23, 1944.) 


163. P. R. Halmos: Randon alms. i 


Suppose that a pound of gold dust is distributed at random among a countably 
infinite set of beggars, so that the first. beggar gets a random portion of the gold, 
the second beggar gets a random portion of the remainder, and so on ad infinitum. 
The purpose of this work is to calculate the actual and the asymptotic distributions of 
xa and Sa (where x4 is the amount received by the nth beggar and S,=)_)<a%;) and 
also to study the rate of convergence of the random series z;--:3--x34- +*+, under 
the assumption that the phrase “random portion,” occurring an infinite number of 
times in the description of the stochastic process, receives the same interpretation 
each time. The results may be interpreted as properties of a random distribution of 
a unit mass on the positive integers; they may be used to explain the experimen- 
tally observed distribution of sizes of mineral grain particles; and they occur also 
as distributions of energy in the theory of scattering of neutrons by protons of the 
same mass. (Received March 24, 1944.) 


164. Henry Scheffé and J. W. Tukey: Contributions to the theory of 
non-parametric estimation. 


For problems of non-parametric estimation, concerning an unknown cumulative 
distribution function F(x), three good solutions are available: (i) confidence intervals 
for the median of F (W. R. Thompson, K. R. Nair), (ii) tolerance limits for F (Wilks), 
and (iii) confidence limits for F (Wald, Wolfowitz, Kolmogoroff). Heretofore (i) and 
(ii) have been limited to the case where F'(x) is known to be continuous. By means 
of a theorem of general application they are extended to the case where F need only 
be continuous. The only previous result for discontinuous F is that of Kolmogoroff 
for (iii). The appropriate modifications of (i) and (ii) extending their validity to this 
case are found. Some uniqueness results limiting the kind of statistics usable in such 

. problems are obtained. Sufficiently complete tables for applying (i) and (iii) have 
been published, but computations for (ii) have been extremely few and laborious, 
A simple formula based on the'z and x*-distributions is found which gives highly 
accurate approximations in ranges of practical interest. All the results for (ii) also 
apply to Wald's tolerance intervals for the multivariate case. (Received March 14, 
1944.) 


TOPOLOGY 


165. E. F. Beckenbach and R. H. Bing: On generalized convex func- 
tions. 

Let F(x; a, 8) be a two-parameter family of real continuous functions defined in 
an interval (a, b) such that there is a unique member of the family taking on arbitrary 
values yı, Jz at arbitrary distinct points xı, 2 of the interval. A real function f(x) is 
said to be a sub-F(x; a, 8) function in (a, b) provided at the midpoint xo of each sub- 
interval I of (a, b) we have f(x) < F(xo; o, B) for that F(x; a, B) which coincides with 
f(x) at the endpoints of 7. The family F(x; a, 8) is not necessarily topologically 
equivalent to the set of non-vertical line segments in the strip; hence the study of 
sub- F(x; o, B) functions is not topologically equivalent to the study of convex func- 
‘tions, It is Shown among other things that if a aub- F(x; æ, p) function f(x) is bounded, 
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or even measurable, in a subinterval of (a, b), then f(x) is continuous. (Received 
March 31, 1944.) 


166. Samuel Eilenberg: Skew-invariant cohomology groups. Pre- 
liminary report. 


Let X bea topological space with a group W acting as a group of homeomorphisms 
on X, and let G bean abelian group with Was a group of operators. An s-dimensional 
cochain f on X with coefficients in G is called skew-invariant provided f(wT) =wf(T) 
for every singular n-simplex T in X and every w& W. If f is skew-invariant, then so is 
its coboundary åf. Using skew-invariant cochains throughout, the skew-invariant 
cohomology group I,(X, G) is defined. Let Y be an arcwise connected space, locally 
connected in dimension 0 and 1, and let the fundamental group zi(Y) of Y act asa 
group of operators on the coefficient group G. Let H,(Y, G) denote the sth cohomol- 
ogy group of Y with G as a group of local coefficients as recently defined by Steenrod 
(Ann. of Math. vol. 44 (1943) pp. 610—627). Let Y be the universal covering of Y. 
The group «(Y) acts on Y as a group of homeomorphisms, namely, the covering 
homeomorphisms, and one may consider the skew-invariant group J.(Y, G). The 
main theorem asserts that H,(Y, G) sI,(¥, G). (Received March 3, 1944.) 


167. R. C. James: Linear functionals and orthogonality $n normed 
linear spaces. 


Of several definitions of orthogonality in normed linear spaces, perhaps the most 
interesting is: ^x 1 y if and only if llc y] Pals for all k.” For any elements x and y 
there exist numbers a and b such that xL (ax-I-y) and (bx--y).Lx. Since this ortho- 
gonality is not symmetric, it is not necessary that a =b. The uniqueness of this number 
a for all x and y (x40) is equivalent to the Gateaux differentiability of the norm at 
each nonzero point. The uniqueness of b is equivalent to strict normability. If T isa 
uniformly convex Banach space and L a linear subset not dense in T, there exists an 
element x orthogonal to L. From this it follows that for every linear functional on T 
with modulus 1 there exists an element x such that |f(x)| fel If the norm of T is 
Gateaux differentiable at all nonzero points, then every linear functional is a Gateaux 
differential of ||x|| at some point xo. (Received March 31, 1944.) 


168. N. E. Steenrod: The classification of sphere bundles. 


The problem of Whitney of classifying &-sphere bundles over a complex B as base 
space is reduced to a familiar problem of topology as follows. Let S be a (k+/+1)- 
sphere (/=dim B), R its rotation group, S’ a fixed &-sphere in S, R’ the subgroup 
of R mapping S’ on itself, and M7 the space of left cosets of R’ in R. To each map g 
of B in M? is attached the k-sphere bundle A (g) over B which is the subset ((5, s)} 
of BXS such that s lies in the image of S’ under any rotation of g(b). The function 
A(g) induces a 1-1 correspondence between the equivalence classes of k-sphere 
bundles over B and the homotopy classes of maps of B in M . The homotopy groups 
of M? are computed for dimensions 1 through 6 for all k, 7. This leads to a complete 
solution of the classification problem for B a sphere of dimension less than or equal 
to 6. (Received April 1, 1944.) 


169. G. S. Young: A generalization of Moore's theorem on simple 
iriods. 


If n is a non-negative integer, by a 7,-set is meant a continuum which is the sum 
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of an n-cell, c, and an arc, a, such that ¢-a is a point which is an end point of a and 
an interior point of c. A Ti-eet is a simple triod. In this note it is proved that Euclidean 
n-space does not contain uncountably many mutually exclusive T, ,-sets. For n2, 


this is a theorem due to Moore (Proc. Nat. Acad. Sci. U.S.A. vol. 14 (1928) pp. 


85-88). (Received March 27, 1944.) 


170. G. S. Young: Concerning spaces in which every arc has two sides. 


Let S denote a connected, locally connected, complete metric space satisfying the 
following axiom: If AB is an arc and D is a domain containing 4B — (A +B), then D 
contains a connected domain which is separated by AB — (A +B) into two connected 
domains, each having AB in its boundary. In this paper it is shown that if S is locally 
compact, it is a 2-manifold without boundary, which is closed if S is compact, and 
that if S is. not locally compact, but satisfies certain “flatness” conditions, then it 
can be imbedded in a 2-manifold. A similar characterization and imbedding theorem is 
given for 2-manifolds with boundary. Several characterizations of the sphere are also 
given. (Received March 27, 1944.) 


171. G. S. Young: On continua whose links are non-intersecting. 


In this note, it is shown that if a compact metric continuum is not a simple link 
of itself and no two of its links intersect, then uncountably many are degenerate; 
also that the statement obtained by replacing the words “compact metric continuum? 
by "connected, locally connected, separable Moore space" is true. (Received March 
27, 1044.) 7 
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TWIN CONVERGENCE REGIONS FOR 
CONTINUED FRACTIONS 


V. F. COWLING, WALTER LEIGHTON, AND W. J. THRON 


1. Introduction. Some years ago it was proved [2]! that the con- 
tinued fraction 


a1 G4 


(1.1 ER xv 

en : P Lee Lap ] 
converges if the complex numbers a, satisfy the following conditions: 
i23 ^. degalsid4.  |an| 2 25/4 (205409040 


Later one of the present authors proved [3] that (1.1) converges if 
[12-a|z14|al, 
| 1+ an+ am| S 1| oae | (0m 2,3, ). 
One of the immediate consequences of this theorem is that if 
}1+4,|>1, |a2| = (2+m)/(1 — m, 
0.0. — [leal Sm <1, lel 2+ m+ m| an| 
z (n = 1,2, 3, -), 


(1.3) 


then (1.1) converges. 
. Recently Thron [6] has shown that if 


(1.5) | am| S P <1,- [anf zT Dre (e > 0), 


the continued fraction (1.1) converges. For k*<1 this result can‘ be 
shown to be a “best” result except possibly tor the presence of the 


quantity e. 


'The present paper is concerned with- establishing convergence cri- 
teria of this general type. The principal result is given in Theorem 3.1. 
The method to be used is the following. Denote the sth approximant 
of (1.1) by A,/B,. Conditions on the numbers a, are determined 
which imply that the approximants lie in a given region V of the 
complex plane. A continued fraction the elements of which are func- 
tions of the complex variable s and which reduces to (1.1) for s=1 
is then introduced. When the given conditions on the numbers a, are 


_ satisfied the approximants of this continued fraction are shown to 
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form a normal family for z in a region D of the complex plane which 
includes the point z— 1. From the known convergence of this family 
in a sub-region of D the (uniform) convergence of the family in every 
closed region interior to D may be inferred. The convergence of (1.1) 
is then trivial. 


2. Two lemmas. It will be convenient to refer to an open connected 
set as an open regton and to use the term region to mean an open re- 
gion plus part or all its boundary. If S is a set of complex numbers 
and a is a fixed complex number, we shall designate by a-4-.S and by 
S-Fa the set obtained by adding to each element of S the number a. 


Geometrically it is clear that a+.S is a translation of the set S by: 


means of the vector a. Similarly aS will denote the set obtained from 
S by multiplying each element of S by the number a. Geometrically 
this constitutes a stretching of the set S followed by a rotation of the 
resulting set through an angle of arg a. By the notation D [oS] is 
meant the point set intersection of all sets aS as a assumes all values 
in a given set A. 

The following lemma is an extension of a result due to Scott and 
Wall [4]. : 


LEMMA 2.1. Let Di, Da, Vi, Vs be any four sets of points in the com- 
plex plane which have the following properties: 

(a) 1 TAC Vi, 

(b) 1--D4C A, 

(c) 1 -a/v€ Vi, tf aED, and vC Vi, 

(d) 1-ca/vc Vs, 1f a € Ds, and vc Vi. 
If the numbers as, 3C Diand am ED; (n=1,2, +--+), the values of the 
approximants of the continued fraction (1.1) are numbers which are con- 
tained in Vi, and the values of the approximants of 


(2.1) Lae e 
belong to Vs. 


The proof of this lemma is by an easy induction. 
We proceed with the proof of the following result which is a con- 
sequence of Lemma 2.1. 


Leama 2.2. Let Vi and Vs be any two sets of numbers in the complex 
plane such that the sets 


E, = D[o(Vi — 1)], 
Ey = D|o(Vi = 1) | 
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have the property that D" 
PE CV, VEE CV, 


If the numbers 04, 4C E, and aa, C Ea (n=1, 2, - - - ), the values of the 
approximanis of (1.1) belong to Vi and the values of the approximants 
of (2.1) belong to Va. 


To prove this lemma it will be sufficient to show that conditions 
(c) and (d) of Lemma 2.1 are satisfied when we have identified the 
sets D; of that lemma with the present sets E;, for $—1, 2, respec- 
tively. We shall prove that condition (c) holds. The proof for (d) will 
then follow mutatis mutandis. To that end let a be any point belong- 
ing to E, and n be any point belonging to Vs and observe that the 
definition of E, insures the existence of a point v^; Vi such that 
G — (vi —1). It follows that 1+a/n =v € Vi. 


3. The principal theorem. We proceed with the proof of the follow- 
ing result. . 


THEOREM 3.1. Let k be any real number greater than 1 and let e and & 
be positive numbers less than k. If the elements a, —r.e'?" are such that 


mailta oiak Yen Sboe Geta) 
the continued fraction (1.1) converges. 


The first step in the demonstration of this theorem is the proof of 
the following lemma. 


LEMMA 3.1. Let k be any real number greater than 1. If the elements 
G4 =17,6'8* are such that 


Ton- £ k, fa. = 2(k — cos bon) (0 S 06, S 2r; n = 1, 2,2), 


the values of the approximants of (1.1) belong to Vı and the values of the 
approximants of (2.1) belong to Vs. 


-Let the sets Vi and Vi of Lemma 2.2 be respectively the sets 
|s— 1| Skand |s] 21. It will follow that (i) the set F,=D[v:(Vi—1)] 
is the set |s| £k and that (ii) E&— D [vi(Vi— 1)] is the set, of points 
s—re'? for which rz2(k—cos 0).. 

To prove (i) observe that Vi—1 is the set of points s for which 
|z| Sk and that the set of (V; 1) Co(Vi—1) whenever * and w are 
elements of V; such that arg of =arg n and |v | «|ul. For in these 
circumstances the set w(Vi—1) is the circular region defined by 
|s| Sk|2:| while the set vf (Vi — 1) is the region |s| <k|oj | =k. Thus 
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the set E; is the set |s| Sk. We note that 
(3.1) "m E E lTECV:; 


` The proof of (ii) is somewhat more complicated. We observe that 
Vs—1 is the set of complex numbers s for which |z4-1| 21. The set 


` 0(V—1) is not well-defined. From continuity considerations we shall 


define it to be the set exterior to the null circle .| | 20. Consider then 


. ‘the set of products s(Vi—1) where nE V, and 150. If v and of 
, are any two such elements of Y; having the properties arg vi — arg vf 


and | uf | > Jal, then vf (Pa—1)Co(V2—1). This is true since multi- 
plication of Vą—1 by of subjects the set to the same rotation as 


multiplication by v. Since however [of | >|], the “exterior” set 


which is w(Vi—1) contains the “exterior” set o{(V;—1). Thus 
D[v! (Vi—1)] is the set D[r(( Va —1)] =E, for v/ on the boundary of 
Vi. We can now prove that E; is the set of numbers z— rei? for which 


re 2(k — cos 6), 


To determine the boundary of F; it is clearly sufficient to consider 


only those products vj (vf — 1) where v/ and vy range over the bounda- 
ries of Vi and V; respectively. To that end let r(a)e'= and p(B)e'? be 


"s arbitrary points of the boundaries of Vi and Vat, respectively. It 


It will follow then that the boundary of E; is not exterior to the 


lima gon” r= 2(k—cos 0). The proof of (3.2) is cany: It is clearly suffi- 
‘cient to prove that 


' — cos gue — sin? a)? X k + sin a sin B. 
Since cos 8 «0 and k>1, it is then sufficient to prove that 
: cos? B(&* — sin! a) S (k + sin a sin 8)?. 
But this-is equivalent to 
(3.3) .- às (h sin B + sin aj: 


Thus (3.2) is true. However, we observe that inequalities (3.2) and ' 
_ -(3.3) are equivalent. With this in mind we can establish that corre- - 
. sponding to each angle a+f=6 there exists an essentially unique 


js clear that 
i r(a) = cos æ +- (k? — sin? a)? ` (0X aX 2r), 
` p(8) = — 2 cos B i (7/2 & B & 37/2). 
We shall show first that o B 
(3.2) — r(a)p(4) S 21k - — cos (a n 8] (all a, B). . 


D MERGE RICE REN aS 


M 
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-choice of a and of 8 such that the equality sign in (3. 2: and in (3.3) 

: holds. It will follow that the limagon r=2(k—cos 0) is the boundary 
of Es. The angles o and £ referred to are determined by the following 
conditions: : 


sina = — k sin 0/A, cosa = (1 — k cos 6)/A, 
sin B = sin 6/A, ` cos 8 = (cos 0 — k)/A, 


where A=(1+2k cos 0--&2)1/2, 

It is clear that these equations determine a and f to within an ad- 
ditive integral multiple of 27. It is easy to see that (3.3) and hence 
(3.2) reduces to an equality for this choice.of & and f. It is not diff- 
cult to prove that there is no other choice of a and f having the de- 
sired properties. However, since the uniqueness is irrelevant to our 
present discussion, its proof is omitted. 

: The proof of the lemma is completed by noting that 


(3.4) = , Tae, 


and recalling (3.1). 
To complete the proof of Theorem 3. 1 we introduce the continued 
fraction 
: ais 3 G3 4/3 
(3.5) - i= ed ev NE Luis 
1+1+14 1 + 
where 3— re? is a complex variable. This continued fraction reduces 
to (1.1) when s=1. We shall suppose that the coefficients a, satisfy 
_ the hypotheses of Theorem 3.1. It is clear then that for |s| €1-- à, 
where 01 5 e/ (k — €), 


8.9 ` | asas | S R. 





Further, since the numbers as, lie outside the limaçon r—2(k--& 
i —cos 0), positive numbers y and 4, can be chosen so small that for 
i [e| Sn and rS1+4: we have a34/z - Rei? saneiyng the conditions 
| - Rin & 2(k — cos dan). 
j Let à be the smaller of 8, and &. In the open region D defined by the 
4 inequalities 
- : 
/ (3.7) |^ D: jel<a,  o«|s| «145 

the approximants of the continued fraction (3.5) are a family of ra- 


tional functions of z. By (3.6) and (3.7) Lemma 3.1 asserts that the 
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. values of these hoproximputs lie in the bounded Iron VA. Thus this 
family is a normal family for s in D. 

We shall now show that this normal family converges in an open 
subset of D. Denote by k the smaller of the two numbers 1/4(k — e) 
and 8(k+¢,—1)/25. Then for |z| Sh, the elements of (3.5) have the 
property that 

| amiz | < 1/4, | as/2| = 25/4 (n= 1,2,---). 


Thus by the theorem referred to concerning inequalities (1.2), the 
continued fraction (3.5) converges for |z| S and hence in the inter- 
section of this circular region with the region. D. By Montel’s [1] 
generalization of the Stieltjes-Vitali theorem the sequence of approxi- 
mants of (3.5) converges (uniformly) in every closed region interior 
to D. Thus, in particular, this family converges for z —1. 

The proof of the theorem is complete. 

The following corollary is an immediate consequence of the theo- 
rem. The notation is that of the theorem. 


COROLLARY 3.1. If 
tm = 2(k+a+ 1), Tni Ske (n=1,2,), 
the continued fraciton (1.1) converges. 


It is a consequence of Theorem 3.1 that if the hypotheses of this 
theorem hold, the continued fraction (2.1) converges at least in the 
wider sense, and converges to a finite value if and only if the con- 
tinued fraction (1.1) converges to a value not equal to 1. 

The following result is thus established. The notation is that of the 
theorem. 


COROLLARY 3.2. If the elemenis a,=rne"* are such that 
Yanı Z 2(k + €x — cos 65, .,), fm S k—e (n= 1,2,---), 
the continued fraction (1.1) converges at least in the wider sense. 
We proceed with the proof of the following result. 


COROLLARY 3.3. If the elements aa, lie in the circle |z| S1 and if the 
quanisites Genii are outside of and bounded away from the cardioid 
r=2(1—cos 0) the continued fraction (1.1) converges. 


To prove this one observes that one can choose numbers k>1 
and &>0 such that the numbers deni: lie outside the limaçon 
r=2(k+ea—cos 0). A positive number e can be chosen so that 
| an] Sk—e. The conditions of Theorem 3.1 are then fulfilled. 


m MA 
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EQUICONVERGENCE THEOREMS FOR 
ORTHONORMAL POLYNOMIALS 


G. E. ALBERT AND L. H. MILLER 


1. Introduction. If p(x) is a non-negative function integrable on 
the finite interval (a, b) and positive on a set of positive meas- 
ure, there exists a unique set of polynomials Leo, x)] of degree n, 
f.p, x) =Cax"*+ +++, c, 0, which are orthonormal on (a, b) rela- 
tive to the weight function p(x); that is 


r if nm 
1 i m=n. 


b 
f 4990. dpal, is = 
In the sequel the abbreviation ONP will be used to denote such a set 
of polynomials. 
Given any function f(x) for which the integral É p(x)f(x)dx exists, 
the set of ONP associated with p(x) may be used to construct the 
formal expansion 


oo 


b 

(Q KOSE apoa) xf so nat 
nz a 

Much attention has been given to the convergence properties of such 

series for particular choices of p(x). In the succeeding pages known 

results on this problem are extended by means of what seems to be a 

new type of proof. 


Let {pa(pr. x) ] and {palps x)} be two sets of ONP with different - 


weight functions pi(x) and px(x) and let 


(2) Saf; Psy x) = 5 aida (pi, x), i= 1, 2, 
kap 


denote the partial sums of nth degree for the two corresponding ex- 
pansions (1) associated with f(x). In §§5 and 6 below certain sufficient 
conditions will be established for the validity of the relation 


(3) lim {sa(fi pu, x) — Sa(fi pa, 2)] = 0; 
«4*9 
that is, conditions under which the two series mentioned are equicon- 


vergent. It should be stated that the emphasis of the paper is upon 
method rather than upon specific conditions. The discerning reader 
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| 
will easily see e arrangements for the weight functions whith yield vari- 
ations of the conditions cited. 

"The materials from the theory of ONP that are m in the proofs 
to follow are quite elementary and are collected for reference in $2. 
Two lemmas are the subject matter of $3; from them the remainder 
of the paper follows essentially as a series of corollaries. ` 

Some interesting relations between bounds for related systems of 
ONP are indicated in §4. These are obtained as by-products of the 
method of proof for the equiconvergence theorems. 


2. Notations and formulas. The symbol (a, b) will denote the closed 
interval a Ex <b. It will be assumed-without further mention that 
any weight function and any function f(x) for which a series of type 

. (1) is used will satisfy the conditions set forth for such functions in the 
introduction. The symbol L?(p; a, b) will denote the class of all meas- 
urable functions f(x) for which the integral f*p(x) [f(x) ]tdx exists. 

' If f(x) and: g(x) are in L(p; a, b), it is well known that 


j b 2 c. r 
e IS xoa = Xo, 
- m a - hæð 
b , ; -» 5. b 
G f aoo odn mo f osos, Dat, 
NE a b-0 a 


and 


O f Alte) — sio ass f oU — x CÓ 


a 


. for an abitar polynomial n of degree n. 
Bie . = 


JM" b 
o sio 3 [f olf) Kalo; s, Dat 
where ` E 


c. E oi x, 1) = 2 palo, x) Palp, À 


m rm t— z ` 
In (8), c, is the leading coefficient of p,(p, x) and one has 
(9) - - 0 < Ca/Cap1 S C = max of E and lèl. 
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' The reader interested i in proofs of the above formulas should con- 
sult Jackson [1]! or Szegö [4]. _ 

3. Two inequalities. The remaining sections of the paper will be de- 
voted to comparisons of the two sets of ONP, {pa(p:, x)] and 
{balos x) }, for which the weight functions will be assumed to have . 

‘the forms . ite i i : 


(10) o(a) = [rm (D]* and pala) = p(a)ra(a)o(2): 


or special cases thereof. The following blanket hypotheses will be 
^made concerning the individual factors involved in (10). 
(a) The functions v. (x) and v (x) are polynomials of degrees m and q 
respectively and p(x), T(x) and o(x) are non-negative on (a, b). 
(b) The polynomial x(x) and the function o(x) are such that the 
product x Q(x)o (x) is measurable and bounded on (a, b) by a constant Ma. 
~ (o The "polynomial m«(x) and the function o(x) Gre such that the 
quotient tm(x)/o(x) is measurable and bounded on d b) by a con- 
stant Ms. ^ N 
Lemma 1. Let (a), (b) and (c) be — If, at a point £ in (a, b), 
. there exist two positive numbers e(E) and *y(E) such that when x ts 4n the 
-common part of the intervals (a, b) and (£—e, £--€) the condition 


Tml) anla) 
c(£ ‘o(x) 
holds, then at the poini £ - 


(f pum st gy Knit — ninth [ath 


z vs S is 
" » (12) <M; md TR [pi(pr, ar} 
+ mel 7) "S3 Dui o» 


for all k and n such that mskSn. ane constant C is the bound indicated 








(11) : 10: [e=] 











in (9). 
Proor. Since eB ox £) is a polynomial of degree j+q in £, cue 
has - 


1 The numbers in brackets refer to the bibliography. 


- 


} 
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b 
w(t) Pi(o2, £) = f PÒTA DCPs, Katalon; E, dt 


" fL pal?) | e g Kn+e(pr; E à |» idi 


(13) 





for all j &n. This implies 
2 
v (E) Kx(os; $, t) = Sz (= T Ko) |; p2, j. 


In view of (6), the left member of (12) is dominated by 


{ f. “eat [59 E py cen Ex xu pfa” 


uo — sun f ol 36 Onus aj 


jz-k—m-4-1 


oen [a E 


The first term in (14) is clearly bounded by the first term in (12) on 
the right. In the second term of (14) the range of integration must be 
broken into the three intervals (a, £— €), (E— e, Ete) and (£-Fe, b). 
Using (8), (9), condition (c), and the inequality | £-x| zelt), the 
contribution to the integral in that term from the first and third sub- 
intervals is found to be dominated by 











AMiMiC. 


e 





f ath ew Dd: Sou 5 Pian Doras, Oe 


MM : 
E d [I2 (o D ]* + {branlon £}. 


e 





Use of (8), (9) and (11) shows that the contribution to the integral 
under consideration from (£— e, £-- €) is dominated by 


MC | bi s o1, p T { Pe_mir(p1, £) } 3]. 


Combining all these results one has (12). 
The following special case of Lemma 1 is of special importance in 
the applications. 


LEMMA 2. Let the hypotheses (a) and (b) be satisfied. If the quotient 
TS (x)/o(x) satisfies the Lipschitz condition 
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mala) tall) 
l a(x) c(t) 
for all x and tin (a, b), then, for every point E in (a, b), 
LC )]* 2 1/ 
(f^ RO) [T s Kyo; E 1) — T(E) Kalo; E J ash 
ng 1/2 
(16) - < My ES 22 [n 201 


(15) 











[<rlent - 


fmb—m+1 
1/2 


$ Mi"ci = [p,(o1, ÐP} 


` for all k and n such that m b <n. The constant C és the bound indicated 
in (9). 


Proor. The hypothesis (c) is automatically satisfied. The proof 
proceeds like that for Lemma 1 except that (8), (9) and the Lipschitz 
condition are to be applied directly to the second term in (14) to ob- 
tain the second term in (16). 


4. Bounds for ONP. Lemmas 1 and 2 are powerful tools for estab- 
lishing bounds for ONP. Since the most interesting bounds are uni- 
form in x on some subset of (a, b), attention will be focused upon the 
application of Lemma 2; extensions of the results wae are obtain- 
able from Lemma 1 are left to the reader, 


THEOREM 1. Suppose the hypotheses (a) and (b) and the Lipschtts 
condition (15) are satisfied. If at'a point E in (a, b) for which v (E) is dif- 
ferent from zero there is a number HE) such that | Palprs £) <H; for 
all n, then there exists a number Ha(Ẹ) such that | palpa, )| <Ha for all n. 

` Moreover, if for every point of some closed subset of (a, b) on which 
Talx) is different from zero the bound H, exists and is independent of x, 
then Hs existis and is independent of x on that set. 


Proor. Obviously 


b- : 
Om f nsn De DR. ini Dat 


Combining this with (13) for j =n, one has 
Talt) Palos, £) d 


= f px 0) P Cos, i) [= is ear, Kyo £, i) = ¥q() K i02; & JE 


Ps j* 


m MF 


ae YT 


+ 


1944) EQUICONVERGENCE THEOREMS 365 

THEOREM 2. If p(x) and o(x) are non-negative and a(x) is bounded 
and measurable on (a, b) and a polynomial r(x) of degree m can be 
found such that the quotient ve (x)/a(x) satisfies a Lipschitz condition, 
then (17) holds, for all f(x) in L*(p; a, b), at any point E in (a, b) at 
which m.(E) is different from zero-and | pa(p, £)| SH(E) where H(£) is 
a number independent of n. Moreover, (17) holds uniformly on any closed 
subset of (a, b) on which Talx) is different from zero and ihe number H 


M 


ts independent of x. : z 
‘Proor. To demonstrate the inequality (18) set 


Ta) = f (DR. E D — «Rs oni £ D] 


Add and subtract [r«(2) |?K. (px; £, #) inside the bracket in the inte- 
grand. Here K,(pzÀ; £, t) denotes the.kernel polynomial (8) for the 
ONP of weight function p(x) [r« (x) ]?. Applying Minkowski's inequali- 
ty and a little obvious manipulation, one has 


uU.) ; 
AL b m (D) i? 2 2 T 
2 s» [roe [EE er je Rigas E ra | 


zi 


e(t) 
b 2 2 2 Us 
+ Lf p(t) [05] Kn(orm; & t) — K,(p; £, i) | a| , 


where M; is the bound on o(x). To the first term on the right apply 
Lemma 2 with +,(x)=1, =m; to the second term apply Lemma 2 
with z,(x) #0(x)=1 and k=n. The result is 


1/2 = 1 1]: 
UD] s (MMi +M) X le60r- er] 


je-1—m-41 
n= etl 


exar D| X bier 8 rn 


for all sz m. The constants M: and M; are bounds on 7,./o and Tn. 
By the remark following Theorem 1 the system Í bal prh, 8] is 


. bounded as to n at any point £ such that rm(& is different from zero 


and at which the system ps (p, 8] is so bounded. This proves the 


: inequality (18) under the stated hypotheses. The uniformity clause 


is evident. 
The following more general theorem is obtained by applying 
Lemma 1 to the integral J,(§). 
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` THEOREM 3. Let p(x) and o(x) be.non-negative and a(x) be bounded 

- dnd measurable on (a, b). Let E be a point in (a, b). If there is a poly- 
: nomial w.(x) of degree m such that w.(E) is different from sero and 

- Te(x)/a (x) satisfies the condition (11) of Lemma 1 and if there is a num- 

- ber H(£) independent of n such that | px(p, £)| SH) for all n, then 
(17) holds for all f(x) in L'(p; a, b). 


Theorems 2- and 3 furnish no information about equiconvergence 
at a point where the auxiliary polynomial 7,(x) vanishes. It is not 


' difficult to construct examples which show that such equiconvergence 


cannot be expected for all functions in L*(p; a, b). 


6. Applications: Let (a, a be (—1, 1) and let p(x) and o() have. 


thé forms. 
p(x) = (1— a3)-15 and a(x) = r(x) ITI x a, |^ 
: A k=l 


| where —1 Sx <x <- -© o <x L1; M20, k=l, 2, , h, and 0 <A 
. &r(x) SB. Theorem 2 fru if r(x) satisfies a Lipschitz condition 
on (—1, 1) and Theorem 3 epe at any point in (—1, 1) distinct 
from all the points xy, k —1, 2, * - ~, k, provided that there is a pair 
of numbers A(£) and e(£, A) Sick that 


[r3 = rE) «M e — d 
for all x in (—1, 1) such that- |z- 1 <e. In either case the polynomial 


` Te (x) is chosen to be Į J}, (x —23)"*, where my is the smallest integer 


such that m,—3X4z 1. These results compare the convergence of the 
' geries (1) for the ONP of weight function p(x)o(x) with the conver- 
gence of the Fourier cosine series on the open intervals x; «x «xu 
+=1,2, , h. Either case includes the Jacobi polynomials of weight 
function a x)*(1+-x)* where a, 8» —1/2. The cases where œ or f 
or both are less than —1/2 are also easily handled. For example, if 
a —B — — 3/4, set p(x) — (1—x1)7** and e(x) =(1 Ec and choose 
‘®m(x) appropriately. - 

The case above using Theorem 3 essentially ialadis a icon of 
Szegó [4; Theorem 13.1.2, p. 307]. The case using Theorem 2 is com- 
> parable to.results of Peebles [2]. The methods of the present paper 
are certainly more elementary and more direct than those used by 
either of the above authors. 
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MATRIX PRODUCTS OF MATRIX POWERS 
R. F. CLIPPINGER 


1. Introduction. Let m n-by-n matrices, Á+, of complex constants, 


ak (4, 7=1, 2,---, n; k=1, 2, < - , m), be given. We shall denote 


by L the set of all matrices, 


40 = Ë ads 


where p,(é) (91, 2, - - - , m) are arbitrary, non-negative, summable 
functions of the real variable ¢ on the interval T, a St. We shall 
call 3, S , or X the subsets of £ obtained by restricting the functions 
pi(£) to polynomial functions, step functions, or step functions which 
are all zero except one. Since, in each case, the elements of A (f) are 
summable functions of t on T, it follows that, on T, there exists a 
unique, absolutely continuous matrix solution,! Y(é), of the linear, 
matrix differential equation and initial condition: 


(1.1) dY()/di = Y()A(),  Y(a) = E, 


where E is the n-by-n unit matrix. We shall denote by A, + æ or £ the 
set of matrices, Y(é), which are particular values of solutions of (1.1), 
where A (f) is an arbitrary matrix of £, 9, S , or X, respectively, and é 


' json T. ` 


If A is a matrix with elements aij, let the absolute value of A and 
the-exponential and natural logarithm of A be defined* by the equa- 


tions: 
^ 1/2 
Ia - [X Louk] 
NS 


exp A = 2L ASA 
1-0 
lg4- D(-1(A- EJ if |A—E| «1. 
` 1m] 

Presented to the Society, April 18, 1942; received by the editors April 4, 1943, and, 
in revised form, Augùst 18, 1943. The author wishes to thank Professor G. D. Birk- 
hoff for suggestions which led to this paper. 

1 See W. M. Whyburn, On the fundamental existence theorems for differential systems. 


' Ann. of Math. (2) vol. 30 (1928-29) p. 31. We observe that equations (1.1) are equiva- 


lent to a system of 2n real, linear, first order differential equations satisfying all the 
hypotheses of this theorem. 

2 See J. v. Neumann, Uber die analytischen Eigenschaften von Gruppen linearer 
Transformationen und ihrer Darstellungen. Math. Zeit. vol. 30 (1929) pp. 6, 7, 
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\ 


J. v. Neumann? has shown that if j is an integer and if |A—E| «1, 
then 


(1.2) Ai = exp [j log A]. 


l 
. Hence, for any a, we define the o power function of A by the equation 


At = exp (alog A), if |A-—E| <1. 


If |exp 4:—E| <1 (691,2, - - - , m), we define p as the set of matrix 
DIMUS of matrix.powers, à 


i Ü Gs Ade, ' 
j=l iml 


where the aj; are arbitrary non-negative numbers. 
Let us identify an »-by-n matrix, B, of complex numbers with the 


.point in 2n*-Euclidean space, whose coordinates are the real and 


imaginary parts of the elements of B. The distance between two 
points Bi and B; may be defined as | B1— Bi|. A set, B, of matrices, 
B, is then also a point set whose closure we denote by B. 

It is the purpose of this paper to show that the sets À, t, v, Ẹ and, if 
it exists, JI, are identical. 


2. Principal theorems. 
THEOREM 2.1. The sets À and 6, defined above, are identical. 


‘Since any step function on.T is summable on T, it follows that 
o Cà. Suppose A ;(!) is a matrix of class JC with coefficients p(t). Then, 
for all positive 8, there exists a matrix, 4s, of class S with coeffi- 
cients r;(t) such that 


xf o9. (|| sm] «à (4542 1,2,+++,n). 
bel a 


Let the corresponding soldos of (1.1) be Y(t) and Ys(t). Since 


. Y(t) is a uniformly continuous functional* of A (t), it follows that, 


given any positive number e, ő may be so chosen that 


Yi) — Yal) Xe; 


. that is, the absolute value of each element of the matrix on the left. 


is less than e. Hence AC e. 


* Loc. cit. pp. 8, 12. 

í By this we mean that the elements of Y(t) are e uniformly continuous functionals 
of the elements of A(#)..See W. M. Whyburn, Functional properties of the solutions of 
differential systems. Trans. Amer. Math. Soc. vol. 32 (1930) p. 508. 
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THEOREM 2.2. The sets g and E are identical. 


Clearly Co. 
J. v. Neumann’ has shown that if |4|, | B|. « (1/2) log (3/2), then 


log [exp A exp B] = A+ B+0(|A||B]). 
This equation, by induction, leads to the generalized equation: 





(2.1) lg exp 4:9 X Ac X otl 4l 45b. 
11 wl íi, j=l 


if | 4:| <6(m), where it suffices to take ô(m) < [log (3/2)]/2n(m—1). 
To this we may add the equation, 


(2.2) exp (4 + B) = exp 4 + 0(| B|) 
which follows immediately from the definition of exp (A+B). 
Lemma 2.1. If A is a matrix of constants, the matrix, 
Y() = Yo exp [¢ — 24], 
ts the solution of the linear, matrix differential equation and initial con- 
dition 
aY(i)/di = YA, F(a) = Vo. 
The series ? jao (£—a)/41/j is uniformly convergent on any interval 


[t—a| <N, hence the lemma may be established by term-by-term 
differentiation. 


-LEMMA 2.2. If A(N) is a matrix of. summable functions, and if 
~ A(0«(M) on T, the solution, Y(t), of equation (1.1) satisfies the in- 
equality 

Y(t) — EX (1/n|exp Mn(t — a) — 1]) on T. 


Slight modifications of the proof of the existence theorem given by 
: G. D. Birkhoff and R. E. Langer? yield this lemma. 


LEMMA 2.3. If Bi, By, - - - , By are square matrices, 
m i m 
tim | TI exp (Bu) | = eo: B. 
fro tol iml 


5 Loc. cit. pp. 13-15. 
- See J. v. Neumann, loc. cit. p. 7. 

' The boundary problems and developments associated with a system of ordinary 
linear differential equations of the first order. Proceedings of the American Academy of 
Arts and Sciences vol. 58 (1922-1923) pp. 59-63. 


ON THE UNIQUENESS OF YOUNG’S DIFFERENTIALS 
CHENG-NING YANG 


Introduction. The differential of a function of several variables 
may be defined in a variety of ways, of which the one given by Young! 
renders the best parallelism with the case of a single variable. Stated 
in tlie way given below, his definition is applicable to a function de- 
fined in a set S of points containing limiting points at which the func- 
tion is to have differentials. The question of the uniqueness of the 
differentials, however, arises: In this paper we shall first define, and 
prove two theorems concerning, the “limiting directions” which de- 
scribe the directional distribution of the points of S near a limiting 
point. Then we proceed to show that properties of these limiting di- 
rections determine whether the differential is unique or not. 

Consider the n-dimensional space. We use the notation for the 
scalar product of two vectors a(a1, G2, - ++ , a4) and b(di, ba, + + +, ba): 
a'b =} 314b; By Ilall we mean +(a-a)"?; and when ||a|| 1, a is 
called a direction. 


DEFINITION. Let @ be a limiting point of S (this will be assumed 
throughout the paper). If / is a direction such that 


a 


for all positive 6, it is said to be a limiting direction of S at a. 


f lower bound of 
zin Sand 8>|z—a/>0 








THEOREM 1. S has at least one limiting direction at a. 


THEOREM 2. If w ts a direction perpendicular to all of the limiting 
directions of S at a, then 
~ x—a 
lim 


siepe esal 


0. 


Each of the above theorems is readily derived by means of an in- 
direct proof, with the help of the Heine-Borel theorem in the case of 
Theorem 1. 

Let a function f(x) be defined for all x in S. Young's definition of 
the differential may be stated in the following way: 


DEFINITION OF THE DIFFERENTIAL. If there exists a vector V such 
that 


Received by the editors August 31, 1943. 
1 Proc, London Math. Soc. (2) vol. 7 (1908) p. 157. 
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^ 


` there must bea point xp in S such that 


us 29 wicks Ve — a) 


= 0, 
sin 8, 232a Ife = al ' 
dei is s said to have a differential df(o, n= Ven ata. 


THEOREM 3. The differential df(a, n), f it extsts, 45 unique when S 
has, at a, n linearly independent limiting directions. 


“PROOF. Suppose both U-7 and V- n can be written as df(a, 7). Let 


duh, 1, bem linearly independent limiting directions of S at a. 
The theorent i is proved, if we can show: that pt E 1, —0, £21, 2, 
* ) f. 
To prove this v we have 
Iu e "ET Jo- fa) — V- (£ — a) 
z in 8, sa Iu z in 8,240 _ |æ — all .i 
| im OOTA | 
~ zin8,z—a, la s e] 


Hence given any e» 0, , there exists a 6>0 such that 
ogl 
ae all x in S satisfying salse 20. Since 


{ lower bound of 
38>[s—cl>Oand z in 8 








8» | — al] > 0 and 








eee 
le — aff “1 











- Thus 
ecealeleoo fey esa 
<|v- V(r- a] 
x E 


i zv- Alpe 








- X 
' 
P Ee c didit 


^ 
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But e is arbitrary, hence ! 
: (U — V)-h — 0. 


THEOREM 4. If S has m( <n) linearly independent limiting directions 
h, h, +--+, ln ata, and all tts other limiting directions are linear com- 


binations of them, and tf V-n is a differential of f(x) at a, the most gen- 
eral form of the differential 4s 


(A) (v +E Kui) m 


where K; are arbitrary constants and w, às, - + > , Gu X are linearly inde- 
pendent directions perpendicular to the l's. 


Proor. If U: is also a differential at a, from the proof of the last 
theorem we have (U— V):1,—0,j—1,2, -~ - , m. Thus (U— V) must 
be a linear combination of the vectors c, ws, ++ - , à, « which are 
perpendicular to the /'s, that is, U is of the form (A). 

To show that aae 1 Kio) : 9 is actually a differential, we have 
by Theorem 2. i 








zin 8, 20 i lx — all 
Ka) — fa) — V(x — a) 
z in 8, s~a lx — al 
OYE lim E A. 0. 
1 3 in 8B, z3a x — all 


The theorem follows immediately. 


COROLLARY. There exists a unique differential U-y where U is in the 
m-dimensional space formed by h, ls, +++, lm. 


Finally I wish to express my thanks to Professor Y. Y. Tseng with- 
out whose continual encouragement this paper would never have been 
completed. 


NATIONAL SOUTHWEST ÁSSOCIATED Usrvsasrry, 
KUNMING, CHINA £ 


RESOLUTION OF TEMPERATURE PROBLEMS BY THE USE 
OF FINITE FOURIER TRANSFORMATIONS 


HERBERT KAPFEL BROWN! 


1. The finite sine transformation of the convolution. The finite sine 
transformation and the finite cosine transformation of U(x) with re- 
spect to x are defined? by 


u(n) = f ve) sin nxdx = S{U(x)} 


u(n) = f vo cos nada = ci U(x)}, 


respectively. In particular, S{U’}=—nC{U}, and S{U”} 
© =—n[(—1)*U(r) — U(0)] ^n15( U}. Further, if U(x) and U'(x) van- 
ish at the end points of the interval (0, 7), then S{ U’"} = —n#S{ U}, 
and C{U’} =nS{ U}. 

The convolution Ui; * Us, or Faltung,* of the two functions U(x), 
— 2r Sx S2r, and U;(x), —r Sx <r, is defined as follows: 


Uis U = foo - ovk I 


It is evident that the convolution of two even functions is an even 
function, that the convolution of two odd functions is an even func- 
tion, and that the convolution of an odd function and an even func- 
tion is an odd function. 7 

The following theorem is proved by Kniess:* 


THEOREM. If Ui(x), —2m£xz£Z2x«, and U(x), -r SxSr, are 
bounded and integrable, if Ui ts odd and 2E with period ii and- 
1f. Us ts even, then 


Presented to the Society, September 10, 1942; received by the editors March 8, 
1944, 

1 The author wishes to thank the referee and Professor R. V. Churchill for many 
valuable suggestions, 

1G. Doetsch, Integration von Differentialgletchungen vermittels. der endlichen 
Fourier Transformation, Math. Ann. vol. 112 (1935) pp. 52-68. 

* The lower case letters will be used to signify the transforms of the functions desig- 
nated by the corresponding capital letters. Instead of using the symbols t,(n) and 
u(n) we shall use x(n) for both, whenever it is evident which one is meant. 

1 Hans Kniess, Losung von Randwertproblemen bes Systemen gewohnlicher Differen- 
talgleichungen vermsttels der endlichen Fourier Transformation, Math. Zeit. vol. 44 
(1938) pp. 266-291. 
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S{U1/2« Us} = siuici Us}. 
2. Temperature distribution in a bar. Consider a cylindrical bar of 


. length « which has a diameter so small that the variation of tempera- 


ture U(x, £) over every cross section can be neglected. The thermal 
conductivity of the bar is a function of the time. There is a continuous 
internal source of heat along the bar and the initial temperature at 
each point of the bar is given by a prescribed function. The rate of 
loss of heat through the surface at each point is proportional to the 
temperature at that point. The temperatures at the ends x=0 and 
x-—7 are determined by prescribed functions of #. 
The boundary value problem for the temperature U(x, #) can be 
written f 
L(U) = ðU /ðt — C1(ġ)8?U/ð x? + CHU = P(x, t), 
- 0<x<r,t>0, 
U(+ 0, i) = C3(4), U(r — 0, i) = Ci), | 1» 0, 
U(z, + 0) = F(x), O<. 


The prescribed functions P, F, Ci, Cs, Cs, and C, are assumed to sat- 
isfy the following conditions: P and its first three derivatives with 
respect to x are continuous functions of x and ż for all values of x and £ 
in 0SxS7,?20; Fand its first three derivatives with respect to x are 
continuous in x for 0 Sx <r; P, F, and their first two derivatives with 
respect to x vanish at the end points of the interval (0, 7); Ci and Cy 
are positive and continuous for #20; Cj and C{ are continuous for 
#20; C3(0) = C,(0) «0. 


3. Resolution of temperature problem. It is obvious that the solu- 
tion of our boundary value problem can be written 


(1) U(x, t) = Ui(z, À + Ulz, Ò) + Us(x, t) + Ula, À, 
where Ui, Us, Us, and U, are solutions of the problems: 
L(U)-PG,);  U(40,2)-0, 


(A) 


(A1) 
Ui(x —0, t) =0, Ui(x, +0) 20; 
L(Ux) =0, Us(-+0, t) = CCÀ), 
(As) (Ux) (+0, £) = C(t) 
U(r — 0, 1) 20, Us(x, 4-0) 50; 
L U: =0, U: +0, ż =0, 
(A) (Us) 3( ) 
U(r —0, 1) — C«(t), U(x, +0) =0; 
and l 


A E. 


^ and 
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L(U)-0, | ^ UC +0, #)=0, 
U.(x—0,2)-0, Uile, +0) = F(x). 


If in problem (Ay) we replace Cs(/)-by Ci(#) and x by r—x, then -» - 
U,(x, t) reduces to Us(x, t). For this reason we shall not have to con? . 
. sider problem (A4) as a problem to be solved. - 

The finite sine transformation with respect to x applied to the first: 
- and fourth equations in problems (Ay), (Az), and (A4) transforms each 


of these boundary value problems into a problem in linear ordinary 
differential equations of the first order which can be written as fol- 
lows: : 


(Al) a [male D/d + cA + Gomi ) = p(n, D, i 
N u(n, + 0) = 0; d 
ci n PN ))]/dt + [n*C (0) + C(t) — 2Ci(DCs() ]usns i) = 0, 
a(n, + 0). — 0; 
and 


"(AD d [sk(n, #) ]/dt + [ec E Cali) Jun, îi) = 0, s(n, + 0) = f(m. 


The solutions sin. B, u(n, t), and u(n, £) of the problems (AY), 


(A4.), and (Ad ). respectively, are given as follows: 


, 


Ce f gno) exp. [- ssi, 9] exp [ A 


u(n, i) = J Cs(7)Ci(7) exp [- stain 7)| exp [- ox(t, 7) d, : 


sem, i) = f(n) exp. [— sisi exp [— si], 
where we have made the definitions: si) = Soc; (£)d£, e«t, T)=5,(t) 


.—s(r), OS7 Sh: 
It will now be shown that each of the problems (A;), (A1), and (A4) ( 


can be further resolved into a single simple boundary value problem. 
That is to say, each of the solutions u1, us, and 14 can be expressed in 


terms of uo(n, t), the transform of U(x, i), which is the solution of the 


following boundary value problem: E 
- ðUo/ðt = = Ux ] 0 « x<a,t?>-0, 


(BB) U(+0,) =0,. U(rx—02-20, . t>0,: 
Uols, +0) = (r= #)/m, 0< s «m. 


` 
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Making a formal application of the finite sine transformation to 


(B) gives . l 5 b 


d[uoln, i) J/di + nnol, f) = 0, MM +0) = 1/n. 


“The solution of this transformed problem is 


u(n, i) = (1/5) exp (— ni). 


. From this solution we obtain the following identities: 


exp [— 550] = nulh, 0], . 
n exp [— nox(t, 1) ]C1(7) = ouo[n, olt, 7)]/87, 
n exp |- nès) C) = — duo[n, s() ]/91. 


The transforms u(n, t), us(n, t), and u(n, t) can now be expressed 
as functions of u(n, i) as follows: 


win = f xod scs De me DR E 


u(n, D = f, exp D esf, 7)] Z uoln, ex(f,-7) Jar, 
and s 
u(n, i) = exp [- sO en [n, s19]. 


If the convolution theorem is now applisð to u(n, 4) and u(n, ia 
formal inverse sine transformation of m(n, 1), usn, t), and u(n, t) 
can be performed. The result can be written 


| sn 2 
Us) => J exp [— ex(4 7)] 


O f re-s 1) 5, Vole, n 2) latr, 


t a ð n 
nada J Cals) exp |- et 0] = Dole, ni Jn 


| and: 


x 


j 


Lu 
| 
) 


: 1 ce a 
Un ) = EO [- a] f- F(x — £) at Uolt, s:(4) a£, 
where P and F are the odd, periodic extensions of period 27 of the 
original functions P and F, respectively, and ð U»/8£ is the even ex- 


b 


- 


/ 
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tension of the original function 9 U,/O£. The solution Us of problen 
_ (As) can be written m 
‘ ð 
Us(x, i) = f C4(7) exp [- es(t, DI Uo [v — a, oi(t, 7) ]dr. 
0 T "m 
THEOREM. The general temperature problem (A) can be resolved into 


the solution of the simple temperature problem (B) by formulas (1) and 
(2). That is, 


1r! T à 
U(x, ) = = f exp [— ex(, 7)] f P(x — £,7) zm Vole, o1(#, 7) ]d£d 


7 4 f Ci(r) exp [— ex(t, 7) ] Z Uo[v — x, ex(5, 7) |dr 
+f C3(r) exp [— o2(t, 7) ] Uc[s, oilt, 7) dr 


1 * ô 
+> exp [= si] f F(x — $) s [E, si(#) Jat. 

4. Verification of resolution. Instead of verifying directly that the 
function given by (3) is a solution of problem (A), we shall take up 
‘separately the verifications of the solutions U;, Us, and U, of the 
problems (A1), (As), and (A4), respectively. 

Consider problem (A1) and its solution Ui(x, £) given by (2). Bv 
making use of the definitions of extensions, we can write Ui(x, i) as 
follows: 


1 t 
U(x, £) = oJ. exp (— o3) 


N 


z à 
f Iron P - 60] sg Uele, endi 


Integration by parts with respect to £ yields 


1 t 
(a) Us) = — f exp (— od Hla, f nd, 
where 
(b) B(s t, 1) = f GG & Uit, nit Des 


and 


` 1ga] 


d ud 
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: ^4 ` ð , ð 
(9: e bos [= PG Lk) - Pt |. 


f. 


ve 


The function Uo(x, t), the solution of problem (B), can be found 


by an inverse sine transformation of u(n, i), or by the usual meth- 
ods.’ However, this problem is a special case of a more general prob- 
lem solved by R. V. Churchills by means of the Laplace transforma- 
tion. The following properties of Uo(x, t) can be derived from his 
paper, and are given here without the proofs: U,(x, t) is of order 
Olexp (yt)] uniformly in x, 0x xw, for all 20, for some y>0; 
Uo(x, t) is continuous in (x, i) when #20, 0 «xxm; Uo, OU)/dx, 
0* U,/0x?, and ð Us/Ot are continuous in (x, t) for each 4150, 0 Sx Sz; 
|3 Us/8t| is bounded when #20 and x is in the interval 0 «xv Ex Sr. 

That A(x, t; 7), OH(x, t, r)/dt, and 0*H(x, t, r)/dx* are continuous 
functions of (x, t, 7) in R’, 0x mv, 0 Sr <t, can be established as 
follows: 

FG), is a continuous function of (x, t; r, £) = (p, £) in the closed 
region R': R', & S§Sx, 620. Hence |AF| <a for |Ap| «5' in R”. 
F is uniformly bounded and integrable in the closed region R'":R', 
OSES ô. Hence | F| <M in R”. So that 


` h : 
|o 9 - 8) s f |ar| ac f" Lar a 


S Mêr + elr — ô) <e 


for |Ap| <5<8',p in R'. This establishes the'continuity of H(x, t7). 
Consider ; 


a art a 
Eek) == f Gle, & Ult, eit 7) a 


| The derivative of the integral with respect to # yields formally 


edes 


) 


r 


4 


d 


ð x 9 
Z Heh) f Ole, b) 5 Vole, est at 
- r o1 
= Cd) f. Gs 9) cs Ui eod 


à — 35wi29-cO[ Je ‘aid 
@ — xHeuàec0 f 6 b DUE 


* R. V. Churchill, Fourier series and boundary vahie problems, New York, McGraw- 
Hill Book Company, 1941, p. 102. 

* R. V. Churchill, On the problem of temperatures in a non-komogeneous bar with 
discontinuous initial temperatures, Amer. J. Math. vol. 61 (1939) pp. 651—664. 
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This integral is of the type H (x, t, 7), therefore 0H (x, t, r)/0t is a con- 
tinuous function of (x, t, 7) in R’, provided QH(z, t, t)/0t is defined 
by (d). The continuity of 0*?H(x, t, r)/dx* can be established by. the 
same type of argument. 

Consider Ui(x, £) as defined by formula (a). Since the iani is 
a bounded, integrable function of r for all +20, the limit oi Ui(x, t), 

as t approaches zero exists and U,(x, +0) =0. 
^ Since G(x, £, 7), in (c), vanishes when x approaches both end points 
of (0, x), it follows that H(0, t, 7) =H (m, t, 7) 20. Hence Ui(-++0, £) =0 
. and U(r — 0, t) =0. 

To show that U,(x, t) satisfies the differential equation of problem 
(Ai), we apply Leibnitz’ rule to Ui(x, £), in (a), and find that 


ð 1 
ài Uis) = E lim exp (- 23) A(x, t, 7) 
1 tg 
+ sf "m {exp [- oa(#, 7) |H(x, t, 7)]dr 
1 r 
= ot ond i) Uol, 0)dE — Cii) U(x, i) 


1 fr: ð 
sp st exp (— es) a: ROS t, 7)dr. 


Since a aioe we have from (d) that QH/0i = C,0°?H/dx?. 
Hence 


E Uis, i) r3 P(x, t) a CÀ Ui( x, 1) 


1 fr: ð? 
+ Ci(À) -f exp (— Ta) por H(z, t, 7)dr, 
2 0 ox? 
«so that 


a Ulz, #) = P(x, Ù È Cx) Vila, 1) + Ci) 2 U(x, è), 
ôt : ox? 


: O<x<7,t>0. 
Consider. problem (A4) and its solution U(x, t) given by (2). Since 
C;(0) =0, integration by parts of Us(x, £) yields 


U(x, 1) = Cali) ((w — 2)/x) 
(e) 


= f exp [— ext, 0 ]Uv[s, nen OGO ] d, 


^ 
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so that U(x, +0) 50, C x <r. : 

' Now | Us|. «e' when 0<x<8',0S7St—e"’; | Uo| «|(—23)/z-re"| 
- when 0<%£<8", r-e" Sr St; so that if E=exp (—2o3) [Cf +C2Cs], 
[max E| = M, then 





E | Dale, À — CÒ | S| Cyv| x + | f ' EU odr 


slale+|f arae 
7 0 





, = 
i «lf M | (x — 2)/x + e" | dr 
te r 


S|Ci| e+ MG- 068 - M|1- e" | e «ce 


for 0«x«6, 6 c 9', 9", Oct ST. Hence Us(--0, #)=(C,(t), £0. The 
same type of argument gives U(r —0, 2) 20, since U(r —0, #)=0, 
10. 

In (e), for 1»0, 0 «x «T, first we take the derivative of Us(x, 1) 
with respect to ¢, and then we take the second derivative of Ux(x, 1) 
with respect to x. We find that 


aTa, 0/3 = CL (e — 3/0 — ( — 3/00 + CHOC] 
+ Cx) f. exp (= eg Uds eX [C 9) + Ct) Calr) Vae 


- Ct f. exp (— e3 (Usa, 01)/801) [CE (2) + C«()Cs) ler, 


and 


re 8! Us(x, 1)/0xt ‘ 
= — f exp (— ex) (9*Us(z, e1)/827) [Cd (7) + C2(r)Ca(r) |r 


We form the partial differential expression L(U:): 
L(Uj = 9U/01 — C9803 + CU 


= C) f exp (— o) [oU (x, o)/aa? 

f — aUd(x, c1)/8c1] [C4 + CxC3|dr. 

Hence L(U:) =0, since dU (x, A U(x, o1)/801=0, 0 «x <T, 
t>0. . 


D 
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` The verification of U(x, t) can be patterned after that used for ` 
Ui(x, t) and, therefore, will not be discussed here. 

This concludes the verification of the resolution of robiei: (A). 
The restrictions placed upon the functions F(x) and P(x, t) are un- 
necessarily severe. They were made in order to be able to condense 
the forms. of the solutions. The same applies to the condition that 
Cs(0) = C,(0) =0. The verification of Us and U, can be made without 
them. 


5. Temperature distribution in a cube. The method of the previous 
problem can be extended to a general heat flow problem in three di- 
mensions; the same problem (B) is used in the resolution. The verifi- 
_ cation of the resolution of this problem is similar to that of the first 
problem and is omitted here. 

The interior of a cube? of edge length ~ is filled with a home 
- geneous, isotropic medium. The temperatures on the faces of the cube 
are maintained at prescribed values, depending upon the space co- 
ordinates of the point and upon the time. There is a continuous source 
of heat in the medium whose thermal conductivity may be a function 
of the time. Further, at each point of the medium there is a sink cf 
heat which may be a function of the time and which is proportional 
to the temperature at that point. The initial temperature distribution 
is given by a prescribed function. We take a corner of the cube as 
origin and the three mutually perpendicular edges as coordinate axes 
to locate a point P: (x1, xs, x3) of the cube. 

Let us consider the distribution of temperatures U(P, t) in the in- 
terior of such a cube. U(P, t) satisfies the conditions: 


à 018 0i 
ðt jml Ox? A 
d Ocz; «mt», 
U(0, 3,3) i) = Gil 4,3, i), U(r, X$,3; i) = Go(x3,2, 4, 0 s %3,3 x T, i > e, 
U(0, 21,8, i) = Gal 21,3, i), U(m, 41,3) i) = G4(%1,3, Ñ, 0 s X1,8 3 T, i > C, 
U(0, 21,5, 2) = Gs(xis D, Um, 212 1) = Gs(x1,2, D,0z£cxa$Emi0, 
U(P, 0) = H(P), 0c z;v(j1,2,3)., 
Problem (B), which is a problem in heat conduction in one dimension, 


ts sufficient to make a formal resolution of this very general problem of 
heat conduction in three dimensions. 
* Compare with problem discussed by Carslaw: H. S. Carslaw, Introduction to the 


mathematical theory of the conduction of heat in solids, London, Macmillan and Com- 
pany, 1921, p. 108. 


-. 
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B we use the same system of abbreviations ag that used before, the 
solution U (P, t) can be expressed as follows: 


ue, b= — ol, ex C od f f f. F(P,, oll tS vty o)dt dr 
_ + ep (— QUE Uolt; s 


HE N 


: up - c4) < Uol x3, oj) 


)dt; 


r 3 ð i 
. If Gus T) Hs = "LLL c4)dtdr 


ti ixf exp (— 0) = Ud — tno, 


f f owes 3E 


ð 
I ad Uv bs cy) dtd, 


bet jml : 
where (Pj) ei — E, x2—&, xs— $) and Q; is of the form (x;,—&;, 
=a) ijo Ari =1, 2,3. 
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A SHORT PROOF OF THE COMPLETENESS OF THE 
LAGUERRE FUNCTIONS 


LYNN H. LOOMIS 


The Laguerre functions ¢,(x), 1 —0, 1, - - - , can be defined! as the 
coefficients of ^ in the power series expansion about ¢=0 of the gen- 
erating function . 


res (122) fae 


THEOREM 1. The functions a(x) form an orthonormal set over (0, œ). 


The following proof is essentially well known.? From the definition 
of ó.(x) we see that S dm(x)¢n(x)dx is the coefficient of ts” in the 
power series expansion about (t, s) — (0, 0) of 


fe )F(«, dx= fees) //a-»a-3) 


1 oo 
=— = p 
"es 2 (ts). 
- Hence S du (x)ó. (x)dx is 1 or 0 according as m=n or myn, as was 
to be proved. 

The interchange of the order of integration and summation can be 
justified by first making the interchange for the finite integral and 
then letting the upper limit approach infinity. 


THEOREM 2. The functions a(x) are complete (closed) in L*(0, œ). 


We use a special case of the well known theorem? that if f(z) 
= 9-+a13-+a28"+ - - - is analytic and bounded in |z| <1 with bound- 
ary function f(e*), then 


(1) f, |e pao = 2° on z 


Since step functions are dense in L?(0, œ), it is sufficient, in order 
to prove the completeness of the $. (x), to prove that the closed linear 


Received by the editors October 8, 1943. 

1 See Kaczmarz and Steinhaus, Theorie der Orthogonalrethen, p. 140, line 1, (55) ' 
and [482]. 

2? See, for example, G. Szegó, Orthogonal polynomials, Amer. Math. Soc. Col- 
loquium Publications, vol. 23, p. 69. ~ 

3 See Bieberbach, Lehrbuch der Funkhonentheorie, vol. 1, p. 145. 
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space which they determine includes the step functions, hence that 


it includes the characteristic function g(x) of the interval 0Sx 5. 
Thus if a, is the sth Laguerre coefficient of gi(x), 


oo b 
(2) a, =f etis = f oto 
0 0 
we have to prove that 
eo N 2 
f (e - Xie) o 
0 aml 
as N—> œ, that is, that v 
(3). b= et. 
pre] 


By (2) the Laguerre coefficients a, of g(x) are the coefficients of t" 
in the expansion of 


fd = f Num (- 253) y. (1 — 2)dx 
serle 3) 71] 


This function is analytic in || S1 except at ¢=1, andi is bounded i in 
|¢] <1. Putting ^—e* we have 


fle) = e (1 — i tan (6/2)) (exp (- fiel) — 1), 


and the substitutions y —tan (0/2), x 2 5/4y give 





ir eo i eo 
(4) f | f(e*) [338 = 8 f sin? (b/4y)dy = 2b f dx = Ind. 
0 —eo — 
The,desired result (3) follows from (1) and (4). 
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HARVARD UNIVERSITY 


ON THE GROWTH OF SOLUTIONS OF LINEAR 
DIFFERENTIAL EQUATIONS 


J. ERNEST WILKINS, JR. 


1. Introduction. In a recent paper by Boas, Boas and Levinson [1]! 
two sets of sufficient conditions were given for the existence of 
lims- y'(x) when y(x) satisfies the differential equation 


(1:1) l y" + A(x)y = B(x). . 


We propose in this paper to use their methods and to generalize their 
results to the nth order linear differential equation 


(1:2) 00 99 4 E Aly = B(x), 
` i=l 
and to obtain sufficient conditions for 
(1:3) lim y("7D(z) 
gmo 


i9 exist. In case n —2, Ai(x) =0 and A(x) =A (x), these conditions re- 
duce to those in [1]. 


2. Statements of the theorems. In $4 we shall prove the following 


^ theorem. 
THEOREM I. If A;(x) (£91, - --, n) and B(x) are continuous on 
OSx< o, and if the integrals 
(2:1) f a1] Aila) | dx (§=1,--+,n), 
0 
(2:2) | f Bda 
0 . 


exist, then the limit (1:3) extsts for any solution y(x) of (1:2). 


We now write each function A;(x) as the difference of two non- 
negative functions, A (x) =A} (x) —A/' (x), where Af =(|A,| +4:/2, 
A}! =(|A,| —A,)/2. Then in $5, - - - , $8 we shall prove the follow- 
ing theorem. ` : 


THEOREM II. If A;(x) (51, +--+, n) and B(x) are continuous on , 
0 Sx « c, tf ihe integrals - 


Received by the editors October 30, 1943. 
1 Numbers in brackets refer to the Bibliography at the end of the paper. 
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(2:3) fox ar omes G=oi1,---,%), 
0 


(2:4) . f B(x)dx 
0 
exist, and-tf we have 


(2:5). lim sup #1 f BALdE < 26 — k — Dil/n(n — 1) 
whenever $22, k=0, or i=2j—1, 2j, k=i—j, +++, 4-2 (92,55, 
[(n+1)/2]), where we agree that AJ43(0) =0 tf n ts odd, then the limi 
(1:3) exists for any solution y(x) of (1:2). If in addition we have 


(2:6) > x A] (a)dx = œ, 
inl 


0 
then lim, y (79 (x) =0. 


3. Some auxiliary lemmas. In this section we state four lemmas 
needed in proving the main theorems. The first of these is found in 


[1]. : 


LEMMA 1. If f(x) is continuous on 0 Sx « o, if M(x) denotes the 
maximum of | fq) on Ot Ex, and if, for some positive numbers a 
and xo, FE Xa-J- M(x)/2 (x xo), then f(x) is bounded on 0 &x < o. 


Lemma 2. If (2:5) holds under the restrictions on $ and k stated in 
Theorem II, then (2:5) also holds for $22, -- - , n, k=0, + -, 4—2 


This is manifestly true for $—2. If $22 and if + is odd, then 
i—2j—1, 722 and (2:5) holds if k2i—j=j—1. Suppose now that 
0Sk<j—1. Then j—k—1-22j-2—k»j—1, and 


gi f HA! (dt S xi f E2141 ()dt, 
z z 


lim sup sen f EA, (dt < 2(j — 1) P/n(n — 1) 
gmo z 
< 2(27 — 2 — k)!kl/n(n — 1). 
The reasoning when i is even is quite similar. 


LEMMA 3. If f(x) is continuous and bounded on 0 &x < œ, and sf the 
functions A;(x) satisfy the hypotheses of Theorem I, then all integrals 
of the form 
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f feme f. A,(x) | dx Patera SA) 


exist. Under the hypotheses of Theorem II, the same conclusion ts valid 
provided thati=2,--+,n,p=0,---,4#—2, or that Ai(x) be replaced 
by Af’ (x). . 


- The proof of the first sentence of the lemma is immediate, and the 
second sentence follows similarly as soon as we refer to the preceding 
lemma. 


LEMMA 4. If y(x) ts of class C™® on 0x « œ, where m and q are 
non-negative integers, then 


(3:1) g!lim sup a-«| y) | S lim sup | y(™+o(2) |. 


To prove Lemma 4 we usé Taylor's Theorem in the form 


ym » (a — an) Sy Cn P (ug) / k! 


ken 
3 e ti 

+f f E f y +o (fo)diodii - + + dig. 
So zo £o 


Let M=lim sup... [yo (x) | and pick e>0. Then take xo so large 
that 


(3:2) 


| ye) | < M +e (2 = a). 
It follows from (3:2) that if x =x» 


|» (| s E a| ya) | 1 + E+ e)at/ql, 


qilim sup xx| y? (z)| S M + e. 


Since e is arbitrary, the statement of the lemma follows at once. 


4. Proof of Theorem I. By virtue of (2:1) we can pick x» such that 


(4:1) D se | 439 | /G — 04x < 1/2. 
i zo jl 
If in (1:2) we substitute for y(*—9 (£—2, - - - , n) the values obtained 


from (3:2) by replacing m by n—i and q by #—1, and solve the re- 
sulting equation for y, we get an equation which upon integration 
between the limits x) and x gives 
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d eS 


y» = y) - XY f ao $97 ye ad 
1-23 k=l 
(4:2) — x4 f ie el] is A (4) y C7 (todt - - - di; 4 
ca f * B(0dt. 


Define the quantities B and « and the function M(x) by the equations 
B= max f B(t)dt |, 
[AE TALI E 
a= | y 7? (29) | 
n o 2 i 
€x STOLE Elya] att g, 
imal a, imo Al 


M(x) = max | ym) (f) |; 
E Ostse 








(4:3) 


B exists by virtue of (2:2) and a exists by virtue of Lemma 3. From 
(4:2) and: (4:1) we now get 


(4:4) | yda) | S a + M(3)/2 (x = a). 


It follows from Lemma 1 that y(*7? (x) is bounded on 0 Ex « œ. In 
this event we use Lemma 3 to see that the integrals involving A4,(4) 
on the right side of (4:2) approach limits as x. By (2:2) the 
integral of B(x) approaches a limit. Therefore, y(*7? (x) has a limit, 
proving Theorem I. 


5. Proof of Theorem II when y}(x) does not change sign for 
large values of x. Then we may assume without loss of generality that 
xo is so large that y‘*-) (x) 20 for x zxo and that 


(5:1) dD AU (2)/6 — 1x < 1/2. 
£p tml 

Since y(*-2()) z 0 on ££xy and —A,(#)=A/’ (0 —A/ (0 SA.’ (t), we 
then have from (4:2) and (5:1) that (4:4) holds, the integrals in a 
existing by virtue of the second part of Lemma 3. It follows from 
Lemma 1 that y‘*-)(x) is bounded. Set A; =A{/ —A/' in (4:2). Since 
yD (x) is bounded we see from Lemma 2 that all of the terms in 
(4:2) on the right side approach limits as x— c with the possible 
exception of 


392 J. E. WILKINS - Dune 


3 * z H-1 a D 
6D -ES f [f atem as 
wel Zp fo zo 


- Since A/ 20, y (^7? (to) 20 for to = xo, this term is a nonincreasing func- 
tion of x which is bounded below since all the other terms in (4:2) 
are bounded. Hence it also approaches a limit. Therefore, the limit 
(1:3) exists. 

6. Proof of Theorem II when y(*-? (x) changes sign infinitely many 
times. Suppose first that y (^7? (x) is bounded but that the limit (1:3) 
does not exist. Then we may assume without loss of generality that 


lim sup | y(x) | = lim sup y"7?(x) = M > 0. 
Let x» be a monotone sequence of points such that x, œ, y (7D (xm) 
>0, YD (x,)—M. Let a, be the first point to the left of x, such that 


ya~) (an) =0. We can suppose that a; is so large that for some c «1 
and for i=2, - -, n, k=0,--+,#—2 we have 


(6:1) sec f “aay (di < 2cli — 1 — E)lk&l/n(n — 1) (x z a). 


By (4:2) with xo replaced by a4 and x replaced by x, we have, if we 
observe that y} (t) 20 on a, St Sx«, 


. n Tm 56-1 ti ‘ 
yO (tm) S 2 , f. et f Av (ta) 9") (bo) dta + + + dica 


m Y y cuo | y o7 EP (au) | at 


i2 ken l 


(6:2) : 
+> X “Laro | y= (aV) | dt 


1-2 L0 iuh 


f 7 B()dt | 


Since y‘*-)(#) is bounded, we see from Lemma 3 that the first sum 
on the right of (6:2) approaches zero as m— o. By virtue of (2:4) 
so does the last term in (6:2). If we use Lemma 4 we discover that 
the upper limit of the third sum in (6:2) can not exceed 


^ (n—1- k) 
nes S5 ly (am) | 


m= o im? k-0 k laġ E 


+ 





a; ?' (dt 


^ i1 | ye» (2) 


Slimsup X È 


1141! (idi = 0. 
z>0 q=? kl k(t —1— "T T 
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Finally we use (6:1) and Lemma 4 to.see that the upper limit of the 
second sum in ius cannot exceed ! 


a i—1 
lim sup 21 J = Aa) | Dan) a 
a $3 20($— 1— k)i] mini) 


S lim sup » DET yD (g) | dle — 1) 2 cM « M. 
LII 
Referring to (6:2) we see that we have reached a contradiction of 
our choice of the points xn. 


7. Proof that y‘*-(x) must be bounded. To complete the proof of 
the first part of Theorem II, it is sufficient to prove that y(*-P(x) 
must be bounded under the hypotheses (2:3), (2:4), (2:5) and the 
assumption that y‘*-)(«) changes sign infinitely many times. Sup- 
pose on the contrary that y‘*-» is unbounded. Then we can pick a 
_ Sequence x4— © such that 


(7:1) | 37(z4) | & | yD (x) | (x S £w), 


y*- (xw) has the same sign, which we may suppose to be positive, 
-and y (^7? (44) c. Let a4 be defined for x, as in $6, and suppose that 
aris so large that (6:1) holds. Using (7:1) and Taylor’s Theorem (3: 2) 
with m replaced by n—i+k, q replaced by Om k, xo replaced by 0, 

and x replaced by üm, We find that 


ERES 
| yH (au) | S ya) d-i-yi* & * "| yenit (0) E icc 
It now follows from (6:2) and (6:1) that 
o şili! 
YD (aq) <s ye. 42 2 ACO +c 
«e. (#— 1)! 


>) iy -—— a +| f “Bar| | 


tad. A — k— 1)! 


* i i-k-3 | (ni B+) (0) | € ee 
+> X ———— | Àd. 
- 6-3 boð hm kih! - dà 


` Since all of the integrals on the right of this last inequality approach 
zero as m—>œ and 0<c<1, we reach a contradiction. 


\ 


394 J. E. WILKINS 


8. Proof of the second part of Theorem II. Suppose on the con- 
trary that y("7" (x) does not approach zero. Without loss of generality 
we may assume that 

lim y(*-P(z) = 2a > 0. 


Then there exists an xo such that 
(8:1) 3a > y* V(x) >a (x Z xo). 


, Now set 4,— 4/1 —Aj’ in (4:2) and let x o. Then all of the terms 
-on the right approach limits with the possible exception of the term 

(5:2). Since y‘*- (x) approaches a limit, so must (5:2). But by (8:1) 
_we have 


ti-i ^u 
f Ry f YEI (bo) dig + - - dij. > alh — xo) /($ — 1)1. 
zo 


zo 


Consequently, the term (5:2) is greater than 


a] Dd) (t= a) AL (dli — 1)ldi. 
290 wml 
By (2:6) and Lemma 3 this last integral becomes infinite as x— ©, so 
that (5:2) cannot approach a limit. This contradiction completes the 
proof of Theorem II. 

Added 4n proof. Since the submission of this paper to the editors, 
it has come to the author's attention that Theorem I was proved by 
Otto Haupt, Über das asymptotische Nerhalten der Lüsungen gewisser 
linearer gewöhnlicher Differentialgleschungen, Math. Zeit. vol. 48 
(1942) pp. 282-292. Our proof, based on Lemma 1, seems distinctly 
simpler and certainly more elementary than that of Haupt. To the 
best of our present knowledge, Theorem II is new. 
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LIMIT POINTS OF SUBSEQUENCES 
R. CREIGHTON BUCK! 


1. Introduction. In a previous paper [2],? it was shown that for 
simple sequences of real numbers, divergence of a sequence implies 
divergence of almost every subsequence. The proof given there re- 
quired in an essential way that the space be metric. The purpose of 
this note is to show that the above result holds for multiple sequences 
in an L* space. If the space is compact separable metric, even more 
is true: the set of limit points of almost every subsequence coincides with 
the set of limit poinis of the original sequence. 


2. Notation. We denote by x-x[n]-x|n, ns -- -, n], where 
n:=1, 2, - - - , an arbitrary r-tuple sequence with terms in a space M. 
Likewise, x’ =x [n] =x Du(m), Malna), ©- 3. (n2)] will denote an ar- 
bitary subsequence of x; here, for any fixed k, 4,(1), Ax(2), - - - form 
an increasing sequence of integers. This is the natural generalization 
of subsequences x), of the simple sequence x». 

Let S be the set of all sequences s= (Sa) composed of 0’s and 1’s, 
containing infinitely many 1's. This represents in the usual manner 
the class of subsequences of a simple sequence [1, p. 788] that is 
54,71 if x, is chosen, and 0 if x, is omitted. A product measure can 

-be defined in S [4, p. 420; 5, p. 144].? 
Then , 
6-8XS$X---XS' (r factors) 


is the class of all subsequences of an r-tuple sequence. Measure is de- 
fined in € as the product measure over S. 

We assume that some definition of convergence is given for se- 
quences in M. Limit points are then defined as 


Px = $[lim x’ = 5 for some subsequence x’ of x]. 


We recall the defining conditions of the Fréchet limit spaces [3, p. 
71]: 
(L) lim x =p implies lim x' =p for every subsequence x’ of x. 
(L*) lim x 25 1f and only if pC Px' for every subsequence x’ of x. 
L* is the “star-convergence” of Urysohn. 


Presented to the Society, October 30, 1943, under the title Multiple sequences; 
received by the editors December 3, 1943. f 

1 Society of Fellows, Harvard University. 
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X3. Limit points. The following lemma is essential. 


LEMMA. Almost every sCS coincides wiih any fixed (CS in an infinite 
number of 1 coordinates. i Mg 


Set s= (sa) and t= (ta); fa is 1 for an infinite set of a's. Let 
» = f[s«fa = 0 for alla > n], 
C, = 81> Sata = n]. 


Then F, is an elementary subset of S, and furthermore m(F,)=0; 
since Ca C Usan Fr, m(C,) =0. If C= UC, then m(C) =0 so that m(C’) 
=1 where 

C = S|} sata = o]. 


. THEOREM 1. If M is an L space and pC Px, then p C Px' for almost 
every subsequence x' of x. $ 


If pEPx, then for some subsequence x’’ of x, lim x'' =p. Let r be 
the point of © corresponding to x”, and v — (t! D, 0, P). By 
the lemma, for each k there is a set Zi having measure 1, composed 
of points st=(st) of S whose coordinates coincide with those of 
t= (I) at an infinite number of 1's. Then 


ZeXEXAXGOXA 


is a subset of © composed of points ø= (s!, 53, $3, - ++, s") each of 
which coincides with 7 in an infinite number of components. £ then 
corresponds to a set of subsequences x’ of x each of which has a sub- 
‘sequence in common with x". By (L); this common subsequence con- 
verges to p, and pC Px’. This is true for almost every subsequence x’, 
for m(Z)=1. 


THEOREM 2. If M is an L* space with unique limits, then sf x is 
divergent, so 1s almost every subsequence x' of x.t 


Either Px is void, or Px = {p}, or Px contains at least two distinct 
points. If Px is void, then every subsequence of x is divergent. If Px 
contains distinct points and q, then by the previous theorem, these 
are. limit points of almost every subsequence, and since limits are 
unique, these are in turn divergent. Finally, if x is divergent and 
Px= {p}, there must bea subsequence x"' of x for which Px'' is void. 
As in the proof of Theorem 1, almost every subsequence x' of x has 
a subsequence in common with x’’, and must therefore be divergent. 


* The statements of this and the following theorem were altered at the suggestion 
of Dr. M. M. Day. 
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We | now suppose that closure of subsets of Mi is defined.- 


THEOREM 3. If M isan L spa and Px is separable, then Px' = Px 
. for almost every subsequence x’ of x. 


Choose a countable dense set EC Px. Let A, be the class of sub- 
` sequences of x having p as a jimit point. ‘Theorem 1 states that if 
pePrx, m(A,)=1. Set A =(\pen Áp; since E is countable, m(A) —1. 
Thus, for almost every subsequence x’ of x, ECPx'CPx. Closing 
these sets, we have the-theorem. 

If M is a neighborhood space, and we define convergence in the 
usual way, M becomes an L* space. Thus, Theorem 1 holds for multi- 
ple sequences in any topological space. If, further, M obeys the Haus- 
dorff separation axiom, limits are unique and Theorem 2 holds. If M 
is a topological space with second countability, then Pei is separable, 
and Theorem 3 holds. 


COROLLARY 1. If M is a topological space with second countability, 
such that the interior of any neighborhood of-a poini contains a neighbor- 
. hood of that poti then for smal Sequences x, Px — Px' for almost all 
subsequences x' of &. 


The additional assumption implies that for simple sequences, the 
set of limit points is closed. (It might be noted that, as subsequences 
_and limit points are here defined, the set of limit points of a REEDS 
sequence need not be closed!) 


COROLLARY 2. If, in addition to the assumptions above, M is also a 
group, then almost every bracketing of the series > ax leaves the set of 
mit poinis unchanged. 


As in [2], bracketing a series is equivalent to selecting a subse- 
quence. 
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CLUSTER POINTS OF SUBSEQUENCES! 
M. M. DAY 


In the preceding paper [1]? Buck defines a class of “subsequences” 
of a multiple sequence and shows that “almost all” of such subse- 
quences have certain properties. This note is essentially based on a 
different choice of the definition of “subsequences” ; that is, this paper 
and [1] are generalizations in different directions of a preceding pa- 
per by Buck and Pollard (reference 2 of [1]). In this discussion counta- 
bility is the important property of the index systems such as the 


- integers underlying the simple sequences or the n-tuples of integers 


underlying the multiple sequerices. Countability is a slightly stronger 
condition than is necessary since the results will be shown to hold as 
well for functions of s variables as for multiple sequences; some other 
special cases are mentioned at the end of this paper. Also I modify 
Buck's approach by considering cluster points in neighborhood spaces 
rather than limit points in convergence spaces [3]. It may be men- 
tioned that even for multiple sequences Theorems 1 and 2 of these 
papers are independent since Buck's set of “subsequences” is a set 
of measure zero in the set of "subsequences" considered here; my 
Theorem 3 contains the corresponding theorem of [1] as a special 
case, Lemma 1 and its corollary, Lemma 3, are the fundamental re- 
sults on which the theorems rest; Lemma 3 is the generalization ap- 


. propriate to this paper of the lemma in $3 of 1]. 


: 1. Preliminaries. If R is any set, a product measure can be defined 


in the set of characteristic functions of subsets of R [1, footnote 2] 


and this in turn induces a measure | - - - | for subsets of the set € 
of all subsets E of R; this measure is non-negative, completely addi- 
tive, and (if R is infinite) takes all values between 0 and 1 inclusive; 
its other principal characteristic is that if 1, * ^ +, f CR, then? 
{E| no r;CE} is of measure 2-*; hence if E, is an infinite subset 
of Rand A = | E| EYE, is empty], |A] —0. 

An index system R=(R, 2) isaset Randa binary relation 2 such 
that 2 is transitive and every element r, has a successor 117r, such 
that ro? ri. (In the language of [4] R is oriented and has no terminal 
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elements.) A set E in R is called cofinal in R if for every r in R there 
exists r' =r with r' in E. Let E* = (r|rzsomer' in E]. 

Note that if R is the system of integers ordered by magnitude, then 
the cofinal subsets of & are the infinite subsets; for g defined on a gen- 
eral index system R it is clear that reducing the domain of definition 
of g to a cofinal subset E of R is a generalization of the process of se- 
lecting a subsequence in case R is the system of integers. 

A subsystem &' 2 (R', z) of R=(R, Z) is a subset R’ of R with 
the order relation between points of R' defined by that in R; if R' 
is cofinal in the index system Q, then (R’, 2) is also an index system. 
Cofinality is transitive in a transitive system; that is, if R’ is cofinal 


' in (R, 2) and R” is cofinal in (R’, =), then R” is cofinal in (R, =). 


We may note that if R is the set of n-tuples of integers (the case 


studied in [1]), where (à, - - - $4) & Gn - - - , ja) if and only if 442: 


for every k Sn, then the product subsets defined by Buck are cofinal 
in R but are very sparsely. distributed in the set of all cofinal subsets 


of Rito be precise, such sets form a set of measure 0 if 52:2. A product 


set in the set of n-tuples of integers, RSIXIX--:- XI, is a set of 
the form E,XEX --:- XE,, E,CI; these product sets define the 


. Class of “subsequences” used by Buck. If E, is the set of elements of R 


with all coordinates not greater than k and if A, is the class of all 
subsets E of R such that EME; is a product set in Ey, then A = Ay. 
It is easily seen that if E’CE,, {E|EOE,=E’} is of measure 2-*'; 
since there are (2'—1)"+1<2"* product sets in Ey, it follows that 
|4s| «277^; if n22, this tends to zero as k increases so | A| =0. 


LEMMA 1. If R has a countable cofinal subset and ( is the set of all 
cofinal subsets of R, then |@| =1. 


Let R’ be a countable cofinal subset of R and suppose EEC; then 
there exists r in R such that (r)*\E is empty. Since there exists r’ 


_ in R’ such that r’ 21, it follows that (r^)*/AE is empty. Since r’ has an 
' infinite number of distinct successors in R’, the set A, -ÍE|(r)*^& 


ij d is of measure zero. Since £—(9— Ue Ar, | É- 9| =0 so 
(| =1. : E 

By means of this lemma we can define a measure in (? by taking 
the measure in € of elements of (?; since | el —1, wecan talk meaning- 
fully about almost all cofinal subsets of & [5, Theorem 1.1]. Note 
that cofinality of E is not affected by adding or removing a finite 
set, so (? is a “homogeneous” subset of É and therefore if it is measur- 
able must have measure 0 or 1; which case occurs when R does not 
have a countable cofinal subset, I do not know. 

X is a neighborhood space [3] if for each x in X is defined a non- 
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.empty family of subsets of X, the neighborhoods of x. If g is a func- . 
'-tion defined on an index system R with values in- a neighborhood 
space X, x is a limét point of g (symbol: x —lim @z,z) g) if for each neigh- 
borhood N of x and every roin R there exists riz ro such that g(r) C.N 
whenever rz ri. (This definition is due to Alaoglu and Birkhoff [2]; 
in case R is directed it reduces to the standard simpler, form: 
x —lim r,» g if for each N there exists ry in R such that g(r) €N when- 
ever r Z ry. R is directed if every pair of elements has a common suc- 
cessor.) A point x is called a cluster point of g if for every neighborhood 
N of x and every ro in R there exists riz: ro such that g(r) C.N. Clearly 
every limit point of g is a cluster point of g, but not conversely. (See 
: Lemma 2 below.) If g is a function from R into X and E is a cofinal 
.Subset of R, let ga be the function g reduced onto E and let Qgz be 
the set of cluster points of gg; the funczion gg and the set Qgz will 
play a role here analogous to that played by the subsequence x' and 
the set Px’ in [1]. Clearly x=limr,>) g implies x—lim(z,z) gs for 
every E cofinal in R. Let Pgs be the set of limit points of functions 
£x; for E! cofinal in E; that is, x C Pgz if and only if there exists E' 
cofinal in (E, 2) such that x 2lim a,z) £m. 

Recall that X is said to satisfy Hausdorff's first countability condi- 
tion if for each x in X there is a countable set [.N;] of neighborhoods 
of x such that each neighborhood of x contains an N;. The next lemma 
shows the connection between Qg and Pg. 


LEMMA 2. If R has a countable cofinat subsystem, if X satisfies the 
first countability condition, and if the intersection of each patr of neigh- 
borhoods of each point x of X contains a third neighborhood of x, then x 
is a cluster point of g if and only if there exists E cofinal in R such that 
x —lim(z,z) gx; that is, Qg — Pg. 


Qg D Pg with no restriction on R or. X, for x —lim(sz,a; gs and Na 
neighborhood of x imply that if r CR, there exists ri in E with n2r 
and then an rs in E such that rszr1 ard g(r) C.N. If R and X are 

- restricted as above and if x is a cluster point of g, there exists a se- 
quence {N } of neighborhoods of x such that each neighborhood of x. 
contains an NV. By the other condition there exists a decreasing se- 
quence of such neighborhoods M1) N2D ::: DNiD-:-. Enumer- 
ate R in a sequence iri E then let rı be a point of g-!(N:) which 
follows rf ; let rs and r; be points of g1(IN2) which, respectively, follow 
ri and ry ; let r4, rs, re be points of g-1(N3) which follow 7, rs, and rz, 
and so on. Then E= {r;} contains a successor of every element of R’, 
so is cofinal in (R’, =) and hence cofinal in R. If N is a neighborhood 
of x, there is an N;CN and there exists » such that g(r} EN; if $zn. 


t 
f. 
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- Since the set of all r which do not precede any ri, <n, is cofinal in R 


and contains all successors of each of its elements, its intersection 
with E is a set of the same sort in E; this shows that E has the desired 
property; that is, that x =lim z,zy gz. ` : 

Note that no such relation holds for multiple’ sequences if the co- 
final sets of R which are used are restricted as in [1] to be product 
sets. f 

. We used Lemma 1 to show that “almost everywhere” has meaning 
in (?; a simple application of-the same proof gives the next result 
which can be regarded as an extension of the lemma of [1, $3]. 


LEMMA 3. If R has a countable cofinal subsystem, if Es is cofinal in R, 
and if A = {E| EDE, is not cofinal in Eo}, then | A | —0; that is, almost 
every E of C meets Ey $n a set cofinal $n R. 


Let E, be a countable subset of Eo cofinal in (Eo, =); then ENE, 
not cofinal in E, means that there exists rg in E, such that 
EMEo\(ra)* is empty. For fixed r in E, let 4,— {E| ENE, W(r)* is 
empty ] ;. since Ew WMr)* is infinite, | 4.] —0; since A=U,ez,A,, 


|a| 20. 


2. Cluster points, We.now proceed to the analogues of the theo- 
rema of [1]. É 


THEOREM 1. 7f £s an index System with a countable cofinal subset, if 
X satisfies the first countability condition, if g is a function from R 
into X ,'and sf x C Og, then x C Qgz for almost every E of C; that ts, each 
cluster poini of g is a cluster point of almost-every gg. 


x is a cluster point of g if and only if g-!(N) is cofinal in R for 
every neighborhood N of x. If {N;} is an equivalent sequence of 
neighborhoods of x, let 4;= {E | E(g^(N;) is not cofinal in g> (N; } ; 
then, by Lemma 3, |4,|=0. Setting 4=C—U;4, |A|=|@| =1. 
If EEA and N is a neighborhood of x, there is an N,CN; since EG A,, 
E\g-(N,) is cofinal in g“(N,) and hence cofinal in R. Since 
E\g-\(N)DENg-(N,), ECWw-(N) is also cofinal in R and there- 
fore is cofinalin (E, =); that is, if Nisa neighborhood of x and EEA, 
£ '(N)'ME is cofinal in (E, 2), that is, x is a cluster point of gz if 
ECA.'. : ] 

Limit points have an analogous property. 


~ THEOREM 1'. If R and X satisfy the hypotheses of -Theorem 1, then 
x-—limq,z, g £f and only if x-—limqz,a ga for almost every E $n Ç. 


If x —lim œ,» g, then x —lim (s, gx for every E in C. If x slim (n,25 £; 


4 
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there exists a neighborhood N of x and an ro in R such that every 
.fi»fe has a successor ri»fi for which g(r) EN; let Eo= Ír] g(r) 
€ X —N and r>ro}; then if Eı is so chcsen that Eo and Ei have no 
common successors and EU E; is cofinal in R, by Lemma 3 the set 
A= {E| EC\(E.UE) is cofinal in R} is o? measure 1. For any such E, 
EME, is cofinal in (Eo 2) so xzlimq(g,z; gs if ECA; that is, 
x~lim(z,2) g implies x»£lim(g,z; gg for almost every E in Ç. 
Say that g is divergent if x —lim z,» g is false for every x in X. 


COROLLARY. Lei X and R satisfy ike conditions of ihe theorem 
and suppose that g ts divergent; then for each x $n X the set 
A= (Ex —lim az; gu} is of measure zero. Hence tf almost every gs 
has a limit point, then Pg ts uncountable. 


The first statement follows immediately from the theorem. For the 
second, {El es has a limit point] =U.zep,As; since | Aal =0 and 
| Use»; 4 .| =1, Pg is uncountable. 

_ The next two results are related to Theorem 1’ but stronger hy- 
potheses enable us to draw stronger conclusions. 


THEOREM 2. If X and R satisfy the conditions of Theorem 1 and sf 
each patr of distinct points of X has a pair of disjoint neighborhoods,‘ 
then g is divergent if and only 4f almost every gg ts divergent. 


If g has the limit x, so does every gg. If g is divergent, by the corol- 
lary |A«| =0 for every x. By the first statement in the proof of 
Lemma 2, if x1—lim a,,3; gg; then x1 is a cluster point of g; by Theo- 
rem 1,z1isa cluster point of almost every gs. Let A = {E| xisélim 8,2) £g 
but gg has a limit point]. If E is in A, let x -lim(s,z; gx; since there 
exist disjoint neighborhoods Ni of xı and N of x and since gg plunges 
eventually into N, there is an rı in E such that gz(r)& Ni if r>n 
and r C E. Hence gg !(N1) is not cofinal in (E, z), so x1is not a cluster 
point of gg when EC A. Hence | A| 20 by Theorem 1; since | 4,| ^0 
also, we see that | {E| gx has a limit} | -|4| -|44] 20... 

Buck notes that the proof of Theorem 1' can easily be modified to 
prove another theorenr with the same ronclusion as that of Theo- 
rem 2. 


THEOREM 2'. If R has a countable cofinal subset and if X satisfies 
Hausdorff’s second countabslity condition, then g ts divergent 4f and only 
if almost every gg is divergent. 


* This is the separation condition in a Hausdorff space; however X need not satisfy 
the other axioms of such a space. 

* In this system the second countability condition becomes: There exists a count- 
able subset ( N;] of subsets of X such that for each x and each neighborhood N of x 
there is an ¢ such that N; contains a neighborhood of x and NC N. 
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LEMMA 4. If every neighborhood Nof x contains a neighborhood N' 
of x such that for every y in N' there ts a neighborhood Ny, of y with 
N CN, then Qg is closed in X. 


If x is in the closure of Qg, then for every neighborhood N of x 
there is a point y in N’(\Qg; then for every ro in R there exists 
rizifo such that g(r) EN CN so xc Og. : 


THEOREM 3. If R and X satisfy the hypotheses of Theorem 1 and 
Lemma 4, and if Qg is separable, then Og =Qgz for almost every E $n (2. 


Take a countable dense subset X’ of Qg and follow the proof of 
Theorem 3 of [1], using Theorem 1 and Lenima 4 at the appropriate 
points. This is much stronger than the corresponding theorem of [1]; 
the principal extension is that this formulation is valid for all essen- 
tially countable index systems rather than for the integers alone. In 
case R is the system of integers, this result includes that of [1] since 
the hypotheses of [1, Theorem 3] imply the hypotheses of Theorem 1 
and Lemmas 2 and 4; Theorems 1 and 2 are not generalizations of the 
.corresponding results of [1] but rather are generalizations in a slightly 
different direction from the case s — 1 of those theorems. 

Note that a metric space satisfies all the hypotheses on X except 
that on Qg in Theorem 3; there the requirement that X is separable 
would be a sufficient additional condition. Hence with X metric and 
R having a countable cofinal subset, the set Qg used in this paper is 
equal to the set Pg analogous to Px of [1]. Any countable index sys- 
‘tem will do for R as will the system of real numbers ordered by mag- 
nitude or the system of n-tuples of real numbers ordered by 
(ar ** * , Gn) ZÈ (bu - +, b) ifa; b; for all ¢Sn. Another such. sys- 
tem is the system of n-tuples (r1, ©- - , r4) where r; CR; an index 
system with a countable cofinal subset, and where (ri: *, fn) 
(rl, url)if£ nr orn ril andr:>ri or, forsomej Sn, r;—rl 

for ¿<j while r;>rj. (This is the so-called ordinal or lexicographic 
` product of the systems &,.) Still another example is the system of 
pairs of integers where (41, 44) 2 (Ju, ja) means that #:=4% and j1 2j. 

It may be noted by means of Lemmas 1 and 3 that the proofs of 
Theorems 1 and 2 of [1] also hold when the set IXIX - - - XI used 
in. [1] as the domain of the function x —x [5 is, - - - , i4] is replaced 
by RıXRıX «++ XRa; where the R; are any index systems with 
countable cofinal subsystems, providing that © is then defined as 
(QXQVX - - - XCa where C; is the family of cofinal subsets of Ri. 
The theorems thus obtained almost include the corresponding results 
of both papers, the case n= 1 giving analogues of the present theorems 
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` with stronger hypotheses, the case where all R= I giving those of [1]. 
. An open question is whether the existence of a countable-cofinal 
subset is needed to derive the conclusions of Lemmas 1 and 3; if not, 
some iweakeuing of the hypotheses of the theorems would be possible. 
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A THEOREM ON THE UNIT GROUPS OF SIMPLE ALGEBRAS 
l | BALPH HULL’ 


1. Introduction. Let & be an algebraic number field of finite degree 
m and let A be a normal simple algebra of degree n, order n?, over k. 
Our object is to prove the following theorem. 


THEOREM. If A is an R-algebra, that ts, tf n>2 or at least one infinite’ 
prime place of k is unramified in A when n=2, then any two distinct - 
maximal orders of A have distinct groups of units. 


There are essential arithmetical differences between algebras which 
satisfy the R-condition (R-algebras) and those which do not, espe- 
cially with regard to class- ‘number properties (Eichler [1, 2, ap. 1 The 
meaning of the R-condition in the case n=2 is as follows. Both k 
and A are simple algebras over the field ko of rational numbers, of 
orders m and 4m, respectively, over ko. Suppose ko is extended to the 
field kı of real numbers. Then the extendéd algebra k Xfi is the di- 
rect sum of fields, each of which is isomorphic either to kı or to the 
field ka of complex numbers. This decomposition of k Xk: involves 
the. decomposition of A Xk, into a direct sum of simple algebras 
over ki, the centers of which are the corresponding summands of 
kX. Each summand of A X& is either (1) a matrix algebra of de- 
gree 2 over kı, (2) a matrix algebra of degree 2 over ką, or (3) the di- 
vision algebra of quaternions over kı. With each summand of k Xi 
is associated an infinite prime place of k which is said to be ramified 
or unramified in A according as the corresponding summand of A X ki 
is (3) or is either (1) or (2). The R-condition for» —2 is thus equiva- 
lent to requiring that not all summands of A X be (3), in other 
words, that A over & is not a totally definite quaternion algebra. 
The condition is in general indispensable in our theorem. For ex- 
ample, the unit groups of all maximal orders in certain definite qua- 
ternion algebras over ko consist of the units +1 only. 

The proof of the theorem will be based on the following Hilfesatz 
due to Eichler [3, p. 239, Hilfssatz 9]. 


‘Let A be an R-algebra, let O be a maximal order of A, and let § bea 
two-sided O-ideal. If A is an element of O whose reduced norm N(@A) 
-is congruent modulo (y to a unit of k, then © contains a unit £v 
modulo iy. : 

. Presented to the Society, November 27, 1943; received by the editors December 3, 
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By local (p-adic) methods we shall first reduce the proof of the 
theorem to that for a special case. The lemmas proved for this purpose 
are independent of the R-condition and may be of interest also in 
another connection not discussed here, namely, in the problem of im- 
bedding non-maximal orders in maximal orders. Next, also by local 
methods, we prove the theorem in the special case by applying the 
Hilfssatz. Finally, we indicate briefly an application of the theorem 
to the determination of the structure of the Brandt groupoid of nor- 
mal ideals of A. 


2. Reduction to a special case. Let A’ be a normal simple algebra 
over a p-adic number field k’. Let y be tne index of A’, n=vx. Then 
A’ is the algebra of matrices of degree x with elements in a division 
algebra B’ of degree v over k’. If k=1, the unique maximal order 0’ 
in B’ is the only maximal order in A' — B'. If x>1, the set 


(1) D = $e (i, j = Í,- rK), 


where the e,, are ordinary matric units in A’, is a maximal order in A’. 
Conversely, every maximal order in A’ is of the form (1) with the 
appropriate e,;. s 

Let p’ be the prime ideal of B’. Then p’ is a principal ideal: p' =o’ 
— or, where v is a prime element in B’. The ideal $' — O'p' 2 p/O' 
=) ein! is the O’-prime-ideal in A’. If £' is any integral O’-left-ideal 
in A’, the matric units can be further selected (Hasse [1, p. 524]) so 

. that (1) holds and also 


(2) V =A = Y eus orti nte), 
where the a’s are non-negative integers. The right order of &' is 
(3) AIDA = X eip (ert * 27 rb tas), 
The intersection of ©’ and A-1$)/A is 
(4) i CY AOA = 2 e,5. + x ei pl acci en, 
E < 


Equations (3) and (4) are readily verified by displaying matrices in 
the usual way. . 
With these preliminaries we are ready tc prove the following lemma. 


Lemma 1. Let A’ be a normal simple algebra over a p-adic number 
field. k', and let Of and Of be any two distinct maximal orders in A' ; 
whose distance is Dia = (Di Of)". Then, either Di, is irreducible, or there 
extsts a maximal order $4 4n A’ such that Of OD DO! OD and such 
that Dis = (504 OL )— is irreducible and divides Dig =DD. 
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By a remark above x>1, since otherwise A’ would have only one 
maximal order. Let Of =’ in (1) and Dy =’ in (3). Then 2/24, 
since Ox xO’, and hence at least one a; in (2) is not zero. If a1 were 
not zero, X’ would be divisible by the two-sided ideal $’, contrary to 
the properties of a distance ideal. It follows that there is a fixed 
rz2for which a,—a12 - -- 2a, 1—-0,a,5»40. If r=x, a, =1, $1 -&' 
is irreducible and the first alternative in Lemma 1 holds. 

Assume that r «x or a, 1 if r=x. Then 2’ has the irreducible left 
divisor 
(5) 3 = D'An Ay =1 + (r X Ler. 


For, A=A,Ao, where Ag is in ©’. Writing Of =A>1DA,, D A=’, we 
have =% D, D'= Ao. Since X,’ is irreducible and has ©’ and 
©; as its left and right orders, %/ is the distance $/,. It can be shown 
easily, but is not required in what follows, that D’ = (04 Of )- =D. 
By a simple computation, we obtain 
(6) Oi = ADÉOA, = > CiD" + Z erip! + 2 ei) + Cred! , 

ty ir i<r 
and 


(7) O'N OF = D fuo + e + 2 es. 
qr 
Comparison of (4) and (7) shows that O'AO 29M. This com- 
pletes the proof of Lemma 1. 
The reduction in the large, corresponding to that in Tenma 1, is 
based on the following lemma. 


LEMMA 2. Let A be a normal simple algebra over an algebraic number 
field k and let-D, and Da be any two distinct maximal orders in A, whose 
distance is Dy =(0201)—!. Let p be a prime ideal of k which divides the 
reduced norm N(D1:). Then, either S ts irreducible, in which case 
AN (Sas) =p, or there exists a maximal order Ds in A such that OOD; 
DOUVDOs: and such that Du = (Os01)—! is irreducible, has norm p, and 
divides Du — Ou8. 


In proving Lemma 2, we write © for © and use primed symbols, 
without ‘subscripts, to refer to p-components for a fixed p which di- 
`~ vides N(;). 

_ The ideal Op is a power of a two-sided O-prime-ideal P: 


(8) ý Op = pO = P’, n= UK, N(P) = *, 


3 See Deuring [1, chap. VI, VII] for definitions and properties when explicit 
reference elsewhere is not made. 
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“where y =v, and x— x, are the order of ramification and the capacity, 
respectively, of p or of P in A. In A, P decomposes into a product of x 
irreducible ideals, each of norm f. In accord with (8), the index of A’, 
over k’, is v. The p-component Dy is the distance (Oy Oy) (Hasse [L 
p. 529]; cf. Deuring [1, p. 104]). Moreover, Di O’, since p| N (Dn). 
Hence Of #0’, from which it follows that xz 2, y «n. If Dy is irre- 
ducible its norm is necessarily p, and we have nothing to prove. We 
now assume that Du is not irreducible and obtain $i and Os of the 
lemma by the usual method of specifying their components at all 
finite prime places of k. 

Let qı denote any prime ideal of k, other than p, which divides 
N(Qu). If there is no q we omit (10) and the gi-components in 
(13), - - - , (16), below, but the argument is not essentially altered. 
Let qa be any prime ideal of k which does not divide N(i;). By 
Lemma i, we have ` 


(9) Di = Dw, O1003D0' NO, 


where Di; is the distance ($54 Of )-! and is irreducible. Also, for any 
qı and any qs, 


(10) Diaa =O. Dua Del lbs D On O Diw 
and l 
(11) Dira = OOo — Das = On N Du 
where the first statement in (11) follows from 
(12) On = Oin = Diza» qs { N@1). 
Consider the sets 
` (13) Dis, Das Og for all qı and all qa, 
(14) ©’, Oa, Da» for all qı and all qs, 
(15) : On Duo Ou, for all qı and all qs, 
and 
(16) Os O Oo» Jor all qı and all qs. 


The intersection of (13) and A is an irreducible left divisor Dis of Du, 
that of (14) and A is O, that of (15) and A is £55, and that of (16) and 
A is Os, the right order of Dis. The irreducibility of fu follows et 
once from its definition by (13) and the irreducibility of Dis. That 
S51 divides Dr follows from the first statements in (9), (10) and (11). 


^ oe 
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The statements concerning (14), (15) and (16) are evident. Moreover, 

Du = (OO) since Dis is irreducible and O; and ©; are its left and 
right orders, respectively. We write Du=DisDas but omit the proof 
that Da = (DD). - 

Let ef be any element of $O/ MO. Then Ai is in the p-, qr, and 
q:-components of both © and $5, for all qı and all qs. By the second 
statements.in (9), (10) and (11), e£ is in the corresponding compo- 
nents of ©3. Hence ef is in D, and OMODs, since ef is in A. This 
proves that OMO3;DOM Os, and completes the proof of Lemma 2. 


3. Proof of the theorem. By virtue of Lemma 2, in order to prove 
the theorem it evidently suffices to prove that if Du = ($0301) 1 is tr- 
reducible, there is a unit in O, which is notin Ds. 
~ Let N($1) =p, and take p to be the fixed prime ideal of k in $2. 
As before, we use primed symbols, without subscripts, to refer to 
p-components, and we write © for O:. We employ the representation 
(1) of O’, and have x=2 by an argument used in the proof of Lemma 
2. The “canonical” form of Dis corresponding to (2), is 


(17) 7 2 Dis = o A, = 1 + (r — len, 


and we assume that the e;; are chosen so that (17) holds. The ideal 
Dh divides the two-sided ideal O'P =’, where P is defined in (8). 

Consider the element e4,=1+e,-1,, of O’. The reduced norm of an 
element of ©’ is the determinant of the matrix representing it in (1), 
with the understanding? that the coefficients, in B', are replaced by 
their corresponding matrices in a reduced representation of B’. It 
follows that N(e4,)=1=1 (mod O'P). Since D/P and $9'/9)'P are 
isomorphic, there exists an element ef in © such that A=, 
(mod O'P) and N@4)=1 (mod P). Using, at last, the assumption 
that A.ts an R-algebra, by Eichler's Hilfssatz, $ contains a unit 
Eee (mod P). We shall prove that € is not in Ds. 

Using (17), we get 
(48) Of = AOA = DY euo! + taco! + 2, eu 2, eu. 

tri<e i«x <x 

Comparison of (1) and (18) shows that vf, is not in Oj. Since £f, 
(mod O'P), € is not in Of and hence € is not in Os.- 


4. An application of the theorem. The author was led to the theo- 
rem in attempting to answer the following question proposed to him 
some time ago by Professor R. Baer. The normal ideals of an algebra 


3 This is essential if » 1, since then B is noncommutative. 
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A form an infinite groupoid (Brandt [1]) with respect to proper multi- 
plication. The normal ideals having the same left order form, simi- 
larly, a Mischgruppe (Loewy [1]). Baer [1] has shown that the theory 
of the latter, and hence the closely related theory of groupoids, is 
essentially subordinate to the theory of a group Gand a non-invariant 
‘subgroup H. Indeed, with one trivial exception, every Mischgruppe . 
is isomorphic to the factor-Mischgruppe (G||H)1 of cosets H G, GEG, 
for suitable G and H. Similarly, every Brandt groupoid, with the 
corresponding exception, is a factor-groupoid (GIE) B of cosets 
. GrHG2, GEG. The question is: Are there groups G and H in an 

' algebra A such that (Gl| H)s and (alla z are isomorphic to the groupoid 
and Mischgruppe, respectively, of normal ideals, described above? 

By means of our theorem a partial answer to this question can be 
given. Let © be any order of A, U the unit group of ©, A* the multi- 
plicative group of nonsingular elements of A. Then tf A is an R-alge- 
bra, the Mischgruppe of principal O-left-ideals DA, ACA*, and the 
groupoid of ideals Ap $us, A,GA* are isomorphic to (A*|| U); and 
(A* | U)s, respectively. 

The Mischgruppe and groupoid described are natural generaliza- 
tions of the group of principal ideals of k, and hence the above ‘iso- 
morphism, for R-algebras, is a natural generalization of the isomor- 
phism of the group of principal ideals of k with the factor group k*/u, 
where u is the group of units of k. However, Baer's formal subordina- 
tion of the theory of the Brandt groupoid to the theory of groups does 
not seem to make the concept of a groupoid, as such, any less essen- 
tial to a satisfactory arithmetical theory of simple algebras. The 
above isomorphism for R-algebras evidently fails for the rational 
definite quaternion algebras cited in the introduction since (A*l| U)z 
and (A ‘| U)s are both groups if U consists of +1 only. 


` 


REFERENCES t 


R. BAER 
1. Zur Einordnung der Theorie der Mischgruppen in die Gruppentheorie, Sitzunge- 
berichte der Heidelberger Akademie der Wissenschaften, Math.-Naturw. 
Klasse vol. 4 (1928) pp. 1-18. Z 
H. BRANDT 
1. Über eine Verallgemeinerung des Gruppenbegriffes. Math. Ann. vol. 96 (1927) 
pp. 360-366. 
M. DEvuRING 
1. Aigebren, Ergebnisse der Mathematik, vol. 4 (1935). 
M. EICHLER 
1. Bestimmung der Idealklassenszahl in gewissen normalen einfachen Algebren, 
Journal für Mathematik vol. 176 (1937) pp. 192-202. 


1944] B i . THÈ UNIT GROUPS OF SIMPLE ALGEBRAS 075. 41 


“2. e die Idealklassensahi Myperkomploner dis Math. Zeit, vol, 43 (1938) 
pp. 481-494. 

3. Allgemeine Kongruensklasseneinteilungen der Ideale einfacher Algebren uber 
algebraische Zahlkürpern und thre L-Rethen, Journal für Mathematik vol. 179 
(1938) pp. 227-251. ` 

H. Hasse 
A. Über p-adische Schiefhorper und ihre Bedeutung für dis Arithmetik hyperkom- 
flexer Zahlsysieme, Math. Ann. vol. 104 (1931) pp. 495-534. $ 
A. LoEwY 
1. Uber abstrakt definierte Transmudationssysteme oder Mischgrubpen, Journal für 
- Mathematik vol. 157 (1927) pp. 239-254. 


THE UNIVERSITY OF NEBRASKA 


ON STRONG SUMMABILITY OF A FOURIER SERIES 
FU TRAING WANG 


Let s,(x) =a/2) (4, cos vx +b, sin vx) be the partial sum of the 
Fourier series of an integrable periodic function f(t) of period 2r, 
and let p(t) = {f(x +t) -f(x —2) —2s} /2. We shall establish the follow- 
ing result (Hardy-Littlewood [1]). 


. THEOREM. I F 


- 





S e Jf dee eee Lco ]du- o(), ^ ast—0, 


then > eal 5, (x) —s| 2=0(n log log n), as n> c. 
~ To-prove this theorem we require the following lemmas. 


LEMMA 1. 7f 
(2) f | es) | du = o(d), as £— 0, 
then ) 

= 1 f! 90 t sin n(u — 2) 

2| s(x) — s| = SUM : NT ETE ER + o(n). 


. Proor. By (2), for y Sn, 











s(a) = s = + o(1). 
Hence 
È| s(x) — s|? = M ; P 2 sin rt sin 2 + oln) 
| 2 D CLOS Le 
(3). 1/» u—t 


" 2 f. bandi sin n(u + 2) dudt + o(n) 
1/a ¥ 1/s » 


zi ut ut 
= Jı + J+ oln). 
- Received by the editors December 15, 1943. 
1 Numbers in brackets refer to the references listed at the end of the paper. 
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Set P(t) =f" |¢(u)| du. Then 


roof f Ola f LL a), 
But 


iM a (^ i9 a sot f^ Eu log sa Y, 


and 


ê t e(t 5 (t 
f 0 e mit =| ogn +2 f © vog ntdt 
yu.) P t/n 1 B 


/* 


5 (2) ön log ¢ 
-f Pam on) + o(a «f 2 it) 


+ (f Sa) - (n) 
0 oP = oln). 
Hence 


(4) Jı = olh). 


By inversion of the order of integration, and the resolution of 
1/:(t—u) into partial fractions, we get 























2 r! $À sin ae t) 

=— e 

Jı mdan P — di n ET ) Ew u 
* JeW] | " | 
(5 +0(f haf Eas 

1 $ t 

= — $0 dt elu) ame BU du + o(n). 

1/n # 1/n u— 


Lemma 1 follows from (4) and (5). 


Lemma 2. If P(u) and F(u) are non-negative integrable functions in 
(a, b), and W(x) ts a convex function in (0, o), 


v f PaPa / f, Penau} 
s f Pawiro / f, 9. 


This is the well known Jensen inequality (Hardy-Littlewood- 
Pélya [2]). 
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PROOF OF THE THEOREM. Since 1+logt|d(u)| =1, 
f | ow| aus f |G) | (1 + logt | (u) | Jdu = o0). 


Hence by Lemma 1 it suffices to prove that 











8 H t 1 — i£ 
Ga = $0 a f plu) mnm = o(n log log n). 

1/1 # á 1/n u— it 

Now 
nl log n i i uf 
Gn f $() af. (1) sen OD iE 
In # 1/n u—t 
b i nl log ^ 1 —i 
+f $() af ^ olu) sin n(u — À du 

(6) n-llog ^ p 1/n u—t J 





3 i Ed E 
+f 90 af plu) See eee Barm du 
n— log n B t—n71 log n u—t 


E CRESCE 
By (2) we have 





71]og n f 
(7) l= f hal ——— O(nt)d: = o(n log log m), 
1/n 
and 
è t 1 
(8) I, - f 1901 oa = o(n). 
nv logn p log s 
Now set ( ) 
sin n(u — t 
P(u) = cup 
t 
k= f P(u)du ~ log log n, 
t-a— logn 
and 
J {À = | oiu) | P(u)du. 
t—n-! log a 


Applying Lemma 2 with y (x) —2x(1--log* x), we find 


«0. zoe $62] (1 : logt | éG) | PGOdu. _ = 
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Hence 





Fal) 
JQ s uli + logt zb. 
If we suppose now that 
(9) Jat) = Aynt/log nik, 


we find 1--log* (J«(£D/k) 2A log (nt/k), for nt/k zlog n/log log n. 
Hence | 


(10) JÒ S Agnt/log nik”, 


for all values of n and £ such that (9) and the relation nt zilog n hold 
true. 





If (9) does not hold, 
(11) J (À S Arnt/log mk. 
By (10) and (11) we have then 
(12) Jn(t) S Asni/log nik! 
for all values of n and £ for which m zlog n. 

By (12) 

8 8 t 
Ins f B Jadi € A [90] — 
n! log n n! log» n log (n/log log n) 


{se oe 1 
S An ae e 
t log (ni/log log s) 143 logn 


f. &(2) dt 
nl log s n log (nt/log log n) 


| 9$) di 
J -1 log n p (log (nt/log log n))? J 
= o(n log log n). 
From this inequality and (6), (7), and (8) we draw 
Gn = o(n log log n). 


In conclusion I remark that by the above method I established in 
a recent paper the following result, which is a generalization of Hardy 
and Littlewood's theorem [1]. 

If 


f. plu) | du = O(t) and fsa = o(f) ast—0, 
0 0 
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then : ~ 


s(x) — s|? = o(n log n), as f — o, 





Liu 
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* A NOTE ON RIESZ SUMMABILITY OF THE TYPE e" 
B FU TRAING WANG, - 
Recently I proved the following resült in the caser —2 (Wang [4]. 


So Le ot be the rth Cesàro mean of the series ys ode. If of) — s — o(n-77) 
' 0<a<i1, as n— o, where r is a positive integer, and Ga > — Kn, the 
series converges to SUM S. 


For the case r —1 this result has been established by Boas [1]. 
;. His argument, however, does not seem to be applicable in any simple 
. way to the general case. ; 
^. The object of this note is to prove a theorem on Riesz summability 
, of type e“, and then to deduce the rut above from a Tauberian ' 
' theorem of Hardy [2]. 
Let'us put C,(w) =a” i. (e — e *ya;. A series gaon is 
‘ said to be summable (e**, T) to the sum s if’ 


(D... | Clo) = ser? + o(er*?). 


The result by Hardy which is to be called upon is the following: 
If the series 255 - eds, with terms 4,2 — Knet, 0 «ao «1, is summable 
(en , 7), it is convergent. We shall now prove the following theorem. 


THEOREM. If o? —s=o0(n-"), 0 «o «1, as n— c , the series fmol 
is summable (e*^, T) to the sum s, where r2r/(1—a). 


To prove this let 8,— (e^ —e*^), AB. B, — Bayt, AB, AID, 
AB at and 


s? =) 7. 


m= [o]: Then, by successivé Abel's transformations we have 


n—y 


z 


C(u) = 000" + I Bua. 
nal . 


er Tea wert T i i) i 
(2) = ae" + > sa 8; + Ea Bat — E ABr 
b n=l 


ti th i 


Received by the editors January 6, 1944. 
1 Numbers in brackets reter to the references listèd at the ‘end of the paper, 
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Since fm; = (e — e(079*)* = 0(e7 wrd), it follows that 
AGB, ; = Ole uri») -for0 Sisr. 


By a familiar theorem on Cesàro sums we get 


s2, = Ow’), forO Sissy, 
and from this ] ] 
(3) Ja = Ofe wrd) = ofe"), 


Since A'B, — O(er****-»), for 1SiSr, and fi (e —ey, s9 =s 
=<) we get 


(4) Js = eras + o(er**). 
By the hypothesis of the theorem we have 


m—r—1 
A-Y SAT B. = s P» ce . ‘a AB, 


n=l 


‘m—r—1 
+0(% wag). 


n=l 


(5) 


It follows by mathematical induction that 


atl zl zptl 
Arig, CES (— p» f dn f aX, eee f BO) (xy) eater, 
n z1 2, 


r 


where 


“(et - ety), 


dxrti 


BOT) (4) = 





By direct differentiation we have 


“ml or 
BD(g) = P Dy C; je (071 9" eis lal 


pal i=l 


where 7 is taken as a positive integer and the constants c; depend 
upon f, j, 7, r, œ. Hence we get 


(6) Arn, = > O(e (70s? gin? y ce) (a-1)), 


tml 


' Jt is easily verified by Abel's transformation that 


(7) Te ee AHB, = ers 4 olee). 


aml 


s 
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Hence by (5), (6), and (7) 


i . T wast 
(3) Ji = ser 4. o(ers*) + of >> etate) 


m=] a=] A 
= se + oe”). 


The proof of the theorem follows from (4), (2), (3), and (8). 
I conclude by observing that the theorem is the best possible of 
its kind (Wang [4]). 
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1. R. P. Boas, Tauberian theorem for (C.1) summability. Duke Math. J. vol. 4 
(1938) pp. 227—230. 
2. G. H. Hardy, An extension of a theorem on oscillating series, Proc. London 


. Math. Soc. (2) vol. 12 (1913) pp. 174-180. 


3. G. H. Hardy and M. Riesz, T'he general theory of Dirichlet series, 1914. 
4. F. T. Wang, Some remarks of oscillating series, Quarterly J. Math. 


NATIONAL UNIVERSITY OF CHEKIANG 


ON RIESZ SUMMABILITY OF FOURIER SERIES BY 
EXPONENTIAL MEANS 


FU TRAING WANG 


Let f(t) be an integrable periodic function um the period 27. Let 
its Fourier series be 


(1) | fà vA + Ya, cos ni + b, sin nt 
n=l 


and let 
ot) = (f(x + 0 + f(s — 0 — 2s}/2, 


oof) = rO) f 6 — Agd, 


An = an cos nx + b, sin nx. 
We shall prove the following result.! 
If A,» —Kn lr (y 2820) and 
(2) pelt) = olt) as i— 0, 
the Fourier series (1) converges to s at t=x. 
Set a=1—8/y, and 
(3) Cho) = age™®*/2 + 2, (e* — e) An. 


n«o 
The Fourier series (1) is said to be summable (e**, T) to the sum s if? 
Clw) = se + ote") as w—> o. 


Concerning this kind of summability we have the following theo- 
rem. 


THEOREM.’ If (2) holds and v ts a positive integer greater than y+1 
. the Fourier series (1) ts summable (e"", 7) to the sum s at t=x. 


Received by the editors January 6, 1944. 
1G, H. Hardy and J. E. Littlewood [2], F. T. Wang [6]. Numbers in brackets 
refer to the references listed at the end of the paper. 
` 1G, H. Hardy and M. Riesz [3]. 
3 Under the hypotheses of the Theorem I have established that the Fourier series 
(1) is summable (e**, y-+8)(8>0) to the sum s at t=, but the proof is very compli- 
cated. See F. T. Wang [6]. 
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‘The convergence criterion above is deducible from this theorem 
by the use of a result of Hardy,* namely sf ihe series Yoon, with 
terms a,2 — Kn^-!, 0 «a <1, is summable (e**, 7), at ts convergent. 

To prove the theorem we write 





^ sin at 
E,(a, ) - «f (e * — es) rte get da. 


Then we have C,(w) = (2/7) Ji $E, (v, dt sert JFo(e**^), and if we 
take w= 2w, then 





Eso, t) = ar f (e = eriei S desk ole”) 
: = Folh) + o(er*")., 
Hence . r - 
(c C.(w) = (2/7) f e(F. (d + ser** + ole’). 


By setting n= [8]4-1 and differentiating under the integral sign we 


get 
at 
is) i 


in (at — 
sin ( a) F 
pu 





^ d* (, Z2 : : i 
FS a) = Ede f: (e — 2") Tle yo} ; 


= i Kf (e* e e”) les" a7 reni 5 
wi D 
Wee a=(n—i)r/2. D 
By mathematical induction we can 2 cssily establish the formula 


: (a"/dxt) { (e*" = e?)r-tez? gelta) 
(6) 


= Y Y K spe TDO "di got ence n, 
n $1 p0 $ 


Then by the use of (5) and (6) and an integration by parts we find 
` sin (at — b 
See ( ) dx 


(a), P 
Fa (i) = K qoc f 
(7) L xi: i a pe 


E Q(e imo wht), 
‘GH. Hardy [4]. 


^ F.T. Wang [6].: 


6 Throughout this, paper we use K or Ki - asa constant different in different 
occurrences. : 


k 


' 


422 F. T. WANG [June 


where c — (p4-1)(a—1)4-8 —4—(r—1— 2), and b (n—i—74-1)r/2. 
Put £1 in (7). Then FÍ"(0) is finite for 1Sm<n, and PFÍ"(1) 
=o(e7*"), Successive integration of (4) by parts yields 


®) Co) = (2/2) Í Galt Fe (dt + se" + o(e 7). 


By .a theorem on ‘the fractional integral? 


dali) = (1/T(n — 8) f G — uw) es (u)dee, 


we have 


0) Clo) = a) f éXton.cods + se + of"), 
where 


Halu) = Q/r( — 85 f GW EP Ou (n»B»n-1) 


(10) 
= FO (u) (n = B). 


Concerning H,(u) we require the following two lemmas. 


LEMMA 1. For o» K and 0 «u«1, 


n—1 n—1 
Holu) = Y, Olet tu) + Y, Olena ty 2) C 
1—0 


1-0 


+ O(er*on-1(1 — u) A) + Ole ut), 


Proor. From (10) and (5) we have 


Holu) = >> Ki (e — eler galt nt 
1-0 ay 


1 sin (xt — a) 
. (t — u) me ——— ——— dt. 
" pu 


(11) 


Now 


sin (a2 — a) 
pu 


(12) f — 4)r tt dt = O((1 — y= r}. 


' L. S. Bosanquet [1]. 
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It follows from a change of variable, the second mean value theo- 
rem, and a theorem on the T function,® that ' 


sin (at — a) 


= a—fp—1 
f ; (t — u) "E 


13 s ` 
a = yn pi f v" #1 sin (z*(1 + v) — a)do + O(u^-9-3x—1) 
0 


! = Ou) + Ofu i), 


The lemma is proved by (11), (12), (13) and an easy estimate of the 
term i=n in (11). 


LEMMA 2. Forw>K and 0<u<i, 
Hu) E X Oler y ilyrai) + Ofe Do tyka) 
1ml 


a i 
+ X Ole yt $y 0—0 (a-D-n--1) 
0 


+ Ole wD (a-l)-+n—-1(4 zz u)” A). 


Proor. From (13) we get 


an â r rl Lr 
La) => Mee e rdg 
wr 


(14) d 10 jml ped 


S G= uye ———— — aa — D. qp ofrim), 


and 
f _, sin (æt — b) 
(£ — u) t- — — —— dt 
u pue 
zm £44n—f—i—r "—8—l q — bid 
(15) u f ? sin {sull + 2) }do 


+ O(I — Pa) + O(a) 
= «wT-a8-"T(B — n) sin (xu — b^) 
+ OUL — s) 777127) + OCU te), 
From (14) and (15), Lemma 2 follows. 


* E. C, Titchmarsh [5, p. 107]. 
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- H 


PROOF OF THE THEOREM. By Lemma 1 and (2) 


ca9 c0 00 fO tala eda = olor 


ES 


and'by (2) and Lemma 2 


EU Ew s $s) Hale) orn 


P By (9), (16), and (17), me 


Clo) = ser" E olere" ) 
Thus the theorerh is proved. 
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| ON THE ASYMPTOTIC EXPANSIONS OF ENTIRE 
FUNCTIONS DEFINED BY MACLAURIN SERIES 


BUECHUGHES, 


1. Introduction. Let f(z) be an entire function defined by a Mac- 
laurin series of the form 


Qo P. e 


with infinite radius of convergence. We wish, in this paper, to make 

some observations of a general nature relative to the asymptotic be- 

havior of this function in the neighborhood of the point at infinity. 

Some restrictions will, of course, be placed on the coefficient g(s») of z^. 

To begin with, we shall suppose g(#) to be of such character that 

` we can replace s by the complex variable-w —x--$y. Then we shall 
assume that the resulting function g(w) satisfies the following two 
conditions when it is considered throughout any arbitrary right half- 
plane x x: 

(a) it is single valied and anaes NE 

(b) corresponding to any positive number e, there exists a positive 

constant K, dependent only on e and xo, such that 


QN 2 | (a + iy) | < Kelretoini 


. where y is a non-negative constant. 
Under these conditions, if k is a positive integer such that key, f 
then it is known that we may express f(z) in the form 


eo in br " 
fom f aol os} e 


^ 





. (3) 
EX » g- nr + Els, P, 


where / is any positive integer, and where: if larg [ (— TT «T, we 
have limi]... 2/£(s, 7) — 0. 

This theorem was first proved for the special case in which k=1 by 
W. B. Ford [1, p. 30].! The general form (3) is due to C. V. Newsom 
[4]. Both Ford and Newsom have used their results in finding the 
asymptotic expansions of several special types of functions [1, chap- 
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ters 6, 7; 5; 6]. The theorem was also used in [2]. A study of the ex- 
amples appearing in these investigations has suggested to the writer 
the generalities which are noted in the following sections. 


2. A fundamental lemma. It will be observed that equation (3) 
does not furnish complete information regarding the asymptotic ex- 
pansions of the function f(z), due to the presence of the integral in 
the right-hand member. By finding the asymptotic expansions of this 
integral under suitable restrictions on g(w), we shall arrive at a gen- 
eral theorem concerning such expansions of f(z). 

The proof of the theorem reste upon a lemma regarding the asymp- 
totic character of a certain definite integral. This lemma is as follows: 


LEMMA. Consider the function 
(4) F(z) = f H (z)s*dx, 
~ - 


where d is a sufficiently large positive number.? Suppose that the function 

Hw), where w=x-+4y, is single-valued and analytic in the finite w-plane 

and, when considered throughout the arbitrary right half-plane x > xo, can 
be expressed in the form 


Co C1 Cs + 8(w, s) 
i Ne ei Tea T(w 4- s 4- 1)' 


where the c's are constants, and lim|y|.. E(w, s) 20; s=0, 1, 2, - - -. 
Then for values of z of large modulus such that |arg z| «m, we have 


(5) F(s) ~ e Cag ^t, | arg z| x x/2, 


5 0; | arg s| > «/2. 


The proof of this lemma is omitted here since it requires only slight 
changes in one of the discussions appearing in the work of Ford [1, 
art. 20]. 


3. A general theorem. We proceed now to study the function F(z) 
defined by the series (1). We shall establish the following general theo- 
rem regarding its asymptotic expansions. 


THEOREM. Given the entire function 


1 The result also holds if A is a complex number whose real part is positive and 
sufficiently large. The integration then takes place from —A to + œ along the line 
parallel to the real axis, ‘ 
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(6 js » gos", 


suppose that the function g(w), where w=x-++ty, ts single-valued and 
analytic in the finite w-plane and, when considered throughout the arbi- 
trary right half-plane x » xo, can be expressed $n the form 

c a Gy + à(aw, s) 
PEL NER. ERN RES ee . 
Taw +Ò)  Tlew+ i+ 1) Taw + t 4-5) 
where a and a are positive, the c's and t are constants, and lim ||. 5(aw, s) 
=0; s=0, 1, 2, - - - . Then, when considered for values of z of large 
modulus such that —x «arg 3 Sr, the function f(s) ts developable asymp- 
totically $n the form 


1 1—t) Y, = -n ed -n 
(8) fo ~— Xr: 5 "Een -Xac ir 


where Y, denotes the expression g1egMogiv inla, and the symbol X „ denotes 
summation over those integral values of u which satisfy | arg s+ 2mu| 
Sra/2. 


Proor. Under the conditions postulated, when x > xo, we may write 
| g(a + iy) | < Kerara 


where e and K have the meanings described in $1.! Consequently, 
the theorem of Ford and Newsom is applicable to the function f(s) 
if & is properly chosen. If a.proper choice be made, then, for the corre- 
sponding range of arg z, we have 


0) t) e| 


(9) f(s) = $l) — 22 g(— m» + &G D, 
where $(z) denotes the integral 


o 1 kr 
[solo og] TT as 


Lys 





, In particular, if k is selected as the smallest odd integer 2)+1 such 
that k2a/2, then the factor [(—1)**!z]* in the integrand of $(s) be- 
comes s*, and (9) is then valid when |arg z| «7. On the other hand, 
if k is taken as 254-2, then this factor becomes (—2)7, and (9) holds 
for 0 «arg s—z +arg( —z) «2s, and hence in particular when arg s =r. 


3 For the special property of the gamma function from which this inequality re- 
sults, see [1, p. 61]. 
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Now we have 





p 
Y giros. k — 25 4- 1, 
sin krg enm 
sin «x P 
7 ers» ginus; = 254-2. 
B-—p—i 


And since eT: (—2)* —z7, it follows that for either of the two values . 
of k mentioned, the integral $(s) is equal to the sum of & integrals 
of the form 


(10) Age) = f i „SOG entras, 


where we now have —r «arg z <r, and the integer u takes on the 
values indicated in the above identities. 

We shall next obtain the asymptotic expansions of the integral in 
(10). First, we recall that g(x) is expressible in form (7). Hence, if we 
change the variable of integration in (10) from x to x’ through the 
transformation ax+t=x’+1, and then drop the primes, (10) assumes 
the form 


yl 


(1) AG) = f H(a) Vide, 
where Y, is as already defined, \=a(/+1/2)+1-—#, and Hes is of 
the form 
Co e €, + lg, s) 
T(z-- DO Teta (e+ s+ 1) 


We may therefore apply the fundamental lemma of §2 to the integral 
appearing in (11), assuming that / has been chosen sufficiently large. 
In (5), s is to be replaced by Y,, and arg z by (arg s+2rp)/a. Thus, 
for values of z such that —7 «arg Sm and larg z-+2mp| «mra, we 
have 


1 yo Z 
— Y, 
(12) he) ~ far dal 2 


0, 


the first result holding when |arg z4-2xy| S7a/2, and the second 
otherwise. 
Having established (12), we have only to sum the expansions of 


` 
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ha(3) over the proper values of » in order to arrive at the expansion 
of the integral (z). Evidently this will yield the expansion 


(13) 6) ~= x (ed ars"), 


where Şa has the meaning already stated. 

Finally, if we replace $(s) in (9) by its asymptotic expansion given 
in (13), and write the result in asymptotic notation, we arrive at (8). 
This concludes the proof of the theorem. 


4. Special cases. Dominant terms. We shall now note the simpli- 
fied forms assumed by (8) for certain values of a and of arg z. At the 
same time, we shall pick out the dominant terms in each form. First, 
if æ is such that 0 «a «2, then the condition | arg 3+2rp| &ma/2 is 
satisfied only by u=0 when |arg s| Smo/2. Hence for such o and 
arg 2, we have 


1 co oo 
(4) J) e — (08) 07 ?!* exp (ez)!« 9 calos ia — 2, g(— ms". 
a ' n=O n=l 


Here we see that the first series is dominant when arg z is confined 
to the narrower range | arg z] <raæ/2, but not when |arg z| =Ta/2. 
Furthermore, if a=2, and larg z| <r, expansion (14) still holds, and 
the first series is dominant. 

On the other hand, if we have 0<a<2 and |arg s| >ra/2, but 
still such that —z «arg sz, then no integral value of u satisfies 
larg s+ 2r] Swa/2. Hence, for such values of z, (8) reduces to the 
form 


a9 c fe) ~ — X C m. 


It is to be noted that this result is.consistent with another theorem 
due to Ford [1, p. 4] according to which (15) holds throughout the 
open sector 70/2 «arg 3 «(2—a/2)r. 

Finally, we note that when a22, the terms affected by ?^, are 
dominant over the last series in (8), this being true for all values of 
arg s under consideration. 


5. Supplementary remarks. Several supplementary observations 
relative to the theorem established in $3 are now to be noted. In the 
first place, we have required that the function g(w) have no finite 
singularities. Suppose, however, that it does have a singularity at 
toíz- 109, while (7) continues to hold for all values of | w| sufficiently 
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large. Then if w is not a negative integer, the theorem still holds 
_ provided that we subtract from the right member of (8) the asymp- 
totic expansion of the loop integral 


e(w) [(— ps] 
=f ———— —— ——— dw 


eim sin re 


(16) 


The loop C surrounds the point wọ and extends to infinity in any con- 
venient direction lying in either the third or the fourth quadrant. 
‘If wo is a negative integer, say —m, then the term g(—m)z™ in (8) 
is suppressed, and the expansion of (16) is put in its place. For justifi- 
cation of these statements, the reader is referred to [3], where a 
method for finding the expansion of (16) is also discussed. 

Secondly, the theorem which we have here established narrows 
down the difficulties involved in determining the asymptotic expan- 
'sion of a given entire function of form (1). For the problem of finding 
the expansion of the integral appearing in (3) is solved if it can be 
shown that the function g(w) can be written in the form (7). 

Thirdly, the theorem can evidently be applied to a large variety 
of entire functions. In many instances in which the coefficient g(m) 
involves the gamma function, relation (7) is satisfied. In this connec- 
tion, we note that if the value of ø in (7) is unity, then f(s) is neces- 


sarily the function i s 
= (9) 
F(z, 2) = >> 


Z rad) 


which was discussed in [2]. The writer plans to apply the theorem to 
certain further important types of functions, and to report the results 
in later papers. 
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PURDUE UNIVERSITY 


SCHUR’S THEOREMS ON COMMUTATIVE MATRICES 
N. JACOBSON 


In 1905 I. Schur! proved that the maximum number N(n) of lin- 
early independent commutative matrices of n rows and columns is 
given by the formula N(n)=[n?/4]+1=7?4+1 if n=2v and 
=p(y—1)+1 if n=2v—1. Schur also determined the sets of linearly 
independent commutative matrices containing N(m) elements. In 
this note we give a simpler derivation of Schur’s results and an ex- 
tension of these results from ey closed fields to arbitrary 
fields. : 

If A,-- dis is a set of linearly judependent commutative 
matrices, ilie e W of matrices ? Ai; where ¢; is arbitrary in the un- 
derlying field ? is a commutative subalgebra containing the identity 
of the matrix algebra ®,. Hence N(n) is the maximal dimensionality 
of commutative subalgebras of ,. It is easy to see that N(n) 2 [n?/4] 
+1. For consider the set 34 of matrices 


o ET 


where if 1 —2v, A is arbitrary in ®, and if n= 2v —1, A is an arbitrary 
matrix of v rows and y —1 columns. Thus dim 3,= [n?/4]. It may be 
verified that 8, is a zero algebra. Hence the algebra Ba obtained by 
adjoining 1 to 8, is a commutative algebra of dimensionality 
[n?/4] +1. We remark also that if n=2v—1 we may replace 8, by 
the algebra 34 of matrices of the form (1) in which A is an arbitrary 
matrix of y—1 rows and v» columns. We denote by Ba the extension 
of 8. obtained by adjoining 1. ; 

To prove that N(n) X[n/4]--1 it suffices to assume that 4 is 
algebraically closed. For if 41, ^ * - , Anca) are linearly independent 
and commutative in ®,, then they have these properties in Z, for any 
extension field Z of the field &. Thus N(n, $) S N(n, Z). We shall 
therefore assume that ® is algebraically closed. Let A be a commuta- 
tive subalgebra of ®, containing the identity and let N be the dimen- 
. sionality of H over $. We suppose first that Y% is an indecomposable 
algebra of matrices. Then it is known that by replacing % by a similar 
set we may suppose that the matrices of JLhave the form 
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(2) 
0 d 
Thus 3( 5 (1) -9t where 9t is a nilpotent algebra of matrices in proper 
triangular form, that is, of the form (2) in which a=0. Evidently 
dim 9t « N — 1. 
Let the Ath column (Ek; 1) be the first column for which there 
exists a matrix Uii, in 9t with element in the (1, kı) position not equal 


to 0. We may suppose that the element in the (1, kı) position of Uis 
is 1. We normalize Ui», further by using the following lemma. 


Lemma 1. Let UC &, and let V be the matrix obtained from U by 
adding the kth column multiplied by 0 to the Ith column (k1) and then 
subtracting the lih row multiplied by 0 from the kth row. Then U and V 
are similar. 


We have V =S US where S=1-+ e218, ey; the matrix with 1 in the 
(k, I) position and 0’s elsewhere. 

We may apply this lemma to Uy, and replace it by a matrix whose 
first row is € —(0,---, 1, 0,- --, 0) where the 1 is in the kth 
column. The operations required for this purpose are additions of 
multiples of the kıth column to later columns and additions to the 
kith row of later rows. These operations replace Jt by a properly tri- 
‘angular set of matrices Jt’ similar to N such that all the elements 

. in the (1, j) position with j <k in N’ are 0 and such that Jt’ contains 
a'matrix Vis, (similar to Uii) whose first row is e. Now let P’ be 
the subspace of Yt’ of matrices in which the elements in the (1, kı) 
position are 0 and suppose that the Esth column (k3> ki) is the first 
column for which there is a matrix Uys, in P’ with element in the 
(1, ks) place not equal to 0. Evidently any matrix in N’ has the form 
Vie SitP’, P’ in $'. We now apply to Uis, the process used before 
for Ui; and replace it by a matrix Vi, similar to it and having es, for 

` first row. The set Yt’ will be transformed into a set 9t"' of properly 
triangular matrices and Vii changed into a new matrix which we 
shall again denote as Vis, with first row es. Any matrix in N” has 
the form A = Vixfi-4- P", P” in P”, the transform of the set ql. It 
is clear that the elements in the (1, 7) position, j « ks, for any matrix 
in P” are 0. Hence A = Vie.81+ Virpa t+ S” where S’’ is in the sub- 
space &€'' of N” of matrices having 0 in the (1, 7) position with j Sky. 
This process may be continued and proves the following lemma. 


LEMMA 2. The set N is similar to a sez NO! of properly triangular 
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matrices that contain matrices Vy, >- ©, Vu, such that the first row of 
Vins is er, 1<ki<ke< - ++ xh, and- suci that any matrix in NO has 
the form 3 Vut, where Z has first row 0. 


Now let Na be the subset of N of matrices Z having first row 0. 
Evidently NO = Í Vin, +++, Vim} +NRzand the Vi, are linearly in- 
dependent. Hence dim Ro A 1=r+dim 954. Now we note that if 
Z C9, the first row of ViZ is the k;th row of Z and the first row of 
Z Vix, is,0. Hence the k,th row of every matrix Z in 9s is 0. 

We now repeat the argument for Na. Then 9t may be replaced by 
a set ny similar to N, such that (1) NP -is properly triangular, 


(2) NP contains matrices Van, +++, Var, having first row 0 and sec- 
ond row en, * * * , €i enel Such that any matrix in NË has 


. the form >, Vai BiT- Z where Z is a matrix with first two rows 0. Let 9t 
denote the set of matrices Z. We assert that if s=}; or s=k; then 
' the sth row of N, is 0. This is clear if s«7;. Hence suppose that 
s=k;æžany lj. Then the matrices of Na all have k,th row: 0 and the 
.operations performed in passing, from t to NY do not affect this 
row. Hence the k;th row of évery matrix in NP is 0. Evidently 
N—1-2r-rs-Fdim N. 

We now write ku — ky, li = ku, r =r1; 5 rs. Then if-we continue this 
process we see that N —1 is equal to the number of matrices in the 
following set 


Elki * £s » C)br, 
(3); 000 Otkayy 7 7 s Cars 


e 8 ul. è >» > o 


D 1<ku< ` mm 2<Ra<ka< +++ <Rary, > ++, and r;=0 
if =k» with ici. Let si, 53, ** ^, Sm be ‘the complete set of in- 
tegers ki; arranged in increasing order. Then it is clear that N—1 


SN (Siu Sa, * * * ,'Sm), the number of matrices in the set 
| l Clar £215 * * y Car—toer | 
Q9. c5 Cian Eim D E E MELLE 
Evidently E Dd 
gy M9 5D dpa) pe Ge ch) 
= 255 — m(m + 1/2. 


Hence we have 
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N-1S N(s1,-++,5n) S Nn—m-r1,:--,n) 


= m(n — m). 


(6) 


Now m(n —m) attains its maximum value for m = [n/2]. If n —2» this 
maximum is »! and if n 22v—1, it is »(v—1). Thus the maximum 
value is [n?/4]. This proves for indecomposable algebras M the follow- 
ing theorem. 


THEOREM 1. If A is a commutative subalgebra of $n, dim Á< [m/4] 
+1. 


If Y is decomposable we suppose that the matrices of A me the 


form 
co 
0 B 
where A € $,, and BES,,, 4.21, m+m=n. We may assume that 
the theorem holds for the ®,,. 

Case 1. &s—2v—1, m-2n—1, m=2y. Here v-»-» and 
N Ev -)441 E34 Sr(» 1) 41. Equality holds between the 
last two terms only when 5 —3. 

Case 2. n —2y», m=2n—1, m= 25—1. Here v—»4-»-—1 and 
N Sv(v, - 1) +14 (8 —1) H1 <» +í. Equality holds only if n=2. 

Case 3. n 22», ni 92v, m=2n. Here y 2,4-5 and N 914-1474 | 
-+1<y*+1. Thus the theorem is proved. 

We have also proved the following theorem. 


THEOREM 2. The maximum number N(n) of linearly independent 
commutative matrices of n rows and columns ts given by the formula 


N(n) = [8/4] 4-1. 


We shall investigate next the form of commutative subalgebras 9f 
of ®, of the maximum dimensionality N(#). Suppose first that Y has 
the structure 21 — (1) 4-9t where 9t is a nilpotent algebra. Then it is 
known that by replacing 3( by a similar set we may suppose that the 
matrices of 9t are properly triangular. We may apply the above con- 
siderations to Jt. By (3), (4), (5) and (6) we see that if n —2v we must 


have ku = ka = Suni oe =k, =v +1, LUE. , kir= ky = EL =k,,=nas the 
set of k’s in (3). If m=2»—1 the set of &'s is either bi — : - =kn 
. Seti, ++, kp) =k, yen or kn ++ =k, t, 
Ry= +++ =k,1,=n. Suppose first that nis even. Let MN (r =v) and 


Ns be determined as before. It is clear that 9t(? is similar to Ñ by a 
matrix in ®, and we need not assume here that ® is algebraically 
closed. The matrices of Na have the form 


^ 
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m 
3s SOTO ee € \ 
(7) Bal ^K A y" 
Nr '0 0 


Since by =v +1 it is clear that the second row of R is 0. Moreover the 
operations used to pass from 9t to N, affect only the last v rows and 
last y columns of N. Hence the third row of R is the same as the third 
row of the corresponding matrix in Ns. Since 3; —»--1 the third row 
of R is 0. Similarly the other rows of R are 0, and R—0 in (7). Now 
dim 9t; 2 5* — ». Hence N consists of all matrices of the form (7) in 
which R=0 and A is arbitrary. Let 


j»ct1-:.m 





where the 1 is in the jth column and T; is a properly triangular matrix. 
Since Vi;B =B Vj; the following holds in 4,: 


0--.0 
( )n-e 
A 


Since A is arbitrary, T;=0. Thus 9t(? is the set 8. and 9f is similar 
to the algebra B, defined before. If n is odd a similar argument shows 
that X is similar either to $8, or to B,. 

We suppose now that 3l is arbitrary. Evidently f contains the iden- 
tity matrix. Since n>3 by the proof of Theorem 1, ¥ is indecompos- 
able. Moreover if Q is the algebraic closure of ® then Wo is an 
indecomposable algebra containing the identity. It follows that Ue 
ig similar to a set of matrices of the form (1). Hence Mo=(1)4+8 
where 8 is nilpotent and so We is similar to either $5.(Q) or B, (2). 
Thus 8 is a zero algebra. Now let 9t be the radical of the algebra 9f 
and consider the semi-simple algebra 9| —9(—90. The extension Wo is a 
homomorphic image of Aa. Hence 3ía— (1)-- 8 where B is a zero 
algebra. The structure of ¥f is given by the following lemma. 


LEMMA 3. If Ñ is a semi-simple commutative algebra such that 
Wo=(1)+3 where Z is a sero algebra, then either W=(1) or 9 is an 
imperfect field of characteristic 2 and 9( — (x) where x =E, a non- 
square in 9. 


Since Wf is semi-simple, 9 is a direct sum of fields, but since Yo has 
only one idempotent element, $( is a field. Let ¥> (1). Then 9 has no 
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separable subfields, for if 2 were such a subfield Ło is a direct sum 

of fields and a would contain more than one idempotent element. 

. Thus 4 has characteristic p 0 and 9 contains an element x such that 
x? =¢Ẹ is in ® where £ is not a pth power in ®. Now there exists an ele- 
ment 7 in Q such that 7?=£ and hence the element s=x—7 in Yo 
is nilpotent of index p. Since B is a zero algebra, p=2. It follows 
readily that in this case Y= (x), 3$ — £. 
- This lemma shows that unless ® is an imperfect field of character- 
istic 2 any commutative subalgebra A of 4,(n 3) of maximum di- 
mensionality has a difference algebra with respect to its radical 9t of 
dimensionality 1. Since Y contains the identity, A= (1) 4-9t. As we 
have seen, this implies that 91 is similar to either $8, or to Bp. 


THEOREM 3. Suppose that $ ts not an imperfect field of characteristic 2 
and let n>3. Then if Wis a subalgebra of ©, of maximum dimensional- 
tty N(n), A is similar to B, tf n=2v and A is similar io either Bn or 
Ba if n=2v—13 


As a consequence we have the following theorem. 


THEOREM 4. Lei ®, n and A be as in Theorem 3. Then 9| — (1)--3R 
_ where Nt is a zero algebra. ‘ 


We remark finally that if » is odd the sets 8, and $8, are not simi- 
lar. This may be seen by considering the sets 8, and 3,. Let €(&) 
be the space determined by the columns of the matrices of 3,(3,)- 
Then dim 6 =v and dim & =y—1. On the other hand if 3, were simi- 
lar to Ba we would have dim € =dim €. It follows that 3, and 3. are 
not similar and hence $8, and $8, are not similar. Thus in this case 
there are for n —2» —17 3 two distinct classes in the sense of similar- 
ity of commutative subalgebras of dimensionality N(n). l 
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21fn=2, 3, A may be decomposable. The determination of these algebras is readily 
obtained. 
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PROJECTIVE INVARIANTS OF INTERSECTION OF l 
EE £ CERTAIN PAIRS OF SURFACES 


SHUANSCHIM HSIUNG 


1. Introduction. Ina recent paper [2]! the author has: shown the 
existence, together with metric and projective characterizations,? of a 
unique projective invariant determined by the neighborhood of the 

-second order of two surfaces Si, Ss at an ordinary point O in ordinary 

space when the tangent planes Tu 73 Of the surfaces Sı, S3 at the 
point O are distinct and the line ¢ of intersection of the two tangent 
planes 71, Ta does not coincide with any one of the asymptotic tan- 
gents of the surfaces Sj, Sg at the point O. On the other hand, with 
- regard to the coincidences of the line ¢ and the asymptotic tangents 
of the surfaces Sı, S3 at the point O two essentially different cases can 
arise. The object of this note is to derive some projective invariants 
‘in’ these cases. Noticing that no projective invariant can be deter- 
mined by the neighborhood of the second order of the surfaces Si, Sa 
at the point O, we obtain all projective invariants determined by the 
neighborhood of the second order of one arigos and that of the third 
order of the other at the point O. 


I. Two SURFACES WITH DISTINCT TANGENT PLANES AND DISTINCT 
i ASYMPTOTIC TANGENTS AT AN ORDINARY POINT 


'2. ‘Derivation of invariants. Let'us first consider two surfaces Sı, S3 
in ordinary space intersecting at an ordinary point O with distinct 
tangent planes 71, Ta, whose line of intersection ¢ is supposed to be an 

asymptotic tangent of the surface S; at the point O. Let t; be the other 
asymptotic tangent of the surface Sı at the point O, and & the har- 
monic conjugate line of ? with respect to the asymptotic tangents of 
the'surface Sz at the point O. If we choose the point O to be the origin, 
the lines £, 4, 4 to be respectively.the axes x, y, s of a general non- 
homogeneous: projective coordinate system, then the power series ex- 
pansions -of the surfaces Sı, Ss in the PE dc of the point O 
may be written in the form . 


(1) Su goi phe rfi e 
(2) 10 Sè mai ay: T 
Received by the editors January 26, 1944. 


1 Numbers in squate brackets refer to the references at the end of the paper. 
3 An extension of these results to two hypersurfaces has been made Hy Professor 


- Su See his paper [6]. 
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In order to find projective invariants of the surfaces Si, Sz at the 
point O, we have to consider the most general projective transforma- 
tion of coordinates which shall leave the lines #, 44, 4 unchanged: 


x = O33 X* / (1 + anx* + 213y* + as"), 
(3) y = Gasy* / (1 + tx" + aisy* + aus"), 5 
s = Guz*/(1 + aisx* + ay" + t142"), 


where a;4 are arbitrary constants. The effect of this transformation 
on equations (1), (2) is to produce two other equations of the same 
form whose coefficients, indicated by stars, are given by the formulas 
3 3 
aal" = 053044, G33p* = Of, asg" = g, 
2 
(4) 20311033]* + Gss" = 033023044. + 220447, ' 
2 

; ` 2a814033]* + a335*. = 831405384] + antus; 


* 3 * 1 
Gm” = Ga, Ayn” = azh. 


Further elimination of a;, from equations (4) gives immediately that 
the quantities 


(5) Ic-dm/p, J = pomir 


are projective invarianis associated with the surfaces S1, Sa, ai the point O, 


3. Projective characterizations of the invariants J, J. It is well 
known that the tangent plane rı intersects the surface Sı in a 
curve with a node at the point O, the nodal tangents being the asymp- 
totic tangents £, 4. The expansion of the branch C; of this curve which 
is tangent to the tangent f, z=y=0, is easily found to be 


(6) s= — (pate. l 


On the other hand, the curve C3 in which the tangent plane rı inter- 
sects the surface S: is given by the equations 


(7) =m, y=O. ~ 


It is thus easy to reach the conclusion that the projective tnvartant I 

associated with the point O of the surfaces S, Sa is, except for sign, equal 

lo the projective invariant of contact of ike two plane curves Cy, Cs at 

the point O. 

‘ To characterize projectively the other invariant J it is useful to 
* The projective invariant of contact of two plane curves having ordinary contact 


at a point was first found by H. J. S. Smith [5] and R. Mehmke [3]; and its simple 
projective characterization was later given by C. Segre [4]. 


Li 
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consider the asymptotic curves I’, T, of the surface S; at the point O. 
The expansions of these asymptotic curves at the point O are found, 
after a simple calculation, to be 


(8 M ys peters, s-c—(bDS es 
(9) D: y= — 2g +., s= — (39/Ds* + 


Let K be any five-point quadric cone of the asymptotic € curve T' at the 
point O with O for vertex and with an asymptotic tangent of the sur- 
face Sz at the point O for a generator, then making use of equations (8) 
we can easily obtain its equation, namely, 


(0). z? a (05/27) xy + (9p/23)(— n/m)!t4? + have = 0, 


where k is as bitis, Similarly, we have a five-point quadric cone K' 
: of the asymptotic. curve T, at the point O such that it has O for 
vertex and the line 44 for a generator and is tangent to the plane rs, 
82:0, along h. The equation of this cone K; is 


(11) . 8 (99/2) ys = 0. 


From equations (10), (11) it follows that’ the cone projecting the 
curve of intersection of the cones K, Kı from the line 4 consists of the 
four planes: 


(12)  9g%st — 18A/tgatz* — 95g2?s + 2Pp(— n/m) 224 = 0, 


. which are intersected by the plane 7, in four lines à; (£—1, > - +, 4) 
with equations , f 
(13) <5 staz=0, y=0 (mcd um Oe 
where the ,coefficients o; satisfy the relation 
(14) eosoao4 = X (2Pp/9g*) (— n/m)”. 


On the other hand, associated with the point O of the surface Si 
there are three tangents of Darboux, whose equations may be found 
. by making use of equations (8), (9) and Bompiani's result [1] that 
‘they are the'three principal lines of the asymptotic curves I, T, at 
the point O. The result is 


(15) . e b+ y=. 
‘Let d be any one of the tangents (15) of Darboux, aid let D; denote 
the cross ratio of the four lines ż, h, d, A; (¢=1, - - -, 4); then 


(16) $ D; = (#41, dd) = (1/a) (2/9)? G = 1, Saat | 4). 


l / 
£ 
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A reference to equations (5), (14), (16) suffices to substantiate that 
the invartant J can be expressed in terms of the four cross ratios Di, Ds, ° 
Ds, D, as follows: 


(17) Jo (2/9 (DD:D:D1). 


II. TWO SURFACES WITH DISTINCT TANGENT PLANES AND A 
COMMON ASYMPTOTIC TANGENT AT AN ORDINARY POINT 


4. Derivation of an invariant. Finally, suppose that Si, Sa be two 
surfaces in ordinary space intersecting at an ordinary point O with 
distinct tangent planes 71, 72, whose line of intersection ¢ stands for 
one asymptotic tangent of both surfaces Si, Sa at the point O; and 
that h, à be respectively the other asymptotic tangents of the sur- 
faces Sı, S4 at the point O. If we choose the point O to be the origin, 
the lines £, 4, 4; to be respectively the axes x, y, s of a general non-_ 
homogeneous projective coordinate system, then the power series ex- 
pansions of the surfaces Si, S4 in the neighborhood of the point O 
may be written in the form (1) and 


(18) Sa zmzyd--. 


In a way similar to the foregoing we can easily show that the quan-: 
tity 


a) I = gn? 
is a projective invariant associated with the surfaces Sı, S3 at the point O. 


5. A projective characterization of the invariant J. Let T, T, be the 
asymptotic curves of the surface Sı at the point O whose tangents 
are ¢, i respectively. Among the four-point quadrics of the asymptotic 
curve T at the point O we can determine a two-parameter family 
such that every one of the family has & for a generator and has at 
the point O contact of the second order with the surface Ss. By means 
of equations (8), (18) it is easy to obtain the equation of a general 
quadric of this family, namely, 


| (20) z + (3p/D)2* — mzy + Eys + Fs? = 0, 


where E, F are arbitrary. The quadric (20) is cut by the plane 72 in 
the line /4 and a line with equations 


S 


(21) 3px —lmy 20, 2 = 0. 


If any five-point quadric cone, with the point O for vertex, of the 


x 
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1 


asymptotic curve I' at O poses Megan the line (21), then it must 
have the equation: " 


. Q2y | 2 + (9p/2P) xy — (8m/21) y? + kyz = 


where k is arbitrary. The cone projecting the curve of intersection 
of the cones (11), (22) from the line 4 consists of the four planes: 


(23) | 27g!s* — Gkiigais? — 27pg2x2s — Umat = 0, 

which are intersected by the plane 7; in four lines w @=1, - - - , 4): 
(24) zc Éx-0 20 (im 1, 7,4, 
where the coefficients f; satisfy the rélation 

(25) ` ^ BBB = — 2Pm/27q*. 


If d be any one of the three tangents of Darboux associated with 
the point O of the surface Sı and if D; denotes the cross ratio of the 
four lines #, 4, d, u; ($—1, - - - , 4), then from equations (15), (24) it 
follows that : 


(26) | D; = (Hi, di) = (0/8)(0/0)!?.— G = 1,4. 


A reference to equations (19), (25), (26) suffices to show that the 
invariant I can be expressed in terms of the four cross ratios Di, Da, Ds, 
D, as follows: : i ` 


ON I = — Q/T DJ. 


t 
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SOME REMARKS ON CONNECTED SETS 
vs 
'P. ERDOS 7%. 


This note will consist of a few disconnected remarks on connected 
sets. 

i. Swingle! raised the question whether the plane is the sum of c 
disjoint biconnected sets. The answer as we shall show is affirmative. 

First we construct a biconnected set 4 with a dispersion point x 
such that any two points of A —z can be separated. (The first such 
set was constructed by Wilder.* Our construction will be very similar 
to that of Burton Jones.*) 

Our biconnected set will contain the origin $9, at most one other 
point on lines through the origin with irrational slopes, and no point 
other than the origin on lines with rational slopes. Further it will 
contain at least one point on every cut of the plane. It is easy to see 
that such a set exists. Every-cut of the plane contains a closed subset 
` which also cuts the plane, and the power of closed sets is known to 

be c. Let us well order the closed cuts Ci, C, © -> )Co7::.,y «Qs 
‘where Qa is the least ordinal number of power c. We construct A as 
follows: O belongs to A. We shall choose a point x, on C4 and we 
shall have A = Ux,. We shall determine x, by transfinite induction. 
Suppose we have already determined xz, ó «y, we determine x, as 
follows: if C, contains © then x, — ©. If C, does not contain O then 
clearly C, has to intersect c lines through ©. Therefore we can find a 
point x EC, such that (O, x,) has irrational slope and does not go 
' through any other point xa 5<y. (We denote by (a, b) the line 
through the points a and 5.) This way we construct A. Clearly A is 
biconnected. First of all A is connected since it intersects every-cut of 
the plane. Also any two points of A —© can be separated since the 
` two points x; and xs, say, are on different irrational lines through the 
origin, and a rational line, which of course does not intersect A —, 
will separate them. This completes the proof. The origin we call the 
center of A. 

Now we shall split the plane into the sum of c such disjoint sets 
Ay 'Y X 94, Qa the smallest ordinal of power c. Let us well order the 
points x, of the plane and the closed cuts C, of the plane. Our first 
step is to select x; as the center of A; and a suitable point of 41 on Cy. 

Received by the editors February 2, 1944. 

1 P. M. Swingle, Amer. J. Math. vol. 54 (1932) p. 532. 


* R, L. Wilder, Bull. Amer. Math. Soc. vol. 33 (1927) p. 423. 
1 Burton Jones, Bull. Amer. Math. Soc. vol. 48 (1942) p. 115. 
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(By suitable we mean that ‘it does not lie on ‘any line with rational 
slope through x1.) Our second step is to select the first. point which 
has not yet been selectéd as center of As, then select suitable points 


. on C; and C; for A: and on Cs for 41. Suppose that this construction 


has been already carried out for all 6 «y. Then the yth step consists 
of the following construction: First we take the first x, which has not ' 
yet been chosen as center of A,. Then we choose suitable points on 
all the Cj, ô Sy, for-A, and suitable points on C, for all the As, ô «vy. 
It is easy to see that this construction can be carried out since before 
the yth step we have chosen less than c points x;, and a cut C, if it 


. does not go through the origin intersects c lines through the origin. 


(If the cut C goes through the origin of one or more of the 4,’s then 
of course we can choose the origin.) Thus the construction can be 
carried out for all ordinals y < Qa. Hence we get c sets A, where 


- UA, is the whole plane, 4,,/V4,, —0 and the A, are all biconnected, 


Y 


which completes the proof of the theorem. 

A simple modificatiori of this proof would give the following result: 
Let m <c be any cardinal number greater than 2, then the plane can 
be expressed as the sum of m disjoint biconnected sets.* 

di. Let C be any connected set. Knaster and Kuratowski® proved 
that there exists a proper connected subset of C. (Single points, of 
course, do not count as connected sets.) Their proof is very simple. 
Let pEC be arbitrary. If C—p is connected our result is proved. 
If C—p is not connected it can be written in the form U+ V where 
U and V are separated. But theni itis easy to see that both U+ and 
V-F are connected. 

It seems likely: tliat the following € is true: every connected 


` set C contains a connected subset C’ such that C— C' has power c. 


I am unable to prove this. It is easy to see that if a set C does not 
satisfy this conjecture it has to be both biconnected and widely con- 
nected, thus must be rather pathological. 

A. Stone! proved that every connected set C has a connected sub- 
set C' such that C— C' is infinite. Proof: First we can assume that 
C — 9 is connected for every $ CC, for if not then at least one of the 
sets U-+p or V-+p has a complement of power c. (U and V were 
defined in the previous paragraph.) Similarly for every sequence 


Pr Py ` ++ Pa C—Pi-—pr— ++ + —p,is connected. Choose pi, fs, + + - 


1 Swingle proved (ibid.) that the Euclidean s space is the sum of r biconnected 
sets if r is any finite number not less than s 4-1, also that it is the sum of Ny bicon- 
nected sets. He also showed that s-space is not the sum of » or less biconnected sets. 

v Knaster-Kuratovski, Fund. Math. vol. 2 (1921) p. 206. 

* Arthur Stone, oral communication. 
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such that it will converge to a point p €C. Then C—» £b: is con- 
nected. For if $7715; would separate C, a closed subset of it would 
also separate C: But a closed subset of +. f: is finite, and so by as- 
sumption can not separate C, and this completes the proof. 

In this connection it might be of some interest to construct a con- 
nected set 4 with the following properties: (1) no finite subset dis- 
connects A, (2) every countable dense subset totally disconnects A. 
For our construction we shall have to use the continuum hypothesis. 

First we need the following lemma: Let S; and Sz be two countable 
disjoint sets. Sı is everywhere dense in the plane. Then there exist 
countably many closed Jordan curves J, such that J,/ S; is dense on 
Jn J, X83 —0, and to any two points p and g there exists an r such 
that J, separates p and g. The proof does not present any difficulties 
and can be omitted. 

And now to our construction." First we well order the countable 
dense subsets of the plane, Di, Ds, © © +, Da» - + (their number is 
clearly c=§,; the continuum hypothesis has been assumed). Also we 
well order all the closed connected cuts of the plane C;, again clearly 
<Q, (it is well known that every cut of the plane contains a closed 
connected cut). We shall now construct our set A by transfinite in- 
duction. Let A be any given countable dense set, put ACA. Our first 
step is to define a countable subset P, of Ci. If ANC, is infinite we 
put P:=0, if CNA is finite, we choose an arbitrary countably infinite 
` P1CC; and put P,CA. Consider next the smallest a such that 
DaCA+Pı. Put $1 D, and S4 A-4-P,— Da. Then by our lemma 
there exists a countable collection of closed Jordan curves J® such 
that JUND, is dense on Jf? and JÍP^A--P,— D, —0 and any two 
points p and q are separated by some J“. Now we make the condi- 
tion that no point of any Ps (871) should lie on any Jf. Suppose we 
carried out our construction for any y <ô, we shall show that we can 
carry it out for y = ô. Consider Cs; if CsA +> sciPs is infinite, then 
P,-—0. If Cs A+) s«;P, is finite, then we choose a countably infinite 
subset P; of Cs, such that P, does not meet > «s ? 21 J>. In other 
words P; does not meet any of countably many Jordan curves (we 
have assumed the continuum hypothesis). We have to prove that 
such a choice of P, is possible. By assumption (Ad b es Pg) ACs is 
finite. For each of the Jordan curves J^ (with A « 8) A+) pes Ps 
is dense on J*, therefore C4/^J? is nowhere dense on C, (for if not, 
since C, is closed, it would contain a portion of J? and therefore 
Ci (A +} pes Ps) would be infinite, as A4-? s<: P is dense on J7). 
: 7 Our construction will be similar to Miller's construction of a biconnected set 

without a dispersion point. (Fund. Math. vol. 29 (1937) p. 123.) 
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Therefore C4? ics Dei J? is of first category on Cs, and thus there 
are c points of C not belonging to ? 1. 955. J^; therefore we can 
choose an infinite PC Cs, Pi cs 2 i J>=0 without difficulty. 
Next consider the smallest æ such that D,CA 4-9 ss: Ps and D, has 
not yet been dealt with in any of the previous steps. We then con- 
struct by our lemma countably many closed Jordan curves J? such 
that DJ? is dense on J?, Ji WA +) sci P&— D.) —0, and any two 
points p and q can be separated by some J’. This completes the oth 
step. Thus our construction can be carried out through all ordinals of 
the second number class and will exhaust all the C,'s and D,'s. Con- 
sider now the set A =A +); Ps. We claim that no finite set discon- 
nects it and that any countable dense set totally disconnects it. First 
of all every cut of the plane intersects our set in an infinite set, thus 
no finite set can disconnect it. On the other hand let D, be some 
countable dense set of A (clearly A is dense in the plane). At some 
step in our construction we had to deal with D, and it is clear that 
A+} s Ps—Dz is totally disconnected, since if f and q are any two 
points there exists a J, separating them and (A+) pea Pp—Da) J, 
2:0. q.e.d. 

By a slight modification of Miller's? construction of a biconnected 
set without a dispersion point, we can construct a connected set 4 
dense in an indecomposable continuum, such that there exists an open 
set O of the plane with OQA having power c and if B is any con- 
nected subset of A then A — B is nowhere dense in OMA. Clearly such 
a set is biconnected and in fact it can be made to have no dispersion 
point. By a further slight modification of Miller’s construction we 
can construct a biconnected set without a dispersion point such that 
if Ai, As, ++ - is any countable collection of connected subsets of A, 
then U,(A —A,)*A or 1).4;:+0. 

I can not decide the question whether there exists a connected set 
such that the complement of every connected subset of it is nowhere 
dense in it. 

The following problems may be of some interest: Is it true that 
every connected set contains a connected subset not homeomorphic 
to it? (Points do not count as connected sets.) Every known con- 
nected set (which is subset of a Euclidean space) contains at least 
three different types of connected subsets. The number three can not 
be improved as is shown by the arc. 

If a topological space does not satisfy any separation axioms the 
following example communicated to me by S. Eilenberg shows that 
the above conjecture is not true: Let the space be the integers, the 


* Miller, ibid. 
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closed sets are the finite sets. Every infinite set is connected and they 
are clearly all homeomorphic. 

Is it true that every connected set of dimension s contains a con- 
nected subset of dimension s —1? 

Is it true that every connected set of dimension greater than 1 con- 
tains 2* connected subsets? 

Perhaps the following theorem which A. Stone and I proved might 
be of some interest: Let A be a totally disconnected set of power m 
(in a separable space), then if m is not the sum of countably many 
smaller cardinals, A can be written as the sum of two separated sets 
of power m. If m is the sum of No smaller cardinals the theorem is in 

general false. i 

^  PRoor. Suppose first m) 521 Mr, ms <m. Denote by A’ the set of 
those points of A for which every neighborhood contains m points 
of A. Now 4—A’ has power less than m, since by Lindelóf's theo- 
. rem A—A’ can be covered by countably many open sets each of 
which contains less than m points, thus: A —4' also contains less 
than m points. Since A is totally disconnected A’=U+V, where 
U and V are open-closed sets. Thus both of them have power m. 
Let P CA —A’, the distance of p from U be f(p), from V, o(p), eU. 
if f(p) Sad(p), PEVa if f(p) zao(?). Since the power of A —A' is 
less than tc there exists an a such that U.(\V.=0. But then 
U'4- U, and V+ V, are two separated sets of power m whose sum is A; 
this completes the proof. - 

If m= kı ma mi«m, we define A as follows: A contains my 
points in (1/k, 1/k+1), 0 belongs to A. Clearly A is totally discon- 
nected (its power is less than c, since c is not the sum of m smaller 
cardinals). Obviously 4 is not the sum of two separated sets of 
power m. 
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_ aS (Hf, f) B, (f. f) 1). (2) If y is an arbitrary point in [o, H then 
there exist two self-adjoint transformations Hı and H1 in 9t [E] such 
^ that the zero spaces of H, and Hs form orthogonal manifolds whose 
direct sum i$ the Hilbert space Q and such that H=H,+Hh, Ay, =0. 
The spectrum of Hi lies essentially in [o y], that of Hain [y, 8]. 

Proof of the first. point is carried. out with the help of an integral 
due to Hille which allows one to embed certain transformations with 
real non-negative spectrum in a semi-group.?9 The only. transforma- 
tion we need is H"? in case æ 20. The second difficulty is surmounted 
by means of formula (8) in the manner which we have indicated. 


BanNARD CoLLEGE, COLUMBIA UNIVERSITY 


V See footnote 7, Theorem 14. 
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The four hundred third meeting of the American Mathematical 
Society was held at Columbia University on Friday and Saturday, 
April 28-29, 1944. The attendance included the following one hundred 
seventy-nine members of the Society: l 


R. L. Anderson, R. G. Archibald, K. J. Arnold, L. A. Aroian, S. P. Avann, A. E. 
Basch, E. G. Begle, Stefan Bergman, Felix Bernstein, Garrett Birkhoff, G. D. Birk- 
hoff, Gertrude Blanch, M. L. Boas, R. P. Boas, H. F. Bohnenblust, C. B. Boyer, 
H. W. Brinkmann, A. B. Brown, G. W. Brown, E. L. Buell, R. S. Burington, Hobart 
Bushey, J. H. Bushey, R. H.`Cameron, W. B. Campbell, S. S. Chern, Edmund 
Churchill, R. V. Churchill, M. D. Clement, Nathaniel Coburn, Harvey Cohn, L. M. 
Comer, T. F. Cope, Richard Courant, A. P. Cowgill, W. H. H. Cowles, H. B. Curry, 
M. M. Day, Jesse Douglas, Nelson Dunford, W. L. Duren, William H. Durfee, J. E. 
Eaton, M. C. Eide, J. M. Feld, A. D. Fialkow, R. M. Foster, F. H. Fowler, G. A.’ 
Foyle, Bernard Friedman, K. O. Friedrichs, Orrin Frink, R. E. Fullerton, H. P. 
Geiringer, Abe Gelbart, David Gilbarg, B. P. Gill, Leonard Gillman, Michael 
Golomb, A. W. Goodman, R. O. Goodman, F. G. Gravalos, Bernard Greenspan, 
Lewis Greenwald, C. C. Grove, Laura Guggenbühl, E. J. Gumbel, Jacques Hada- 
mard, P. R. Halmos, Olaf Helmer, A. D. Hestenes, M. R. Hestenes, L. S. Hill, Einar 
Hille, Abraham Hillman, Harold Hotelling, E. M. Hull, Ralph Hull, Witold Hurewicz, 
L. C. Hutchinson, B. M. Ingersoll, Florence Jacobson, Nathan Jacobson, S. A. Joffe, 
Fritz John, A. W. Jones, Aida Kalish, Edward Kasner, P. W. Ketchum, S. A. Kiss, 
J. R. Kline, E. G. Kogbetliantz, E. R. Kolchin, D. M. Krabill, M. E. Ladue, Howard 
Levene, Howard Levi, D. C. Lewis, Marie Litzinger, L. H. Loomis, E. R. Lorch, A. N. 
Lowan, N. H. McCoy, L. A. MacColl, J. K. L. MacDonald, Saunders MacLane, H. F. 
MacNeish, A. J. Maria, D. H. Maria, Carl Markow, W. T. Martin, D. S. Miller, L. W. 
Miller, E. C. Molina, Richard Morris, D. J. Morrow, F. J. Murray, C. A. Nelson, Otto 
Neugebauer, P. B. Norman, L. R. Norwood, C. O. Oakley, F. W. Owens, J. C. Oxtoby, 
E. L. Post, Walter Prenowitz, A. L. Putnam, Hans Rademacher, Mina Rees, Moses 
Richardson, R. G. D. Richardson, J. F. Ritt, R. K. Ritt, E. K. Ritter, P. C. Rosen- 
bloom, Hans Samelson, Arthur Sard, L. J. Savage, R. H. Scanlan, Henry Scheffé, 
S. A. Schelkunoff, L. I. Schoenfeld, Alberta Schuettler, I. E. Segal, C. E. Shannon, 
Max Shiffman, J. A. Shohat, P. A. Smith, Fritz Steinhardt, J. J. Stoker, E. G. Straus, 
M. M. Sullivan, Fred Supnick, Otto Szász, J. D. Tamarkin, J. H. Taylor, J. M. 
Thomas, E. M. Torrance, H. F. Tuan, A. W. Tucker, J. W. Tukey, Oswald Veblen, 
R. M. Walter, W. R. Wasow, G. C. Webber, André Weil, Alexander Weinstein, Louis 
Weisner, C. P. Wells, George Whaples, A. P. Wheeler, W. L. G. Willams, John 
Williamson, H. P. Wirth, R. S. Wolfe, Jacob Wolfowitz, Oscar Zariski, M. F. Zucker, 
Antoni Zygmund. 


On Friday evening at 8 o'clock Professor K. O. Friedrichs gave an 
address entitled Mathematical aspects of the boundary layer theory. 
Professor R. G. D. Richardson presided at this session. 

On Saturday there were two addresses: at 11 A.M. The structure of 
.normed abelian rings by Professor E. R. Lorch, and at 2 P.M. Modern 
algebra and the Riemann hypothesis by Professor André Weil. Pro- 
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fessor W. T. Martin presided at the first,of these sessions, and Vice - 
President Einar Hille at the second. ' 
. At 3:15 p.m. Saturday there was a session for papers in Algebra, : 
Probability, Statistics and Applied Mathematics, at which Professor 
N. H. McCoy presided, and another for papers in Analysis and 
Geometry at which Professor Nelson Dunford presided. 

The Council met at 12:30 p.m. on April 29, 1944, in the Long Room 
of the Faculty Club. 

The Secretary announced the election of the following one hundred 
and twenty-seven persons to membership in the Society (the address 
given is that of the member at tlie time of his application): 


Professor Louise Adams, High Point College, High Point, N. C.; 

Dean Ralph Ellsworth Allison, Northwest Nazarene College, Nampa, Idaho; 

Professor Hippocrates George Apostle, University of Rochester; 

Dr. Edward George Baker, American Bureau of Shipping, New York, N. Y.; ` 

Mr. Anthony Francis Bartholomay, Brown University; 

Mr. Chester Edwin Baston, Hillyer Junior College, Hartford, Conn.; 

Mr. Daniel Moore Bates, Philadelphia, Pa.; 

Mr. William Edwin Beeman, North Texas State Teachers College, Denton Tex.; 

Mr. John Bodnar, Junior College of Connecticut, Bridgeport, Conn.; 

Mr. Claude Levi Bordner, State Teachers College, Kutztown, Pa.; 

Professor Alger Vernon Boswell, Tennessee Agricultural and Industrial State Teachers 
College, Nashville, Tenn.; 

Professor John Gerald Bowker, Middlebury College, Middlebury, Vt.; 

Professor John Grist Brainerd, Moore School of Electrical Engineering, University 
of Pennsylvania; 

Professor Angeline Jane Brandt, Wheaton College, Wheaton, Ill; 

Professor Robert H. Breusch, Amherst College; : 

Dr. Walter J. Bruns, Hamilton College; 

Professor John Harvey Butchart, Grinnell College, Grinnell, Iowa;' 

Miss Minerva Elda Butz, Cedar Crest College, Allentown, Pa.; 

Dr. Ralph Edward Byrne, Jr., Barber-Colman Company, Rockford, Ill.; 

Mr. Joseph D. Chapline, Jr., Moore School of Electrical Engineering, University of 

. Pennsylvania; 

Mr. Eric H. Clamons, University of Minnesota; 

Professor James P. Cole, Louisiana State University; 

Captain Clarence Beasley Collier, Jr., United States Military Academy; 

Sister Maria Loyola Conlan, College of Mount Saint Vincent, New York, N. Y.; 

Mrs. F. Marion Clarke Connell (Mrs. James R.), University of Southern California; 

Professor Erben Cook, Jr., University of Connecticut; 

Mr. Irvin Douglas Cook, College Park, Md.; 

Miss Nancy Elizabeth Cooley, Fairfax Hall Junior College, Waynesboro, Va.; 

Mr. V. B. Cooper, South Georgia College, Douglas, Ga.; 

Professor Forrest Eugene Craver, Dickinson College, Carlisle, Pa.; 

Professor Don Cude, Southwest Texas State Teachers College, San Marcos, Tex.; 

Mr. Leland E. Cunningham, Aberdeen, Md. 

Mr. John Moffatt Danskin, Jr., U. S. Naval Reserve, Wright Junior College, Chicago, 
Ill.; 
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) 
Dr. Margaret Rae Davis, Greenbrier Junior College, Lewisburg, W. Va.; . 
Professor Lester C. Dawson, University of Alaska; 
Dr. Frances Rousmaniere Dewing, Bennington College; ' 
' Sister Agnes Therese Dimond, College of Mount St. J oseph-on-the-Obio, Mount St. 
Joseph, Ohio; 


* . Mr. Harold Irving Ewen, Amherst College; 


Mr. Edward Joseph Farrell, University of San Francisco; 
Mr. David Fisher, Michigan College of Mining and Technology; 

, Professor Carroll E. Flanagan, State-Teachers College, Superior, Wis.; 
Mr. Frederick Fraser, St. Petersburg Junior College, St. Petersburg, Fla.; 
Mr. Paul Thomas Gilbert, Jr., Utah State Agricultural College; 

Mr. Alfred Oscar Ginkel, University of Rochester; ' 


. Mr. Eugene Van Ness Goetchius, University of Virginia; 


Mr. Adolph W. Goodman, Syracuse University; 
Dr. Fausto. G. Gravalos, Goodyear Aircraft Company, Akron, Ohio; 
Mr. Wallace Clayton Griffith, DePauw University; 
Sister Edward Joseph Hackett, St. Mary's College, Holy Cross, Notre Dame, Ind.; 
Mr. Franklin Haimo, Reed College; 
' Mr. Leon Albert Henkin, Kellex Corporation, New York, N. Y.; 
Mr, Alvadore John Hinshaw, Central Union High School and Junior College, El 
Centro, Calif.; 
Miss Lois Aileen Hostinsky, University of Illinois; 
Reverend Joseph Albert Hratz, St. Ambrose College, EN, Iowa; ~ 
Mr. Stanley Parlett Hughart, Princeton University; 
Dr. John Theodore Johnson, Chicago Teachers College; 
Mr. Herbert L. Jones, Hiram College, Hiram, Ohio; 
Mr. Winfield Keck, Muhlenberg College, Allentown, Pa.; 
Mr. David B. Kirk, Haverford College; — ' 
Mr. Kenneth Virgil Knight, American Optical Company, Southbridge, Mass.; 
Mr. John C. Koken, Parks Air College, East St. Louis, Ill.; 
Mr. Yung-Huai Kuo, California Institute of Techaology; 
Dr. Paco Axel Lagerstrom; Princeton University; 
Professor John Mark LaRue, Central Michigan College of Education, Mount Pleas- ' 
ant, Mich.; 
Professor Herbert Leonard Lee, University of Tennessee; : 
Mr. Kenneth Levenberg, Frankford Arsenal, Philadelphia, Pa.; 
' Mr. William Judson LeVeque, University of Colorado; 
Mr. Neil Lockwood, Michigan College of Mining and Technology; 
Mr. Arthur John Lohwater, University of Rochester; $ 
Miss Eleanor Ann Ludwig, Syracuse University; 
Professor Clyde Truman McCormick, Fort Hays Kansas State College, Hays, Kan.; 
Professor Edith Johnson McKissock, Youngstown College, Youngstown, Ohio; 
Mr. Samuel Stuart McNeary, Drexel Institute of Technology; 
` Mr. Clarence Isaac McSwane, University of Illinois; 
` Dr. Murray Mannos, University of Delaware; 
Mr. Carl Markow, St. Peter's College, Jersey City, N. J.; 
Professor Milton Marshall, Brigham Young University; 
Mr. Frank Harshman Miller, Kenyon College; 
-Mr. William H. Mills, Ballistic Research Laboratory, Aberdeen Proving Ground, 
Mád.; 
- Mr. Arthur Charles Moeller, Denison University, Granville, Ohio; 
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` Mr. William Burton Moye, Georgia Teachers College; 

Father Cronan Mullen, Siena College, Loudonville, N. Y.; 

_ Mr. Allen Charles Munster, University of Pennsylvania; 

"Dr. Václav Myslivec, Czechoslovak Economic Service, New York, N. Y.; 

' Miss Elizabeth Ann Oliphant, Texas College of Arts and Industries, ‘Kingsville, 
Tex.; . 

Professor James Enoch Parker, Knoxville College, Knoxville, Tenn.; 

Professor Archie Edgar Patterson, School of Forestry, University of Georgia; 

Professor Charles Roberts Pettis,/Ohio State University; 

Mr. William Augustus Pierce, University of Vermont; 

Professor Raymond J. Pitts, Fort Valley State College, Fort Valley, Ga.; 

Miss Helen Susanna Pollock, State University of Iowa; 

Mr. David Pomeroy, Oregon State College; 

Mr. Gordon Raisbeck, Stanford University; 

Mr. Meyer Morris Resnikoff, Carleton College, Northfield, Minn.; 

Mr. Charles Barton Reynolds, Federal Communications Commission, New York, 

“NY; 

Mr. Robert ‘Bruce Rice, Ohio State University; 

Ensign Robert Errol Roberson, Naval Research Laboratory, Washington, D.C; 

Miss Helen Murray Roberts, University of Connecticut; 

Mr. Gene Fuerst Rose, Glassport, Pa.; 

Professor Francis Edward Rothchild, Arkansas Agricultural and Mechanical College, 
Monticello, Ark.; 

Miss Margaret M. Ryan, Syracuse University; 

Mr. Herbert Ellis Salzer, Mathematical Tables Project, National Bureau of Standards, 

, New York, N. Y; - 

Professor Charles Henry Sampson; Bates College; 

Mr. George R. Schaefer, U. S. Naval Observatory, Washington, D. C.; 

Sister M. Rosalin Schaeffer, Ursuline College, Louisville, Ky.; 

Mr. Lowell I. Schoenfeld, Naval Air Experimental Station, Navy Yard, Philadelphia, 
Pa.; 

Dr. Hans Wilhelm Eduard Schwerdtfeger, University of Adelaide, Adelaide, South 
Australia; - 

Lieutenant Commander Henry St. Clair Sharp, ‘United States Coast Guard Academy; 

Mr. William Lloyd Shepherd, Southwestern College, Winfield, Kan.; 

Professor Heinz Simon, Southern Union College, Wadley, Ala.; 

Mr. Frank Brooke Sloss, Westminster College, Fulton, Mo.; 

Mr. Maurice Howard Slud, Brown University; ' 

Professor Dudley Eugene South, University of Kentucky; . 

Miss Elisabeth Stanfield, Bennett College, Greensboro, N. C.; 

Mr. Irwin Stoner, University of North Carolina;. 

Professor Earl Garrod Swafford, Fort Hays Kansas State College, Hays, Kan.; - 

Mr. John William Swank, Los Angeles, Calif.; 

Dr. Robert Catesby Taliaferro, Hamilton College; : 

Mr. Francisco Vazquez Pueyo, Polytechnic Institute of Puerto Rico; à 

-Mr. Anthony Emilio Ventriglia, Cornell University;  - 

Professor George Frank Waites, Centenary College of Louisiana; 

Professor Eleanor Boyd Walters, Delta State Teachers College, Cleveland, Miss.; 

Mr. Dana Wallis Whitman, Burlington, Vt.; 

Dr. Yung-Chow Wong, University of Pennsylvania; 

Mr. Frederick Lewis Wood, State re College, Bridgewater, Mass.; 
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Mrs. Mary Hart Zink (Mrs. F. J.), Elmhurst College, Elmhurst, Ill.; 
Mrs. Miriam F. Zucker (Mrs. S. M.), American Mathematical Society, New York, 
N.Y. 


It was reported that the following had been elected as nominees 
on the Institutional Memberships of the Institutions indicated: 


Brown University: Messrs. Joaquín Basilio Dfaz and George Herman Handelman. 

Bryn Mawr College: Miss Marie Anna Wurster. 

University of California: Miss Louise Hoy Chin, Messrs. E. Allen Davis, Joseph 
Lawson Hodges, and Siegfried Friedrich Neustadter. 

University of California at Los Angeles: Mr. Gordon Klinzman Ove- holtzer, Mrs. 
Zivia Wurtele. 

University of Chicago: Messrs. Charles F. Brumfiel, Marvin Maynard Lavin, and 
Charles A. Nichols. 

University of Cincinnati: Mr. John Sunapee Stubbe. 

Cornell University: Messrs. Robert Lewis Beinert, Charles Hatfield, Jr., and Edward 
joseph Scott. 

Duke University: Mr. Robert Arthur Clark. 

Harvard University: Messrs. E. J. Akutowicz, Philip Davis, L. Fine, Daniel Goren- 
stein, A. R. Harvey, I. I. Hirschman, Robert Heywood Hoskins, G. oe 
S. B. Sommerville, James Wolfe, and Joseph Abraham Zilber. 

University of Illinois: Miss Mildred Jeannette Brannon, Mr. H. Herbert Fox, Misses 
Helen Louise Friend, Helen P. Hoffman, and Elaine Vivian Nantkes, Mr. Rich- 

' ard George Stoneham, Professor Earl Reeves Wasserman. 

Iowa State College: Mr. Frank Edward Bortle. 

Johns Hopkins University: Messrs. Thomas Birdsal Andrews, Jr., Charles Vale 
Bitterli and Julius Vogel. 

Massachusetts Institute of Technology: Messrs. Lawrence Russell Norwood, Walter 
Pitts, and George Neal Raney. 

University of Michigan: Messrs. Pratap Chand and Manuel O. Hizon, Miss Frances 
Van Every Morfoot. 

Northwestern University: Mr. William R. Allen, Miss Alice Christianson, Messrs. 
B. Kent Dickerson and Martinus Esser, Miss Evelyn Frank. 

University of Notre Dame: Rev. Ferdinand L. Brown. , 

Pennsylvania State College: Mr. John Rankin Kinney. 

Stanford University: Miss Kathryn Anne Morgan. 

Syracuse University: Professor Howard Whitley Eves. 

Texas Technological College: Miss Virginia Elizabeth Bowman. 

University of Virginia: Messrs. Raymond Alfred Lytle and Russell Lowell Wine. 

University of Washington: Miss Phyllis Cady Johnson, Mr. Max Carl Walske. 

Wesleyan University: Messrs. Adolph Grünbaum and Raymond de Shelly. 

Western and Southern Life Insurance Company: Mr. William S. Marcaccio. 

Williams College: Mr. Edwin Foote Cillette. 

University of Wisconsin; Messrs. Louis Harold Kanter, John Thomas Moore, Joseph 
Rosenthal, Raphael Darrel Wagner, and Robert Livingston Young. 

Yale University: Mr. Walter John Klimczak. 


It was also reported that Immaculata College, Immaculata, Penn- 
' sylvania, had been elected to institutional contributing membership 
in the Society. 
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The following appointments by President M. H. Stone were re- 
ported: as a committee to study the present method of arranging 

scientific. programs, Professors Saunders MacLane (Chairman), 
W. T. Martin, C. V. Newsom, Gabor Szegó, and Oswald Veblen; as a 
Committee on Nomination of Officers and Members of the Council 
for 1945, Professors Einar Hille (Chairman), G. A. Hedlund, E. P. 
Lane, C. C. MacDuffee, and Hassler Whitney; as a Committee on 
Arrangements for the 1944 Summer Meeting at Wellesley College, 
Professor Marion E. Stark (Chairman), Dr. Katherine E. Hazard, 
Professors T. R. Hollcroft, B. W. Jones, and Helen G. Russell; as 
auditors of the Society's accounts for 1944, Professors T. F. Cope and 
A. E. Meder, Jr.; as representative of the Society at the inauguration 
of Clark George Kuebler as seventh President of Ripon College 
(Ripon, Wisconsin) on Decernber 7, 1943, Professor R. E: Langer; 
as representative of the Society at the inauguration of Russell David 
Cole as President of Cornell College (Mount Vernon, Iowa) on April 
25, 1944, Professor Roscoe Woods; as representative of the Society 
' at the inauguration of the Very Reverend Vincent J. Flynn as Presi- 

dent of The College of St. Thomas (St. Paul, Minnesota) on April 27, 
1944, Professor R. W. Brink. . 

: The Secretary reported that the following had been chosen as the 
voting representatives of editorial committees on the Council for the 
year 1944: Bulletin—Dean Tomlinson Fort; Transactions— Pro- 
fessor A. A. Albert; Colloquium Publications— Professor A. B. Coble; , 
American Journal of Mathematics— Professor , G. D. Birkhoff; 
Mathematical Reviews—Professor O. E. Neugebauer. 

The Secretary reported that Professor John von Neumann had 
‘accepted the invitation to deliver the Gibbs Lecture at the Annual 

meeting of 1944; the title of the Lecture will be T'he ergodic theorem 
and statistica} mechanics. 

It was reported that the biennial List of Members, usually pub- 
- lished as a supplement to the SCENEIDDEE Bulletin, will be published 
in November in 1944. 

The Secretary reported the receipt of a letter from the London 
Mathematical Society, expressing appreciation of the fifteen micro- 
filní reading machines, donated,by our Society, which have now been 
distributed to scientific groups in Great Britain. — 

The Council adopted the TOHONIAQ. resolution on the death of 
Professor Thomas Scott Fiske: 


The death on January 10, 1944, of Professor Thomas Scott Fiske, venerable found- 
er of the American Mathematical Society, brought deep sadness to the country's 
mathematicians. 
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To the members of the Society, the story of its first years is an absorbing one. 
In 1888, Professor Fiske, then a young man of twenty-three, saw that the time was 
ripe for the organization of the mathematicians of America. Through his efforts there 
was established the New York Mathematical Society which, in the space of three 
years, grew into a national organization. Fiske held office in the Socicty as Secretary 
. from 1888 to 1895, as Treasurer from 1898 to 1901 and, finally, as President, 1903 to 
1904. In addition, he served for long periods on the editorial staffs of the Bulletin 
and Transactions. 

Fiske's ability as an organizer also found scope in the Department of Mathe- 
matics of Columbia University, of which he was a member for fifty years. Himself a 
scholar of genuine depth, he devoted his energies to the creation of a center of mathe- 
matical research at Columbia. He took a sincere interest in the researches of his 
colleagues and found particular pleasure in encouraging the scientific efforts of the 
young men serving under him. 
ks Fiske was a striking personality. Distinguished in presence, cordial and frank in 
nature, he enjoyed the deep regard of his associates. He has left his mark on a period 
of mathematical history whose color will deepen as the years advance. 


, , On recommendation of the Committee on Places of Meetings, the 
1944 Annual Meeting was scheduled for Chicago, Illinois, on Novem- 

ber 24-25. The Council also scheduled a far western meeting on 

November 25 at the University of California at Los Angeles. 

It was reported that Professor Will Feller had been invited to 
deliver an hour address at the 1944 Annual Meeting. 

Professors F. J. Murray and Morgan Ward were reappointed as 
representatives of the Society on the Editorial Board of the Duke 
Mathematical Journal. 

'The Council accepted the resignation of Professor J. W. T. Youngs 
as Acting Associate Secretary. 

The Council voted to recommend to the Board of Trustees that the 
Transactions of the Society be copyrighted. 

The Secretary reported for the War Policy Committee as follows: 
(1) Problems in connection with mathematicians and Selective 
Service have occupied the attention of members of the Cómmittee 
and the Secretary's office has attempted to keep chairmen of depart- 
ments of mathematics informed of changes in procedure; (2) Efforts 
are being made to secure funds so that the Society and Association 
may continue to support the Office of Scientific Personnel in Wash- 
ington, the Director of which has been useful in representing the 
mathematicians during these critical times; (3) the Committee on 
Available Teachers of Collegiate Mathematics is continuing to 
function as an aid to department chairmen in securing teachers for: 
the service programs; (4) the Subcommittee on War Training Pro- 
- grams has submitted detailed reports on the mathematical aspects 
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of the Army Specialized Training Program and of the Navy College 
Training Program. The Subcommittee is also studying the work of 
the Armed Forces Institute. . 

On recommendation of the committee appointed to consider the 
possibility of changing the term of office of the President of the 
Society, the Council voted that no change be made at this time. 

Titles and cross references to the abstracts of papers read follow 

- below. Papers whose abstract numbers are followed by the letter ¢ 

were read by title. Papers numbered 1 to 6 were read in the section 
' for Algebra, Probability, Statistics, and Applied Mathematics; papers 
“\7 to 12 in the section for Algebra and Geometry; papers 13 to 28 
were read by title. Paper 1 was read by Professor Tukey; paper 9 by 
. Professor Cameron. Dr. Kober was introduced by Professor Einar 
' Hille. 

1. Henry Scheffé and J. W. Tukey: Coniributtons to the theory of 
non-parametric estimation. (Abstract 50-5-164.) 

. 2. John Williamson: Hadamard's determinant theorem and the sum 
of four squares. (Abstract 50-5-119.) 

3. Garrett Birkhoff: Subdtrect products tn universal algebra. (Ab- 
stract 50-5-106.) 

4. J. A. Shohat: Series expansions for the periodic solution of Van 
der. Pol's equation and tts frequency for all values of the parameter. ` 
(Abstract 50-5-156.) 

5. P. R. Halmos: Random alms. (Abstract 50-5-163.) 

6. S. P. Avann: Relations between join-trreducibles and meet- 
` trreducibles $n a modular lattice. I. (Abstract 50-5-104.) 

7. L. H. Loomis: Abstract congruence and the uniqueness of Haar 
measure. (Abstract 50-5-141.) 

8. S. S. Chern: Laplace transforms of a class of higher dimenstonal 
varieties in a projective space of n dimensions. (Abstract 50-5-159.) 

9. R. H. Cameron and W. T. Martin: Transformations of Wiener 
integrals under a general class of linear SORA] CRORES: (Abstract 50-5- 
130.) 

10. Otto Szász: On uniform FOIE PERDE of irigonomeiric series. 
(Abstract 50-5-149.) 

11. L. I. Schoenfeld: 4 si Lili formula in die theory of 
partitions. (Abstract 50-5-147.) 

12. M. M. Day: On symmetric Abed convex curves. (Abstract 
50-5-132.) 

13. R. P. Agnew: Summabshty of subsequences. (Abstract 50-5- 

120-2.) 
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14. Stefan Bergman: Certain classes of analytic functions of two 
real variables and their properties. (Abstract 50-5-123-1.) 

15. Stefan Bergman: The determination of some properties of a func- 
Hon satisfying a partial differential equation from tts series develop- 
ment. (Abstract 50-5-124-1.) 

16. Augusto Bobonis: A suffictency theorem for differential SYS- 
tems. (Abstract 50-5-126-2.) 

17. H. D. Brunk: Theorems of composition for Dirichlet series. 
Preliminary report. (Abstract 50-5-128-#.) 

18. C. W. Churchman and Benjamin Epstein: Estimates of error in 
parallel experiments. (Abstract 50-5-162-1.) 

19. W. B. Fite: The degree of a linear homogeneous group. (Abstract 
-50-5-109-2.) 

20. Michael Goldberg: A three-space analog of a plane Kempe link- 
age.) (Abstract 50-3-81-t.) 

21. S. B. Jackson: Vertices of plane curves. (Abstract 50-5-160-1.) 

22. Edward Kasner and John DeCicco: Isothermal families in gen- 
eral curvilinear coordinates, and loxodromes. (Abstract 50-7-191-1.) 

23. Herman Kober: Approximation by integral functions in the 
complex domain. (Abstract 50-5-140-t.) ` 

24. A. N. Lowan and H. E. Salzer: Coeficients for complex inter- 
polation within a square grid. (Abstract 50-5-142-1.) 

25. G. W. Mackey: On infinite dimensional linear spaces. (Abstract 
50-5-143-1.) 

26. A. M. Peiser: On the average sum of the real roots of a random 
algebraic equation. (Abstract 50-5-144-1.) 

27. G. T. Whyburn: Intertor mappings into the circle. (Abstract 
50-7-197-1.) 

28. Oscar Zariski: The theorem of Bertint concerning the variable sin- 

gular PURIS of a linear system of varieties. (Abstract 50-7-194-1.) 
‘ J. R. KLINE, 
Secretary 
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The four hundred fourth meeting of the American Mathematical 
Society was held at the Museum of Science and Industry, Chicago, 
Illinois, ón Friday and Saturday, April 28-29, 1944. The attendance 
was about one hundred twenty-five, including the following one hun- 
dred eleven members of the Society: 


A. A. Albert, Warren Ambrose, E. W. Anderson, Reinhold Baer, Walter Bartky, 
P. O. Bell, S. F. Bibb, K. E. Bisshopp, B. H. Bissinger, G. A. Bliss, D. G. Bourgin, 
A. J. Brandt, J. L. Brenner, R. H. Bruck, Herbert Busemann, L. E. Bush, F. A. 
Butter, R. E. Byrne, Abraham Charnes, L. W. Cohen, Nancy Cole, Max Coral, 
B. K. Dickerson, Samuel Eilenberg, H. P. Evans, C. J. Everett, H. S. Everett, L. R. 
Ford, J. S. Frame, Evelyn Frank, J. H.'Giese, J. W. Givens, R. A. Good, Cornelius 
Gouwens, L. M. Graves, L. W. Griffiths, V. G. Grove, R. W. Hamming, W. L. Hart, 
M. L. Hartung, C. T. Hazard, O. C. Hazlett, M. H. Heins, E. D. Hellinger, Fritz 
Herzog, J. F. Heyda, E. H. C. Hildebrandt, T. H. Hildebrandt, J. D. Hill, D. L. Holl, 
A. S. Householder, H. K. Hughes, M. H. Ingraham, Karl Johannes, G. K. Kalisch, 
Wilfred Kaplan, William Karush, D. E. Kearney, Fred Kiokemeister, W. C. Krath- 
wohl, R. E. Langer, E. H. Larguier, A. L. Lewis, M. I. Logsdon, A. T. Lonseth, W. C. 
McDaniel, Janet MacDonald, C. C. MacDuffee, Morris Marden, J. R. Mayor, C. W. 
Mendel, Karl Menger, H. J. Miser, C. W. Moran, E. J. Moulton, A. L. Nelson, C. J. 
Nesbitt, Ivan Niven, Isaac Opatowski, J. W. Porter, Tibor Rado, R. B. Rasmusen, 
Maxwell Reade, W. T. Reid, Haim Reingold, M. D. P. Rochford; R. G. Sanger, 
O. F. G. Schilling, G. E. Schweigert, M. E. Shanks, I. S. Sokolnikoff, Abraham Spitz- 
bart, N. E. Steenrod, C. F. Stephens, B. M. Stewart, A. H, Stone, R. L. Swain, J. L. 
Synge, R. M. Thrall, M. K. Toft, Henry Van Engen, Bernard Vinograde, S. E. 
Warschawski, J. V. Wehausen, G. W. Whitehead, L. R. Wilcox, J. E. Wilkins, M. A. 
Wurster, G. S. Young, J. W. T. Youngs, M. H. Zink. 


Sessions for the reading of contributed papers were held on Friday 
morning, with Professor J. S. Frame presiding, and Saturday morning 
with Professor J. L. Synge presiding. On Friday afternoon, Professor 
J. L. Synge gave an invited address on The problem of Sasnt Venant 
for a cylinder with free sides, and Professor I. S. Sokolnikoff gave an 
invited address on Torston and flexure of compound prisms. Professor 
Walter Bartky presided at these lectures. 

All sessions were held in the West lecture hall in the Museum of 
Science and Industry. 

Titles and cross references for the abstracts of papers read at the 
meeting follow below: Papers 1 to 8 were read Friday morning, papers 
9 to 17 on Saturday morning, papers 18 to 38, whose abstract num- 
bers are followed by the letter ¢ were read by title. Paper 2 was read 
by Dr. Bissinger and paper 5 by Dr. Kaplan. Ida Roettinger was 
introduced by Professor R. V. Churchill. 
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1. J. E. Wilkins: The contact of a cubic surface with a ruled surface; 
(Abstract 50-5-161.) 

2. B. H. Bissinger and Fritz Herzog: An extenston of some previous 
resulis on generalized continued fractions. (Abstract 50-5-125.) 

3. S. E. Warschawski: On conformal mapping of nearly circular 
regions. (Abstract 50-5-151.) 

4. Maxwell Reade: On functions of class PL. (Abstract 50- x 145.) 

5. Wilfred Kaplan and Max Dresden: The mechanism of the con- 
densatton of gases. (Abstract 50-5-152.) 

6. Morris Marden: Axtsymmetric harmonic vectors. (Abstract 
:50-5-153.) 

7. H. K. Hughes: The asymptotic expansions of entire functions 
defined by Maclaurin series. (Abstract 50-5-138.) 

8. Tibor Rado: On the Geöcze area of Frechet surfaces. Preliminary 
report. (Abstract 50-7-182.) 

9. R. H. Bruck: Quasigroups with the inverse property. I. Pre- 
liminary report. (Abstract 50-5-107.) 

10. G. K. Kalisch: Generalized Hilbert spaces over fields with a non- 
Archimedean valuation. (Abstract 50-5-113.) 

11. G. S. Young: Concerning spaces $n which every arc has iwo sides. 
(Abstract 50-5-170.) 

12. Samuel Eilenberg: Skew-invartant SUMMO EY groups. Pre- 
lininary report. (Abstract 50-5-166.) 

13. N. E. Steenrod: The classification of sepa bundles. (Abstract 
50-5-168.) 

14.. P. O. Bell: A study of surfaces by means of a system of dif- 
ferential equations of the first order. (Abstract 50-5-158.) 

15. R. M. Thrall: On modular representations induced by ordinary 
represeniations. (Abstract 50-5-117.) 

16. Bernard Vinograde: On properties of completely primary rings. 
(Abstract 50-5-118.) 

17. Warren Ambrose: A vartation of a theorem of I.E. Segal on the 
group ring of a compact group. (Abstract 50-7-172-#.) 

18. Leon Alaoglu and Paul Erdós: On highly composite and similar 
numbers. (Abstract 50-5-103-7.) 

19. Reinhold Baer: Groups without proper isomorphic quotient 
groups. (Abstract 50-5-105-2.) 

20. Reinhold Baer: Crossed isomorphisms. (Abstract 50-7-173-1.) 

21.-Reinhold Baer: The fundamental theorems of elementary geome- 
try. An axiomatic analysts. (Abstract 50-5-157-1.) 

22. E. F. Beckenbach and Maxwell Reade: Further results on 
mean-values and harmonic polynomials. (Abstract 50-5-121-4.) 
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23. E. E. Beckenbach and Maxwell Reade: Regular solids and 
dacmonic polynomials. (Abstract 50-5-122-1.). 
24. R. H. Bruck: Simple quasigroups. (Abstract 50-5-108-2.) 
|. 25. H. D. Brunk: Transformations of . Dirichlet- series. Preliminary 
report. (Abstract 50-5-129-2.) 
26. M. M. Day: Cluster potnts of Sitepu: (Abstract 50-5- 
131-t.) 
27. M. M. Day: Inner-produci spaces. (Abstract 50-5-133-1.) 
. 58. J. D. Hill: Cesàro summability of sequences of O's and 1's. (Ab- 
stract 50-5-136-t.) 
29. J. D. Hill: Nérlund methods of summability that include the 
Cesdro methods of all positive orders. (Abstract 50-5-137-t.) 
30. G. B. Huff: The completion of a theorem of Kantor. (Abstract 
: 50-3-93-1.) 


~ 


. 31., Albert Newhouse: gu fnita extending groups. (Abstract 50-5- 


115-2. ) 

32. Maxwell Reade: Two abelicalons of generalized cca 
(Abstract 50-5-146-1.) - 

33. Ida Roettinger: Certain endi transformations, with applica- 
tions to boundary value problems. (Abstract 50-5-155-#.) ` 

34. M. F. Smiley: An application of lattice theory to quasigroups. 
(Abstract 50-5-116-z.) - 


35. C. F: Stephens: Nonlinear difference equations analytic in a 


- parameter. (Abstract 50-5-148-1.) 

36. F. A. Valentine: CORTOPHONS tn non-Euchdean spaces. (Ab- 
stract 50-5-150-t.) 

‘37. G. S. Young: A drain of Moore's theorem on stmple 
triods. (Abstract 50-5-169-1.) 

38. G. S. Young: On continua whose links are non- intersecting. 

(Abstract aS: 171-4.) . 
J. W. T. Younes, 
Acting Associate Secretary 
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THE APRIL MEETING IN BERKELEY 


The four hundred fifth meeting of the American Mathematical 
Society was held at the University of California on Saturday, April 
29, 1944. The attendance was about fifty-five, including the ners 
thirty-eight members of the Society: 


H.L. Alder, H. M. Bacon, E. W. Barankin, B. A. Bernstein, W. Z. Chien, L. H. 
Chin, C. H. Dix, Herbert Federer, A. L. Foster, S. M. Hallam, O. H. Hamilton, J. G. 
Herriot, Alfred Horn, D. H. Hyers, E. L. Lehmann, D. H. Lehmer, S. H. Levy, J. V. 
Lewis, C. C. Lin, A. D. Michal, A. P. Morse, S. F. Neustadter, A. R. Noble, George 
Polya, J. B. Robinson, R. M. Robinson, R. A. Rosenbaum, A. C. Schaeffer, S. A. 
Schaaf, D. C. Spencer, Pauline Sperry, L. H. Swinford, Gabor Szegt, Alfred Tarski, 


`R. K, Wakerling, L. F. Walton, A. R. Williams, František Wolf. 


After a brief opening session for contributed papers at which 
Professor B. A. Bernstein presided, the meeting in the morning was 
devoted to the invited one hour addresses at which Professor Gabor 
Szegó presided. By invitation of the Program Committee, Professor 
D. H. Hyers of the University of Southern California and the Cali- 
fornia Institute of Technology spoke on Linear topological spaces and 
Professor R. M. Robinson of the University of California on Hada- 
mard's three circles theorem. 

The Symposium on Applied Mathematics was held i in the afternoon 
with Professor George Polya presiding. The program consisted of two 
addresses: Hydrodynamtcal stability, by Dr. C. C. Lin, and The in- 
trinsic theory of elastic plates and shells, by Dr. W. Z. Chien, both of 
the California Institute of Technology. 

Titles and cross references to the abstracts of the papers read fol- 
low below. Papers whose abstract numbers are followed by the letter ¢ 
were read by title. Papers 1 to 3 were read in the morning session while 
papers 4 to 11 were read by title. Paper 3 was read by Professor 


` Foster. Mr. Reed was introduced by Professor Michal. 


1. J. G. Herriot: Nérlund summabtlity of multiple Fourier sertes. 
(Abstract 50-5-135.) 

2. Herbert Federer: The Gauss-Green theorem. (Abstract 50-5-134.) 

3. A. L. Foster and B. A. Bernstein: A dual-symmeiric definition 


‘of field. (Abstract 50-5-110.) 


4. E. F. Beckenbach and R. H. Bing: On generalized convex func- 
tions. (Abstract 50-5-165-1.) 

5. H. D. Brunk: Dirichlet series meromorphic in a half-plane. 
Preliminary report. (Abstract 50-5-127-t.) 

6. R. C. James: Linear functionals and opein eona in normed 
linear spaces. (bataci 50-5-167-1.) 
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7. R. D. James: Power series expansions for doubly periodic func- 
tions of the second kind. Preliminary report. (Abstract 50-5-111-/.) 

8. S. A. Jennings: A note on chain conditions in nilpotent rings and 
groups. (Abstract 50-5-112-2.) 

9. A. D.' Michal: Physical models of some curved diferential- 
geometric metric spaces of infinite dimensions. II. Vibrations of elastic 
beams and other elastic media as studies in geodesics. Preliminary re- 
port. (Abstract 50-5-154-#.) 

10. Knox Millsaps: On powers of third and fourth order matrices. 
(Abstract 50-5-114-7.) 

11. I. S. Reed: On the solution of a general transform. (Abstract 
50-7-181-t.) 

A. D. MICHAL, 
Assoctate Secretary 


OSKAR BOLZA—IN MEMORIAM 


Oskar Bolza came to the United States from Germany in 1888, 
and returned in 1910 to make his home in Freiburg im Baden during 
the later years of his life. He was an influential member of our Ameri- 
. can mathematical community for twenty-two years, including those 
significant ones during which the American Mathematical Society 
was founded and had its early growth. He was one of the founders 
of the Chicago Section of the Society, was a member of the Council 
of the Society in 1900-1902 and vice president in 1904. He was be- 
loved by his students and associates. He was born on May 12, 1857 
in Bergzabern, Germany, and word reached this country in the 
autumn of 1942 through the American Red Cross that he died peace- 
fully on July 5, 1942, presumably in Freiburg. The following pages 
are devoted to a sketch of his life and scientific activities. They have 
unusual significance for our American mathematical community. 

Bolza's father was in the judicial service in Germany and the family 
. dwelt in various places in southern Germany during Bolza's child- 
hood years. In 1873 they made Freiburg their permanent home, and 
the ties which bound Bolza to that city were thereafter always very 
strong. His mother was a daughter of Friedrich Koenig, the inventor 
of a rapid printing press in the early part of the nineteenth century. , 
The manufacture of printing presses proved to be profitable through 
the years, and so far as is known Bolza's life was free from financial 
worries. 

Even in his early years Bolza was an industrious and independent : 

. student. His first strong interests seemed to be the beginning of a 
career in languages and comparative philology. But in 1873 he at- 
tended an academy in Neuchatel and later the Gymnasium in Frei- 
, burg, in both of which he had excellent instructors in mathematics. 
"There for the first time he became enamoured of the subject, and 
mathematics remained his principal interest during all but a few years 
of the rest of his life. 

_In the autumn of 1875 Bolza went to Berlin to begin his university 
student career. At that time it was expected that he would ultimately 
succeed to a share in the management of the family printing press 
factory. But his father wanted him to have a liberal as well as a tech- 
nical education, and for that reason he first attended both the Uni- 
versity and the Gewerbeakademie in Berlin. It soon became clear that 
this double program was impractical, and that Bolza's interests were 
likely to lie much more in pure science than in business. He at first 
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turned to physics as a possible principal life activity, and during the 
years 1876-1878 he studied in that field under Kirchoff and Helmholz 
in Berlin, Quinke in Heidelberg, and Kundt in Strassburg. He even 
undertook to write a doctor’s dissertation in physics under Kundt. 
But experimental work had always been burdensome to him and in 
the autumn of 1878 he decided finally, and certainly fortunately in 
view of his later attainments, to make pure mathematics his specialty. 

The next three years Bolza pursued his interest in pure mathemat- 
ics under Christoffel and Reye in Strassburg, Weierstrass in Berlin, 
Schwarz in Góttingen, and Weierstrass again. He was not pressed 
financially and had the approval of his father in his effort to prepare 
himself for a university career. But in the autumn of 1880 he found 
himself still far from his doctor’s degree and already in his eleventh 
university semester. He determined therefore to prepare himself for 
the Staatsexamen which in Germany was a prerequisite for Gym- 
nasium teaching though not for a university career. It was three years 
before his examination was passed and his year of practice teaching 
in the Gymnasium at Freiburg completed. He did well in this under- 
taking, and was successful and greatly interested in his teaching work. 

For two years, 1883-1885, he worked privately on his doctor's dis- 
sertation in Freiburg. The subject which he had chosen was the de- 
termination of hyperelliptic integrals which can be reduced to elliptic 
integrals by a transformation of the third degree. He found the solu- 
tion of his problem in 1885 just as a more elegant one by Goursat 
appeared in the Comptes Rendus. Nothing daunted Bolza attempted 
and found it easy to solve the corresponding problem for transforma- 
tions of the fourth degree. His solution was published promptly in 
the Berichten der Freiburger Naturforschenden Gesellschaft. It was 
his first published paper. 

In 1885 and 1886 Bolza studied again at Berlin under Fuchs and 
Kronecker. He extended his results on the transformation problem 
and after some correspondence with Schwarz and Klein in Gottingen 
his paper was accepted by the latter as a dissertation for the doctor's 
degree. Bolza's results were undoubtedly of great interest to Klein 
since they were closely related to some which Klein had himself re- 
cently published. In June 1886 Bolza passed his examination and was 
awarded the doctor's degree at the age of 29. 

The next year, 1886-1887, Bolza and his intimate student friend 
Heinrich Maschke had a kind of private seminar with Klein in Gót- 
tingen. The three met once a week at Klein's house and planned and 
reported on research projects of common interest. It was a great ex- 
perience for the younger men, but it had an unexpected effect upon 
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Bolza. Klein had an altogether exceptional genius and breadth of 
view in mathematics, and his personality was justifiably confident 
and overpowering. Bolza was a modest person, and as a result of his 
association with Klein he experienced a loss of confidence in himself 
which was completely unjustified, as later years have well shown. 

It was at this stage in his career that Bolza debated seriously with 
himself what his future might turn out to be. As a student in Berlin 
he had made two exceptionally intimate young friends, the mathe- 
matician Heinrich Maschke mentioned above and the physicist Franz 
Schulze-Berge. Both of them had taken positions as gymnasium in- 
structors but ‘had found the teaching exceedingly heavy with little 
opportunity for scientific work. In the spring of 1887 Schulze-Berge 
decided to try his fortune in the United States, and upon his arrival 
` here he promptly found a place in the experimental laboratory of 
Thomas Edison in New Jersey. This experience and the persuasive- 
ness of two American mathematical students in Góttingen, M. W. 
Haskell and F. N. Cole, decided Bolza to follow the example of his 
friend, and in the spring of 1888 he landed in Hoboken. 

Not long after his arrival he was greatly encouraged to find a place 
as "Reader in Mathematics" at Johns Hopkins University beginning 
in January 1889. Before the college year was out he was appointed 
*Associate in Mathematics" in the newly founded Clark University 
of Worcester, Massachusetts. The appointment began in October 
1889 when the University first opened. Clark University had been 
founded as a graduate school with funds which soon proved to be in- 
sufficient. The faculty became restive and dissatisfied, and in 1892 
when the new University of Chicago was opened, President Harper 
was able to persuade a number of them to move to his still newer in- 
stitution. Bolza was one of these. He was made an associate professor, 
beginning January 1, 1893, with the understanding that he should be 
advanced to a full professorship after one year. He had' also per- 
suaded President Harper and E. H. Moore, the youthful head of the 
department of mathematics, to appoint Maschke to an associate pro- 
fessorship, Maschke having meanwhile also come to the United 
States. 

Bolza was highly successful in his teaching and research during the 
eighteen years which he spent at the University of Chicago. The trio, 
Moore, Bolza, Maschke, had a profoundly stimulating influence on 
each other and on the continually numerous group of graduate stu- 
dents who went to Chicago to listen to them, a group now widely 
distributed among the faculties of our American universities. Among 
notable mathematical events which took place during this period were 
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the International Mathematical Congress at the World’s Fair in Chi- 
cago in 1893 and the immediately following inspiring Colloquium Lec- 
tures by Klein at Northwestern University, the transformation of 
` the New York Mathematical Society into the American Mathemati- 
' cal Society, the foundation of the Chicago Section and other sections 
of the Society, and the foundation of the Transactions of the Ameri- 
can Mathematical Society in 1900. In all of these activities Moore, 
Bolza, and Maschke-took a prominent part. At the third colloquium 
of the Society in Ithaca in August 1901, Bolza lectured in beautiful 
fashion on the calculus of variations, a subject then much in vogue be- 
_ cause of the then recent appearance of Kneser's book in that field; 
' In March of 1908 Maschke died and one of the strongest ties which 
bound Bolza to Chicago was thereby broken. During his sojourn in 
Chicago Bolza had frequently refreshed his relations with his relatives 
and friends in Germany by journeys to Freiburg during his vacation 
periods. Furthermore he had the feeling that he should' make way 
for some of the large group of young and able American mathemati- 
cians then becoming established in increasing numbers in American 
mathematical departments. Soon after Maschke's death, therefore, 
Bolza decided to return to Freiburg to spend his later years in his 
original home environment. The mathematical department at the 
University of Chicago released him with great reluctance and with 
` the title Nonresident Professor of Mates which he held until 
- his death. 

In Freiburg Bolza was appointed Ordentlicher Honorar professor 
at the University there, at the instigation of his friend, Lüroth, and 
for several years he continued his mathematical lectures and research 
with great success. In the summer quarter of 1913 he lectured again 
at the University of Chicago to the great satisfaction of his friends 
and hearers. But the war of 1914-1918 had a disastrous effect upon 
Bolza's mathematical research. He continued his lectures until 1926 
but from as early as 1917, under the influence of several very good 
friends, his interest turned strongly to religious psychology and to 
Sanskrit which he studied for the purpose of reading at first hand 
literature-concerning the religious systems of India. The result of 
these activities was a book entitled Glaubenlose Religion published in 
1930 under the pseudonym F. H. Marneck. 

After an interruption of three years Bolza resumed his mathemati- 
cal lectures in 1929 at the University of Freiburg before the largest 
classes he had ever had. In one case ninety students listened to his 
lectures on differential equations. But the flood of students ebbed 
away there as elsewhere during succeeding years, and in 1933 at the 
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age of 76 Bolza finally gave up lecturing and turned again to his 
psychological studies. Then a very interesting thing happened to him. 
Professor J. H. MacDonald, one of his Ph.D. students in 1901, so- 
journed for two weeks in Freiburg, and the two of them took long 
walks together during which they discussed again the subject which 
had long before engaged their interest, the transformation of hy- 
perelliptic into elliptic integrals by transformations of specified 
degrees. Bolza was inspired to attempt anew some research in this 
field of his earliest mathematical activity and he succeeded in com- 
pleting the solution of a problem which had long interested him much. 
His results were published in the Mathematische Annalen in 1935 in 
the paper numbered 57 in the bibliography below. In 1938 Bolza pub- 
lished one further study in religious psychology (no. 62 in pie bibliog- 
raphy). It was his last published paper. 

We know, however, that Bolza's enthusiasm for mathematics con- 
tinued to the end. In a letter to Professor Arnold Dresden, written 
in 1939 at the age of 82, Bolza tells of his interest in studying the 
foundations of geometry with his friend and colleague in Freiburg, 
the geometer Heffter. According to Bolza’s own statement his inten- 


. tion was to try to fill a yawning gap in his earlier mathematical 


training. 

Since 1939 we have had little news from Bolza until the announce- 
ment in the autumn of 1942 of his death. But the impressions of his 
able and kindly personality which he has left behind, and the records 
of his inspiring lectures and research, are a part of our American 
mathematical traditions which will be with us always. 

In the pages to follow in this biography some indications will be 
given of the scope and character of Bolza’s scientific work. 


THE SCIENTIFIC WORK OF OSKAR BOLZA 


The scope and emphasis of Bolza’s research are indicated roughly 
by the following table which lists for each of his principal fields the 
papers which he published and the years during which he was active 
in that field. The numbers refer to the bibliography at the end of this 
paper. 

I. Elliptic and hyperelliptic integrals and functions: 1-6, 13-15, 
17—20, 22, 23, 25, 60; 1885-1901, 1936. 
II. Miscellaneous: 7-12, 16, 21, 34, 40, 41, 58, 61, 62; 1888-1938. 

III. Calculus of variations: 24, 26-33, 35-39, 42-53, 56, 57, 59; 

1901—1933. 
IV. Integral equations and general analysis: 46, 54, 55; 1910-1914. 

In Group I Bolza studied first the problem of determining hyper- 
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elliptic integrals which are reducible to elliptic integrals by trans- 
” formations especially of the third and fourth degrees. It was his first 
research interest, the field of his dissertation sponsored by Klein in 
. Göttingen, a problem often studied by leading mathematicians in the 
latter part of last century. Beginning with his sojourn under Klein in 
Göttingen in 1886, and continuing during something more than a 
decade following his move to the United States, Bolza published 
eleven papers concerning hyperelliptic @-, ¢-, and »-functions and 
related subjects. In these he emphasized the elliptic theory and re- 
formulated it in numerous instances to show how it appears as a 
special case of the hyperelliptic theory, and he carried over to the 
more general case many theorems and formulas well established in 
connection with the theory of elliptic functions. He was an able fol- 
lower of his great teachers, Weierstrass and Klein, in this field. 

When Bolza first went to Johns Hopkins in 1889 he was asked by 
the noted astronomer, Simon Newcomb, then head of the department 
. of mathematics, to lecture on the theory of substitution groups and 
its applications to algebraic equations. In 1891 the lectures were pub- 
lished by invitation in the paper numbered 8-below, and in neighbor- 
ing years Bolza wrote three further papers on the subject. One was a 
review of Cole’s translation of Netto's Theory of substitutions, a book 
which aroused much interest in this country. The review was most 
thorough and scholarly, quite characteristic of Bolza, and much more 
comprehensive and critical than most reports of this sort. 

Under the title *Miscellaneous" above I have grouped two papers 
on linear differential equations of the second order, Bolza's two pub- 
lications concerning religious psychology, and other papers. But I 

wish to mention especially his autobiography Aus meinem Leben pub- 
lished privately in 1936. I had some time before urged him to write 
an account of his life and interests and was overjoyed when the re- 

sult reached me. It is the source of much of the data in the sketch of 
his life presented here, and many readers besides his own students 
and colleagues will find great encouragement and interest in it. 

By far the greatest of Bolza’s interests was the calculus of varia- 
tions, as indicated by the twenty-nine publications under III above. 
He was a studeht in the famous course of Weierstrass on the calculus 
of variations at the University of Berlin in 1879, but did not pursue 
the subject actively further until.1901 when he was invited to give a 
series of colloquium lectures at the summer meeting of the American 
Mathematical Society in Ithaca. He chose the calculus of variations 
as his subject. It was beautifully presented. The lectures much ampli- 
fied, eH: in 1904 in the book numbered 33 in the bibliography 
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below, contained the contributions to that date, especially of Weier- 
strass, Kneser, and Hilbert, for problems of the calculus of variations 
in the plane in both non-parametric and parametric form, enriched by 
the able presentation of Bolza himself. This was only his beginning. 
He published in 1909 his Vorlesungen über Variationsrechnung, num- 
bered 44 below, which is now a classic, indispensable to every scholar 
in the field, and much wider in its scope than his earlier book. The 
later volume contains besides the theory of problems in the plane, the 
theory of the problem of Lagrange with fixed end points, and an in- 
troduction to the problem of the calculus of variations for double 
integrals. 

One of Bolza's important contributions was his extension and ap- 
plication of existence theorems for implicit functions and for solutions 
of differential equations. Before his time most theorems concerning 
implicit functions defined by equations of the form 
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were based upon the hypothesis that there is a single solution 
(x; y) =(a; b) of these equations, and the purpose of the theorems 
was to show that for x in a neighborhood of a there exists a uniquely 
defined system of solutions 
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near the point y =b. Bolza assumed a set P of solutions (x; y) = (a; b), 
instead of a single one, and proved the existence of solutions defined 
over a neighborhood of the projection X of P in x-space. Similarly 
for a system of differential equations 
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he assumed the existence of a solution arc y;(x) (mSxSx; 
#=1, +++, n) and proved that it could be imbedded in an n-parame- 
ter family of neighboring solutions. These theorems or their equiva- 
lents, as Bolza showed and as other students of the subject now well 
recognize, are essential in many instances to a rigorous theory of the 
calculus of variations. 

Two of Bolza’s papers, 53 and 56 in the bibliography below, have 
interested me especially. In them he presents a formulation of a new 
and very general problem of the calculus of variations which includes 
as special cases most of the problems which have been studied 
hitherto, and which has come to be known as the problem of Bolza. 
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. The problem in parametric form is to find in a class of arcs y,(i) 


(¢=1, +++, n; bo SE Sh) satisfying equations of the form 
EE $«(y, y") = 0 (a — 1,7.) 
vb) =o (B= 1, <9, 9) 
and end conditions of the form 
xb, 0] = 0 (y=, 6-647) 


^ 


“one which minimizes a sum 

: 3 

I= GbG2, xd] + f f, yd 
te 


In these expressions the symbol y stands for the set (j1,---, ya); 
and similarly for y’. Bolza deduced first necessary conditions for a 
minimum and showed how the problems of Lagrange and Mayer are 
unified under his theory. He distinguishes with great clarity between 
so-called normal and abnormal minimizing arcs in cases much more 
general than had been considered before. In the second of the two 
papers he studies problems for which some of the side conditions 
written above are inequalities i in place of equalities. It is impossible 
_ to describe or even mention bere all of the contributions which Bolza 
made to the calculus of variations. He added liberally to the theory 
in the plane and to the problem of Lagrange, and improved them in 
many important respects. His methods are models which have greatly 
influenced many workers in the field. 

' The group of papers listed as IV above is a small one. Bolza was 
a great friend and admirer of E. H. Moore. The paper 46 is devoted 
to the formulation and proof of a theorem in General analysis which 
generalizes and unifies a multiplier rule of the calculus of variations 
and a theorem of elementary analytic geometry in the spirit so often 
formulated by Moore. In the summer of 1913 Bolza gave one of his 
inimitable lecture courses at the University of Chicago on integral 
equations. The lectures were written up by W. V. Lovitt who after- 
ward published them with modifications in book form (see no. 54 of 
the bibliography). When Bolza returned to Germany after his sum- 
mer in Chicago he had the strong feeling that Moore's General analy- 
sis and’ the accompanying theory of integral equations had been 
stated in print only very concisely, and that they should be much 
better known. He therefore published in the Jahresbericht an in- 
troduction of some fifty-six pages to Moore's theory, the paper num- 


, 


& 


486 ' OSKAR BOLZA—IN MEMORIAM [July 


bered 55 below. It is written in Bolza's finest style and should be most 
helpful and suggestive to all students of the theory. 

It would require a book to describe all of the research which Bolza 
published, even in the calculus of variations alone, and I shall con- 
tent myself with the brief indications in the paragraphs which pre- 
cede. His work was always meticulously precise, and was usually 
accompanied by a most scholarly and appreciative analysis of publi- ' 
cations in the same neighborhood which preceded his own. Wherever 
his interest was aroused he has left valuable and indelible impressions 
in the field of mathematical research. 


BIBLIOGRAPHY OF OSKAR BOLZA 


The list is chronological. 


1. Zur Reduction hyperelliptischer Integrale auf elliptische, Berichte über die Ver- 
handlungen der naturforschenden Gesellschaft zu Freiburg im Baden (1885) pp. 330- 
335. 

2. Über die Reduction hyperelliptischer Integrale erster Ordnung und erster Gattung 
auf elliptische, inbesondere uber die Reduction durch eine Transformation vierten Grades, 
Dissertation, Göttingen, 1886, 39 pp. 

3. Uber die Reduction hyperelliptischer Integrale erster Ordnung und erster Gattung 
auf elliptische durch eine Transformation vierten Grades, Math. Ann. vol. 28 (1887) 

pp. 447-456; this is a review of the results in no. 2 above. 

4. Darstellung der rationalen gansen Invarianten der Binarformen sechster Ordnung 
durch die Nullwerte der sugehorigen @-Functionen, Math. Ann. vol. 30 (1887) pp. 478- 
495; for an earlier summary of results see Nachr. Ges. Wiss. Gottingen (1887) pp. 
418421. 

5. Über binare Formen sechster Ordnung mit linearen Substitutionen in Sich, Math. 
Ann. vol. 30 (1887) pp. 546-552. This is a summary of the results in no. 6 below. 

6. On binary sextics with linear transformations into themselves, Amer. J. Math. 
vol. 10 (1888) pp. 47-70; see also no. 5 above which is a synopsis of this. 

7. On the construction of intransitive groups, Amer. J. Math. vol. 11 (1889) pp. 195- 
214. 

8. On the theory of substitution groups and tis application to algebraic equations, 
Amer. J. Math. vol. 13 (1891) pp. 59-144. 

9. Review of E. Netto, The theory of substitutions, translated by F. N. Cole, Bulletin 
of the New York Mathematical Society vol. 2 (1892) pp. 83-106. 

10. Uber Kronecker’s Definition der Gruppe einer Gleichung, Math. Ann. vol. 42 
(1893) pp. 253-256. 

11. Über dis linearen Relationen zwischen den zu verschiedenen singulüren Punkten 
gehörigen Fundamentalsystemen von Integralen der Riemannschen Differentialgleichung, 
Math. Ann. vol. 42 (1893) pp. 526-536. 

. 12. On the transformation of linear differential equations of the second order with 
linear coefficients, Amer. J. Math. vol, 15 (1893) pp. 264-273. 
_ 13. On Weierstrass’ system of hyperelliptic integrals of the first and second kind, 
Mathematical Papers read at. the International Congress held in conjunction with the 
World's Columbian Exposition, Chicago, 1893, pp. 1-12. 
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turned to physics as a possible principal life activity, and during the 
years 1876-1878 he studied in that field under Kirchoff and Helmholz 
in Berlin, Quinke in Heidelberg, and Kundt in Strassburg. He even 
undertook to write a doctor’s dissertation in physics under Kundt. 
But experimental work had always been burdensome to him and in 
the autumn of 1878 he decided finally, and certainly fortunately in 
view of his later attainments, to make pure mathematics his specialty. 

The next three years Bolza pursued his interest in pure mathemat- 
ics under Christoffel and Reye in Strassburg, Weierstrass in Berlin, 
Schwarz in Góttingen, and Weierstrass again. He was not pressed 
financially and had the approval of his father in his effort to prepare 
himself for a university career. But in the autumn of 1880 he found 
himself still far from his doctor’s degree and already in his eleventh 
university semester. He determined therefore to prepare himself for 
the Staatsexamen which in Germany was a prerequisite for Gym- 
nasium teaching though not for a university career. It was three years 
before his examination was passed and his year of practice teaching 
in the Gymnasium at Freiburg completed. He did well in this under- 
taking, and was successful and greatly interested in his teaching work. 

For two years, 1883-1885, he worked privately on his doctor’s dis- 
sertation in Freiburg. The subject which he had chosen was the de- 
termination of hyperelliptic integrals which can be reduced to elliptic 
integrals by a transformation of the third degree. He found the solu- 
tion of his problem in 1885 just as a more elegant one by Goursat 
appeared in the Comptes Rendus. Nothing daunted Bolza attempted 
and found it easy to solve the corresponding problem for transforma- 
tions of the fourth degree. His solution was published promptly in 
the Berichten der Freiburger Naturforschenden Gesellschaft. It was 
his first published paper. 

In 1885 and 1886 Bolza studied again at Berlin under Fuchs and 
Kronecker. He extended his results on the transformation problem 
and after some correspondence with Schwarz and Klein in Góttingen 
his paper was accepted by the latter as a dissertation for the doctor's 
degree. Bolza's results were undoubtedly of great interest to Klein 
since they were closely related to some which Klein had himself re- 
cently published. In June 1886 Bolza passed his examination and was 
awarded the doctor's degree at the age of 29. 

The next year, 1886-1887, Bolza and his intimate student friend 
Heinrich Maschke had a kind of private seminar with Klein in Gót- 
tingen. The three met once a week at Klein's house and planned and 
reported on research projects of common interest. It was a great ex- 
perience for the younger men, but it had an unexpected effect upon 
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Bolza. Klein had an altogether exceptional genius and breadth of 
view in mathematics, and his personality was justifiably confident 
and overpowering. Bolza was a modest person, and as a result of his 
association with Klein he experienced a loss of confidence in himself 
which was completely unjustified, as later years have well shown. 

It was at this stage in his career that Bolza debated seriously with 
himself what his future might turn out to be. As a student in Berlin 
he had made two exceptionally intimate young friends, the mathe- 
matician Heinrich Maschke mentioned above and the physicist Franz 
Schulze-Berge. Both of them had taken positions as gymnasium in- 
structors but had found the teaching exceedingly heavy with little 
opportunity for scientific work. In the spring of 1887 Schulze-Berge, 
decided to try his fortune in the United States, and upon his arrival 

‘here he promptly found a place in the experimental laboratory of 
Thomas Edison in New Jersey. This experience and the persuasive- 
ness of two American mathematical students in Góttingen, M..W. 
Haskell and F. N. Cole, decided Bolza to follow the example of his 
friend, and in the spring of 1888 he landed in Hoboken. 

Not long after his arrival he was greatly encouraged to find a place 
as "Reader in Mathematics" at Johns Hopkins University beginning 
in January 1889. Before the college year was out he was appointed 
* Associate in Mathematics" in the newly founded Clark University 
of Worcester, Massachusetts. The appointment began in October 
1889 when the University first opened. Clark University had been 
founded as a graduate school with funds which soon proved to be in- 
sufficient. The faculty became restive and dissatisfed, and in 1892 
when the new University of Chicago was opened, President Harper 
was able to persuade a number of them to move to his still newer in- 
stitution. Bolza was one of these. He was made an associate professor, 
beginning January 1, 1893, with the understanding that he should be 
advanced to a full professorship after one year. He had also per- 
suaded President Harper and E. H. Moore, the youthful head of the 
department of mathematics, to appoint Maschke to an associate pro- 
fessorship, Maschke having meanwhile also come to the United 
States. 

Bolza was highly successful in his teaching and research during the 
eighteen years which he spent at the University of Chicago. The trio, 
Moore, Bolza, Maschke, had a profoundly stimulating influence on 
each other and on the continually numerous group of graduate stu- 

, dents who went to Chicago to listen to them, a group now widely 

distributed among the faculties of our American universities. Among 
notable mathematical events which took place during this period were 
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the International Mathematical Congress at the World's Fair in Chi- . 
cago in 1893 and the immediately following inspiring Colloquium Lec- 
tures by Klein at Northwestern University, the transformation of 
the New York Mathematical Society into the American Mathemati- 
cal Society, the foundation of the Chicago Section and other sections 
of the Society, and the foundation of the Transactions of the Ameri- 
can Mathematical Society in 1900. In all of these activities Moore, 
Bolza, and Maschke took a prominent part. At the third colloquium 
of the Society in Ithaca in August 1901, Bolza lectured in beautiful 
fashion on the calculus of variations, a subject then much in vogue be- 
cause of the then recent appearance of Kneser's book in that field. 

. In March of 1908 Maschke died and one of the strongest ties which 
bound Bolza to Chicago was thereby broken. During his sojourn in 
Chicago Bolza had frequently refreshed his relations with his relatives 
and friends in Germany by journeys to Freiburg during his vacation 
periods. Furthermore he had the feeling that he should make way 
for some of the large group of young and able American mathemati- 
cians then becoming established in increasing numbers in American 
mathematical-departments. Soon after Maschke's death, therefore, 
Bolza decided to return to Freiburg to spend his later years in his 
original home environment. The mathematical department at the 
University of Chicago released him with great reluctance and with 
the title Nonresident Professor of Mathematics which he held until , 
his death. 

In Freiburg Bolza was appointed Ordentlicher Honor professor 
at the University there, at the instigation of his friend, Lüroth, and 
for several years he continued his mathematical lectures and research 
with great success. In the summer quarter of 1913 he lectured again 
. at the University of Chicago to the great satisfaction of his friends 

and hearers. But the war of 1914-1918 had a disastrous effect upon 
Bolza's mathematical research. He continued his lectures until 1926 
but from as early as 1917, under the influence of several very good 
friends, his interest turned strongly to religious psychology and to 
Sanskrit which he studied for the purpose of reading at first hand 
literature concerning the religious systems of India. The result of 
these activities was a book entitled Glaubenlose Religion published in 
1930 under the pseudonym F. H. Marneck. 

After an interruption of three vears Bolza resumed his mathemati- 
cal lectures in 1929 at the University of Freiburg before the largest 
classes he had ever had. In one case ninety students listened to his 

-lectures on differential equations. But the flood of students ebbed 
away there as elsewhere during succeeding years, and in 1933 at the 
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age of 76 Bolza finally gave up lecturing and turned again to his 
psychological studies. Then a very interesting thing happened to him. 
Professor J. H. MacDonald, one of his Ph.D. students in 1901, so- 
journed for two weeks in Freiburg, and the two of them took long 
walks together during which they discussed again the subject which 
had long before engaged their interest, the transformation of hy- 
perelliptic into elliptic integrals by transformations of specified 
degrees. Bolza was inspired to attempt anew some research in this 
field of his earliest mathematical activity and he succeeded in com- 
pleting the solution of a problem which had long interested him much. 
His results were published in the Mathematische Annalen in 1935 in 
the paper numbered 57 in the bibliography below. In 1938 Bolza pub- 
. lished one further study in religious psychology (no. 62 in the bibliog- 
raphy). It was his last published paper. 

We know, however, that Bolza's enthusiasm for mathematics con- 
tinued to the end. In a letter to Professor Arnold Dresden, written 
in 1939 at the age of 82, Bolza tells of his interest in studying the 
foundations of geometry with his friend and colleague in Freiburg, 
the geometer Heffter. According to Bolza's own statement his inten- 
tion was to try to fill a yawning gap in his earlier mathematical 
training. 

Since 1939 we have had little news from Bolza until the announce- 
ment in the autumn of 1942 of his death. But the impressions of his 
able and kindly personality which he has left behind, and the records 
of his inspiring lectures and research, are a part of our American 
mathematical traditions which will be with us always. 

In'the pages to follow in this biography some indications will be 
given of the scope and character of Bolza's scientific work. 


1 
THE SCIENTIFIC WORK OF OsKAR BOLZA 


The scope and emphasis of Bolza’s research are indicated roughly 
by the following table which lists for each of his principal fields the 
papers which he published and the years during which he was active 
in that field. The numbers refer to the bibliography at the end of this 
paper. - 
I. Elliptic and hyperelliptic integrals and functions: 1—6, 13-15, 

17-20, 22, 23, 25, 60; 1885-1901, 1936. 
II. Miscellaneous: 7—12, 16, 21, 34, 40, 41, 58, 61, 62; 1888-1938. 
III. Calculus of variations: 24, 26-33, 35-39, 42-53, 56, 57, 59; 
1901-1933. we T 
IV. Integral equations and general analysis: 46, 54, 55; 1910-1914. 
In Group I Bolza studied first the problem of determining hyper- 
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, elliptic integrals which are reducible to elliptic integrals by trans- 


' formations especially of the third and fourth degrees. It was his first 
research interest, the field of his dissertation sponsored by Klein in 
Göttingen, a problem often studied by leading mathematicians in the 
latter part of last century. Beginning with his sojourn under Klein in 
Göttingen in 1886, and continuing during something more than a 
decade following his move to: the United States, Bolza published 
. eleven papers concerning hyperelliptic 8-, c-, and e-functions and 
related subjects. In these he emphasized the elliptic theory and re- 
formulated it in numerous instances to show .how it appears as a’ 
special case of the hyperelliptic theory, and he carried over to the 
more general case many theorems and formulas well established in 
connection with the theory of elliptic functions. He was an able fol- 
- lower of his great teachers, Weierstrass and Klein, in this field. 

When Bolza first went to Johns Hopkins in 1889 he was asked by 
the noted astronomer, Simon Newcomb, then head of the department 
, of mathematics, to lecture on the theory of substitution groups and 

its applications to algebraic equations. In 1891 the lectures were pub- 
lished by invitation in the paper numbered 8 below, and in neighbor- 
ing years Bolza wrote three further papers on the subject. One was a 
review of Cole’s translation of Netto's Theory of substitutions, a book 
which aroused much interest in this country. The review was most 
thorough and scholarly, quite characteristic of Bolza, and much more 
comprehensive and critical than most reports of this sort. 

Under the title “Miscellaneous” above I have grouped two papers , 
on linear differential equations of the second order, Bolza’s two pub- 
lications concerning religious psychology, and other papers. But I 
wish to mention especially his autobiography Aus meinem Leben pub- 
lished privately in 1936. I had some time before urged him to write 
an account of his life and interests and was overjoyed when the re- 
sult reached me. It is the source of much of the data in the sketch of 
his life presented here, and many readers besides his own students 
N and colleagues will find great encouragement and interest in it. 

By far the greatest of Bolza’s interests was the calculus of varia- 
tions, as indicated by the twenty-nine publications under III above. 
. He was a student in the famous course of Weierstrass on the calculus 
of variations at the University of Berlin in 1879, but did not pursue 
the subject actively further until 1901 when he was invited to give a 
series of colloquium lectures at the summer meeting of the American 
Mathematical Society.in Ithaca. He chose the calculus of variations 
as his subject. It was beautifully presented. The lectures much ampli- 
fied, published in 1904 in the book numbered 33 in the bibliography 
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: below, contained the contributions to that date, especially of Weier- 
strass, Kneser, and Hilbert, for problems of the calculus of variations 
in the plane in both non-parametric and parametric form, enriched by 
the able presentation of Bolza himself. This was only his beginning. 
He published in 1909 his Vorlesungen über Variationsrecknung, num- 
' bered 44 below, which is now a classic, indispensable to every scholar 
in the field, and much wider in its scope than his earlier book. The 
later volume contains besides the theory of problems in the plane, the 
theory of the problem of Lagrange with fixed end points, and an in- 
troduction to the problem of the calculus of variations for double 
integrals. 

One of Bolza's important contributions was his extension and ap- 
plication of existence theorems for implicit functions and for solutions 
of differential equations. Before his time most theorems concerning 
implicit functions defined by equations of the form 


Filet +++, Emi Yir y) = 0 (£21,---,m) 


were based upon the hypothesis that there is a single solution ^ 
(x; y) 7 (a; b) of these equations, and the purpose of the theorems 
was to show that for x in a neighborhood of a there exists a uniquely 
defined system of solutions 
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near the point y =b. Bolza assumed a set P of solutions (x; y) = (a; b), 
instead of a single one, and proved the existence of solutions defined 
over a neighborhood of the projection X of P in x-space. Similarly 
for a system of differential equations 
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he assumed the existence of a solution arc yi(x) (xiEx xs; 
s=1,+++,) and proved that it could be imbedded in an n-parame- 
ter family of neighboring solutions. These theorems or their equiva- 
` lents, as Bolza showed and as other students of the subject now well 
recognize, are essential in many instances to a rigorous tieoty of the 
calculus of variations. 

Two of Bolza’s papers, 53 and 56 in the bibliography below, have 
interested me especially. In them he presents a formulation of a new 
and very general problem of the calculus of variations which includes 
as special cases most of the problems which have been studied 
hitherto, and which has come to be known as the problem of Bolza. 
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The problem in parametric form is to find in a class of arcs y,(#) 


(£21,---,n; to SE Sh) satisfying equations of the form 
ely, y!) = 0 (ood, eV) 
Vey) = 0 (8 =1,---,@) 
and end conditions of the form 
XrLy (to), 5(6)] = 0 (y=1,-++,7) 


one which minimizes a sum 
: t 
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te 


In these expressions the symbol y stands for the set (yj, - - +, yn), 
and similarly for y'. Bolza deduced first necessary conditions for a 
minimum and showed how the problems of Lagrange and Mayer are 
unified under his theory. He distinguishes with great clarity between 
so-called normal and abnormal minimizing arcs in cases much more 
general than had been considered before. In the second of the two 
papers he studies problems for which some of the side conditions 


- written above are inequalities in place of equalities. It is impossible 


to describe or even mention here all: of the contributions which Bolza 
made to the calculus of variations. He added liberally to the theory 
in the plane and to the problem of Lagrange, and improved them in 
many important respects. His methods are models which have greatly 
influenced many workers in the field. 

The group of papers listed as IV above is a small one. Bolza was 
a great friend and admirer of E. H. Moore. The paper 46 is devoted 
to the formulation and proof of a theorem in General analysis which 
generalizes and unifies a multiplier rule of the calculus of variations 
and a theorem of elementary analytic geometry in the spirit so often 
formulated by Moore. In the summer of 1913 Bolza gave one of his 
inimitable lecture courses at the University of Chicago on integral 
equations. The lectures were written up by W. V. Lovitt who after- 
ward published them with modifications in book form (see no. 54 of 
the bibliography). When Bolza returned to Germany after his sum- 
mer in Chicago he had the strong feeling that Moore's General analy- 
sts and the accompanying theory of integral equations had been 
stated in print only very concisely, and that they should be much 
better known. He therefore published in the Jahresbericht an in- 
troduction of some fifty-six pages to Moore's theory, the paper num- 
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bered 55 below. It is written in Bolza's finest style and should be most 
. helpful and suggestive to all students of the theory. 

It would require a/book to describe all of the research which Bolza ; 
published, even in the calculus of variations alone, and I shall con- 
tent myself with the brief indications in the paragraphs which pre- : 

: cede. His work was always meticulously precisé, and was usually 
accompanied by a most scholarly and appreciative analysis of publi- 
cations in the same neighborhood which preceded his own. Wherever 

.his interest was aroused he has left valuable and indelible impressions 
in the field of mathematical research. ` f 
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57 (1903) pp. 48-52. 

32. The determination of the constants in the problem of the Viichisocrine: Bull. 
Amer. Math. Soc. vol. 10 (1903) pp. 185-188. 

33. Lectures on the calculus of variations, University of Chicago Press, 1904, 
xvi4-271 pp. 

34. Report on the requirements for the master's degree (with C. A. Waldo and E. J. 
Townsend), BulL Amer. Math. Soc. vol. 10 (1904) pp. 380—385. 

35. A fifth necessary condition for a strong extremum of the integral [7 F(x,'y, y')dx, 
Trans, Amer. Math. Soc. vol. 7 (1906) pp. 314—324. 
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36. Weierstrass’ theorem and Kneser's theorem on transversals for the most general 
case of an extremum of a simple definite integral, Trans. Amer. Math. Soc. vol. 7 (1906) 
pp. 459-488. 

37. Ein Saiz über eindeutige Abbildung und seine Anwendung in der Variations- 
rechnung, Math. Ann. vol. 63 (1907) pp. 246-252. Berichtigung, Math. Ann. vol. 44 
(1907) p. 387. 

38. Die Lagrangeschen Multiplikatorenregel in die Vartationsrechnung für den Fall 
von gemischten Bedingungen und die sugehórigen Grensgleichung bei variabeln End- 
punkten, Math. Ann. vol. 64 (1907) pp. 370—387. 

39. Existence proof for a field of extremals tangent to a given curve, Trans. Amer. 
Math. Soc. vol. 8 (1907) pp. 399-404. 

40. Zur Errinerung an Heinrich Maschke, Jber. Deutschen Math. Verein. vol. 18 
(1908) pp. 345-355. 

41. ‘Heinrich Maschke his life and work, Bull. Amer. Math. Soc. vol. 15 (1908) pp. 
85-95. 

42. Vorlesungen uber Variaitonsrechnung, Umgearbettete und stark Vermehrte 
duetsche Ausgabe der “Lectures on the calculus of variations,” Erste Lieferung, Leipzig, 
1908, iv 4-300 +10 pp. 

43. The determination of the conjugate points for discontinuous solutions in the cal- 
- culus of variations, Amer. J. Math. vol. 30 (1908) pp. 209—221. 

` 44. Vorlesungen uber Variationsrechnung, Leipzig, 1909, ix -- 7064-10 pp. 

45. Remarks concerning the second variation for isoperimetric problems. Bull; Amer. 
Math. Soc. vol. 15 (1909) pp. 213-217. 

46. An application of the notions of “General Analysis” to a problem of the calculus 
of variations, Bull. Amer. Math. Soc. vol. 16 (1910) pp. 402-407. 

47. Über den Hilbertschen Unabhangigkeitssais beim Lagrangeschen Variations- 
problem, Rend. Circ. Mat. Palermo vol. 31 (1911) pp. 257-272; zweite Mittheilung, 
Rend. Circ. Mat. Palermo vol. 32 (1911) pp. 111-117. i 

48. A generalization of Lindelóf's theorems on the catenary, Bull. Amer, Math. Soc. 
vol. 19 (1911) pp. 107-110. 

49. Bemerkungen su der Arbeit von Herrn. W. Weber “Uber den Satz von Malus für 
krummlinige Lichisirahlen," Rend. Circ. Mat. Palermo vol. 32 (1911) pp. 263-266. 

50. Über die Integrabilitdtsbedingungen beim Bestehen von Nebenbedingungen, 
Math. Ann. vol. 71 (1911) pp. 533-547. 

51. Bemerkungun su Newton's Beweis seines Saizes uber den Rotationskórper 
kleinsten Widerstandes, Bibliotheca Mathematica (3) vol. 13 (1913) pp. 146-149. 

52. Über swei Eulersche Aufgaben aus der Variationsrechnung, Annali di Mate- 
matica Pura ed Applicata vol. 20 (1913) pp. 245-255. 

. 83. Über den “Anormalen Fall” beim Lagrangeschen und Meyerschen Problem mit 
gemischten Bedingungen und variabeln Endpunkien, Math. Ann. vol. 74 (1913) pp. 
430-446. 

54. Lectures on integral equations. A hand written record by W. V. Lovitt of a 
course given by Bolza at the University of Chicago, Summer Quarter 1913. A revision 
of these notes appears in Lovitt, Linear integral equations, 1924, xiv +253 pp. 

B5. Esnführung in E. H. Moore's "General Analysis” und deren Anwendung auf die 
Verallgemeinerung der Theorie der linearen Integralgleichungen, Jber. Deutschen Math. 
Verein vol. 23 (1914) pp. 248-303. 

56. Über Variationsprobleme mit Ungleichungen als Nebenbedsngungen, Hermann 
Amandus Schwarz zu seinem funfzigjibrigen Doktorjubiláum am 6. August 1914, pp. 
1-18. 
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'57. Gauss und die Variationsrechnung, see Gauss’ Werke, vol. 10, Abtheilung 2, 
5 Abhandlung (1922), 95 pp. 

58. Glaubenlose Religion, Verlag von Ernst Reinhardt in München (1931) 197 pp., 
written by Bolza under the pseudonym F. H. Marneck. 

59- Vorlesungen siber Variationsrechnung, 2d edition, 1933, ix+705 +13 pp. 

60. Der singulüre Fall der Reduction hyperelliptische Integrale erster Ordnung auf 
ellipissche durch Transformation dritien Grades, Math. Ann. vol. 111 (1935) pp. 477- 
500. 1 : 

61. Aus meinem Leben, 1936, 45 pp. 

62. Meister Eckehart als Mystiker, eine religions psychologische Studie, Verlag 
von H. Reinhardt in München, 1938, 39 pp. - 


E - i G. A. Briss 


BOOK REVIEW 


Vector and tensor analysis. By H. V. Craig. New York and London, 
McGraw-Hill, 1943. 144434 pp. $3.50. 


During the last decade, there has been considerable emphasis on 
the presentation of subjects in textbooks from the axiomatic view- 
point. This approach implies carefully worded definitions, axioms, 
and theorems. Further, in this point of view, the stress is placed on 
the analytical and logical rather than the geometrical and physical 
aspects of a subject. The type of presentation associated with this 
view has furnished interesting and valuable textbooks in such in- 
troductory subjects as college algebra and calculus. Previously, no 
such presentation had been attempted for a senior-graduate level 
text in vector and tensor analysis. Craig has admirably presented 
vector and tensor analysis in. the light of this analytical-logical view- 
point. ; , 

In writing such a text on vector and tensor analysis, a subject 
whose origins and developments are closely connected with geometry 
and physics, an author faces many problems. Perhaps one of the most 
difficult of these problems is concerned with the author's treatment of 
differentials. From the logical viewpoint, differentials are non-essen- 
tial tools since all their functions may be performed by derivatives. 
However, differentials act in two very important roles in vector and 
tensor analysis. First, the literature, both past and present, of the 
subject abounds in the use of differential notation. Second, differen- 
tials are useful to both the geometer and the physicist in interpreting 
his results. From these interpretations, many new results have been 
obtained, often by proofs which are incorrect from the modern point 
of view. However, rigor and concise thinking are fundamental to the 
author's approach to the subject. Hence, he has chosen to omit the 
treatment of differentials. Another important -problem is the treat» 
ment of coordinate transformations and invariants. Very few intro- 
ductory texts to vector and tensor analysis furnish an adequate 
treatment of this important topic. The principal difficulty is that a 
proper presentation of this topic requires that the student possess a 
knowledge of determinants and linear transformations. Because of 
. the present author's analytical approach, he is able to offer an excel- 
lent account of this subject. In fact, the concept of invariance domi- 
nates the greater part of the book. 

The book is divided into four parts; Part A deals with advanced 
calculus; Part B with elementary vector analysis; Part C with tensors 
and extensors; Part D with applications. 
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Part A is concerned with those parts of advanced calculus which 
are frequently used in the remainder of the text. Chapter I points 
out some common errors in reasoning and offers suggestions on read- 
ing to various types of students. The real number system, continuity, 
differentiability and integrability of one function of one real variable 
are carefully treated in the next chapter. In chapter III, the author 
considers the analogous properties of a function of two or more real 
variables. Implicit functions, the distinction between iterated and 
multiple integrals and the relation of these integrals are discussed. 
Geometry is introduced into the text in the next chapter via a dis- 
cussion of the notion of parameterized arcs. In particular, Theorem 
(A 15.1) should be mentioned. This interesting result is neglected in 
most texts on advanced calculus. The chapter closes with a treatment 
of some topics in the calculus of variations. In particular, the author 
discusses the Euler equations in order to provide a base for a later 
consideration of the theory of geodesics. An excellent account of the 
e-systems and 6-systems, determinants and coordinate transforma- 
tions, brings Part A to a close. Although the group concept is com- 
pletely developed in the treatment of coordinate transformations, 
unfortunately, the specific term “group” is nowhere defined nor used. 
The summation convention is introduced in Part A and the role of 
the Jacobian in integral transformations is clearly presented. Further, 
the problems in this part and the following parts of the book are well 
chosen and serve to supplement the theorems of the text proper. 

Part B deals principally with the standard topics of vector analysis. 
The presentation differs considerably from that found in most texts 
in that: (1) definitions, axioms, theorems are clearly stated; (2) con- 
siderable stress is placed upon invariants. In chapter VI, the proper- 
ties of vectors are defined, the scalar and vector products are intro- 
duced as invariants, and the triple scalar and vector products are 
discussed. It should be noted that with the aid of the e-system, the 
author offers an easy proof of the usually difficult triple vector ex- 
pansion. Chapter VII contains an axiomatic approach to n-dimen- 
sional vector spaces and linear manifolds. Following the modern ap- 
proach to geometry, the author, next, introduces a metric in his 
n-space. An interesting exposition of the Schmidt orthogonalization 
process for positive definite and indefinite metrics concludes the 
chapter. Chapter VIII contains a discussion of the elements of the 
differential geometry of curves and surfaces, the gradient, diver- 
gence, and curl, and an introduction to tensor and extensor trans- 
formation theory. In concluding Part B, the author discusses the 
important integral transformations of vector analysis—the Gauss, 
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Stokes, and Green theorems. These topice— particularly Stokes’ the- 
orem—are well treated. This section contains only one troublesome 
typographical error: on page 159, the expression (y—w XR) should 
read y—(w X R). Further, the term “unitary orthogonal" on page 174 
appears to be misapplied. In the literature, this term is reserved for 
vectors which are functions of a complex variable. 
~ Part C deals with the theory of weighed tensors and extensors. 
Since the author has made important research contributions to ex- 
tensor theory, his presentation of this subject should prove valuable 
to potential research workers in this field. Chapter X deals with the 
algebra of weighed tensors and extensors—the addition, multiplica- 
tion, and contraction laws. The next chapter presents the differential 
calculus of tensors and extensors. Fundamental extensors, the funda- 
mental tensors, and the Christoffel symbols are introduced in terms 
of derivatives of the radius vector'in a Euclidean s-space. By a con- 
traction of these fundamental extensors, the author obtains the 
ordinary covariant derivative. This procedure gives the combined 
theory of extensors and tensors considerable unity. A treatment of 
geodesics, geodesic coordinates, and the Riemann-Christoffel tensor 
concludes this part of the text. There is one minor point in notation 
which may cause some confusion. The author uses a pair of brackets 
around any two indices to indicate their ‘antisymmetric nature. 
However, in a few instances, brackets are inserted about three in- 
dices without adequate explanations. Aside from this omission, part 
C is clearly written and constitutes a very good introduction to the 
theory of tensors and extensors. 

Part D applies the material developed i in parts B and C to classical 
dynamics and relativity. The first chapter in this section discusses 
such topics as moving coordinate systems, kinetic and potential 
energy of a particle and a system of particles, and the mechanics of 
continuous media. An interesting feature in the treatment of this last 
topic is the introduction of the Newtonian (mass constant) form and 
special relativity (mass variable) form of the equations of motion. 
Chapter XIII furnishes a discussion of the basis of special relativity, 
the Lorentz-Einstein transformation, applications of this transforma- 
tion to velocity, acceleration, force, and mass, and finally a discus- 
sion of the energy-momentum tensor. The final chapter gives an in- 
troduction to General Relativity. In particular, the computation of 
the Schwarzchild line element is given in considerable detail. 

This book presents vector and tensor analysis from an interesting 

- point of view. It should provide a valuable addition to mathematical 
literature. i ' N. COBURN 


NOTES. 


Lectures on matrices by J. H. M. Wedderburn, volume 17 of the 
American Mathematical Society Colloquium Publications, is again 
available. A limited number of copies have been prepared photo- 
graphically from the original edition. This reprint has an expanded 
bibliography but otherwise contains exactly the material of the orig- 
inal edition. The price is unchanged, $3.35, with the usual 25 per cent 
discount to members of the Society. 


The Association for Symbolic Logic has elected Dr. Alfred Tarski 
of the University of California as president and Professor C. A. 
Baylis of Brown University as vice president. Dr. C. G. Hempel of 
Queens College, Professor Karl Menger of the University of Notre 
Dame, and Professor Saunders MacLane of Harvard University have 
been elected members of the Executive Committee. 


Dr. J. H. C. Whitehead of Balliol College, Oxford, has been elected 
a fellow of the Royal Society. 


Professor Saunders MacLane of Harvard University has been 
elected a member of the American Academy of Arts and Sciences. 


Professor G. D. Birkhoff and Harlow Shapley of Harvard Univer- 
sity have been elected honorary members of the Mexican Mathemati- 
cal Society. Professor Birkhoff has also been elected a corresponding 
member of the Mexican National Academy of Sciences. 


Assistant Professor A. E. Taylor of the University of California at 
Los Angeles has been elected a corresponding member of the National 
Academy of Sciences of Lima. 


Professor André Weil of Lehigh University has been awarded a 
Guggenheim fellowship. He will prepare a book on the foundations of 
algebraic geometry. 


Dr. Warren Weaver of the Rockefeller Foundation, Professor E. P. 
Wigner of Princeton University, and Professor E. T. Whittaker of the 
University of Edinburgh have been elected members of the American 
Philosophical Society. 


^ Lord Bertrand Russell has been elected a fellow of Trinity College, 
Cambridge. : 


Professor Alan Hazeltine of Stevens Institute of Technology has 
resigned. 
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Associate Professor B. W. Jones of Cornell University has been 


l ] promoted to a professorship.” 


Associate Professor L. L. Lowenstein of Alfred University, Alfred, 
New York, has been promoted to a professorship. 


Associate Professor L. F. Ollmann of Hofstra SNE has been 
promoted to a professorship. 


Assistant Professor G. L. Walker of the University of Delaware has 
been appointed to an acting assistant proiessorenip at Cornel] Uni- 
versity. ` 


Dr. C. P. Wells of Michigan State College has been POROA to an 


'^ assistant professorship. 


^ 


` Mrs. A. W. Goodman has been appointed to an instructorship at 
Vassar College, and Dr. Murray Mannos to an nenu torbi at t the 
University of Notre Dame. 


Professor Emeritus A. E. Jolliffe of the University of tondan died 
March 17, 1944 at the age of seventy-three years. 


Mr. Arne Fisher, mathematician with the Western Union Tele- 
, graph Company in New York, died April 8, 1944 at the age of fifty- 
seven years. 


Professor H. C. Hicks of Carnegie Institute of Technology died 


April 14, 1944. ‘He had been a member of the Society since 1923. 


Dr. Clyde Wolfe ‘of the Radiation Laboratory of the Poia of 
California died March 25, 1944. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and the 
Associate Secretaries of the Society for presentation at meetings of 
the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


172. Warren Ambrose: A variation of a theorem of I. E. Segal on the 
group ring of a compact group. 


It is shown that the Lyring of a compact group is a direct sum of full matrix alge- 
bras. This is done using the special properties of the Lering, and its ideal theory, 
without reference to the classical theóry of group representations, though the proof 
parallels, in part, the proof of the Peter-Wey] theorem. (Received April 14, 1944.) 


173. Reinhold Baer: Crossed isomorphisms. 


The 1:1 correspondence f, mapping the elements in the group G upon the elements 
in the group F, is termed a crossed isomorphism of G upon H, if there exists to every 
element x in G an endomorphism e(x) of G such that (u'y) =m ufv! for u, v in G. The 
position of crossed isomorphisms between ordinary isomorphisms and 1:1 corre- 
spondences is discussed and their relation to projectivities of G upon H is investi- 
gated. If the endomorphism e(x) of G maps every subgroup of G upon itself, then f 
is termed an integral crossed isomorphism. All the groups that are integral crossed 
isomorphic maps of abelian groups are determined. (Received April 28, 1944.) 


174. R. J. Duffin and R. S. Pate: Structure elements of quastgroups. 
II. 


This paper continues the study of the concepts of rank and left associativity (Duke 
Math. J. vol. 10 (1943) p. 743). A left set is a set L of elements such that (Lx)y=L(xy) 
for every pair (x, y) of elements of Q. The middle rank of Q is the number of permuta- 
tions of tbe columns of the multiplication table of Q which are simultaneously permu- 
tations of the rows. The ranks of Q divide its order. A Q of middle rank r contains a 
sub-Q of order r whose elements consist of all the middle associative elements {m}, 
that is, x(my) — (xm)y. These considerations furnish a practical test to determine 
whether a quasigroup is a group because thc rank of a group is equal to the order. 
The meet, join and product of left sets are left sets. The set of elements {a} such that 
La=L is both a left set and a sub-Q. Unlike group theory, quotient Q's may be defined 
even when there are no sub-Q's. The lattice of quotient Q's is modular. The existence 
of a quotient quasigroup is equivalent to the existence of a set C satisfying certain 
associative and commutative laws. Permutation of rows, columns or symbols of the 
multiplication table leaves both rank and the lattice of weak quotients invariant. 
(Received May 31, 1944.) 
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175. R.J. Duffin and R. S. Pate: Structure elements of quasigroups. 
II. 


This paper is a study of the three groups generated by the right and left substitu- 
tions of a quasigroup; Gr, Gi, and G. Group theoretic theorems concerning systems of 
imprimitivity are found to be useful in this connection. A quotient expansion of Q 
is equivalent to a system of imprimitivity of G. The lattice of quotients is isomorphic 
to a certain (synthetic) lattice of intransitive normal subgroups of G. If K is the sub- 
group corresponding to the quotient Q', then the G of Q' is the abstract group G/K. 
The Jordan-Hélder and Schrierer-Zassenhaus developments follow from these con- 
siderations. A left coset expansion of Q is equivalent to a system of imprimitivity in Gr. 
The lattice of left coset expansions is isomorphic to a certain lattice of subgroups 
of G,. These results are related to abstract groups by employing a method of R. Baer 
(Trans. Amer. Math. Soc. vol. 46 (1939) pp. 110-141). Special types of quotient quasi- 
groups are classified by the isotopies sending them into simpler types. A general 
feature noted is that the associative properties of the quasigroup are often reflected 
as commutative properties of the groups. (Received May 31, 1944.) 


176. O. F. G. Schilling: Automorphisms of fields of formal power 
series. 


Let F=Q{t} be a field of power series of one variable over the field 0. This note 
deals with the structure of the automorphism group of F/Q. It is shown how the con- 
cepts of the Hilbert theory can be carried over so as to provide universal ramification 
groups for the totality of subfields QC L C F over which F is normal. (Received May 
31, 1944.) 


177. O. F. G. Schilling: Noncommutative valuations. ` 


Let D be a division algebra and Va valuation on D with values in a simply ordered 
1-group. It is shown that the ideal theory in D with respect to V can be developed 
as in the commutative case provided proper safeguards are observed. It turns out 
that the division algebras in question must be transcendental over their centers. 
Certain algebras may be considered as crossed extensions of division algebras by 
1-groups. (Received May 31, 1944.) 


178. S. M. Ulam and C. J. Everett: On ordered groups. 


An o-group G is an J-group (G. Birkhoff, Lattice ordered groups, Ann. of Math. 
vol. 43 (1942)) with the lattice property weakened to that of Moore-Smith. An o-group 
is embeddable in a complete ordered group if and only if it is integrally closed. If the 
commutator group of an integrally closed o-group is in its center, it is commutative. 
The conjecture of the "suggestion" on p. 329, loc. cit., is thus proved. Counter- 
examples are given for Problems 1, 2, loc. cit. The group of functions ax4-4, à, A 
real, a>O, under composition admits no integrally closed order. Every l-group is 
embeddable in a sequence complete group in the sense of o-convergence. The results 
of Everett, Sequence completion of lattice moduls, Duke Math. J. vol. 11 (1944), are 
extended to noncommutative groups. Various orders in the free group of two genera- 
tors establish curious properties of the group of topological transformations of the 
line into itself. (Received April 25, 1944.) 
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n" ý ' ANALYSIS 
179." R. P. Agnew: A family of bounded sequences summable M. 


A simple example is given of a family of bounded sequerices, summable M, which 
-isnota separable subset of the space B of bounded Sues (Received May 2, 1944.) _ 


180. R. P. Agnew: Convergence fields of methods of summability. 


Let A be a multiplicative matrix method of summatibility with multiplier p. If 
p=0, each sequence x, which oscillates sufficiently slowly is summable A to 0. If 
p0 and x, is summable A to'L, then the sequence (x. —L/p)£« is summable A to 0 
if the sequence & oscillates sufficiently slowly. (Received May 16,1944.) 


181. I. S. Reed: On the solution of a general transform. E 


` The purpose of this paper is to give a brief extension to the solution of a Watson 
transform with an unsymmetrical kernel. Use has been made of the work that has 
been done by Hardy, Watson, Titchmarsh, Veo and others. (Received April 
26, 1944.) ; f 


182. Tibor Rado: On the Geöcze area of Fréchet surfaces. M 
report. : 

The Gedcze area of a surface S is defined in terms of projections upon the co- 
ordinate planes. Perfecting previous theories originating with the work of Gedcze, 
Reichelderfer (Trans. Amer. Math. Soc. vol. 53 (1943) pp. 251-291) introduced and 
' studied an essential area. In his definition (loc. cit. p. 274) we replace simple Jordan 
regions by domains of any connectivity, and obtain an area to be denoted by G(S), 
' where S stands for a Fréchet surface of the type of the sphere or the disc. In this paper 
we develop a comprehensive theory of G(S) as a foundation for the theory of the area. 
One of the results states that if the Lebesgue'area L(S) is finite, then G(S) e L(S). 
Essential use is made of methods and results developed in recent years by Reichelder- 
fer, Morrey, Youngs, and the author. (Received April 19, 1944.) 


183. A. R. Schweitzer: On functional equations with solutions con- 
taining arbitrary functsons. VI. 


The author ‘constructs equations in iterative compositions satisfied by specific 
functions of variables and derived from conditions of invariance of iterative composi- 
tions of these functions under substitution groups on the variables of the latter. 
For cant functional equations satisfied by arbitrary functions of the type 
y (xit + - + -+x,)aredbtained byassuming thatthefünction8 (a(xi--1- - - * +n) 
-Fa(9d-3-- * ++ Ey) t+ ++ ta(ith+- ++ +tm)} corresponds to a set of im- 
primitive systems of a given imprimitive substitution group Gs on the variables 


£n nott, l (61, 2,7 ++, m). These equations express invariance (in the sense 
indicated) under Gs of the corresponding functional composition ¢ (f(xi, x» * * * , x), 
fO Yn * air raf sd + + +, bu) J- A set of functional equations of the preced- 


ing type corresponds to any abstract group G with subgroup H, since G can be repre- . 


sented as a (regular) substitution group Gs simply isomorphic to G and such that Gs 
is imprimitive with set of imprimitive systems corresponding to H. Functional equa- 
tions are also constructed when the arbitrary function 8 has as arguments functions 
whose variables are not necessarily equal in number. (Received May 29, 1944.) 
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184. A. R. Schweitzer: On functional suk representing altra 


‘groups. . 

Let f(zi m+ +, xeu) moii age d- + ++ ras xui and assume ai (0131-0444 
Te Fastan) = (ea)n + (ches) eat . bU cue then the equation 
fGn, t Hey) f Les, Le, where s;—f(xu, xm, * * * , x41) and Ly 


are certain formal sums of the x's, represents a class of multiplication tables for the a's, 
Group representation by a single functional equation follows if the associated multi- 
plication table defines an abstract group G (with a ‘as the identical element). In.this 
case the formal sums Li, Ls, +++, Lap are, in effect, derived from Z4 by applying 
to the variables of In substictna of a regular group simply isomorphic to G. The 
.preceding representation is of formal additive, that is, special type. Group representa- 
tion of general type is obtained by subjecting the variables x, in the composition 
f(t, ts, * **, 4441) to conditions of invariance of the latter suggested by the in- 
variance of the formal sums serving as arguments of the function f(y, Ls, + + +, Lua), 

An analogous representation of linear algebras is discussed. (Received May 29, 1944. ) 


185. A. R. Schweitzer: Functional relations valid in the domains of 
absiract groups and. Grassmann's space analysis. 
The function of group elements f(z;, xs, * * * , tna) exi xpo xg ts, xiu when f 


is odd satisfies the author's postulates generalizing the group concept to (n-++1)-ary 
composition (abstract 50-3-73). When » is even, the preceding function satisfies the 


.postulates: 1. f(s, usc rnp) mf, hy hs, * tta tn) where 14 =f (xi, hh rr, tn) ! 
and s ef(zi, xy, * * +, Lapi). 2. Given f(x, Xa, * + +, 2. 1) there exists (xi, Xa, + * +, tagı) 
such that dus hh, th), h, byes yhpax and (f(x, h, bye D bn), 
hh © e e bef =x. 3. f(x, x, > ++, x) mg. 4, The set S of elements x; is closed under the 


' compositions f and d When 1&1 the postulates are satisfied by f(x1, x1) 923-2 - el 


and f(zi, xa) =ar xi +a, A solution containing an arbitrary function is f(x;, a, - - * , 
nyt) m2 Xu a (tea, Wa, ne +, Wy) * Xapi Where mom x: xv. In Grassmann's space ie 
postulates are satisfied if PN Hays +, ap) GX data + + + + FO. axe qi where the 
x; are points and the a; belong to a field with sum equal to unity. In the above postu- 
lates the functions f and ¢ are dual to one another; if f{f(x, in &,- *- , bh), 
hh + >, fa} =x then f=¢. Also f is distributive over 9. For n =1 the restricted asso- 
ciative properties, f {xu fa, 2) } =f {f(a 23), m} and f {xu (xn 21) } elfe x2), 21} - 

hold. (Received May 29,1944.) - ] 


186. W. J. Thron: A famsly of simple  onergenéa regions for con- 
tinued fractions. 


In this paper a new two parameter family of simple convergence regions for con- 
tinued fractions (1) 1+-K(—c2/1) is obtained. It is further shown that the regions 
cannot be improved except possibly by the removal of an epsilon. A simpler though 
less inclusive convergence criterion is provided by the following corollary of the 
main theorem: the continued fraction (1) converges if for all »21 its elements 
care satisfy the conditions (a) rS(¢d—e+1/2) cos a sec (0—a), —x/2--a« 0 €i, 
(b) r & (d—1/2) cos a sec (6—a), 086 <x/2-+a, (c) r=0 otherwise, (d) Y | bu] = «,. 
where b=1/å, b.-i/cb.a. Here —x/2<a<x/2, 03d 1/2, 0«e«d/2 and 


_ cot B= — (tan a+((d+1/2)/d)¥* sec à). For d=0 this result reduces to the well 


known parabola theorem, an isolated result of Paydon (abstract 47- es ie also 


included in this theorem. (Received June 1, 1944.) 
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APPLIED MATHEMATICS 


187. A. N. Lowan and H. E. Salzer: Formulas for complex inier- 
polation. 


Whenever an analytic function is tabulated for arguments z, located at equi- 
distant points along any straight line in the z-plane, the application of the Lagrange- 
Hermite interpolation formula, which approximates the function by a complex poly- 
nomial of degree s passing through any n+1 points, leads to the sum from 
pu — [n/2] to »  [(n--1)/2] of f(2) 2 Af" (D(z) where A7 (P) are polynomials in 
P=(z—s)/h and hk is the complex tabular interval and where [x] stands for the 
lergest integer in x. Since in general s is not on the straight line containing the point 
£,, P is complex (=p-++4g). Expressions for the real and imaginary parts of AP (P) 
as functions of p and q were obtained for the cases of three, four, five and six point 
interpolation and arranged in a form especially suited for computational purposes. 
These expressions are particularly applicable to the cases of functions tabulated along 
rays through the origin, as for instance: the table of the Bessel functions Jo(z) and 
Ji(s) computed by the Mathematical Tables Project (Columbia Press, 1943), the 
forthcoming table of Yo(s) and Yi(s), H. T. Davis’ table of 1/T'(z) and Kennelly's 
tables of complex circular and hyperbolic functions for Cartesian and polar argu- 
ments. (Received April 12, 1944.) 


188. H. E. Salzer: Coefficienis for mtd-interval numerical integra- 
tion with central differences. 


Coefficients in the formula for numerical integration from mid-interval to mid- 
interval using central differences were calculated to the extent where one can 
employ central differences up to the forty-ninth order. (Previous calculations 
have gone only as far as coefficients of the seventh central difference.) 
The coefficients Ks, occur in the following formula, which is also 
known as the first Gaussian summation-formula: (1/h)/2 js UDA: f (a)da — [f(a) 
+fG@+h)t +++ +f@t (n —2)5) -- flat (&—1)8)] 2233 Kui [9171f (a - (5 — 1/2)8) 
— f(a — h/2)] J-nb* Ks, f 8 (£). Due to the extreme rapidity with which the co- 
efficients Kz, decrease with increasing s, the calculated table can be used with high 
accuracy in either integration or summation even though successive differences might 
not show the slightest tendency to decrease for the given interval. The quantities K3 
to Kz are given exactly and Kn to Kso are given to 18 decimals, accurate to within 
0.6 units in the 18th place. These coefficients were checked by two cumulative recur- 
sion formulas, by differencing of the ratios Ks,/K5,,s, and by a numerical example. 
(Received May 13, 1944.) 


189. H. E. Salzer: Table of coefficients for differences $n terms of the 
derivatives. 


A table was prepared which lists the exact values of the coefficients B,,, for 
mei, 2,+++,20 and sm, - - - , 20 in the formula of Markoff which expresses the 
mth advancing difference in terms of the derivatives according to the equation 
Arf (a) =) Ba, b*D4f(a)+Bu,nk®D*f(n) where k denotes the tabular interval. The 
quantity B,,, in Milne-Thomson's notation is equal to the (s—m)th Bernoulli num- 
ber of order —m, divided by (s—m)! and in Jordan's notation B,,, is equal to m/s! 
multiplied by €7 where €57 is the Stirling number of the second kind. The coefficients 
Bu,» were calculated by first obtaining the Stirling numbers €; (using their well 
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known recursion relationships, and checking by a neat formula given in Jordan’s Cal- 
culus of finite differences) and then multiplying by ml/s!. The numbers Bw, are ex- 
pressed in lowest terms. (Received April 20, 1944.) 


190. Seymour Sherman; J. DiPaola, and H. F. Frissel: Routh’s 
discrimant, flutter, and ground resonance. Preliminary report. 


Routh’s criterion for the stability of the,solutions of system of linear differential 
equations with constant coefficients is extended to cover cases arising in airplane 
flutter and helicopter ground resonance calculations. With this new tool, the stability . 
of the flutter “polynomial” at a given reduced frequency for more than two degrees 
of freedom can be determined in one-fifth of the time hitherto required. (Received 
May 29, 1944.) ` 

` - GEOMETRY 


191. Edward Kasner and John DeCicco: Isothermal families in 
: general curvilinear coordinates, and loxodromes. 


If the square of the linear element of a surface È is given in isothermal co- 
ordinates (x, y) by ds! — E(x, y) (da -d53), then the family of curves g(x, y) =const. 
on X is isothermal if and only if (32/0x1--01/85!?) arc tan g,/g,—0. In the present 
paper, the authors obtain the necessary and sufficient condition that g(x, y) e const. 
represent an isothermal family when (x, y) are general curvilinear coordinates. This 
gives a large extension of Lie's theorem. The condition is simpler when the para- 
metric curves form an orthogonal net. As an application, the condition is obtained 
that g(x, y)—const. represent an isothermal family upon the Cartesian surface 
z=f(x, y). Finally the condition is found that the level curves of the surface be an 
isothermal family. This is applied to the mapping of loxodromes, showing that they 
can be represented by straight lines for a sphere (Mercator) and sphercid (Lambert), 
but not for an ellipsoid of three unequal axes. Use is made of Kasner's theorem in 
Math. Ann. (1904). (Received April 20, 1944.) 


192. Abraham Seidenberg: Valuation ideals $n polynomial rings. 


A constructive study of the valuation ideals in a polynomial ring O=K([x, y] in 
two indeterminates, where K is an algebraically closed (ground-) field, is made. Let 
Qi ds * + * be the Jordan sequence of v-ideals belonging to a valuation B of Z/K, 
where Z is the quotient field of O, and let Qs, be the jth ideal such that n(q,,) is not in 
the additive group generated by v(m), +-+, 0(q.,-1). A tool corresponding to the 
Puiseux series expansion for a valuation, which is available if K is of characteristic 0 
but not in general, is found in introducing certain polynomials f, such that v(fi) 
== v(q:,). Considerations are reduced to valuations of rational rank 2. If B is of rational 
rank 2, place v(q)) =1 and let r be the least irrational value assumed by elements of O. 
The description of the v-ideals in O for B is intimately connected with the approxi- 
mants and quasiapproximants to a certain integral multiple of r. In particular, a 
simple 0-dimensional v-ideal a, is characterized in terms of the values of q; and qu. 
This characterization yields a proof that the transform of a simple v-ideal under a 
quadratic transformation is simple. If q, is not simple, an explicit factorization of q 
in terms of the mentioned values is given. (Received May 22, 1944.) 


193. A. H. WHEELER: One-sided polyhedra from the five regular 
Solids. ‘ 
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If planes are passed through a polyhedron in such a way as to permit removing 
parts and leaving cells which are joined along their edges, and adjoining cells are 
bounded by one or more planes which are common to the two cells, then one-sided 
polyhedra can be derived. In this paper the method is applied to the five regular solids 
and several forms are shown constructed of plastic material. The intersecting planes 
may be so disposed as to cut away the vertices, the edges in whole or in part, and 
‘parts of the faces of the original solids. In particular, in the case of the regular ico- 
sahedron, a part of a regular dodecahedron of the second species may be removed from 
the interior of the solid leaving a group of cells distributed along the edges of the origi- 
nal solid, and the cells can be entered or traversed in more than one way. Two types 
of one-sided octahedra are shown. (Received May 26, 1944.) 


194. Oscar Zariski: The theorem of Bertini concerning the variable 
singular poinis of a linear system of varieties. ` 


If the ground field & of an algebraic irreducible r-dimensional variety V/k is 
extended by the adjunction of indeterminates si, 14, - - - , tm, we denote by V/K 
the extended variety over K —k(u) which has the same general point (£) as V/k. Each 
subvariety W/k of V/k has similarly a unique extension W/K on V/K, and each 
subvariety W*/K of V/K has a unique contraction W/k on V/k. Given m+1 linearly 
independent polynomials f;(£), $0, 1, - - - , m, there isa unique (r — 1)-dimensional 
irreducible subvariety F*/K of V/K whose general point (y) satisfies the equation 
foe) tufi) +++ naf (2) =0. The main result is as follows: (1) W/k is a base 
variety of the linear system | F| defined on V/k by fod-xfid- +++ dfe mO, if and 
only if W/K is on F*/K; (2) if W*/K is a singular subvariety of F*/K, then the con- 
traction W/k is either singular for: V/k or is a base variety of | F| . The theorem of 
Bertini sn its classical formulation (“the variable singular points of | F| are either singu- 
lar for V/k, or lie on the base locus of | F| ”) is equivalent to (2), if k is of characteris- 
tic zero, and is false if k is of characteristic p 40. (Received April 6, 1944.) 
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; TOPOLOGY. 


195. W. H. GOTTSCHALK: Orbit-closure decompositions and almost 
pertodic properties. 


Let X bea metric space with metric p, let f(X) CX be a continuous mapping, and 
let &(X) =X be a homeomorphism. For x€ X, the set ) raf” (x) is called the semi-orbit 
, of x under f and the set n? ,"2A*() is called the orbit of x under h. The mapping f 

is said to be pointwise almost periodic provided that if x GX, then to each «>0 there 
corresponds a positive integer N with the property that in every set of N consecutive 
positive integers appears an integer n so that p(x, f*(x)) <e. The mapping f is said to 
be uniformly pointwise almost periodic provided that to each «»0 there corresponds a 
positive integer N such that if x Ex , then in every set of N consecutive positive in- 
tegers appears an integer s so that p(x, f*(x)) <e. The following theorems are proved: 
In order that the mapping f (homeomorphism k) give a semi-orbit-closure (orbit- 
closure) decomposition of X it is sufficient that f (4) be pointwise almost periodic; and 
in case X is locally compact (compact), this condition is also necessary. In order that 
the mapping f (homeomorphism k) give a continuous semi-orbit-closure (orbit-closure) 
decomposition of X it is sufficient that f (5) be uniformly pointwise almost periodic; 
and in casé X is compact, this condition is also necessary. (Received May 15, 1944.) 
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196. Paul A. White: On additive properties of compact sets. 


. A property £i concerned with i-dimensional Vietoris cycles of a compact set is 
called additive with respect to 4 if the following theorem is true. If the compact sets 
‘A and B have p! and A- B has 7, then 4- B has pt. It is shown that local 4-connected- 
ness and simple £-connectedness are two additive properties. Fally it is shown.that- ^ 
the property P(x, j) of being a compact, simply s-connected ($20, 1, - - - , m—2) lc 
embedded in E,, having only simply-j-connected (j Sn —2) geiecalized closed mani-, 
folds as boundaries of its complementary domaine, is additive with respect t tonancj 
simultaneously. (Received April 10,1944.) | i ta 


197. G. T. " Whyburn: Interior mappings into the circle. 


In this paper it is shown that any continuots transformation of a locally’ con-- 
nected cyclic continuum M into the circle S is homotopic to an interior mapping of M 
into S. If M is not assumed to be cyclic, it is shown that any mapping f(M) =S is 
homotopic to a mapping ¢r(M)=S where r(M) =M" is the monotone retraction of , 
. M onto the smallest A-set M' in M containing all cyclic elements on which f is e- 
sential and where $( M") E is interior. (Received April 14, 1944. ) 
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THE EXTREMALS OF TWO INVARIANT INTEGRALS 
M. L. MAcQUEEN ' 


1. Introduction. In a recent paper, Wilkins shows [1, p. 175],! 
among other things, that at a point of an analytic surface in ordinary 
projective space a general canonical line of the first kind may be char- 
acterized in terms of the cusp-axes of the two families of hypergeodes- 
ics which are the extremals of a certain pair of invariant integrals. 

In this note we introduce two invariant integrals which do not 
differ essentially from those employed by Wilkins. At each point of 
the surface, a quadric cone called the cusp-axts cone and its dual called 
the flex-ray conic are defined in terms of’ the cusp-axes and flex-rays, 
respectively, of the hypergeodesics which are the extremals of these 
integrals. The equations of these loci are derived and some.of their 
properties are briefly studied. 

If the four homogeneous projective coordinates x of a variable 
point on an analytic non-ruled surface S in ordinary space are given 
as analytic functions of two independent variables u, v, and if the 
parametric net on S is the asymptotic net, then the functions x are 
solutions of a system of differential equations which may be assumed 
to be reduced to Fubini's canònica! form 


(1.1) Zuu = pet butu H Bas, te = gx + Ytu + Ox, (0 = log By). 


It will be recalled that two lines A(a, b), 4(a, b) are reciprocal lines 
[2, p. 150] at a point x of a surface if the line l(a, b) joins the point x 
and the point y defined by 


(1.2) Y = — az, — bz, F Sur 
and the line A(a, b) joins the points p, o defined by placing 
(1.3) p = ty — bz, o = £,— G4, 


where a, b are scalar functions of u, v. 
Moreover, two reciprocal lines l(a, b), hla, 6) are canonical lines 
of the first and second kind respectively in case 


(1.4) a= — kh, b = — kg, 
where & is a constant and 
ó-— (log y?) Y 


Received by the editors February 8, 1944. 
1 Numbers in brackets refer to the references listed at the end of the paper. 
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It will be assumed that ¢y0, so that the surface under consideration 
is not a coincidence surface. Canonical lines of the first kind lie in the 
canonical plane whose local equation is 

(4.5) xı — prs = 0, 


when referred to the tetrahedron of reference x, Xu, Xv, Xuv. The canoni- 
cal plane intersects the tangent plane x,=0 in the first canonical tan- 
gent 4 at the point x of the surface. Canonical lines of the second kind 
lie in the tangent plane and pass through the canonical point 


(1.6) (0, y, — 4, 0). 


The second canonical tangent k, which joins the point x to the canon- 
ical point, has the equations 


(1.7) bxs + xs 0, m= 0. 


2. The extremals of two invariant integrals. The differential equa- 
tion of the'extremals of the invariant integral 


(2.1) f BHA) ey Or iy nd, (n =Æ 0), 


0 


where n is a constant, is found to be 
(2.2) v" E By + C^, 


in which accents indicate total differentiation with'respect to u and 
the coefficients B, and C; are defined by 


(2.3) 3(1— s) Bi = (log By) u, — nC; = (log Beyit), 
These extremals are hypergeodesics whose cusp-axis is the line 
l(a, 53) for which 

a, ^ (Qn — 1)/6n)p = — kw, 

b; = (Qn — 1)/6(n — 1)6 = — ka. 


Similarly, the differential equation of the extremals of the invariant 
integral 


(2.4) 


(2.5) l f 6er (n = 1) 
is given by " 

(2.6) v" = Bw + Cr", 

where 


(2.7) 3nB; = (log 8*7"), — 3(n — 1)C: = (log B*3*77)s. 


= m e ` 
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_Therefore these extremals are hypergeodesics whose cusp-axis is the 
line hlas, 53) for which  . : 


as = ((2n — 1)/6(n — 1)9 = — hy, 


we) E = Dee = bd. 


These results can be used to obtain the following theorem, a part of 
which is similar to Theorem 4.1 in the paper of Wilkins [1, p. 175]. 


THEOREM 2.1. The extremals of the invariant integrals (2.1), (2.5) are 
hypergeodesics whose cusp-axes determine the plane 


(2.9) ` ($43 + pas — ((1 — 29)*/6n(1 — soja: = 0. 


This plane intersects the tangent plane x40 in the second canonical 
tangent and intersects the canonical plane in the canonical line h(k) for 
which i s 


(2.10) . k= (1 — 2m)?/12n(1 — n). 


Moreover, the plane which ts determined by the cusp-axts of the hyper- 
geodesics (2.2) and the v-tangent at the point x intersects the plane which 
îs determined by the cusp-axis of the hypergeodesics (2.6) and the u-ian- 
gent at the point x in the canonical line h(k) for which 


(2.11) i k = (1 — 2n)/6n. 


Finally, the cusp-axis of the hypergeodesics (2.2) and the u-langeni ' 
at the poini x determine a plane which intersects the plane determined by 
the cusp-axis of the hypergeodesics (2.6) and the v-tangent in the canoni- 
cal line h(k) for which 


Cs) s k = (1 — 2n)/6(n ~ 1). 


Each of the canonical lines thus determined may, by a proper selection 
of the constani n, be made to become any desired line of the first canonical 
pencil, except the first axis of Cech. 


It may be remarked that, in case n=2, the two cusp-axes are the 
scroll directrices of Sullivan. Application of the theorem leads to the 
canonical line 4(k) for which k= —3/8, the first edge of Green, and 
the first directrix of Wilczynski. E 


3. The cusp-axis cone. We now propose to find the locus of the 
cusp-axis of the extremals of each of the invariant integrals (2.1), 
(2.5), when n varies. For this purpose the cusp-axis of the extremals 
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.of the integral (2.1) can be regarded as determined by the planes 
whose equations are 


(3.1) Xs — kapta = 0, X3 — bw = 0 


and the cusp-axis of the extremals of the integral (2.5) by the planes 
. (3.2) zs — hix, = 0, zı — kya, = 0, 

where kı and ks are defined by T 

(3.3) ky = (1—2n)/6n, a = (1 — 20)/6(n — 1). 


The locus of the cusp-axis (3.1), when s varies, is found by eliminat- 

' ing » from equations (3.1) to be a quadric cone which will be called 

the cusp-axis cone at the point x. The same cone is obtained as the 
locus of the cusp-axis (3.2). This result can be stated in the follow- 
ing way: 


THEOREM 3.1. At a point of a surface, the locus of the cusp-axes of 
the extremals of the invariant integrals (2.1), (2.5), when n varies, is the 
. cusp-axis cone whose equation is 


(3 4) 6x3x5 + $ X334 + Yxar, = 0. 


The vertex of this cone is, of course, the point x. It is evident that 
this cone is intersected by the tangent plane at the point x of the sur- 
face in the asymptotic tangents through the point. Moreover, the 
polar line of the tangent plane x,-— 0 with respect to this cone is the 
canonical line h(k) for which k= —1/6, namely, the first principal 
line of Fubini and Cech. The canonical plane intersects the cone (3.4 
in the projective normal and in the first axis of Cech. The polar plane 
-of the second canonical tangent with respect to the cone is the canoni- 
cal plane. ' 

It is easy to establish the truth of the following statement: 


N 
THEOREM 3.2. The cusp-axes of the extremals (2.2), (2.6) determina 
the plane (2.9) the polar line of which with respect to the cusp-axts conz 
is a canonical line 1,(k) for which ` 


(3.5) ^ k= — (1 — 20)/6(2n* — 2n + 1). 


In particular, let us consider the plane determined by the two scroll 
directrices of Sullivan. The polar line of this plane with respect to the 
cusp-axis cone is the canonical line (k) for which k= —3/10. 

, The cusp-axis cone and any quadric of Darboux 


(3.6) Latz — ifa + hate = 0 (ki arbitrary) 
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intérsect, besides in the asymptotic tangents at the point x, also in a 
: residual conic which lies in the plane whose equation is ` ' 


(3.7) : xı + $2s/6 + Vas/6 — dux = 0. 


This plane cüts the tangent plane at the point x of the surface in the 
. canonical line h(k) for which k= —1/ 6, namely, the reciprocal of MI 
first principal line of Fubini and Cech. 

Furthermore, the cusp-axis-cone and a principal quadric of Lane [3] 


(3.8) xaxs + xa(— 32i — 42/2 — Was/2+ kum) = 0 (hy arbitrary) l 


intersect, besides in the asymptotic tangents, also in a conic which lies 
in the plane , 


(3.9) tı + 2023/9 + 2423/9 — kita/3 = 0. 


This plane intersects the tangent plane x,—0 in the canonical line 
L(k) for which k= — 2/9. 


4. The flex-ray conic. Let us consider the envelope of the flex-rays 
of the extremals of the integrals (2.1), (2.5). The flex- Tay of the family 
. ofhypergeodesics (2.2) is the reciprocal of the cusp- axis (3.1) and has 
- the equations xı=0 and 


1) at (2n — 1)/6(n — 1))oxa + (2n — 1)/6n) pay =.0. 


We find that the envelope of this line when s varies is a conic. The 
same conic is obtained as the envelope of the flex-rays of the hyper- 
geodesics (2.6). This conic will be called the flex-ray conic of the two 
families of hypergeodesics (2.2), (2.6). The equations of the flex-ray 
conic can easily be obtained by setting equal to zero the discriminant 
of equation (4.1) regarded as a quadratic equation in s. The result 
is contained in the following theorem: 


THEOREM 4.1. At a point of a surface, the envelope of the flex-rays 
of the extremals of the two invariant integrals (2.1), (2.5), when n varies, 
ts the fiex- -ray consc whose equations are x, =0 and 


(4. 2) ai(xi + 29/3 + pxs/3) + (pas — 23)1/36 = 0. 


This conic lies in the tangent plane of the surface at the point x and 
touches the parametric tangents at the point x in the points 


(4.3) (= 4/6 1, 0, o), (= 4/6, 0, 1, 0). 


"The line joining these two in is the reciprocal of the first principal 
line of Fubini and Cech. This line may therefore be characterized by 
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the property that it is the polar line of the point x with respect to the 
flex-ray conic. 

The first canonical tangent intersects the flex-ray conic in the 
points whose local coordinates are 


(4.4) (— 2gy/3, y, o, 0), (0, y, à, 0). 


The second axis of Cech is tangent to the flex-ray conic at the first 
of the points (4.4), and the reciprocal of the projective normal is 
tangent to the conic at the second of the points (4.4). Thus we find 
that the canonical point is the pole of the first canonical tangent with 
respect to the flex-ray conic. 

It is easy to verify the following statement: 


THEOREM 4.2. The extremals of the two invariant integrals (2.1), (2.5) 
are hypergeodestcs whose flex-rays pass through the point 


(4.5) | ((1— 2n)?/6n(1 — n))oy, v, 6, 0 


which hes on the first canonical tangent. The harmonic conjugate of the 
first canonical tangent with respect to the two flex-rays through the point 
(4.5) is the canonical line l(k) for which k is defined by (2.10). 


The following result is an immediate consequence of the fact that 
the two flex-rays which pass through the point (4.5) are tangent to 
the flex-ray conic. 


THEOREM 4.3. The polar line of the potnt (4.5) with respect to the 
flex-ray conic is the canonical line l(k) for which k ts defined by (3.5). 
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PROOF OF A CONJECTURE OF P. ERDOS ON THE 
DERIVATIVE OF A POLYNOMIAL 


PETER D. LAX 


Introduction. We start out from the following consequence of 
S. Bernstein’s well known theorem on trigonometric polynomials. Let 

n(8) be a polynomial of degree s for which | «(2) <1 holds as 
IM <1; then |p, (z)| Sn as [s] S1 with PA (z)| =n if and only if 
f«(2) =a3", |a| =1. 

Some time ago P. Erdös conjectured that if | 5. (2) S1 holds as 
|s] S1 and p,(8) has no roots inside the unit circle, then | 4 (z) | Sn/2 
as | s| S1. In the present note we give a proof of this conjecture. 


Preliminaries. Let us introduce the following notation which shall 
be used throughout this paper: 








pale) =e] (s — 22, csi 
wo lale) = el (1 — 2%) = 2"P,(3~). 


Then for || =1 we have | p,(z)| =| ¢,(s)|. 


LEMMA I. If p.(z) has no roots inside the unit circle, that is |s,| 21, 
the polynomial p,(s)+eq,(z), [el =1, will have all its roots on the unit 
circle.! * 


Lemma II. If p,(8) has no roots inside the unit circle, [s.l 21, we 
have | 54 (2)| S| ge (2)| as || =1. 


Let 2>s,; using the abbreviation 2-!z, 2.4, we find 
OEE als es Zu -|lXa-43 | 
, yml ' Pen] 
| 2 @/ale)| 2 E g-a) =| X 4 — 492 | 
7ml y-1 


Since | 4,| & 1, A,~1, we obtain 
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(4) R — A) < 1/2, RÈ, (1— 4) < n/2, 
l RE- Als REA — 49 anl RE aaa, 
On the other hand ` 
(2) ISE 0-A Aya] -Iaz a - Are 
(1) and (2) prove Lemma II. 


Proof of the special case, when all the roots are on the unit circle. 
The first proof for this special case was supplied by Professor Szegó. 
His argument is as follows. 

Let |z,| =1 and max |p, (2)] 2 | p (20)|, [zol =1. 

Case I. £,(20) £0. Since 54 (2067) Ba (Zœ) is maximum for 0 —0, 
we find that gop,’ (0) / 4 (80) is real. Now 








spa (2)/Pa(s) = > z/(s — z,), 
z*54' (z)/Palz) = (È > z/(s — 2, )- E (s/(z — 2,))*, 


sp! /p (8) = P ui Èe- 2» / > E/E- 8). 
Let 20/(%0—2,) =1/2+41,; then 


3 a/4-5)0-iXL 








m (s) 

bd (Bo) ER n/2+idik 
so that 

HDE r- 32632 (4/4 — £) 
m Lk W»a Qu 
and 
202 DE (1/4 — T + (54) 
4 2 m —— oo 
x PTS 2 (n/2)? + (E 
Case Ia. 971,0, 


sopr (59) / o (29) =n/2 + 395 = n/2, | Pa €) | = (0/2) | ba) | S n/2. 
Case Ib. 274,740 so that from (3),. 


(n/2) + (2)! = n/2 — 31 4/4 — £). 
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Hence from (4), 


M LM is (n/2)?! — (m/2)* — (n/N E 8)? + (32? 
MG) (n/2* + (ob) 
=#/2+n/2-1=n—-1; 
| px G9] = (n — D max | p? 2 |. 
According to S. Bernstein's theorem this is possible: only when 
P (z)| =const 2^7! or p,(z) =const (s"+c), |e] zx1. 
Case II. p,(80) 20. Since ba (20) 0, Zo is a simple root of p,(z), 
| 82y Bo=3,. Now 
af o (50) Soe pais) _ uo (È 2/(e — $))* — È /(s — 2)? 
um Pe (a0) roan Pn (8) 7255 j > s/(s — s) 
~- 2209 u/(n nH 





which is real, consequently equal to n—1; see case Ib. 
Second proof of the previous special case. A much simpler proof 
is due to Professor G. Pólya. Let c=|c|e*7, 2, =e; then 


A(0) = 4g II (estoit) ging, (etit) 


i j = |c] II [ies t7 — jien] 


isa ES polynomial of degree n with real coefficients. Hence 
according to a sharper form of S. Bernstein's theorem? 


(W (0)? + nth)? S w^. | J(0) + inko) | S n, 
| dpd Sn, 2]p2(9| Sm. [sl 5 1. 


Proof in the general case. Let 5.(z) be a polynomial of degree n, 
| «(9| S1 for |z | S1, (8) 50 for |z| <1. We define Q,,(z) = (p,(s) 
+eg,(z))/2, and determine e so that | el: =1, eg, (s)/p, (s) should be 
real and positive at s=z9, |30| =1, where | pj (z)| reaches its maxi- 
mum. M 
Thei | Q.(2)| <1, [| £1. leg 
3 Also, by Lemma I, Q. (s) has all its etic on the unit circle. 


? Inequality (5) can be found in J. G. van der Corput and G. Schaake, Ungleich- 
ungen für Polynome und irigonomeirische Polynome, Compositio Math. vol. 2 (1935) 
p. 337; it follows from an older and sharper theorem of G. Szegö, Uber einen Sats 

` des Herrn Serge Bernstein, Schriften der Konigahetger euren Gesellschaft vol. 22 
(1928) p. 69. 
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We have, by Lemma II, 
max | Of @) | 2 | OX Go| ES e) | /2 


(ao) | /2°+ | be (89 | /2 


=| 
a LIE (9| = max | s GT. 


But max |o (2) Sn/2, TE the same follows for p,(z). This 
establishes the conjecture of P. Erdós. The bound is obyiouly: the ' 


. best possible, às the example (14-z*)/2 shows. 


REMARK. Returning to the case when all the roots z, of bis are 
on the unit circle, it is interesting to observe that in this particu- 
lar case max P (2l =(n/2) max | pa(z)| —n/2, |s| $1. Indeed, det us 
write | Pals’ )| =max | pa(z)|, s] <1; then max | De (s)| 2p 3’) 
=| ba(2’)| Ea] e | dale’) ERa] = (0/2) bale" 





- =(n/2) max | pa(z)| =n/2. 


Another inequality for the derivative of a polynomial. Replacing 
the “Tchebychev deviation” by the “Bessel deviation,” we obtain the 


` following analog of the inequality formulated at the beginning of this 


paper. 
Let p,(8) be a polynomial of degree z; then? 


o {arf diem hp ssi f — 


Setting P«(2) Yan and using Parseval's formula, this inequality 
' , can be written in the form ; 


Xe s | a, |3, 
»-1 -: 
which is obvious. 
_ We prove now the following analog of P. Erdós's conjecture. 
` f |pa(z)| S1 holds as |2| S1, and pa(2)0 for |s| <1, then in (6) 
the factor n can be replaced by 2135. This factor is the best possible. 


By Lemma II the following inequality holds: 


Gay f’ gen a s Ga f | a e Pao 


d 


Now, q«(z) =2 t-03", hence by (7) 


3 See A. Zygmund, A remark on conjugate nen) Proc. London Math. Soc. (2) 


vol. SECO pp. 392-400, esp. pp. 394—396. 
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of Taso ao s cn) f "| 06 9 p + a f lorte an 


= E O+ (n=) al, 


The greatest of the numbers »?-- (n —)*, v=1, - - - , n, is n?. There- 
fore ' 
Q 000 ef Ineopms ssp, 

-r 70 


which was the assertion. 
© ` For pa(s) = (z^4-1)/2 the sign of equality holds in (8). 
' New York City l 





A NEW FORMULA FOR INVERSE INTERPOLATION 
' — HERBERT E. SALZER 


This paper is devoted to the derivation of a formula for inverse 
interpolation in a table of equally spaced arguments. The resulting 
formula (5) is more concise and convenient than those in existence. 
It involves neither differences nor polynomial coefficients other than 
small powers. In use it will be found much simpler and quicker than 
those given by Davis, Aitken, Steffensen and Milne-Thomson. In a 
sense, it is the analogue of the Lagrangian formula for direct inter- 
polation without differences (that is, in terms of the tabular entries 
only) if the usual expression (right member of (1) below) is rearranged 
in terms of powers of the argument p. 

Lagrange's general interpolation formula is 





2 yeh P, 1 iok 
I(x) = P 2 f(a), where P,(x) = —— —— T] (x — a). 


For equally spaced arguments at interval h, after suitable relabelling 
of the arguments a;, Lagrange's formula becomes 


$- [5/2] (2) 


D. rx Jdem, cR ON S. 
$—[0—2/2] .. 


$ 
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where fs ene f(ao+xh), [x] denotes the largest integer in x, and 
LP (p) are well known polynomials in p.of the o= 1)th-degree. Mak- 


e ing use of the relation 


- (à 


$— [5/2] (n) t 








(2) 25. L (9) 591, 
ES . de—[(5—1)/11 : 
we can rewrite (1) as 
: $ ={n/2] LPH i : 
3 : —-—1 — fy). 
E e fo — fo : i—i] f yeu 


‘Since L® (p)/p is not present in the summation, the denominator of 
the right-hand side of (3) is still a polynomial in f. 

Now we:employ an expansion due to Bürmann which states that i 
if Y(2) = (s—a)/($(8)—b), then 


f(s) = f(a) + 2 sor | Au HOON + Ry. 
P 
Consider the equation 
e! 

















po ep LP) 
3) =1 f Js; 
f Ste — fo | iiaa È o- : 
Letting 
' (a) . 
' p L; (p) 
(seb do fo bo fa HO) =I D (kf 
ten ? 
and F(b) =p, we obtain, by Bürmann's expansion, zt 
X b. ea. + Lea 1 (fə — f)" 
(4 mi n 1 i 
d”! 0 d[n/2] [As 
(: T (a) Gi my +R. 
dg" i=in G 


"To obtain p as an explicit function of fp and the f/'s according to its ` 
implicit definition in (1) or (3), we take the limit of (4^) as a—0 and 
arrive at the following expansion; 

k—1 (f. ane fo" 
pex ——— 
-—6b ; ml 
d* $- [5/3] 
| ( 1 > ‘ne (a) 


da~! 








i=—[(a—1)/2] G 


d.- my l a RY! 
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Corresponding to the n-point formulas for direct interpolation, n 
ranging from 3 to 7, we define quantities r, S, 1, u, v and w thus: 


3-point l 4-point 

4 202 — Fo) Ja) i " pe 6(fs — fo) : 

a fa ar Tes TN i —h + 6f — 3fo =: 2fa 

m I 2fo Tf, ' ea 3(À = 2fo Tf p 
fi-fa — fi + 65 — 3fo — 2f.a 


re Ja — 3fi + 35h —fa , 
— fa + 658 — 35 — 2f.a 


u = y m w m (. 


FETTTTTTT 


5-point 6-point 
ro MoN Ct) 
— 2fa + 165, — 1f + 2fs `. 4f; — 30fa + 120f1 — 40fo — 6Of—1 + 6f_s 
a OPEL = 30o 16i — fa : s a Sa + 168 = 305-166 f) — 
—2f--16,— 162+ 2fa ^. . 45 — 305 + 120f; — 40fo — 60f a + Gf 


= 25 — 2fi + 2f — £3) jw , eta TA = ft 10 — fa TI, 
—2fÁ-F165—16fi-2fs ^". 4fs — 30f. + 120/1 — 40fo — 60f-1 + 6f-s 
dic 4f T Ófo — 4fa tf, "S 5(h — 4f + 6fo — 4f a + f) tae : 
— 2h + 16f; — inm t Ma 4f — 30fs + 120f1 — 40fo — 60f_1 + 6f. 
ee. p m Ss — 5h + 10ft — 10fo + 5/1 — fa ; 
] 4f — - 305 + 120/1 — 40fo — 60f-1 + 6f. s 
$0. 
7-point 
720(fp — fo) 


= 12f, — 108fs + 540f, — 540-4 + 108/.. — 12/4. 
_, 20 — 2f. + 210f, — 490, + 2107. Ifa 2f). 
12fs — 108fs + 540/1 — 540f_1 + 108f2 — 12f-s 
"T 15(— fs + 8f — 13 + 13/33 — 8f + 9 : 
b ' . 12fa — 108/3 + 540/1 — 540f-1 + 108f-a — 12f4 
5(— fa + 12fs — 391 + S6fo — 39f_1 + 12f-a — f-s) ; 
12f; — 108f2 + 540f1 — 540f1 + 108/. — 12fs 
xc 3(fa — 45 + 55 — Sf t+ Af — fa)” P 
12fa — 108/2 + 540 — 540f.1 + 108f-a — 12/5. ' 
"E Sa — 65 155 — 20fo 1551 — Ofa tjs 
12f; — 108f2 + 540f, — S40f1 + 108/ 3 — 12fs 


y m 


/ 


Then in every case (4) assumes the form 
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pr-—rs dr ri(2s5* — 1) + r*(— 553 + 5st — u) 
+ r(14s* — 215% + 32+ 6su — v) 
+ ri(— 42 425* + 845%} — 28si! — 285% 
+ Tiu + D. —u)-4- 


When (5) is employed for interpolation for a number of values 
within the same interval, the only variable is r*. 


~ From (5) which gives f(r), it is immediately apparent that for! nu- 
merical integration of the inverse function we obtain 


(5) 


(9 f. "ad = Up — fos + (b/r), f 220, 


. while for the mth derivative of the inverse function we have 


1 


(7) acf, = (h/o foem. — 


MATHEMATICAL TABLES PROJECT, NATIONAL BUREAU OF STANDARDS, 
New Yor«x City 


ALMOST ORTHOGONAL SERIES 
RICHARD BELLMAN 


1. Almost orthogonal series. Let us consider an infinite sequence 
{ Qalx) Ve n=1, 2, ++, of complex-valued functions of the real vari- 
able x, of class L*(a, b), normalized so that S| e. (x) | *dx =1 for all n. 
Assume further that the sequence satisfies the following condition 


(1) È | amn |* X o, 
where amn = E (m=Æn; n, m=1, 2, <- ), amn =0, m—n. 


We wish to show that under the above Dans we have a Bessel 
inequality and an analogue of the Riesz-Fisher theorem. 


THEOREM 1 (BESSEL’S INEQUALITY). Under the above conditions, let 
f(x) be a real-valued function belonging to L*(a, b), and b, = f? fdadx, then 


xi bs firi (zi e.) ]. 


fiere fe Esa 


Using Schwartz's inequality, this becomes 


ber fes LE DP IPs] 


s| ure] [Eine E rm] 
> 


We have 





(ier "(ism 
[ues] ise] 
[Que 
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Hence, simplifying, 


Eee (fip (lot) 


and since this is true for all s, the result is obtained. 


THEOREM 2 (ANALOGUE OF RrESZ-FisHER). Under the above condi- 
tions, if 97 | ba] 2< œ, there exists a function f(x) L*(a, b) such that 


Ea- faala (Eis) (git) 


` and therefore lim,.« (b.— Jafpndx) =0. 
. Let s, 9 3519, then 


b 
| Sm — Sa [Pda 


| SZ] 2] 


= X5 + D bbs 


nil atlSk,lgm 








a 


1/2 1/2 


sZisre(Xlsblup) (LI ml) 


n 1/ 
s S| (1+ (Zle.P) ) 
n+l m,a ! 
(using Schwartz’s inequality). Hence, since $b < ©, s, converges in 
mean to a function f(x) CL?(a, b), that is, 


b : 
lim f | f(x) — s(x) [2x = 0. 
We have, k <n, 


b b b _ 
b, - f féxda = by - f s,dida +f (Sn = fonda, 


Fea bes) "(ft eus)" 
E (f. v= sb). 


1944] , ALMOST ORTHOGONAL SERIES 519 


b ^ 
b, — f Snbpdx = > b,01, 








121 
b ^ 
b — f shas| s Xo 
a 1 
n 1/2 ^ 1/3 
(Slat) (let). 
1 1 
Hence, 
b _ ^ 1/1 R 1/2 
n- f foxdx: s (Xu) (Xs) 
a 1 121 








t (f |f- slide) 


(Èh) (Èl) 


1-1 


Let n— œ, this becomes 








b 
b — f fe 
Squaring both sides, and summing over k, 
i b 2 eo 
> |b -f fords |'S (S150) (51 ail), 
k a 1 b.1 


which is the result in question. 








2. An “almost” moment problem. Let us consider the sequence of ° 
functions [e?«t/(b —a)!1] , the X, being real and distinct, over a finite 
interval (a, b). Then we have the following theorem. i 

THEOREM 3. If 2 441/Qu —A)1« o, and 9 .|b.|? « ©, there ex- 
ists a function f(t) CL?(a, b), such that . 

1 b 
"Ax Anat 
2 b, CEPIT. f fe tdt 


2 
<, 








* We have 


s 


b 
f edlig-Datgy k=l. 


Therefore, in view of the hypothesis, this is a corollary of Theorem 2. 








[ae — da] 


PRINCETON UNIVERSITY 


A KNOWN PROBLEM OF GEOMETRY AND ITS 
CASES OF INDETERMINATION 


J. HADAMARD 


A recent note! induced me to resume the classic problem (Po) and 
its natural generalization: 

(Po) To construct a square, the sides of which go through four given 
porinis. i 

(P) To construct a quadrilateral Q(X YZT) similar? to a given quad- 
rilaterel q with tts sides XY, YZ,---, respectively passing through 
four given points K, L, M, N. 

The solution of (Po) is classic: we immediately get a locus tor each 
vertex, namely the circumference having KL, LM and so on for its 
diameter. Moreover, the diagonal XZ of the required square must 
again cut the half circumference of diameter NK at its middle point a 
and, similarly, the half circumference of diameter LM at its middle 
point y. This generally determines it, whence the required construc- 
tion directly results. 

The solution extends automatically to (P): 

(i) We know a circular locus for each vertex of the unknown quad- 
rilateral. 

(ii) We also know the two points o, y where the diagonal XZ inter- 
sects the loci of the vertices X, Z. 

This generally allows us to draw the required quadrilateral and: 

(iii) The quadrilateral Q constructed in that way is actually simi- 
- lar to q and, therefore, satisfies all the conditions of the problem. 

The verification of the latter fact offers no difficulty; but it must be 
insist ed on, for it is quite essential for what we are going to say. In- 
deed, instead of reasoning on the diagonal XZ, we could operate in 
the same way on the other diagonal YT, of which, similarly, we know 
two points f, 6, respectively belonging to the circumferences which 
are the loci of the vertices Y and T; and it results from (iii) that this 
second construction necessarily gives the same result as the first one. 

But, moreover, a singular case may occur, namely that in which 


Received by the editors February 21, 1944. 

1 Mathematicae Notae. Boletin del Instituto Matematica vol. 3 (1943) p. 155. 

2 In the above-mentioned note, it is investigated whether the given points are on 
the sides themselves or on their prolongations, a question which we shall not examine. 

On the other hand, for us, every similitude is meant to be a direct one. This is 
the reason why; from our point of view, the problem generally admits of one solution, 
while in the article in Mathematicae Notae it is considered as having two of them. 
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the problem is indeterminate? this happens when « and y coincide. 
Now, if so, the same circumstance must appear when operating on 
the diagonal YT so that: 

, (iv) If a coincides with y, then B also: coincides with à. 

It is that remarkable circumstance which has seemed to me worth 
studying and, more generally, induced me to consider the relations 
between the points a, f, Y, ô. 

I. In the special case of problem (Po), everything can be settled 
by the properties and, especially, the rules of composition of rota- 
tions. Let us choose as unit angle the right angle in the direct sense 
(the retrograde right angle being. denoted by —1). The triangles 
aNK, and so on, being right-angled and isoceles, we have (the perime- 
ter of our square being assumed to be described in the direct sense) 


"(0 (2) K=a,N, (D L=6:K, () M=nLl, (à N= 5M, 


this meaning that K results from N by a direct rotation of a right 


angle around a, and so on. Therefore, we also have 


(2) L = paN, 


where the rotation w=f:œ, is through the angle 180°, so that its 
center w is the midpoint of LN. Moreover, the half-turn ôryı changes 
N into L and, therefore, is nothing else than fia1. 

Now, the rules of composition of rotations show that w is the vertex 
of a right-angled isosceles triangle, the hypotenuse of which is af, 
and similarly for y6. We are here taking into account the senses of 
the angles, 


(3) B = w_1a, ô = wy. 


This gives the answers to our questions: 

' (i) As the retrograde rotation w_1, which is through a right angle, 
changes a into B and y into 5, we see that 86 4s perpendicular to ay 
and equal to ary. 

(ii) The first part of this conclusion is evident on Besson of the 
fact that our problem is possible, as a8 and yô are segments of the 
two diagonals of the square. But the question of senses deserves con- 
sideration. 80 is deduced from ey by a rotation of —1, while bd is 
deduced from ac by a rotation of +1. Therefore, if we inquire whether 


_ ay is of the same sense as ac, and whether fjó is of the same sense as bd, 


X 


- 3 A single case of that kind has been mentioned, as far as we know: in the Nouvelles 
Annales de Mathématiques (see footnote 4), Laisant notices that indetermination 
takes place for a square circumscribed to a square. 
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the two questions necessarily admit of contrary answers. If the dia- 
gram is such that K, L, M, N lie on the sides of the square thern- 
selves? (and not on their continuations) and a, B, y, à on the diago- 
nals themselves, we can say that if the segments ao, cy overlap, the 
segments b8, dô do not, and conversely. 

(ii) The equality 85=ay shows us why ô must coincide with £ if y 
' coincides with a. 

| (iv) The condition for that is that the two lines LN, KM be equal and 
perpendicular to each other (in other words, that the parallelogram 
whose vertices are the midpoints of the sides KL, LM, and so on, be 
: a square), as the rotation o; must change JV into K and L into M. 

Similarly, both products 7181 and 018; give a rotation of a half-turn 
around the midpoint r of KM, so that 


(3a) y = Tf, a= 716. 


(v) The comparison of (3a) with (3) shows that the half-turn m. 19. 1 
. takes place around the midpoint C of ay and the half-turn c. yr. 1 
around the midpoint D of 86. 

There are, therefore, two right-angled isosceles triangles having CD 
for their common hypotenuse and w, m for their vertices, located on 
both sides of CD. T'he msdpoints of K M, LN and the midpoints, C, D 
of ory, Bà are the vertices of a square. 

IJ. In order to treat the case where the given quadrilateral is no 

` longer a square, but has an arbitrary shape, we must find the laws 
of composition not only of rotations, but also, more generally, of 
similitudes in the plane.‘ ] 

When we shall speak of similitudes, it will be implicitly understood, 
if not otherwise specified, that we mean direct ones, in which not only 
the magnitudes but also the senses of the angles shall be preserved. 
In such a similitude, any line MN in the second figure F is in a con- 
stant ratio r and makes a constant angle œ with the corresponding 
one MN, in the first figure Fs; this can be expressed algebraically 
by saying that the two complex numbers which represent MN and 
MN» are in the constant complex ratio p=re‘*. 

If that ratio is equal to 1 (that is r —1 and $ —0), the similitude 
reduces to a translation. In any other case, there is one and only one 
point a—which we shall call the center of similitude—such that the 


* À study of plane similitudes has been developed by Giusto Bellavitis, under the 
name of Theory of equipollences. It has been expounded in French in the Nouvelles 
Annales de Mathématiques vol. 8 (1869) (by Houel) and in a complete translation 
of Bellavitis' memoir in the same periodical, vol. 12 (1873), by Laisart. But the loca- 
tion of the new center in a product of two similitudes is not examined by Bellavitis. 
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lines joining it to any point My in F, and to its homologue M in F 
are represented by imaginaries the ratio of which is p. Thus, the tri- 
angle aM )M will be similar to a fixed triangle oaoa. Such trans- 
formations can be denoted by æg,» (this differs from our former nota- 
tion for rotations only by the introduction of the homothety ratio r, 
the angle $ being still measured with the direct right angle as unit) 
' or by. Qon the relation : 

M =| cdi, 


meaning that the triangle ~M M is directly similar to 0200; oaoa can 
be called the characteristic triangle of the transformation. 

Now we have to represent the product* of two such similitudes 
So, St with centers a, B.and complex ratios po roe), py rien, 

If the two centers coincide at o, the answer is simple: the product- 
similitude will have again a as its center, with a rotation angle $o--41 
and a similitude ratio ror. If we draw the two characteristic triangles 
so that they have one side oa in common, the resultant characteristic 
triangle will consist of the two remaining sides 0a», 0a1, and the con- 
necting line Got. 

The latter relation subsists in any case; but when the two centers 
do not coincide, we must find the center of the product-similitude 

‘ Suso- ' 

We shall refer this general case to the first one by considering, as 
an intermediary, the composition of an arbitrary similitude So =a (a) 
with a translation. The latter will not alter the rotation angle $o nor 
the similitude ratio ro, but there will be a new center a’ such that, 
M being any point of the original figure, M its transform by the 
given' similitude, and M' the transform of M by the translation, the 
triangle a’ MoM’ will be.similar to the charactere triangle oaoa of 
Sos Now, we immediately see that the segment asa’ connecting this 
new center with the original one a can be deduced from MyM’, that is 
from the given translation, by a similitude the center of which is Mi 
and the characteristic.triangle the same.as above, only with a differ- 
ent order of the vertices. Conversely, if-a first similitude is given, 
another similitude with the same rotation angle and the same homo- 
thety ratio, but another center, can be considered as the product 
of the first one and a translation, the direction and magnitude of 
which are in the relation just obtained to the direction and magnitude 
- of the line connecting the two centers. 

We master the general case by simply combining the two above re- 
sults. In order to obtain the product of the similitude Sp =a (aga) fol- 
lowed by the similitude S1 =£ (aay (the two characteristic triangles 
being located so as to have the common side oa), we begin by intro- 
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ducing the intermediary operation S’ equipollent with Sı (that is, 
having the same characteristic triangle) and 'homocentric with Sy. 
-The product S’So is (aq. 

Si is deduced from S’ and, therefore, S19, from S'S by composi- 
tion with a translation T, the direction and magnitude of which are 
determined by submitting o to a rotation whose angle is equal, in 
magnitude and sign, to Z0aa;, and changing its size in the ratio 
aa,/ao. . 

Now, let w be the center of the product-similitude. The translation 
T is the same one which corresponds to changing S^S, into the equi- 
pollent operation SiS». Therefore, the imaginary quantity which rep- 
resents the segment aw will be given by the relation 


(aw) = X(T), 
where the complex coefficient \ is 
(4) A = (a00) / (a081) 


(every segment within parentheses denoting the corresponding com- 
,plex quantity). In a purely geometrical and real language, the seg: 
ment aw will have the magnitude |A| | T|, with 


(4a) | | = @00/aras, 
and the direction making with T the angle 
(4b) V = Lot. 


Now, the form of the quantity (4) (taking into account the expres- 
sion of T, a complex cross ratio) or, which is equivalent, the formulae 
(4a), (4b) suggest a rather unexpected, but unavoidable, connection 
with inversion. Let ao, a, a1 be the inverse points of ao, a, a1 with re- 
spect to o as pole: the triangle ouf]. will be inversely similar to aaas. 
It can be deduced from a triangle constructed on off and directly 
similar to ayaa; by a symmetry with respect to the axis of aß. 

III. The case of a lozenge can be investigated, with the exception 
of one single result, with the help of rotations only. Let 20 and 
26’ =2— 20 be the angles of the lozenge, still measured in right angles; 
the points K, L, M, N will be deduced from N, K, L, M by successive 
rotations around a, f, y, ô, the angles of which will be alternately 26 
and 26’. Therefore, formulae (1a)-(1d) are to be replaced by 


K = ase N, L= Bw K, Mz yal, N= 0s M. 
As the two angles of the lozenge are supplementary, we shall have 


L= Ba0'æz N — wW, N= b26'Y20L = wL, 
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w being again the midpoint of LN and, therefore, 
B= @(—1,r)&, ' ô = W (—1,7)'Y: 


so that the segments ary, 86 must have perpendicular directions (with 
the same circumstance as above concerning senses) and a ratio be- 
tween them equal to r=tan 0 — xs/ yi. 

The condition for indetermination is that the lines. KM, LN be 
equal to each other and intersect at an angle equal to one of the 
angles of the lozenge. 

The only essential difference from the above case is that the tri- 
angles wa8, wyô, rBy, 160 are no longer isoscéles. We must introduce 
the similitude Z obtained by the rotation —1 around w, combined 
with a homothety of ratio r, with respect to the same point as well 
as the analogous operation X’, one of which changes «a into 8 and Yy 
into 6, the other changing £ into y and ô into a. It results therefrom 
that the midpoints C, D of ay, Bô and the midpoints w, r of KM, LN 
are the vertices of a quadrilateral (a so-called *rhomboid") with two 
right angles, which has CD as an axis of symmetry, the latter dividing 
it into two right-angled triangles: similar to those into which the 
lozenge is divided by both its diagonals, while each of the triangles, 
Cor, Dor is similar to one of the halves into which the lozenge is 
divided by a single diagonal. 

IV. Let us now take the general case of an arbitrary quadrilat- 
eral g. The successive similitudes which transform into K, and so 
on, have their centers at a, 8, y, 6; their characteristic triangles can 
. be obtained in the following way. Let* the diagonals xs, yt of q inter- 
sect at o: if, from o, we draw ok, ol, om, on perpendicular to the sides 
of q, onk, okl, and so on, will be the characteristic triangles. 

We see that if these four similitudes were homocentric, their prod- . 
uct would be the identical transformation. If they had different cen- 
ters, the product would, as a rule, become a translation. But, in our 
case, there is at least one point which finally remains unchanged, 
namely JV: therefore, this translation must be zero and the product of 
the four similitudes ` 


S= Z (onk)s S= Bond; S" ^Y (olm): S" = 5 (omn) 


must agatn be the identical transformation. 
The operation S’’’S’’ is the same as the operation .$-LS/—!: 
changes L into AN and its characteristic triangle is oln. We can iud 


5 An exceptional case, which ought to be examined separately, would occur if the 
diagonals of q were parallel, a circumstance which is possible if q, instead of being a 
proper quadrilateral, were a self-crossing four-sided closed line. 


` 


t 
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its center, and even in two different ways, by our rule of composition. 
This introduces the inverse points k, J, m, n of k, l, m, n with respect 
to a circle having its center at o: in other words, the poles of the sides 
of q with respect to that circle. The connecting lines kJ, Im, and so 
, on, being the polar lines of the vertices x, y, z, t, our four inverse 
points are the vertices of a parallelogram.’ 

The triangle KIn is equal.to mnl; the two triangles vc, aryé are 
directly similar to each other and inversely similar to the triangle. 
kin. Therefore, the segments ay, BÓ are in the ratio kI/kn, which is 
equal to xz/yt (denoting by x, y, z, t the inverse points of x, y, s, #) 
= (xz /yt) - (oy - ot/ox - oz). i 

As to the angle between these segments, it is, as is evident a priori, 
the angle between the diagonals of g. We can see, at least when q is 
assumed to be convex,’ that the question of senses is to be answered 
as previously: for, in that case, the angle Znkl is supplementary to 
Z xoy. i 

The product SS’”’ is the same as S’—1S’’—': its characteristic triangle 
is okm; its center r is such that each of the triangles ry, wóa is in- 
versely similar to nkm. ` 





n 


The product of the similitude 2=w mnt followed by Z'-—'(nkm 
transforms @ into y, and the product of the same factors with re- 
versal of the order changes B into 6. Each of them is a half-turn, as 
is seen by assembling the triangle mn! with a triangle mln’ equal 
‘to nkm, so that their centers will be the midpoints C, D of ay, B6. 


8 In the case of a lozenge, Almn would be a rectangle, which is decomposed by 
both its diagonals into four triangles, similar two by two to one-half of the lozenge. 

1 This condition is not satisfied in the problem which is the object of the article in 
Mathematicae Notae, in which g is formed by four consecutive sides of a regular ' 
polygon or their prolongations: such a quadrilateral is, of course, concave, except for 
a square or a regular pentagon. At least, matters are such if the sides are taken in 
their original order, which is not necessary (see footnote 9). 
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' Therelations of these centers with w, v are given by our rule of com- 
- position; having transferred the triangle nkm into'a position min! 
adjacent to min along mi (see the figure), the triangle Com must 
be inversely similar to the triangle Av»' the vertices of which are the 
inverse points of J, n, n’ with.respect to m, that is, as is easily seen, 
to the triangle formed by kn and the two diagonals of the parallelo- 
gram kimn. We shall see, in ‘the same way, that the midpoint D of 
Bô forms with w; x à triangle inversely similar to the one the sides 
of which’are k/ and the two diagonals, so that the points C, D, w, + 

are on the same circle and divide it harmonically. The point J of inter- 
section of the diagonals XZ, YT also belongs to that circumference.* 

When q is itself a parallelogram, the condition for the coincidence . 
of æ with ^; can be easily found and proves to be the same as that 
which implies the coincidence of 8 with 6; for in this case the simili- 
. tude S’’ will be the same as S, whence it immediately follows that the 
segments KM, LN must intersect at the same angle and be in the 
same ratio as the sides of the given parallelogram; in other words, 
. the midpoints of KL, LM, and 8 80 on, must be the vertices of a paral- ` 
lelogram similar to g. 

In the general case the question is more complicated. The fact that 
kimn is a parallelogram is again essentially needed for its solution. 
Let okl, omn be two triangles assumed, for simplicity's sake, to be 
entirely exterior to each other except for the common vertex o. Let 
us consider the replacenient of the second triangle omn by any (di- 
rectly) similar one omm having still a vertex at o, the other triangle 
okl remaining fixed. Among the transformations of this kind, there is 
precisely one such that the inverse points of the four vertices with 
respect to the pole o, taken in their due order, form a parallelogram; 
-. when this condition is satisfied, we can say that we have the reduced 
form of the diagram. 

, ©That J, C, D, o, ware concyclic can be seen in a more direct way: for any circle 
through w, I divides æy and 823 similarly—an elementary consequence of the direct 
similitude of waf, «y3; and so does any « circle through x and J, but with an exchange 
. between the roles of 8 and 5. It is clear that both correspondences agree when and only 
when the points of division are the midpoints. 

In the case alluded to in footnote 5, the triangles onk, okl, olm, om» can be ob- 
tained by considering any segment ox parallel to the common direction of the diago- 
nals of g and drawing from x parallels to the four sides of the polygonal line; ok, ol, 
om, on will be perpendiculars dropped from o on the lines thus drawn. The inverse 
points k, J, m, n will all lie on one straight line perpendicular to ox, so that œw will be 
the intersection between aß and 8, x the intersection of By and ĉa. Then CDer 
will be a etraight line, divided harmonically by the two diagonals. As to the ratio 
B5/a^; = kI/ kn, it is easy to see that it will be equal to xs/5t. 
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eo and p 
un 


In the contrary case, let the original diagram oklmn be arbitrary. 
Applying a transformation of the aforesaid kind which changes m,n 
into mi, m, let us consider the two intermediate triangles olm, onk, 
which are changed into olm, onk: On the basis lm, we can construct 
a triangle /mio; directly similar to Jmo and, on the basis mk, the tri- . 
angle nikoi directly similar to nko; in general, the two new vertices 
01, 01. will be different. They will coincide if the original diagram i isa 
reduced one.? ‘ 


New Yonk Crry 


« ° The problem would require further investigation because there is no reason not 
to consider the complete quadrilateral formed by the sides of g and, therefore, we 
ought to apply the present considerations to three diagonals instead of two. 


NOTE ON CONVEX SPHERICAL CURVES 
L. A. SANTALO 


` 1. ‘Introduction. The formula 


Qo. pem Te 


N 


for plane convex cùrves in which L is the length and « the breadth 
according to the direction r is well known [2, p. 65]. 
'The principal object of the present note is to obtain the formula (8) 


. which generalizes (1) to convex curves on the sphere of unit radius- 


" and to deduce from this some consequences. 


2. Principal formula. Let üs consider the sphere of unit radius. A 
closed curve on the sphere is said to be convex when it cannot be cut 
by a great circle in more than two points. It is well known that a 


"convex curve divides the surface of the sphere into two parts, one of 


which is always wholly contained in a hemisphere; that is, there is 
always a great circle which has the whole convex curve on the same 
side. When we say the area of a convex curve K we understand the 
area of that part of the surface of the sphere which is bounded by K 
and is smaller than or equal to a hemisphere. 

Let K be a convex curve on the sphere of unit radius of length L 
and area F (L S27, F 2r). The great circles ‘which have only one 
common point or include a complete segment common with the curve 


_ Received by the editors January 21, 1944. | 
. 1 Numbers in brackets refer to the references cited at the end of the paper. 
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K are called “great circles of support” of K. In each point of K for 
which there exists a tangent great circle the great circle of support 
coincides with this. 

Let 7 be the angle between a fixed and a variable great circle of 
support and s the arc of K. If p, is the radius of geodesic curvature 
of K the following formulas are known [4, p. 712], 


(2) ous delan Jar» = fa ey 


Let C be a great circle which cuts K. We suppose C “oriented” 
and to each orientation we make correspond one of the points P. of 
the two in which the diameter perpendicular to C cuts the sphere. 
If we consider all the great circles which cut K (each one of these. 
counted twice to correspond with the two orientations) the area cov- 
ered by the points P, has the value 2L [4,-p. 709]; that is to say, 
if GP, represents the element of area-of the sphere of unit radius corre- 
sponding to the point Pe, 


(3) l f dP, = 2L. 
MM O-Ky0 


The convex curve K being fixed, the oriented great circle C or, what 
is the same, the point Pa can be determined by the point A of K in 
which the great circle orthogonal to a circle of support of K is also 
orthogonal to C, and.by the distance a from A to C (Fig. 1). If r is 


^ 


2 





Fic. i 


the ‘angle which determines the great circle of support of K in the 
point A, the coordinates to determine P, will be a, r. We must then 
express the element of area P, asa function of the coordinates a, T. 


t 


530 L. A. SANTALO ` | [August 


Suppose first that a remains fixed and r passes to r-+dr. The point 
P, will describe an arc P,P} =do, the value of which is (Fig. 2) 


(4) de = sin (x/2 — a + 4$)dy = cos (a — ¢)dy, 





Fic. 2 


$ —A40 being the fadius of spherical curvature of K at the point A. 
As a function of the radius of geodesic curvature it is 


(5) , tmọ=p,= ds/dr. 


The element d)=AOA’ is the angle between the great circles or- 
thogonal to K in A and A’. The area of the quadrilateral 40A'E has 
the value (m—dr) J-dj +r — 2« — dq —dr. But save for infinitesimals 
of secondary order the same area is also equal to the area of the circu- 
lar sector AOA’ which has the value (1—cos $)dy. In consequence 


(6) . dr = cos dy. 


If + remains fixed and a passes to a+da, the point P, describes an 
arc da upon the great circle P,A. Therefore, taking into account (4) 
and (6) the element of area dP, will be expressed 


dP, = doda = (cos (a — ¢)/cos ¢)dadr, 
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that is to say, in accordance with (5), 
(2) dP, = cos adadr + sin adads. 


Let us substitute this expression in (3). For each value of s (or 7) 
the arc a can vary from 0 to the breadth o of K corresponding to the 
point s (or direction 7). Therefore 


f ip, - f a f cos oda + f as f sin ada, 
cJ 0. Kyt K 0 L 0 


or, in accordance with (3), 


(8) L= f sin adr — f cos ads. 
E K, VL 


This is the principal formula we wished to obtain; it is valid for 
any convex curve K on the sphere of unit radius. The breadth æ cor- 
responding to a point A of K is equal to the arc AB (Fig. 1) of the 
- great circle orthogonal to K at thé point A comprehended between A 
and the next point of intersection with another great circle of support 
of K also orthogonal to AB. 


3. Dual formula. By duality [4, p. 710] to the breadth æ corre- 
sponds the arc v —h, h being the arc AE (Fig. 3) of the great circle 


P 
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orthogonal to K at the point A which is interior to K. Moreover the 
length L must be replaced by 2r — F, ds by dr and dr by ds. Therefore 
transforming by duality the formula (8) we shall obtain 


(9) 2 í 2r — F = Ísin has + f cos har. 
. i ` L' i E 


4. Consequences. (a) Let 8 be the minimum breadth of K, that 
is to say the minimum value of o, and 6 the maximum value of a; 5 is 
equal to the “diameter” of K. Let us suppose that 8 Sa S ô ST/2. 
Then sin 8Zsin æ,'cos ô<cos a, and from (8) and (2) we deduce 
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from which we have 

, (10) (0 L/(« — F) S tan (6/2). 
e Similarly, sin a2sin B, cos œ cos f, and anms RES 
ai) © L/Qx —F) £ tan (8/2). | 


Therefore: On the sphere of untt radius for any convex curve K of mini- 
, mum breadth B and diameter 0 &v/2, the inequalities (10) and. (11): are 

“verified: 

(b). In (10) and (11) there is equality only when a= B= 6 —const., 
that is to say for the cases of convex curves of constant breadth. These 
curves of.constant breadth on the sphere have been studied by >- 
Blaschke [1]. For such curves it is deduced from (8) that 


(12) L = (2x — F) tan (o2). 


This formula, obtained also by Blaschke [1], appears here as a par- 
ticular case of our general formula (8). 
(c). It is well known that isoperimetric inequality L?--(2r—F)3 
24r? holds for any convex curve K on the unit sphere and that the 
- equality is only true for the circles [4, p. 718]. This ipoperimetued in- 
equality and (10), (11) give us 


(13) ` F S 2r(1 — cos (0/2), — L 2 2r sin (8/2). 


Consequently: upon the sphere, given the diameter 5Sx/2 the convex 
curve of maximum area ts the circle of radius 6/2; given the minimum 
breadth B the curve of minimum length ts the circle of radius B/2. 

(d). If the convex curve K has continuous geodesic curvature, from 
(9) and (2) we deduce 


(14) | f sta (h/2)(po ain, (h/2) — cos (k/2))ds = 0 
L 


and we therefore have the theorem: In any convex curve on the sphere 
of unit radius wiih continuous radius of geodesic curvature there are at 
least two points for which 

p, — tan (h/2), 


h being the chord of K orthogonal to K at the point considered. 
Analogously from (8) and (2) we deduce 


` 


(15) i f (a/2)(o;" sin (a/2) — cos (a/2))ds =0 


L 
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and therefore: tn any convex curve on the sphere of unit radius with con- 
tinuous radius of geodesic curvature there are at least two points for which 


pg = tan (a/ 2), 
a being the breadth of K corresponding to the poini considered. 


5. Passage to the case of the plane. Considering a sphere of radius 
R and making R— , the anterior formulas transform themselves 
into valid formulas for plane convex-curves. 

'The principal formula (8) if K belongs to a sphere of radins Ris 
written 


L a a ds 
? == f sin ar fost, 
f R K R L R R 


multiplying both sides by R and making R— e we obtain the well 
known formula (1). 
The formula.(9) taking into account (2) 1 may be written 


ok h oh 
(ples ees 
K 2 L 2 2 


Writing this formula for a sphere of radius R, multiplying after- 

wards both sides by R? and making R— o we obtain 
i à ix 
(16) - qs f hds = 2 f ma. 
; D a MEC 

In this formula & is the chord of the plane convex curve K normal 
to this at the point s (or 7). 
. The element Ads which appears in the first expression of J in (16) 

is the area of a-strip of K with the height h and base ds. If a point 
P(x, y) interior to K belongs to v of these strips, from P there will 
be v normals to K and the element of area dxdy will be counted v 
times in (16). Hence, if » has a finite value for any P interior to K, 
the integral J is also equal to 


an o Fu J= f fotos 


v béing the number of normals to K from the point P(x, y) interior 


- to K. 


If there are points with v= © (for instance the case of the circle) 
the integral (17) must be considered as the limit of the similar ones 
referring to convex curves K, (with v always finite) which tend to K. 

It is interesting to study the limits between which the integral J 
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is bounded. From any point P(x, y) interior to K may be traced al- 
ways at least two normals to K, joining in straight lines P with the 
points of K of minimum and maximum distance to P. Consequently 


(18) J = 2F. 


From another aspect, the second expression for J in (16) shows 
that J is equal to the area that is obtained by extending from a fixed 
point of the plane segments of length h parallel to the direction r; 
as h is less than or equal to the length oi the maximum chord of K 
which also has direction perpendicular to the line of support of direc- 
tion 7, a known theorem of Rademacher about vector regions of con- 
vex curves [3; 2, p. 105] tells us that 


(19) JS OF. 


(18) cannot be bettered, it being sufficient to consider a triangle 
with an angle approximating to v in order that J comes near 2F in 
such degree as we should wish. 

The inequality (19), on the contrary, is probably excessive. For the 
convex curves of constant breadth a we have 


(20) J = La = ra’. 


If we recall that the triangle of Reuleaux [2, p. 132] is the figure 
which, given the constant breadth a, has minimum area of value 
. (m—315)02/2, we see that F2 (r — 33)a?/2 and consequently from (20) 
we deduce 


(21) J € 2xF/(x — 31*) = 4,4576 - - 


It is probable that this superior bound is valid not only for con- 
vex curves of constant breadth but also for any convex curve of the 
plane. Nevertheless I have not been able to prove this last assertion. 
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THE DETERMINATION OF SOME PROPERTIES OF A 
FUNCTION SATISFYING A PARTIAL DIFFERENTIAL 
EQUATION FROM ITS SERIES DEVELOPMENT 


STEFAN BERGMAN 


1. The method of integral operators. The solution of an equation 
and its associate. The method of integral operators in the theory of 
linear partial differential equations of the type! 


‘L(U) = = (U.. +Uyy)/4+ A(z, y)U3/2+ B(x, y)U,/2+ C(x, y) U 


QC S ae 2Re [o(s DU) + c BU = 0, | 


where . 


s=atiy, £ozs—iy  U,= [(0U/dx) — i9U/25)]/2, 
= [(8U/82) + ((U/85)]/2, 


consists in associating with an arbitrary analytic function f(t) of a 
complex variable ¢, by means of an operator of the form 


(1.2) U(s,z) = M(f) « Re [P(f)], 
(1.3) w(s, P = P) = f. “RG, à, fat — &8)/2)d/( = pus, 


a solution U(s, Z) of the equation (1. 1. 
E= E(s, Z, t), | t| S1, is any analyte function of z and Z which satis- 
fies the equation . 


| (1.4) GE) = (1 — P)Œu + a) - P8 + GE) + 2stL(E) = 0, 


is regular ina s | ciently large domain and has the property that 
(Es--AE)/st is continuous at 220, 2—0.  ' 

ReMARK. An operator (1.2) is determined by choosing a particular 
function E (the generating function of the operator) which satisfies the 
above requirements. 

Let U(z, 3) be a function which satisfies the equation L(U) —0 and 
which is an entire function of two complex variables x and y, that is, 
a solution of (1.1) whose series development 


Presented to the Society, April 28, 1944; received by the editors December 10, 
1943. 

! Since we consider the functions s(s, 3) for real values of x and y, that is for s 
and 2 conjugate, it would be, of course, sufficient to write simple s(s). We shall, how- 
ever, use the first notation in order to stress the fact that'w(z, 3) isa (complex) analytic 
function of two real variables x, y, reserving w(z) for analytic functions of one complex 
variable, ; 


535 


(1.5) . U(s, z) = 2 p E Y Dab", Dan = Dam, 


‘hy, 
n 
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man-0. 


- converges for |x| < œ, lo e e. 


'The problem with which we shall be concerned in $52 and 3 of this 


‘note is to determine an upper bound for the growth of U(x, y) for real 


values of x, y from certain subsequences of the coefficients, Dn, of its 
series development (1.5). Further we shall give in §4 a condition in 
terms of Awo for: V=} o Am,n2"2*, L(V)=0, to have only one 
branch point of cértain type on its circle of regularity. 

^ If f(s/2) is an analytic function which is regular in the circle ii 25 


^ then clearly u(s, Z) will be an analytic function of two real variables 


‘in the circle x*--y3 « p?. The converse is not necessarily true. 

If E(z, Z, #) possesses thé property that to every w(s, 3) which is 
regular in a circle x*--y! « p* there corresponds a unique function 
f(3/2) which is regular in the circle |z| '<p1,p1>0 and independent of f, 


` then we shall say that E is a generating function of the type 2 Ai, or that 


E belongs to 4. If in addition to this, for every f, p:—p then E will 
be said to be a generating function belonging to B. In a-previous paper, 
[1a],? it was shown that to every equation L(U) —0 where a and c 
are entire functions of z and 3, there exists an E(s, Z, £) (a generating 
function of the first kind) of the form 


(1:6) E(s, É ja [exp (- f, S aas) | n $ arts, ie )] 


where E* is.a regular function. 

"The operator (1.3) where E is of the form (1. 6) p possesses the prop- 
erty that if (s, 3) is regular in a simply connected domain which 
includes the origin, then f(s/2) is also regular in this domain, and 
hence E in this case belongs to B. 

The function f which upon application of the operator P vicis u 


a „ will be denoted as the associate of v with respect to the generating 


function E. (Often, however, we omit the last phrase.) 
REMARK. If we change the generating function E, we change the 


' law connecting the real and imaginary parta, U and Y, of the ob- 


3 The numbers in brackets refer to the following papers: 1. S. Bergman, a. Rec, 
Math. (Mat. SborniE) N.S. vol. 2 (1937) pp. 1169-1198; b. Trans. Amer. Math. Soc. 
vol. 53 (1943) pp.139—155; c. The hodograph method tn the theory of compressible fluids 
Brown University, 1942; d. Proc. Nat. Acad. Sci. U.S.A. vol. 29 (1943) pp. 276-281; 
2. L. Bers and A. Gelbart, Quarterly of Applied Mathematics vol. 1 (1943) pp: 168- 
188. 3. L. Bieberbach, Funktionentheorie, vol. 2, 1927; 4. G. Darboux, La theorie 
generale de surfaces, vol. 2, 1915; 5 K. L. Nielsen and B. P. Ramsay, Bull. Amer, 


Math. Soc. vol. 49 (1943) pp. 156-162; 6. A. Zygmund, Trigonometrical series, 1935. 


` 


- 
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tained (complex) solution, u. That is to say, if for a given L we have 
two generating functions Ei and Ez and two functions ji, fa, such that 
UitiVi=Pi(f, and Ui -iVi— P(C fa) then Vi in general differs from 
In the case of the generating function of the first kind the corre- 
sponding complex solutions 


(1.7) u(z,Z)= >> AmpS™8*, Ao real, 
4 * Ame) . 


have the property that 
(1.8) CmÁmo = Gm, Cn = 2*T(m + 1)/zi*T(m + 1/2), 


X4 = Ano exp | - f a(0, 2 | ‘ 


where the a4 are the coefficients of the series development f(t) 
=) va-otat* of the associate function f. l l 

In this case we may also express the a, in terms of the coefficients 
Das of the real part of u(z, 2), U(s, Z). Substituting 8—0 in 


È Daai = f l [&s, 2, DEA — #9/2) 


(1.9) mnao ; 
+ EG, s, HEU — P)/2]at/0 — Pin 
we have by (1.5) 


eo 1 eo k 
-È Dag” = zl > 27"a4T (m + 1/2)x1?) [T(m + 1)]-127 
m= 2 m=O A 
(1.10) ae 
- + f(0)s exp (- f à(0, sds). 
D | Q 

Thus from given Dao and 4(0, 8) we may determine the a, and, 
therefore, by the classical results of the theory of functions the order 
of the growth of the associate function f in (1.3). Consequently if in 
addition we know the order of the growth of E we can obtain by (1.3) 


an upper bound for the order of the complex solution, and hence for _ 
its real part, U. ` ' i : 


Z. Relations between the series developments of U and its asso- 

ciate in the general case. However in applying this method it is 
` extremely important to obtain the lowest possible order of growth 
for the function E, and it is for this reason that in some instances we 
shall consider functions E belonging to /f but of different structure 


(2.3) 


(2.4) a, = 
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than those of the first kind. The price we have to pay for this is that 
the laws connecting the coefficients Da, and the a, will be consider- 
ably more complicated than those which follow from (1.8).* If now 
we put 2=0 in (1.9) and set 


1 fie a 
(2.1) -=f E(0, z, )dt/(1 — P) = J Lus" 
l 2 =1 mal 
then we obtain 
(2.2) > Pn = 2D4o — 2f(0)L. 
y= r 
where ` 


© pl ; 
Pay = 2 f POQ — Pd, vèn; Po» ¥ 0, 


1 
E(z, 0, 2) = >> P,(é)s’. , ` 
y-0 

Conversely, we have 

Poo 0 0 +++ 2(Doo — f(0)Lo) 
Pio Poa O +++ 2(Dio — f(O) La) 7; ” 

Po,» 

Pro Pras Py-3,2 TAT 2(Dno aa FOL) l 


instead of (1.8). 


3. Upper bounds for the growth of generating functions E of equa- 
tions L, whose coefficients are connected by certain differential rela- 
tions. In $3 of [1]. a procedure was indicated to determine the 
differential equations L, a generating function of which is of the form 


(3.1) E(z, Z, ġ = exp [P(s, à, 2] 


where P is a polynomial in f£. 
Nielsen and Ramsay in [5] applied this method and found addi- 
tional equations L with generating functions (3.1). In the latter pa- 


3 When we use rough estimates for the growth of E(s, 3, f), for example like these 
given on p. 1176 of [1a], then the results are valid for a very large class of equations L. 
The majorant for E derived in Theorem 2 of [1a] depends only upon the maxima of 
|a|-and |c| in certain domains. The estimates which we obtain in the following use 
the property of the coefficients a and c in a much more specific fashion. The estimates 


. are more special and more precise. (Note that the Pa,» depend upon E, and therefore 


upon a and c.) 
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per, however, the conditions are formulated in a form which is not 
very convenient for immediate application. The equation (1.1) is as- 
sumed already to be reduced to the form u,/-+Du,+ Fu —0, and the 
conditions are given in the form of assumptions concerning the struc- 
ture of D and F. It seems useful for applications to formulate the same 
conditions in the-form of differential relations between the coéffi- 
cients as was done in Theorem 4 of [1a ].* 

As we shall see, in certain cases several types of the generating 
functions (3.1) are admissible. 


Case 1. : 
(3.2) 0,— à, F,=0, =—a,—|a|?+c. 
Then 
' 3 1 -4/2 
(3.3) r=- f ada + gi/2 |c-«f ras | i 
0 0 
or 


DT 1 1/3 
(3.4) P= -f adi — kis + 21/2 |- af ras | t+ kt. 
0 0 


CASE 2. 
(3.5) a, = dy, $ = 2(zF, — F)/F,F,, = constant. 
Then 


3 
(3.6) P2-— f adz — 3!!! (g + GF,)i + 29715/3. 
0 


CASE 3. 
(3.7) F,=0, F = (a, — d)/2. 
Then 


3 i 
(3.8) P= -f ods +5|C+2 f ras |e 
0 ~ 0 


where C is an arbitrary constant. 
Case 4, 
(3.9) ā— a =F, F,=0. 


4 We note that line 4 from bottom, p. 1197 of [1a], should be “s¥*g M; =0” instead 
of “sg Mz =0” and line2, p. 1197, “ha = —A” instead of “hz = — A.” 
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s a s 
p--f ads + f f Fasde + cs 
0 0 0 


i 
— [2c + sf raz | i C28 
0 


. Then 


(3.10) 


where C is an arbitrary constant. : 

The procedure indicated in [1a] and [5] yields further types of 
equations L which possess a generating function of the form (3.1). 

The method described in $3 of [1a] can be immediately generalized 
for a much larger class of equations L. 

Consider the equation “syt alx, y)us--b(x, y)uy4-c(x, y)u 0 whose 
coefficients are supposed to be (Complex) analytic functions of two 
real variables, and where b(x, y) — a(y, x). If we replace x by z and 
y by Z then the latter equation becomes L(%) =0 (see (1.1)). General- 
izing the “method of cascade" to the case of the equations L(u) —0, 
we form the invariants$ 


(9) (1) 


E und iu oe 
(3.1) R” gie d 
pU agp? p? AE! J4 + Err 
and the corresponding equations i 
(3.12) E 
| Ly = L, Lalo) = 9a + a 9, c bm + cy 
where 
am - e Lb = p. 

(3.13) QE a qe TL = ppm, y zs 
* See [4, p. 28]. 


If the coefficients of one of the equations L, satisfy any one of the 
conditions (3.4), (3.5), (3.7), (3.9) or similar relations then the gen- 


* If an invariant, say F(9, vanishes identically and, therefore, the sequence (3.11) 
consists of only a finite number of nonvanishing terms, then the solutions of L(u) =0 
may be represented in the form u(s, 2) =J oBals, Z)d*f(z) /ds*, where the B, are cer- 
tain fixed functions, and f(s) ranges Over the field of analytic functions of a complex 
variable z. See, for example, [4, p. 42] or [1a, Theorem 4]. 
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erating function of L,'has the form (3.1). Hence the expression 


\ 


«6,8 = N| f eenorsa -maaa - 9] 
(3.144) — ' d m | 
= f Nee] ea — )/2)di/(1 — 8), 


where N denotes the differential operator 


ve [os C frs 244, p 
MEET 


and f(f) is an arbitrary analytic function, will be a solution of 
L(u) =0. See [4, p. 30]. Therefore 
(3.16) | E(o 3,8) = Nero] 


isa generating function of L(u) —0. 
EXAMPLE. If L satisfies the conditions (3.2), then 


soe em (S]e 


Substituting m= eC- 4f, Foda) J" yields 


a= (fejte S n AT 
mo Siras [ilez firea") 


If we now assume that the growth of the coefficients a and c of L 
is known,-then using the above results we can easily determine an 
upper bound for the growth of E. For instance, if a and c are polyno- 
mials, pen we obtain an upper bound for E of the form 


(3.17) < ^ ep(ls[2. 


Now, two cases can occur. Either the order of growth of f is more 
than n, then the growth of f is decisive for the growth of: u(z, Z),* or 
the growth of f is less than s, im which case a rough estimate of the 


(3.15) 


' € The order of growth of f can be deemed from the coefficients Amo (or Da) 
of series developments of (1.7) or (1.5). 


D] 
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growth of the right-hand side of (1.3) yields the order n. In many in- 
` stances, however, we may obtain much sharper bounds. It may hap- 
pen that the order of growth of exp [P(z, 3, )] in the real xy plane or 
at least for some values of $—arg z is smaller than m. Then it is 
sometimes possible to find estimates for the order of growth of u(s, 8) 
from the Amo or Dmo. In such cases we may obtain from Amo an upper 
bound for the growth of u in the whole plane or at least in some direc- 
tions, despite the fact that the order of growth of f is less than m. 
Finally we may determine solutions of (1.4) which are bounded at 
infinity if we approach along a certain direction. We can then obtain 
upper bounds for the growth of u from the Amo in this direction. 
EXAMPLE. Let L(u)=Au+u=0. Then E(s, £, /) 2cos [(zz) V?] is 
bounded in the whole plane, and we obtain immediately an upper 
‘bound in terms of the am (and therefore in terms of the Amo or of 
the Dmo) for 


` u(s, 2) = f. cos Keef Y 2-*a,2"(1 — py) di. 


In this connection it would also be possible to apply the well known 
results on the growth of the function f in a specific direction from the 
coefficients of its series development. 

Remark. In previous papers [1c, p. 23], [1d, p. 277] (see also [2]) 
an operator, T, was introduced. T is of a different form than (1.3). 
It transforms the power series, s=} x o(os--48,) (x+4Y)*, into func- 
tions $7» o(a.--48,) (x--£Y)!^1 whose imaginary parts satisfy the 
equation 


(3.18) WY)Uss + Urr = 0. 


Concerning the definition of (x-+7Y)!*!, see (2.3) of [1d] and p. 23 
of [1c]. After the introduction of a suitable variable, y — (Y), the 
equation (3.17) assumes the form 


(3.19) L(U) = Us: + Uy + N(25)U, = 0. 


Let T* be the operator which we obtain from T by replacing Y by 
Y(y). If the equation (1.1), or one of the equations L, of the sequence 
(3.12) corresponding to L, has the form (3.19) then by applying the 
operator NT* to a power series, s, we obtain a solution of (1.1). 

'The same reasoning can be applied to all types of equations con- 
sidered by Bers and Gelbart in [2]. 


4. Conditions for a branch point on the boundary of the largest 
regularity circle. As was proved previously the radius, p, of the largest 
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circle with the center at the origin in which ulz, 2) —? 2. el 
is regular is given by’ 


(4.1) ps 1/lima sup | Ano |17. 


A problem which now arises is to determine how many singular points 
lie on the boundary of the circle, and the character of these singulari- 

ties. There exists a very simple test (the test of Hadamard) in the, 
` case of analytic functions to decide that on the largest regularity ° 
circle one and only one pole lies. 

The theory of operators enables us to obtairi a similar procedure to , 
decide that one and only one singular point of a certain type lies on 
the largest circle of regularity. In order to make the essential idea of 
the procedure clearer we shall at first apply it in the case where 
v(s, £z) -u(z) is an analytic function. Let Q (2), »=0, 1, 2, - - - , be 
a set of analytic functions of a complex variable z, such that 


(4.2) , Slo sh) 


converges uniformly in a sufficiently large circle, say for |z] Sp*. 

The point 2a is said to be a branch point of the type fom} of u 
if the function u can be represented in the neighborhood of 2a in the 
form 


u(s) = E 2T (2n + 1) [r( + 1)]39C€ (s) 
A quite [e(a = z/2y1] dp g(z) 


where g(z) is a regular function at the point z— 2a, and the J* denote 
the integral of &th order. (For the definition of the integrals of non- 
integral order see [6, p. 222].) 
REMARK. We have 
o Pria — 2/2)1] 


= yn f [a — s(1 — 8/2] — a 


(4.3) 


= gig Mg — g[2)-1t, 
IPR? — g/2)1] 
= yan f Ala — «(1 — 8)/2]3( — 2y-uai 


(4.4) 


= 2r! (sg — z/2)- is [gi — (a — s/2)11]. 


TSee [1b, p. 142, formula (7.4). We note that this formals should be 
“lim sup. "Ko instead of “lima. auci x 


"A 


544 ^. ' | * STEFAN BERGMAN "o. mus | 


THEOREM. A. A sufficient condition that 


(4.5) : , i 0. u(s) = Y Aut 


possess (as a unique singularity on the circle of convergence, [s] 22|a|) 


: a branch point of the type (ov ‘ai z— 2a is that there exists a con- 


stant k, k «1, such that . : , 
i THa e 00 ai 
His Hoi 9 IEEE E = 


S: PANE: AE: S E 1 
(4.6) [n410 Ha attt Ain | ERA 
` i Hoo 0 -0 LAC Ao 2a 
Hood Aix Hoi 0 ZEE 
5 ‘ ‘ t 
Hno Hoax Hna, te An ] 
a Y 1 S * 
OD Pips f H,O —#) 1944/2 
-l1 
and the BA) are given by - ' "EE" 
n Ks, )- x fing"QU (s) — D> HÀ. 
i yun 


B. If E(s, 2) C8, see p. 559, then the above condition is also necessary. 
REMARK. We assume that the radius of convergence, p*, of (4.2) is 


‘larger than p given by (4.1). 


Proor. A. We note that jus uos 


E i) [e — "d = m/21a/a — pun 


1 


aD 5x 


= X, 2-1 (28 + ED [r(s + 1) jO (g) I1? [z(a — 2/2)71]. 
n—0 g | 
We consider now the function 


(4.10) . fi) = Y au" 
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f , where , : 
Hoo O0 0 t5 Áo ] 


Hoo Hor O 3 n 
Ud) mam oe Oe, II Ho». 
ni ren 


+ 


` i Hy, Hyaai Ay_22 "coe A, 


By (4.6) the radius of convergence of this series is 2|a| and by the 
Hadamard test (see, for example, [3, p. 219]) the series is regular in 
the circle |z| €2|a| except at the point s=2a, where it possesses a 
simple pole. Therefore 


(4.12) — , 40/2) = Cola — 2/2) + fi(s/2) 
where fi(z) is regular for |s| x |a]. 


f ES DEU — 0/2)di( — eun 
(4.13) ^ = f EG, Dfis(1 — £)/2)(1 — pyin 


+ Co f EG, Ð [a — s(1 — 5/2] — pn . 


' will be a function which is regular for |z| S2|a| except at s=2a, 
where it has a branch point of the type {0%}. See (4.9). On the 
other hand a formal computation yields . 


(4.14) u(z) — >> A. = Èe( » 27...) 


and therefore f(z) =) 72 90427; with a, given by (4.11), is the associate 
of u(s) with respect to E(s, t). Hence (4.6) is a sufficient condition. 

B. Suppose now that E(s, #)€B and that u(s) is regular in 
[s] «2| a| except at the point s=2a, where u(z) possessés a branch- 

point of the type (Q(9]. Hence T 

si(£) = w(z) — e| 25 2T (22 + 1) [Tn + 1) ]-19 C (s) 
(4.15) zs 
Ie \ IHR [z(a — «271 | 


is regular in |s| $2|a]. Since EEBS, it follows that the associate f,(s) 


t 


546 STEFAN BERGMAN 


_ of an (2) is regular for | s | a| , and therefore denoting by f the asso- 
ciate of u we obtain 


(4.16) f(/2) = filz/2) + Cola — 2/2). 


As we have previously shown, the coefficients a, of f(z) are given 
by (4.11). Since the Hadamard relation is a necessary condition in 
order that f(s) is regular in [s] x2|a| except for a simple pole at , 
z—2a, it follows that in the case E(s, t) C 8, (4.6) is a necessary con- 
dition. ] 

Clearly, using the results of Hadamard, the same procedure may 
be applied to obtain conditions that u(z, 2) possesses several branch- 
points of the type {am}, 

The generalization of the theorem to the case where u(s, 2) is 
a solution of the equation (1.1) is evident. Now the functions 
Q9 (s, 2) are no longer arbitrary; for in addition to the fact that 

< o| ^Q»(|z], |z|)| converges uniformly, 


(4.17) Y rar(e, 2) 
n0 


must be a solution of the equation (1.4). 

If we denote by Ag, the coefficients of the series development (1.7) 
of u(z, 3) and by the Dan the coefficients of the development (1.5) 
of the real part U of u, then the a, can be determined from either 
the subsequence Amo or from the Do's. In the first case we must 
replace in (4.11) the Am by the Amo and obtain the Ha,» by substitut- 
ing in (4.7) the coefficients H,(!) of the series development : 


* E(s0,) = POM (s, 0) = Y Ais". 
ken ym 


Similar results may be obtained if we express a, in terms of the Dao. 
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ON CERTAIN ARITHMETICAL FUNCTIONS DUE 
TO G. HUMBERT 


"M. A. BASOCO 


1. Introduction. G. Humbert has discussed, in a sẹries of brief i 
notes,! a certain class of entire functions with interesting arithmetical 
properties. These functions are defined, in an essentially unique man- | 


. ner, by certain functional equations. The Fourier series representa- 


tions of the solutions of these equations are similar in form to those 
for the elliptic functions snu, cnu, dnu, and so on. They differ from 
these, however, in that their domain of validity extends throughout , 


. the entire complex plane (Z.. excluded) and moreover, in that their 


arithmetized forms involve incomplete numerical functions of the di- 
visors of an integer. 

In the present paper we extend somewhat the results of Humbert 
and obtain a relation between his functions and certain pseudo- 
periodic functions discussed elsewhere by the writer.? This relation 
is, in effect, embodied in a series of twelve identities; these are of 
some interest in that their arithmetical equivalents (paraphrases) are 
relatively simple and involve partitions related to the representa- 
tions of an integer as the sum of five squares. 

It is also pointed out that as an immediate consequence of the ana- 


- lytical form of Humbert's functions, it is possible to deduce a series - 


of relations between the greatest integer function E(x) and certain 
incomplete numerical functions of the divisors of an integer. 


2. The functional equations. In what follows the notation is that 
ordinarily used in the theory of the elliptic theta functions. The 
period «7 is such that 0 <arg r <r. 

The set of TBBEHOntl equanors considered has the form 


i h(z +r) = (— 1) "h(s), 
(A) (a) 
hls + xr) = (— 1) ^ h(a) + Fas (8), 


where a, b take the values zero or unity, and FẸ (s), to be defined 
presently, is an expression which involves the theta function ?,(s). 


Presented to the Society, November 26, 1938; ete by the ee Decena 
13, 1943. 
1G. Humbert, Sur quelques fonctions numeriques remarquables, C. R. Acad. Sci. 
Paris vol. 158 (1914) pp. 220, 294, and 1841; vol: 163 (1916) p. 412, 
3 M. A. Basoco, Amer. J. Math. vol. 54 (1932) pp. 242-252. 
' 8 Whittaker and Watson, Modern analysis, Cambridge. 
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We shall denote the integral finns satisfying these equations by 
the symbol HS (s). These are i found on assuming series solu- 
tions of the form. 


^ | Ha ()- Du g A zem. 


These solutions, for (a, b) — (1, 0), (0, 1) ied (1, 1), are unique; for 
(a, ‘b)= — (0, 0), the solution is completely determined to, within an ad- 
'' ditive constant. For suppose that for a given (a, b) there exist two 
distinct solutions. Denote by D(z) their difference; this would likewise 
be an integral function aad would satisfy periodicity relations of the 


form 
DG "za pet 1)*D(3),' 
| D(s + xr) = (= 1)*D(s). 
The function JD (s) is therefore an elliptic function, reducing by Liou- 
ville's theorem to a constant. From (A) it follows easily that this 
constant vanishes except for the case (a, b) — (0, 0), when it remains 


undetermined. In this case, we have selected the solution which van- 
- ishes for s 0. 3 


-3, The functions F(z). Let ^ and u be the multipliers associated 


. with the reduction of the theta functions of argument z--77/2 and 


2-7 respectively, so that ` 
A= gite, B= gie 


. where 


q = exp xir, Lagre, ! 
` The functions FS (z) are defined as follows: 


Fat (s) = s(1 — u)o«(z) — 21; FR (s) = san): 
Foo (2) = 2i(— 1+ 2546); FOG) = iC + wd), 
Foo (8) = 2i(— 14M) - Pie 1-25), 
Fo (Ò = 401 + wale) — 28° FAG) = Ded). 


(0) 


: Fs X(g) = i(i + u)oc(z); Pis (z) = 2Nv(2), 
For (g).e 200 (a); Fi (2) = — i(1 — ^), 
^ Fa(g) = 2962; , Pio (8) i0 + nox), 
For (2) = i1-— 549); Fio (8) = 2494(2). 


These functions satisfy the condition 


3 
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(a) 


Pero CIE, 


which is implied by equations (A). 
4. The solutions H(z). The procedure indicated in §2 yields the 
solutions He ()(s) of equations (A) corresponding to the choices of 


F(z) listed in §3. These solutions are valid for all values of s. We 
thus obtain: 








: gn tin + 
(4.1) Huy ess t t4 2" ai jns; 
" @ 1-4" 
(4.2) * Hg gs = 40) VL sin Ons, 
m zz 
(4 3) ua say 4 ge pru m 
^ | 01 e 1 +q an , 
i . qh ts d 
(4.4) | Hats) = 1443 ppj 008 2m 
(0) 
à A i 
(4.5) Hi (2) = 4) ——— i = sin ms, 
(0) ~ 4. - 
Dm "gels 
(4.6) Hi) = 2 —  — 5 dnas, 
E (m) Leg” 
(uim o, 
(4.7) Hi») = 7» > Fa COS ms, 
(m) 
ix D. gH : 
(4.8) njGye2Y ge 


(=) 1-4" 


In the preceding the index of summation n ranges over all the positive 
integers while the index m ranges over the odd positive integers. 

The remaining functions HE! (z2) (c=0, 1) may be obtained from the: 
above results upon replacing z by s+4-7/2. 


5. Arithmetized form. In this section we list the arithmetical forms 
of the trigonometric series (4.1) to (4.8). The following notation is 
used: s denotes an arbitrary positive integer; m is an arbitrary posi- 
tive odd integer; œ is a positive integer of the form 4k+1 and f is 
one of the form 4&--3; >°’ refers to the conjugate divisors (d, 5) of n 
and (t, 7) of a or B such that 8 «d, r <t; e(n) is one or zero according 

as # is or is not the square of an integer. 
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(8) 


(5. 1) a8 (z) = a; e(n) sin 2n. arg DI sin 28z], 
m (è — d = 0, mod 2). 


15.2 ES —- 4» "(2 sin ias], Ec (y — d = 1, mod 2). 
(n) E 
HE (ə) = — 2 0 g'e(n) sin ns 
(5.3) aes (4-51 . 
—453q((-1) sin 2àz], 


(5). 


- + (8— d = 0, mod 2). 
(5.4) ue. abbas gie ^ "unt 

e ^ (8— d = 1, mod 2). 
(5.5) Hi @) = ax “SY sin zz], 
(5.6) Hio (z) = 2Y ^ f(a) sina” +40 {> e 


(a) 


6.7) HS) = SY PY 2 7 cos a} 


- 


. I$ (9 = ay. ! (o) sin a” "s 


5.8) NES ; x 
2) HOr {or 1)" sin ra} 
(a) 


The remaining eight functions will not be listed explicitly; they can 
be obtained quite readily from what precedes. 


.6. Identities. In a former paper* the writer obtained the'trigono- 
metric developments for.the sixteen theta quotients of the form 


: n Bala + y) ’ 
e (2%, a dój———————. 
UE, $5(2)9. (9) 


A comparison of these expansions (with (x, y) = (0, 2) and 61) with 
those given in the preceding sections leads to the following identities: 

91) Ha (s) = 900504(s) l 
(6.1) , — 4046) DIP ( 327: 7 7 (d + 0) sin 282] 
CE m (8 — à = t, mod 2), 
vi (Ha (s) = — (iy) E 
(6.2) — 402) D (3/(— 1) — (d 4- 8) sin 28] 
m (6 — d = 1, mod 2), 

* Loc. cit, 
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(8) 


(6.3) HORDO = - 33939(3) +20.) D gf 


CHE + 7) cos s. 
HHT) = ddd) ^. 


(6:4) — 284(2) Xs P^ S 1) 5) sin ra}, 
7 9 od DERE) = — pala 
hd ^ — 20s) xd ty z- ye t+ 7) cos rz], 
(6.6) od (DAÍ 10 oy = 939301(2) : 
: — 2ó«(z) 2. Fi P- p a + 7) sin rs}, 
l $1 (HÀ (s) = 920 390(8) x 
(6.7) = WOL N — n* ala” sina” z 
+ E 07 PP" + s) sin es], 
Of Hi (0) = ddala) : 
(6.8) — 209) X Fl ees EDI UT s 
+ (= 1) eg + 7) sin rs}, 
84 (@)H io (2) = — badada) + 20) 9, q fela)” cos a" 
6.9 Mis 
On + S(t + 7) cos rz}, 
. Of (s)Hu (s) = — owe) + 292247 * (e(a)o ^ cos a's 
6. 1 t—r 
P +, = 7" 1) de (t+ 7)cos rz}, 
od (2) Hor (8) = Bo0s0s(z) — dole) fva 
(6.19 ' | Plo 
-4E (3i C7 077" (4 8) cos 232] 
| us / (8 — d = 0) mod 2), 
84 (8) Hor (3) = — dodade) + os(s) {oo 
(6.12) | 


—4»M i Y") C914 4 5) cos 25s} 
E 


(8 — d = 0, mod 2), 
where , 
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V(z) = 1 — 495 (— 1)"ng*' cos 2ns 
and nal 
(2) = V(s + 7/2). 
The above yield, therefore, identities for the product 82 (3)H (s), 
the case (a, b)=(0, 0) being, however, excluded. This is because in 


the expansions for the functions @.¢,(x, y) with 8 —1 it is not possible 
to set x —0, this point being a pole of these functions. 


7. Paraphrases. The preceding set of identities may be paraphrased* 
into rather simple arithmetical equivalents. It is of interest to note 
that the partitions involved in these paraphrases refer to the repre- 
sentations of numbers in certain linear forms as the sum of five 
squares. 

The notation used is as follows: a, B, m, tni, n, m, t, T, d, $ are posi- 
tive integers; «2&1 and f 233 (mod 4) while m, m, 7 are odd; n and m, 
are unrestricted. The sets of conjugate divisors (d, 5) and (t, r) are 
‘ subject to the condition 6 «d and c <t; further restrictions on these 
divisors will be indicated as needed. A, z; are unrestricted integers, 
positive, negative, or zero, while u, 2:20 are odd; the w, £0, w; are 
even integers, positive, negative, or zero. Moreover, e(n) =1 or 0 ac- 
cording as s is or is not the squaré of an integer and r(n)=1 or 0 
accordingly as n is or is not the sum of two integral squares. Finally, 
the functions f(x) and g(x) are quite arbitrary except that they must 
be respectively even and odd and be well defined for integral values 
of the argument. , 

The partitions of the integers a, B, 2m, n which appear in our re- 
sults are as follows: 


(à a= z+ wit wt wst w =n + 4dà 
(6 — d = 1, mod 2), 
(J) Bomtatastwitu= 4h +h, 
(k) 2m = sit zat wit wt wi — u tian tm, 
Q nazntatatute=h tdk +m 
(8 — d = 0, mod 2). 


The arithmetical equivalents of (6.1) to (6.12) follow in the same 
order; the necessary partition is denoted by placing the proper letter 
i, j, k or 1 under the first >>. In the relations (7,1) and (7.2) the di- 
- visors (d, ô) are of opposite parity while in (7.11) and (7.12) they have 

, like parity. 
5 E, T. Bell, Trans. Amer. Math. Soc. vol. 22 (1921) pp. 1-39 and 198-219. 
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(0E perp nj) ae (a)o 1) Ponga 

G) . ; 

EE HEC DemnP Hi- gabe, 


xc pe Gerber D Ig w1) = 2e(a) ac g(a) 
(7.2) M a . . 


HAR (i) HD (d--5— y) (284-1), 
(7.3) È fla)= 2X (-- —Ab)f(r4-2H), 

E: 22 ene on ges 2x (71) 6794-7 4B) (28), 
(7.5) xc f) estenf(a)e 2C 1) emo n(-d-r— 43) f(r--2B), 
7.6 Eo 1 e) Pg(a;) o 2 (71) Ar — A) g(r + 2h), 


xc Dew) = axxc IYO pe —2u)f(t-+u) . 


o) 


uu 2m) SS (—1) s — 1) fimo), 
E 1) (erben 3f (4) = 22 (53 ZDREN 20) fru) 
y 0| 
Oe) EAO E (—1) ns pd font), 
Eed- RE eer AA HAFIN E m nci i 
(7.9) © 
r E =) = 220-1) Mer — 29) f(r +u) 
née 10) h 
+2A(2m) >> (m-a) f(mi--g), 
TE DHA) = f(0)-+2¢()(— 1) 9 A(n") 
d. 11) S de 
SEA Y (s 1) m(h— —n)f(hd-n1) 
—42 (71) en(d--5—28) f(8--M), 
xc I)atatny(a,) =$(O)-+2e(n) fnt i 
(7. ae 


FAX) $5 (h—n)f(h4-n) 
emi Dond 23)f0-- 9. 
The pedis tonnile with fle)= 1 wield enümerations relative to 
the number of representations of a number as the sum of five squares. 


The most interesting results are those deduced from (7.3)-and (7.9). 
We-thus obtain the. following theorems. 
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q 'TuzgoREM Á. If 8=3, mod 4, and x, y, 220 are odd while u, v are 
even integers, positive, negaitve, or zero, then Í 
NIB = Sb yb att u? of] = 260) + 4X; 4(8 — 4"), 
0 

where r=1, 2,3, #85 [81/2], and p(n) is the sum of the posttive in- 

~ tegral divisors. of n: . 
THEOREM B. If m=1, mod 2, and x, y 20 are odd while u, v, w are 
even and. positive, négaivte, or zero, then 


N [2m = a+ y? + utt ot + aw) = 45, $m — sè), | 
e) 
where s —1, 3, 5,7, | [ami], provided 2m ts not representable as 
the sum of two squares. i 'f, however, 2m $s so representable, the quantity 
G(2m) must be added to the preceding sum, where G(2m) —4» x, the sum 
being extended over all solutions of 2m —x*-- y*, x, y 2 0 and odd. e(n) 
' 45 as $n the preceding theorem. 


8. Application to the function E(x). The analytical form of the 
functions defined by (4.1) to (4.8) suggests the application of a device 
due to Hermite,* which yields identities involving the greatest integer 

' function E(x). Hermite's method depenas on the following generating 


functions: : 
u’ na 
—————- uro) u^; 
(4 — «)(1 — 4°) t (m) ^, G^ 
^ | ub nda—b 

— = = xa(77— )e 
ELFA oH | 

» where a, b are positive integers and 


E(x) = E(2x) — 2E(x) = E(x + 1/2) — E(x). ! 


The following two relations are typical of the set of sixteen which i 
may be deduced from our results. Let F(s) be an arbitrary function, 
r a positive integer and (d, 5) conjugate integral divisors of r. Define 
Pi(x, r) and P3(x, r) by the following: 


‘Pils, p? = e(r)F (271/32) + 22 /FQ) (r = dô, d — b = 0, mod 2), 
P(x, r) =} /F(25) l (r = d5, d — ô = 1, mod 2). 
6 Hermite, Acta Math. vol. 5 (1884-1885) pp. 297-330; J. Reine Angew. Math. 


vol. 100 (1887) pp. 51-65; Oeuvres, vol. 5, pp. 151—159. See also a paper by the present 
writer in Bull. Amer. Math. Soc. vol. 42 (1936) pp. 720-726. 


1 
` 
~ 
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Let n be an arbitrary fixed positive integer; then 


^ M ag [al] 
(8. 1h È Pilz,r) =2>> z( 3: re +> F(2sa), 





(2) 


^ n+s—s ne 
(8.2) 2 ae r= i (7 os. 


' where s ranges over the values s=1, 2, 3, +--+ so long as the argu- 
ment in E(x) is greater than or equal to 1. 

In particular, let F(z) —z*, where k is a positive integer. Then the 
preceding reduce to the following: 


* . — [n2] 
(8.3) L x) -axx( Ds x shy 





(8) s 
e90 Xx0-Xs(———L»x 
rm m 2s 
where, | "m , 
Xi(r) = e(r)rà + 29 Yos (r = d8,8 < d, 8 — d = 0, mod 2), 
Xl) = Syn (r = dô, ô < d, ô — d = 1, mod 2). 


These results follow from (4.1), (4.2) and their equivalents (5.1) and, 
(5.2) respectively. 


/ 
THE UNIVERSITY OF NEBRASKA 


SIMPLIFIED TECHNIQUE FOR CONSTRUCTING 
ORTHONORMAL FUNCTIONS 


5 M. O. PEACH 


^ 


1. Introduction. An orthonormalization process starts with a set of 
linearly independent functions 


fir fares, 


and the set of complex conjugate functions 


ffs 


all defined over a given region R. From these are constructed a set ` 
of functions 
En Ba ^^ | 


and the set of complex conjugate functions 
. A E» £s, eres | 
defined over R and such that 


f UR Ne ifm =n, 
x ” 1, im#Æn. 


The standard method! of constructing orthonormal functions, while 
completely satisfying logically, has certain practical disadvantages. 
For example, if the integrations must be done numerically (as would 
be necessary if either the f; or the boundary of R were complicated , 
functions, or if the f; were tabular functions) then the mere tabulation 
of the intermediate functions which appear becomes burdensome. 
One would prefer to perform the necessary integrations on the origi- 
nal functions f; and then proceed by a purely algebraic or numerical 
process to obtain the g;. This can be done. If we let N; be the numera- 
tor and D; the denominator of the orthonormal function g;, and if we 
put F;;— faf; iR, then the standard orthonormalization process can 
be shown, by simple algebra, to result in the following: 


Ni = f, i D = Fis 
N, = Fu fi i DÈ = Fa. Fu Fis l 
Fa fs Fo Fa 














Presented to the Society, September 13, 1943; received by the editors August 18, 
1943, and, in revised form, December 8, 1943. 
1 Courant and Hilbert, Methoden der matematischen Physik, vol. 1, p. 41. 


556 


- 


' CONSTRUCTING ORTHONORMAL FUNCTIONS ' 557 























X 
Fu Fi | E A 
M= Fa - Fu fi l 
(Fu A [pis A 
\ " Fs Pay fa S 
Fu Fu | Fu Fis | i 
Fu F Fa F Fa F 
Di = Fu u Fy |: at En ll Fa Fas l 
Fa Pa pis Fu Fu Fis | 
Pu Fa || Fun Fn 








The. next quantities N, and D, would each occupy eight lines; Ns and 
D; sixteen lines, and so on. The quantity N, would be a second order 
determinant whose elements would also be second order determi- 
nants, which in turn would have as elements second order deter- 
minants whose elements would be the Fs; and f;. We observe that, 
the construction of IN; and D, reduces to the successive evaluation 
of second order determinants. All determinants are obtained from a 
matrix of the original quantities F;; and f; by a uniform and simple 
procedure which is described later as the “process P." 

The present paper generalizes the above observation into a tech- 
nique which (a) provides a definite arrangement of work which mini- 
mizes repetition of symbols and lessens the chance of computational 
errors, (b) can be used by a person whose mathematical training ex- 
tends no further than a knowledge of the algebraic rules of sign, (c) is 
adapted to the use of modern computing machines. 

To carry through the proof of the method, it is necessary to intro- 
duce a more compact notation than that used above. Therefore the 
proof is somewhat abstract, so we illustrate the extreme simplicity 
of the final result by an example, namely, the evaluation of the first 
four Legendre polynomials. The advantages of the method become 
more pronounced as the number of orthonormal functions desired in- 
creases; but space limitations forbid consideration of more than four. 


2, Example. We shall construct the first four orthonormal functions 
corresponding to the linearly independent set of functions 1; x,2%,---, 
and the region —1 Ses +1. 

_ Using the standard notation (f, 2) zi rf (x)g(x)dR we obtain by in- 
tegration (1, 1) 22.000, (1, x)=0, (1, x?) =0.667, (1, x*) «0, (x, x) 
=0.667, (x, ‘x*)=0, (x, x*)'—0.400, (x3, x?) 20.400, (x3, x!) —0, 
(x*, x?) «0.286. With these values as elements we form a symmetric 
determinant of order four, and adjoin to it the unit matrix of order 
four, thus obtaining the following 4X8 Matrix No. 1: 
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2.000 0 0.667 0 1.000 0 0 0 

0 0.667 0 0.400 0 1.000 0 0 
0.667 0 0.400 0 0 0 1.000 0 

0 0.400 0 0.286 0 0 0 1.000 


Now for every element not in either the first row or first column 
we can define a determinant of order two by blotting out all rows and 
all columns except those containing either the element under ,con- 
sideration or the leading element of the matrix. For example, associ- 
ated with the element 0.400 appearing in the third row and third 
column is the determinant 


| 2.000 0.667 


= + 0.356. 
0.667 0.400 ái 





All such determinants are evaluated and the quantities so obtained 
are placed in the same position as their associated elements of Matrix 
No. 1, thus forming a 3 x7 Matrix No. 2: 


+1.334 0 +0.800 0 +2.000 0 
0 +0.356 0 —0.667 0 +2.000 0 
+0. 800 0 -F0.571 0 0 0 +2.000 
This is treated in the same way as Matrix No. 1, thus forming the 
2X6 Matrix No. 3: 
40.474 — 0 | —0.89 0 +2.667 0 
| 0 +0.122 0 —1.600° 0 +2.667 | 


In similar fashion we form the 1X5 Matrix No. 4: 
|--0.058|0 —0.759 0 +1.264||. 


The rth orthonormal function can now be written down as a frac- 
. tion whose denominator is the square root of the product of the lead- 
ing elements of all the matrices up to and including the rth matrix, 
and whose numerator is a polynomial in the original functions 
- 1, x, x8,-- +, with coefficients the last n elements in the top row of 
the rth matrix. The first four are: 

1:147 0:x4-0:23 4-0: x? 


g(x) = — — QU ^ 0.707, 


0-1 + 2.000x + 0-2? + 0-2? 
g(x) = = 2 D a 1.2222, 
(2.000 X 1.334)1/2 





` 


~ 
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‘(= 0.889)-1-E 0-z + 2:66723 + 0:2 | 
gla) = ee LN 0.790 + 2.372%, 
(2.000 X 1.334 X 0.474)1/2 


S 3 

PE i 0.759) x + 0- z? + 1.264% — 0.2802 -I- 4.6]. 

~ (2.000 X 1.334 X 0.474 X 0. 058) — 

In actual computation the original matrix. is laid out on a large 
sheet with sufficient space to enter the new quantities as they are 
determined,’so that when the computation is finished all s matrices 
appear superimposed upon the same sheet. Two L-shaped guides pre- 
vent errors in picking out the elements of each determinant. It is 
seen that the unit operation is the evaluation of a second order deter- 
minant, which operation requires but slight mathematical knowledge. 
This operation.can be performed as a single step on most modern 
computing machines without writing down the intermediate products. 


3. The process P. Let us be given àn nth order determinant 


1 1 
D =| dral» ; 2,7=1,+++,m, 
where the element di, lies in the pth row and gth column. We define 
_ the process P by the functional equation 
i 1 
i P(d4) = d $g-2-:,.8 
where 


1 1 
dii di, 


al 


iue 
"S odia: das 


Notice that Pd; 1) and P(di 3 are not defined. Suppressing these un- 
defined quantities we form a determinant of order n — 1 : 








D =| dal, $3422,-:-,m. 
Ordinarily, we would regard this determinant as possessing rows and 
` columns numbered 1, 2, - - - , (5—1). It is more convenient for our 


present purpose to regard the first row and first column as being ab- 

sent, so we are instead that D? contains rows and columns. num- 

bered 2, 3, - - - , n. With this convention, we complete the definition 

of D? by saying that the element dq lies in the pth row (row num- 

bered $) and qth column (column dunbered q) of the determinant D?. 
In a similar way we define 


1 
as, 2 dag 


d, 2 d, 


1 i 
= dog Pd = 3, +++, 


` 


P = i PS 


D 
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and, in general: 








r—1 
T-— da T— dr, $ 
P (dpa) = Plaga) = " : img = dy bhgq—fr:c,m 
died dye 
Also: 
r—1 Li r 
P (D) =D =| dog}; qnc, 


Notice that P(d,,) and P(d,,) are not defined, when s<r. We 
agree that D" is of order »—r-+1 and contains rows and columns 
numbered r, r--1, - - - , n, the element d,, lying in the pth row (row 
numbered p) and the gth column (column numbered q). This conven- 
tion as to the suppression of undefined quantities and the numbering 
of elements will be extended to all determinants used in this paper. 

Suppose now that the elements in the mth column of D! are inte- 
grable functions defined over a given region R, while all other elements 
are constants. Denote these functions by 2 


don = = fp ` 1 Spsn. 


Let g be an arbitrary integrable function defined over R. Then, by the 
simple properties of determinants, it follows easily that 

(a) The elements in the nth column of D* are linear combinations 
of the functions fi, 

(b) fag-D'dR differs from Dr only in that every f; appearing in D* 
is replaced by the quantity frg-f.dR, 

(c) frg: P'(DYAR — P'(fag-D'dR). 

4. Proof of the method. Let us be given a linearly independent set 
of complex functions of real variables defined in a given region R, and 
integrable over R: 


J= fu fat: PUE * 


Form the set of conjugate complex functions: 


f5fsfh-efB8ee 


Define the three determinants of order n: 
1 1 1 
D =| dpal, dpa = f fala, b:g= l,m, 


F =| foal fad» 255 „pqg =l, e,m 
fon = Jos 
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F =|Foel, La Xn $q1-::,m, 
fe. 


Define Fr 2 P7-(F!) and Fr = Pr-(F?). Défine fp.q as the element ly- 
ing in the pth row and gth column of F”, and f7,, as the element lying 
in the pth row and gth column of F”. 

We now prove in succession a set of results to culminate i in our main 
theorem, Theorem J, and its corollary. 


THEOREM A. ffi J AR=d} n ifr Span. 


PROOF. fefin - frdR = faP fia) -f,dR = P(feF, - f,dR) 
= PD}, =d}, by (c) of $3 and definitions. 


THEOREM B. fnfit'-f,dR=0, if r+ispsn. 
dr fon 


PROOF: 
f. x tele dp, Pn 
P, : f, 


irs f. fix fdR 
= 0, 
dd J fom FAR 


since, by Theorem A, the last column is identical to the first. 
THEOREM C. frfin fdR=0, if s<rSpsn. 
Proor. Assume the theorem true for r=k. Then 


It 


-f,dR, 








By hypothesis the elements in the last column are zeros, and thus the 
theorem holds for +1. By Theorem B it holds for r=s+1, hence it 
holds for all r satisfying the conditions of the theorem. 


THEOREM D. fsfz,- idR —0 if s «n and equals dn if s=n. 
This follows from Theorems A and C by placing r=p =n. 


t 
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THEOREM E. An analogue to each of the previous WES $5 db 


f by taking conjugates of each side of the respective equations. 


THEOREM F. frfa ft, oe bs 


- PROOF. Write 


fan = 2 A) A, = constants. 
Then e 5 
f RÈ JR = Èa ffia- 240. 
-where 
s 0, if sn, 
oo Us m : ifs=n. 


' We see that if we replace f, by Q, we change f?,. into Sofin fe „dR. 


Suppose we make this replacement in the determinant P! forming.a ‘*. 
new! determinant Ọ!. Then since PE =F» it follows that. p 
P=1(0!) =O" where the element Ga=/aftaftndR of Q^ corre. 


sponds to the element f?,, of F^. Consider (!, It is identical to D! 
except that all the elements in the bottom row, except the one in the 
last column, are replaced by zeros. Therefore the process P applied 


to d. of this determinant reduces to multiplication. We have 


P(Gan) = (dn) (d; 
P (Gh, a) = (d, (di, 25. 2) 


` THEOREM G. Suppose that in addition to the determinants already 
mentioned we have a determinant F^?! defined exactly the same as F! 


except that it is of order m where mæn. Then 


Imm: = 0, A m Æ n 
R ] 


Poor. Suppose m <n. Then 


g Tan = D Aafa Æ, = constants, 


f. fad afiko Èa Í, fan {aR = 0, 


by Theorem D. ce 
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If m» n we expand f5,. as a linear combination of the functions 
Ja $—1,2,---, n, and use the.conjugate theorem of Theorem D. 


TuEOREM H. The function ` 


dac AÈ I TO 


ts jhe nth orthonormal function for the guen set f and the given do- 
main R. ' 


This follows immediately from Theorems F and G. 


THEOREM J. Let us adjoin the unit matrix of order n to the determi- 
nani D! and apply the process P*—' to the combined matrix. Form a 


| ~ matrix whose first row is the top row of the unit matrix, whosé second row 


« “$8 the top row of the first transform of the unit matrix, and, in general, 


i A whose rth row 4s the top row of the (r — 1)st transform of the unit matrix. 


is = this matrix be denoted by . 


Bii Bia] Bin É 
Ba Bia oo Ban 
Bayi By,s REER Bain 

Then the nth orthonormal function ts given by: 


Barf + B, sfa T PS + Bainfn A 
(dia) (23) ++ - (dan) 


Proor. We know fhn =kn fit knafat >+ Ruf Where the &,,. 
are constants. To evaluate k,;, we put f,—1 and all other f=0 and . 
see what happens to fa. Suppose we make these replacements in F! 
forming a new determinant K!, that is, we replace the sth column 
of F! by the sth column of the unit matrix. Then P*(F*) is iden- 
tical to PK!) except that its sth column is replaced by the sth 
column of the transformed unit matrix. In particular the element fz, 

. is replaced by the quantity Ba, s» Hence Rx, Ds , and the theorem 
is proved. 


COROLLARY. an Theorem J itis lano true that 


Braft + Brafat +++ + B, nfa 
(di) (4.3) ++ [os 


gn = 


T 


wherer<n. ' 


J 
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Proor. Apply Theorem J for the case n —r. We obtain for g, an 
expression which differs from the one just written only in the fact that 
‘the terms B, puifriitBrrisfat -+- +HBrnfa are missing from its 
numerator. But the coefficients B,,,—0 when r<s. Hence the two 
expressions are equal. i 

REMARK. The generalization of the method to orthonormalization 
with respect to a general norming or weight function p is obvious. 
One applies the process described to the functions (p)!1f; and ob- 
tains functions g; (=linéar combinations of the (p)'3f;) which are 
orthonormal with respect to the weight function unity. Dividing 
through by the common factor (p)? one forms functions g;(p)-!/? 
which are orthonormal with respect to f. 
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VERTICES OF PLANE CURVES 
S. B. JACKSON 


' 1. Introduction. The Four-Vertex Theorem, proved first by Mukho- 
padhyaya [1]; states that on any oval, not a circle, there are at 
least four vertices, that is, extrema of the curvature. This result was 
extended by Fog [2] and Graustein [3] to any simple closed curve 
with continuous curvature. The discussion by Graustein makes it 
clear that the Four-Vertex Theorem is valid also for a very large 
number of non-simple curves. Indeed the class of curves having only 
two vertices is relatively quite small. The main object of the present 
paper is to characterize geometrically, as far as possible, the curves 
with just two vertices. It is thus a proof of the Four-Vertex Theorem 
by exclusion. 

Since a curve with just two vertices consists of two arcs of mono- 
.tone curvature, a study is made of such arcs (82). The most useful 
fact is that this monotone character of an arc is invariant under direct 
circular transformations. The property that a point be a vertex of a 
curve is similarly invariant. This makes it possible to simplify many 
of the discussions by suitably chosen transformations. Monotone arcs 
are found to be essentially simple and possess a spiral character. 
The existence of vertices on certain types of arcs is established ($4) 


_ Presented to the Society, April 29, 1944; received by the editors February 15, 1944, 
1 Numbers in brackets refer to the Bibliography at the end of the paper. 
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and these results applied to give two new proofs of the theorem of Fog 
. and Graustein mentioned above. It is ther possible to obtain five re- 
sults describing the structural character of curves with just two ver- 
tices (Theorem 5.1). ; 

It is well known that an oval which meets any circle.at most four 
times has exactly four vertices [4, 5]. This result is generalized to 
simple 'closed curves (Theorem 6.1), and two other results are ob- 
tained concerning the relation of such a curve to its extreme circles 
‘of curvature (86). Another familiar result on ovals, namely that an 
oval which meets a circle 2% times has at least 25 vertices [6], is also 
extended to simple closed curves ($7). In this case an additional con- 
dition on the cyclic character of the points of intersection is necessary 
since the curve need not be convex. . > 

At several points in the discussion it is convenient to make use of 
the following result (Lemma 3.1), which is of some interest in its 
own right. If a Jordan curve bounding a simply connected ‘region is 
divided in any manner into three arcs, there exists a circle interior to 
the region and having points in common with all three arcs. 


"2. Vertices, and arcs of monotone curvature. By a vertex of a 
curve of class C’’ is meant a point or a circular arc of the curve for 
which the curvature is a relative extremum with respect to the neigh- 
boring arcs. The term relative extremum is'to be understood in the fol- 
lowing sense. If 1/A denotes the curvature at the given point (or arc) 
and 1/R the curvature at an arbitrary point, then in a sufficiently 
small neighborhood of the point (arc) 1/R—1/4 x0 or <0. The 
equality sign may be valid at any number of points on the adjacent 
arcs, but is not identically true for either of them. , 

An arc on which the curvature is monotone nondecreasing or mono- 
tone nonincreasing has no vertices, and conversely, an arc with no 
vertices has this property. For brevity such arcs will be referred to as 
monotone arcs. The term arc in this paper is used to denote a map ofa 
. line segment which is locally topological but which is not necessarily 
simple in the large. Thus any segment of a curve will be referred to as 
an arc of the curve. An arc without double points is a simple arc. In 
the following discussion all arcs and curves will‘be understood to be 
of class C"' unless the contrary is expressly stated. 


. | LEMMA 2.1. Lei two curves, Cı and Ca, be tangent $n the same direction 

at a poini or coincide along an arc, but not coincide along the neighboring 
arcs. If 1/R; denotes the curvature of Ci and if 1/ Riz 4/7 Rs in a neighbor- 
hood of the given point or arc, then in a suffictently small neighborhood 
C: Hes entirely to the left of Cs except for the given point or arc of contact. 
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Let P, be the given point or the last point of the given arc of co- 
incidence, and let s be the arc length on C, measured from Po. It will 
be sufficient to prove the lemma for positive values of s, for if the 
directions on the C, are reversed the same proof will then apply to 
the arcs in that direction. If Po is taken as the origin of coordinates ` 
and the common directed tangent as the x-axis, the curves C; are 
given locally by the equations 


(2.1) xi = f cos ¢.ds, y= f sin"$;ds, 
0 0 


where $, — f 3ds/ R;. 
Since 1/R;Z 1/Rs and the equality sign is not identically true, it 
follows that for all values of s greater than zero 


e = fam f asm = e 
0 0 
By (2.1) this implies at once the following relation: 
(2.2) yı = f sin ¢ds > f sin pads = ys. 
0 0 


Thus if P; and P; denote the points on Cı and C3 corresponding to 
the same arc length s, then P:¥Ps for all sufficiently small positive s. 
The slope of the line P,P, may be computed from (2.1) and the limit 
of this slope as s approaches zero found by l'Hospital's Rule, 


$ sin ġıds — fo sin $sds sin $1 — sin 
lim mpip, = li Jo sin dads — Jo sin dads. du se ei RON, 
20 +0 [1 cos (ids — f$ cos dads 120 COS $i — COS dg 


2 cos 2-(¢1 + $2) sin 2($1 — $a) 
o — 2 sin 2-"(¢1 + 42) sin 271($1 — $1) 





By taking s sufficiently small the lines P:P: can be made as nearly 
parallel to the y-axis as we desire. But since C, and C are both per- 
pendicular to the y-axis at Po, it is clear that for sufficiently small 
s the lines P,P; meet each C; only once in this neighborhood. Inas- 
much as Pisz£ Ps, Cı and C$ cannot meet in this neighborhood. Since 
by (2.2), 31 » ys, Pı lies always above, that is, to the left of Cs, and the 
lemma is proved. i 


COROLLARY 2.1.1. In a neighborhood of a vertex of a curve, the circle 
of curvature lies entirely to the left'or entirely to the right of the curve 
according as the curvature at the vertex is a maximum or a minimum. 
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This is an immediate consequence of the lemma with the curve and 
its circle of curvature taken as the curves Ci. 


COROLLARY 2.1.2. At every interior point (or circular arc) of a mono- 
tone arc, A, the arc crosses tts circle of curvature. The crossing is from 
right to left or from left to right according as the curvature is monotone 
nondecreasing or monotone nonincreasing. 


This also is a direct consequence of the lemma if the curves C; are 
taken as follows. Let one of them be the path traced by a moving 
point which follows the circle of curvature as it approaches the con- 
tact point (or arc) and follows «£ as it leaves this contact, while the 
other is the path traced if the point follows ef as it approaches the 
contact, and the circle as it leaves it. 


LEMMA 2.2. If, at every interior point (or circular arc), an arc, A, 
crosses its circle of curvature, then A is a monotone arc. 


For if £ were not monotone it would have vertices, which is im- 
possible by Corollary 2.1.1. Since Lemma 2.2 and Corollary 2.1.2 
completely characterize the monotone arcs and since a point not in- 
terior to a monotone arc is necessarily either a vertex or a limit point 
of vertices, the following result is established by exclusion. 


LEMMA 2.3. If for a point (or circular arc) interior to an arc, A, the 
circle of curvature lies locally entirely to one side of A then this point 
(or arc) is either a vertex or a limit point of vertices. 


LEMMA 2.4. A monotone arc of nondecreasing (nonincreasing) curva- 
ture is carried. into a monotone arc of nondecreasing (nonincreasing) 
curvature by any direct circular transformation. A vertex of an arc is 
carried by a direct circular transformation either into a vertex of the same 
kind on the transformed arc or into a limit point of such vertices. 


This result follows immediately from the fact that Corollary 2.1.1, 
‘Corollary 2.1.2, Lemma 2.2, and Lemma 2.3 characterize vertices and 
monotone arcs in terms that are invariant under direct circular trans- 
formations. This fact affords a simple proof of the following well 
known result. 


LEMMA 2.5. If Po is any point of a monotone arc eA and P ts any 
point further along A $n the positive direction, the circle of curvature 
at P lies to the left or to the right of the circle of curvature at Po according 
as the curvature on A is nondecreasing or nonincreasing. The circles have 
no point in common unless they are identical and A contains the circu- 
lar arc from Po to P. 
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It is clearly sufficient to prove the lemma for points P in an arbi- 
trarily small neighborhood of Po. Suppose the circles of curvature at P 
and P, have a point Q in common. By a direct circular transformation 
let Q be carried into the point at infinity. The transformed arc, f’, 
then has zero curvature at the transforms of P, and P, which, by the 
monotone character of 4’, can occur only if the curvature is zero on 
the entire arc between the two points. The lemma follows by trans- 
forming back toef. This argument is valid even if Q coincides with Po. 
The fact that the circle of curvature at P lies to the left or right of 
that at P, according as the curvature is nondecreasing or nonincreas- 
ing is a consequence of Corollary 2.1.2. 


COROLLARY 2.5.1. A monotone arc cA is simple unless tt contains a 
complete circle traced one or more times. In this latter case it is tangent 
: to ttself without crossing at a single poini or along a single arc of this” 

circle. 


COROLLARY 2.5.2. If a monotone arc, A, has positive curvature, $t is 
an inwinding or an outwinding spiral according as the curvature is non- 
decreasing or nonincreasing. It is simple except for any complete circles 
tt may contain. 


Both corollaries are immediate consequences of the lemma. For 
Corollary 2.5.2 the spiral character follows from the fact that for a 
point of positive curvature the inside of the circle of curvature lies 
to the left of the arc. 


3. A lemma on circles. At several points in the remainder of the 
paper it will be convenient to make use of the following lemma. 


LEMMA 3.1. Let R be a closed simply connected region of the plane 
bounded by a Jordan curve, and let the Jordan curve be divided inio three 
arcs, Ay, Ao, Ay. Then there exists a circle contained in R and having 
points 4n-common with all three arcs. 


The following simple proof is due to Paul Erdés and is given in 
preference to the more complicated proof originally given by the au- 
thor. - 

Let A; be the set of points of R whose distances from arc vf; do 
not exceed their distances from the other 2/f's. The sets A, are clearly 
closed. Moreover they are connected, for if X, YEA; and if P, Q are 
the corresponding nearest points of ¢4,, then the line segments XP 
and YQ and the arc PO of A4, all belong to A;. Now A1 A37 452 &R 
and since each of the arcs has an end poirt in common with the other 
two, A,\A;+0. Thus 4iU A, is a closed connected set. 
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Suppose 4:(\A3/\43=0. Then the intersection of As with 41U44 
consists of the two disjoint nonvacuous closed sets Ai/43 and 
A:(\A3, and is therefore not connected. This is impossible since it 
contradicts the unicoherence of R.? Thus there is some point P, in 
A,(\A,f\A;. By definition, the distances from P, to the three ef; 
have the same value, say r. The circle with center at P, and radius r 
is the required circle. 


COROLLARY 3.1.1. If a simply connected region ts bounded by n differ- 
enttable arcs (n 2:3), and tf the angles formed by the arcs interior to the 
region are all less than or equal to v, then there exists a circle contained 
$n the region and tangent to at least three of the arcs. 


If two consecutive arcs are taken as the arcs 4, and e4; of Lemma 
3.1 and all the other arcs together taken as 4s, then by the lemma ^ 
' there is a circle interior to the region and having points in common 
with at least three of the arcs.,If, at their common point, two con- 
secutive arcs make an angle less than v interior to the region, there is 
no circle through this point which lies interior to the region. Such a 
point thus cannot be on the given circle. But if a circle meets a differ- 
entiable arc at an interior point without crossing it, they are tangent, 
whence all the points common to the circle and the arcs are tan- 
gencies. Two of the contact points may coincide, for if two consecu- 
tive arcs make an angle of.« at their common point, the circle may - 
be tangent to them both at this point. 


` 4. Location of vertices on a curve. The following lemma estab- 
lishes the existence of vertices on certain types of arcs, and is of 
fundamental importance in the succeeding work. 


LEMMA 4.1. If a simple, noncircular arc, AB, is tangent to a circle 
(or line) in the same direction at A and B, and never crosses this circle 
(line), there is a maximum, or a minimum of curvature interior to AB 
according as AB lies to the right or left of the given directed circle (line). 


It is sufficient to prove the lemma for the case when AB meets the 
circle only at A and B, since otherwise AB may be replaced by a sub- 
arc which does have this property. Suppose AB lies to the left of the 
directed circle. Let a point P, of the directed circular arc BA be car- 
ried into the point at infinity by a direct circular transformation. The 
circle goes into a straight line and the arc AB into an arc A’B’ tan- 


1. continuum, that is, a closed connected set, is said to be unicoherent if, when it 
is written in any manner as the sum of two continua, C, and Ca, the set C, MC2isalsoa 
continuum. This is a well known property of closed simply connected regions of the 
plane. 
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gent to this directed line at A’ and B' and lying to its left. The points 
A’, B’ appear in that order on the directed line. It is clear, from the 
Gauss-Bonnet formula, that the angular measure of the arc A'B' is 
zero. Since at A’ and B’ the arc lies to the left of the line there are 
points of positive curvature arbitrarily near A’ and B’, but since the 
angular measure is zero there must be points of negative curvature 
on A’B’, Thus there is at least one minimum of curvature interior 
to A'B'. By Lemma 2.4 this implies that there is a minimum intérior 
to AB. This completes the proof of the lemma when AB lies to the 
left of the circle. The other case reduces to this by reversing the direc- 
tion on the arc. 


COROLLARY 4.1.1. If a simple, noncircular arc, AB, is tangent to a 
circle (or line) tn the same direction at A and B and lies to the left of 
the circle (line) near A and B there is at least one minimum of curvature 
interior to AB. If AB lies to the right of the circle near A and B there ts 
' at least one maximum of curvature interior to AB. 


Let AB lie locally to the left of the given circle at 4 and B. By 
adjoining the directed circle arc, BA, to AB a closed curve C of class 
C' is obtained. Since, by a direct circular transformation, this can be 
transformed into a curve where BA is a line segment, the proof will 
be confined to this case. 

If there are points of negative curvature the result is trivial, since 
there are points of positive curvature arbitrarily close to A and B. 
Suppose then that the curvature is positive and consider the smallest 
circle containing C. There is a smallest such circle since C is a closed 
set, and there must be at least two distinct contact points of C with 
this circle, P ànd Q. Neither of the contact points can be on the line 
segment BA for there would then be points of C outside the circle. 
Arc AB is simple so the tangencies are in the same direction at P 
and Q. Since AB has positive curvature and is interior to the circle, it 
lies to the left of the directed circle. The arc PQ therefore has a mini- 
mum of curvature by Lemma 4.1, or if PQ is a circular arc it is a 
minimum of curvature itself. This proves the first part of the corol- 
. lary. The second part may be reduced to this by reversing the direc- 
tion on AB. 

An arc AB for which A — B will be called a closed arc. If it contains 
no other double points it is a simple closed arc. 


LEMMA 4.2. A closed arc, not a circle, contains at least one vertex in- 
terior to the arc. 


For if an arc has no vertices it is monotone, and by Lemma 2.5 the 


M 
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first and last points can eidd only if the entire arc is a circle traced 
one or more times. 


Lemma 4.3. Let AB be a simple closed arc, not a circle, bounding a 
region R, and let 0 be ihe angle interior to.R betwéen the two tangents 
at the double point. If 0S7, there is a maximum or a minimum of 
curvature interior to AB according as R lies to the left or the right of 
the arc. If 02m, there is a maximum or a minimum of the curvature $n- 
terior to AB according às R lies to the right or left of the arc. 


First let 0 be less than or equal to r. Let AB be divided into three 
arcs, AP, PQ, QB, so that PỌ is not an arc of a circle. This can be 
. done since AB is not a circle. By Corollary 3.1.1 there is a circle en- 
tirely in & and tangent to all three of these arcs. The subarc of AB 
from the contact point on AP to the contact point on QB satisfies 
the conditions of Lemma 4.1, whence the lemma follows at once since 
the arc is to the right or left of the circle according as R is to the 
left or right of the arc. The case when 62m may be reduced at once to 
the above by a direct.circular transformation taking a point of & into 
the point at infinity. It should be noted that under this transforma- 
tion R corresponds to the exterior, not the interior of the transformed 
arc. 

When 0 —7, that is, when the directed tangents at A and B coin- 
cide, both parts of Lemma 4.3 apply, and we obtain the following 
special case. 


Coronary 4.3.1. If AB ts a simple closed arc, not a circle, and the 
directed. tangents at A and B coincide, there is both a maximum and a 
minimum of curvature interior to the arc. 


Lemma 4.1 is a direct generalization of the results obtained by: 
Graustein [3] on arcs of type Q. The material of this section also af- 
fordsan easy proof of the following result of Graustein [3] and Fog [2]. 


THEOREM 4.1. Every simple closed curve, C, not a circle, has ai least 
four vertices. 


Let C be directed so that its interior is to the left of the curve, and 
let P, be the point of absolute minimum curvature. Then C, consid- 
ered as a simple closed arc from ‘Pp to Po, satisfies the conditions of 
Lemma 4.3, and so has a minimum interior to the arc. Thus there 
are two minima of the curvature on C, whence there are two maxima 
and so four vertices. ' 

An alternative proof can be: given as follows. Let C be divided into 
three arcs, none of them merely circular arcs. By Corollary 3.1.1 there 
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is a circle entirely inside C and tangent to each of the three arcs. At 
least two of the contact points are distinct and all tangencies are in 
the same direction. The arcs into which these contact points divide C 
both satisfy Lemma 4.1, whence C has two minima (or two maxima) 
and thus four vertices. 


5. Curves with two vertices. If a curve, C, is to have exactly two 
vertices it must consist of two monotone arcs, whose characteristics 
were discussed in $2. Corollary 2.5.1 leads at once to the following 
result. 


. LEMMA 5.1. A curve, C, with exactly two vertices may be divided. into 
two arcs, each of which is simple unless it contains a full circle. In this 
latter case the arc is tangent to itself, without crossing, either at a single 
point or along a single arc of the circle. 


va 


If, from a curve C with just two vertices, all arcs which are com- 
plete circles are deleted, the resulting curve, C, will still be a closed 
curve of class C’’. Moreover the operation neither adds nor takes 
away-vertices, whence C consists of two simple monotone arcs. The 
curve C is called a normalized curve. 

A point where a curve meets itself is called a double point. A double 
point is called simple if the curve passes through it exactly twice. 


/ 
LEMMA 5.2. A normalized curve, C, having exactly two vertices has 
double poinis, and all the double points are simple. 


If there were no double points C would be a simple closed curve, 
-which is impossible by Theorem 4.1. If any double point were not 
simple it would divide C into at least three arcs, none of which are 
circles since C is normalized. But by Lemma 4.2 each arc would then 
contain a vertex, which is impossible. 

Let us consider the circle of curvature at the point of minimum 
curvature on any curve C with two vertices. Since the curve consists 
of two monotone arcs, it follows from Lemma 2.5 that the entire 
curve C lies on or to the left of this circle. By a direct circular trans- 
formation, a point to the right of this circle may be taken into the 
point at infinity. C is then carried into a curve C’ whose curvature 
is always positive and which is inside the transformed circle. If M 
and m are the points of maximum and minimum curvature on C; 
all the circles of curvature lie inside that at m and outside that at M, 
by Lemma 2.5. The center of curvature, O, at the point M is interior 
to every circle of curvature. If P is a point moving in the positive 


direction on C’ the radius vector, OP, always turns in the same direc- 
` ' $ 
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tion, namely counterclockwise. Thus if C’ is tangent to itself at any 
point'the directed tangents at this point must coincide. 


LEMMA 5.3. If a curve, C, having exactly two vertices ts tangent to it- 
self at any point, the directed tangents coincide. 


For otherwise C’ would also have-oppositely directed tangents at'a 
point, and this has just been shown impossible. 

A simple closed arc of a curve is called a loop. If the remainder of 
the curve never crosses this arc the loop is called a simple loop. 


LEMMA 5.4. A curve, C, having exactly iwo vertices, has exactly two 
simple loops, one containing each vertex. 


Let C be transformed into curve C’ as in the last proof. It is suffi- 

cient to prove the lemma’ for C'. We shall proceed to establish the 
existence of a simple loop containing the maximum of curvature. If 
. the maximum of curvature occurs on a circular arc which contains a 
"full circle, this arc coincides with the circle of maximum curvature. 
In this case the circle itself constitutes the desired simple loop since 
it is completely within all other circles of curvature. 
* Suppose then that the maximum curvature occurs at a point or on 
an arc less than a full circle. As before let M and m be points of maxi- 
mum and minimum curvature respectively. By Corollary 2.5.2 the 
arcs m.M and Mm are inwinding and outwinding spirals respectively, 
each arc being simple except for tangencies without crossing which 
occur whenever a complete circle is contained in the arc. Since by 
Lemma 5.2 even the normalized curve C is not simple it follows that 
arcs mM and Mm intersect. Let A be the first point where Mm, as 
itis traced from M, meets mM. We shall.show that arc A MA is the 
required simple loop. If A is a double point of mM; AM will mean 
the arc from A to M which does not pass again through A. 

If AM were not simple it would contain a full circle which would 
have M in its interior and A on its exterior, whence A could not be 
the first point where Mm meets mM. Similarly MA is simple. Thus 
AMA ig a‘loop, not a circle, containing the maximum of curvature. 
Since the entire curve C' spirals in the counterclockwise direction 
about the circle of curvature at M, this circle lies interior to and to the 
left of A MA. The angle formed at A interior to the loop is less than v, 
for otherwise by Lemma 4.3 the arc contains a minimum of curva 

ture, which is false. 
' No points of mM lie interior to A MA since by its spiral character 
it never crosses itself and by construction it never crosses MA. Let a 
moving point P trace Mm. At A it definitely passes to the exterior of 
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the loop. Let B be the first point where P meets the loop again. If B 
does not exist the loop is simple. If B lies on MA the arc from B to B 
is a full circle containing the loop in its interior. The outwinding spiral 
character of Mm assures that P can never get to the interior of the 
loop, so again it is simple. Suppose finally B is on AM. The arc 
BMAB is then a simple closed arc bounding a region to its left. More- 
over the angle at B interior to this region is clearly greater than or 
equal to r. By Lemma 4.3 this arc would then contain a minimum, 
which is impossible. Thus the loop A MA is simple. This establishes 
the existence of a simple loop containing the vertex of maximum cur- 
vature. But since a mere reversal of direction on a curve interchanges 
maximum and minimum curvatures, the same proof applies to the 
, other case. 

By Lemma 4.2 every loop, not a circle, contains at least one vertex, 
whence there can be no other loops on the curve which are not circles. 
Moreover since every circle in the curve distinct from the above loops 
is a circle of curvature on a monotone arc, it is crossed by the arc and 
is not a simple loop. This completes the proof of the lemma. 

A closed curve in the plane divides the plane into a certain number 
of regions bounded by arcs of the curve. The definition of a simple 
loop implies that the loop constitutes the entire boundary of one of 
these regions. For the loop containing the maximum point this region 
was shown above to lie to the left of the loop, while for the loop con- 
taining the minimum point the region bounded is to the right. It 
should be noted that one of the regions bounded by the curve ia al- 
ways an infinite one. 


LEMMA 5.5. The region bounded by a simple loop of a curve C with 
exactly two vertices Hes to the right or left of the loop according as this 
loop contains the minimum or the maximum of curvature. 


LEMMA 5.6. If C is a curve with exactly two vertices, the only regions 
determined by C which are bounded tn the same sense by ali thetr bound- 
ing arcs are those bounded by the two stmple loops. 


To prove this, let C be transformed into a curve C’ of positive cur- 
vature as before. The regions bounded by the two loops in this case 
are the infinite region and the region containing the center of curva- 
ture, O, at M. Let P be a point of any other region and consider the 
ray OP. By the spiral character of C', ray OP always crosses it in the 
same direction, namely from left to right. Point P is thus to the right 
of one of the arcs bounding its region and to the left of another since 
there is at least one crossing between O and P and another between P 
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and hs Soit at infinity. This establishes the lemma for C’ and thus 
for C? 

' "The results of this section may ‘be summarized in the following 
theorem. 


THEOREM 5.1. A curve, €, wih exactly two vertices, has the following 
properties: 

(a) The corresponding Amahai curve, C, may be divided into two 
simple arcs; 

(b) The corresponding normalised curve, C, must contain douti 
points, and all the double points are simple; 

(c) The curve, C, has exactly two simple loops, one containing the 
maximum of curvature and bounding a region to sts left, the other con- 
taining the minimum of curvature and bounding a region to its right; 

(d) No regton determined by C, other than those mentioned in (c), is 
bounded in the same sense by all tts bounding arcs; 

(e) At any posni where C is tangeni tò itself the directed langeni; co- 
- incide. ` 


'" 6. Curves with four vertices. It is a well known theorem that an 
oval which has.at most four intersections with any circle has exactly 
. four vertices [4, 5]. This result may be generalized as follows. 


l THEOREM 6.1. ‘A ‘simple closed curve, C, which meets any circle or 
stratght line at most four times has exactly four vertices. 


Let the curve be directed so the interior lies to its left: First let 
' us show that the circle of curvature at any point (or arc) of maximum 
curvature on C can have no further points in common with the curve. 
In a neighborhood of the given vertex the circle is interior to C by 
Corollary 2.1.1. In this neighborhood let points P and Q of the circle 
be chosen on opposite sides of the vertex. Suppose the circle contains 
a point R outside C. Now let the curvature of the circle decrease, 
keeping it tangent to C at the maximum point, M, so that the new 
circle lies to the right of the original one. This deformation may be 
taken so small that the points P,.Q, R do not cross C. But by Lemma 
2.1 the new circle lies to the right of C in a neighborhood of M. Thus, 
in addition to M itself, there are crossings on MP, PR, RQ, and QM. 
This contradicts the assumption of at most four intersections. If the 
circle of curvature at M contains no exterior points but does contain 
a point of tangency with C, the curve lies to the right of the directed 
circle at this point, R. The deformation above then takes R to a point 
' outside C and the contradiction is obtained as before. 

Suppose Theorem 6.1 is false, that is, suppose C has at least six 
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vertices. If Mi, Mz, M; are three maximum points, let C be divided 
into arcs MiMs, M3M;, M3M;. By Corollary 3.1.1 there is a circle in- 
terior to C and tangent to all three arcs. None of the points M; can 
be points of contact since we have shown that the largest circles at 
the M: which are locally interior to C can never meet C again. Thus 
there are three distinct points of contact, Ci, Cs, Cs. A slightly larger 
concentric circle will then have the M; outside and the C; inside, con- 
tradicting the hypothesis of only four intersections. Thus the assump- 
tion is false and the theorem is proved. 


THEOREM 6.2. If a simple closed curve, C, has exactly four vertices, the 
circles of curvature at the vertices'have no further points 1n common 
with C. 


Let M be a point of maximum curvature and suppose the circle of 
curvature at M meets C at a point other than this vertex. Consider 
the family of circles tangent to C at M and lying on or to the left of 
the circle-of curvature at M. Since the circles of this family which 
have sufficiently small radius meet C only at M, while the circle of 
curvature does meet C at some other point, there is a circle of the 
family lying entirely inside C but tangent to it at some point P dis- 
tinct from M. Since C is simple, the circle is tangent to C in the same 
direction at P and M, lying to the left of C at both points. The arcs 
MP and PM then each contain a maximum of curvature by Lemma 
4.1. This gives three maximum points and thus at least six vertices. 
This contradicts the hypothesis of only four vertices so the circle of 
curvature cannot meet C again. Since a reversal of direction on C 
interchanges maximum and minimum points, the same proof shows 
that the circles of curvature at the minimum pone also do not meet 
the curve again. 


THEOREM 6.3. If a simple closed curve, C, has exactly four vertices, 
a necessary and suficient condition that it can be carried into an oval 
by a direct circular transformation ts that either the two maximum or the 
two minimum circles of curvature intersect. 


The term oval here means a simple closed curve with nonvanishing 
curvature. If an oval with exactly four vertices is directed so the cur- 
vature is positive, the entire curve lies inside the circles of curvature 
at the points of minimum curvature by Theorem 6.2. Thus each such 
circle contains an arc of the other near the opposite minimum point, 
and they must intersect. The condition of the theorem is thus neces- 
sary, since the properties in question are preserved by direct circular 
transformations. 
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. Consider now a simple closed curve, C, with just four vertices, hav- 
ing two of its extreme circles of curvature intersecting. The curve may 
be so directed that these are the circles of curvature at the minimum 
points. The entire curve then lies to the left of both circles. Since the 
circles intersect, there is a point to the right of both circles. Let this 
point be taken into the point at infinity by a direct circular trans- 
formation. The two circles of minimum curvature for the new curve 
now have positive curvature since their interiors lie to their left. But 
since there are only four vertices, and monotone arcs go into mono- 
tone arcs, the curvature is positive at all points. The transformed 
curve is therefore an oval, and the proof is complete. 


7. Curves with 2n vertices. It is a well known fact that an oval 
which crosses a circle 2» times has 2n vertices [6]. This fact may be 
generalized to simple closed curves as follows. : 


THEOREM 7.1. Let a simple closed curve, C, be met by a circle C. If, 
among the arcs into which C divides C, there are 2n —1 arcs Pa; iPsi 
($21; 2, ; 2n —1) such that the points P, are $n the same cyclic 
order on c ind C, then C has at least 2n vertices. 


The point Ps; may coincide with Pi41. If C is an oval the condition 
on the cyclic order of the points is automatically fulfilled. It should 
be noted that the theorem does not require that the chosen arcs be all 
the arcs of C. 

Any one of the chosen arcs lies either wholly inside or wholly out- 
side of C. There are therefore at least of these arcs in one place or 
the other. We may suppose the » arcs interior to C since the other case 
can be reduced to this by a direct circular transformation. Let these n 
arcs, in order, be denoted by e/f;, their end points by Q;, Ri, and the 
arc of C from R; to Qia by Ci. It may be assumed without loss of gen- 
erality that none of the points Q;, Ri, are points of tangency of C 
and C, for if they are C may be replaced by a slightly smaller con- 
centric circle for which this is not true. This implies that no C; reduces . 
to a point. By hypothesis the region interior to C bounded by the 4; 
and the C, is bounded in the same sense by all these arcs. By suitably 
directing C the region may be made to lie to the left of these arcs. 

Let 4; and A p be any two consecutive e/f;, and consider the re- 
gion bounded by A; Anı, C,, and the directed arc of C from Ryu 
to Q;. This is a simply connected region bounded by differentiable 
arcs. Let the boundary be divided into three arcs as follows: v/;, C;, 
and the remainder-of the boundary. By Lemma 3.1 there is a circle 
in the region having points in common with all three arcs, and these 
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are all points of tangency as in' sCorollaty 3.1. 1. Since there is a con- 
tact point on C, there cannot be one on the rest of C, whence there 
are'contact points on 4; and /f;,1 which we shall call Tj and S441 re- 
spectively. These points are distinct since 4; and £1 have no point 
in common and are distinct from R; and Q44: since C is not tangent 
to C at these latter points. The tangencies at T'; and Sp are clearly 


, in the same direction on the circle. 


If the same operation is carried out for arcs IY +1 and 4; we obtain 
- points T;4 and S, on Apa and Å; respectively. We shall show that 
the-points S;, T'; occur in that order as 4; is traced from Q; to R,. Let 
the circles constructed with contact points on C; and C; be denoted 


“by 'O;-1 and O; respectively. Suppose that arc Q;T; does not con- 


tain S;, and consider the region bounded by Q;T;, the arc of O; from 


` T; to its contact point on Çy, and the arc of C from Q; to this same 


contact point. This region is exterior to O;and contains thearc T';S;R; 
by hypothesis. The point of contact of O; 4 and C; is exterior to this 
region and also exterior to O;. Thus each of the arcs of O} from its 
contact point with C; ; to S; must cross O; twice. This is impossible, 
since two distinct circles can meet in only two points. Thus Sy and - 
T; occur in that order on e4;. The various arcs T'; 15; of the given 
curve C are therefore distinct arcs with no points in common. But 
each of these s arcs of C satisfies the conditions of Corollary 4.1.1, 
and thus contains a maximum point since it lies locally to the right 
of Opat T} and S;. This proves the existence of n maximum points 
and thus 27 vertices. 

It should be noted that if a' simple closed curve intersects a circle 
an infinite number of times any number of arcs may be found satisfy- 
ing the conditions of the theorem. The following result then follows 


at once. - 


COROLLARY 7.1.1. If a simple closed curve intersects a circle infinstely 
iets at hos an infinite number of vertices. 
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ON A THEOREM OF BOHR AND PAL 
R. SALEM 


Let D be the domain bounded by a simple closed plane Jordan 
curve of equations x —f(/), y=g(#), where f and g are continuous and 
of period 2r. Fejér [1]! has proved that the power series representing 
the function mapping conformally the interior of the unit circle | z| «1 
into D converges uniformly on the circle |z| 21; hence that there ex- 
ists a continuous strictly increasing function /(0) (£(0) ^0, (2r) =27) 
such that the Fourier series of F(0) =f(t(0)) and of G(0) = Bos con- 
verge uniformly for 0X6 2x. Using this theorem, J. Pál [2] has 
proved that given any continuous function $(t) of period 24 there 
exists a function £(0) of the above described type such that the Fourier 
series of $(/(0)) converges everywhere, and uniformly in the interval 
ô <0 S2r— ô, for any positive 6. H. Bohr [3] has removed the restric- 
tion on the uniform convergence in Pál's theorem by proving that 
the function /(0) can be chosen such that the Fourier series of $(1(0)) 
converges uniformly for 0X6 x2z. Bohr's argument involves some 
delicate considerations. The purpose of this paper is to give a short 
and simple proof of Bohr's result. 

Let $(¢) be continuous, and of period 2r. Without loss of generality 
we can, by adding to ¢ a suitable constant, assume that {2"(t)dt=0. 
Then there are values of ¢ for which $(/) vanishes and we can assume 
that £0 (mod 27) is one of these values. Thus ¢(0) =¢(27) =0. The 
mean value of the function being zero, there exists at least another 
point a (0 «a <2r) such that $(a) =0. 

Suppose first that, in the open interval (0, 2z), a is the only point 
at which $(#) vanishes. Then $(/) is strictly positive in one of the open 

- intervals (0, a), (a, 2r), and strictly negative in the other one. Let 
a(t) be any function, continuous, of period 2, such that «(0) = a(27) 
=0 and such that a(t) is strictly increasing in (0, a) and strictly de- 
creasing in (a, 2). Then the equations x=a(t), y —9(i) represent a 
simple closed Jordan curve and we have only to apply the theorem 
of Fejér quoted above to get our result for the function $(/). 

Suppose now that a'is not the only point in the open interval 
(0, 27) at which $(!) vanishes. Let M; be the maximum of |¢(2)| for 
0S#Sa and let 4j be a point (0&4 <a) such that |$(4)| = M. In the 
same, way let Ms; be the maximum of [e] ina &tz2s and let k be 
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a point (a <ta «27) such that |Ø (t) | = Ms. Consider the function w(i, 
continuous, of period 27, and defined for every t (0$: S27) as follows: 


(f) = mex | E) | + sin (xt/a) ford S#Sh, 
w(t) = ur | olt) | +'sin (t/a) for4 Sisa, 


and in the same way 


ol = — mar | e’) | — sin[x(¢ — a)/(2r — a] foraStSh, 
a(t) = — ie | o) | — sin [r(t — a)/(2r — a] fort; S#S 2r, 


where the maxima are taken with respect to /'. 

It is immediately: seen that w(t) is of bounded variation, that 
(A =A +o) vanishes only at #=0, £—a, t=2r, for0 S1 S2m, and 
that $i(f) is strictly positive in the open interval (0, a) and strictly 
negative in the open interval (a, 2r). Hence applying our first result 
we can find a function #(6) of the above described type such that the 
Fourier series of $1(£(0)) converges uniformly for 06 S 2r. But since 
c(t) is continuous and of bounded variation the same result holds for 
(À, which proves the theorem. 
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FOURIER SERIES WITH COEFFICIENTS IN A 
BANACH SPACE 


HARRY POLLARD : 


Let f(f) be a function on (0, 1) to the complex Banach space B. 
Bochner has shown that the older theory of Fourier series carries over 
to functions of this character, but breaks down in the fundamental L? 
theory [1, pp. 273-276].: 

Suppose f(t) belongs to L? in the sense of Bochner [1]. Define 


1) P ies f. Kermit. 


' We should expect that the Parseval relation carries over, or at least 
that the Bessel inequality i 


@ Xll s f oleae. 


is valid. This, however, is not the case; for suitable B we may have 
YMllel12  [1, pp. 215-216]. 

In this p we detect:the root of the trouble by proving that for 
the validity of (2), B must possess a special character. 


THEOREM. If (2) is valid for all fo; in E then B is unitary, and con- 
versely. , 


. B is unitary if it admits a scalar product with the usual properties 
[3] (cf. the “normed ring” of Gelfand [2]). 

The latter part of the theorem is trivial; we need only apply the 
classical proof with notational modifications [4, p. 58]. 

To establish the sufficiency suppose a and b are-elements of B. 
Define 


2a, (0, 1/2), 
I) = oy (1/2, 1). 
Then 
a f, rola = zilol]? + La 


By (i) we have 
— 1 
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| €o — à d- b, . i rn 
Cis = 0, 5 > 0 
£3.41 = (b — a)2/x(2n + 1)i. 


Then 
. ® '— 2 ell = [le + all? + lle — alls, 
since Y i , 
2! e xr 
linm x . 


: By (2), (3), (4) M 
6 lle + af + lle — öll? < 21l? + lal]. 


Replace a by à +b, b by a —b; this simply reverses the inequality of (5). 
. Then for all a, b | 


lla + all? + lla — ël]? = 2[lja]]? + |o]. 
, Hence B is unitary [3]. 
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KENYON COLLEGE : 


THE MEAN CONVERGENCE OF NON-HARMONIC SERIES 
HARRY POLLARD 


` The theory of non-harmonic series deals with the completeness and 
expansion ‘properties of sets of ‘functions {ea}, — c «n« o. Ex- 
tending results of Paley and Wiener, Levinson has obtained a theory 
of these functions in the spaces L?, 1 <p €2 [5, p. 113; 4, p. 48]. His 
principal result states that if ` D 


(1) ; ees (n= 0,+1,--+) 


with 5<(p—1)/2p, X, real, then any function f(x) CL» has a Fourier 
expansion in the above functions equiconvergent with its ordinary 
Fourier series in any closed interval (—r +e, r—6). ` 

This, however, leaves open the question whether the expansion 
converges to f(x) in the topology of L?(—*, x). This is known to be 
true for all p>1 if „=n [6, p. 153]. For the non-harmonic case the 
only available results concern p=2: by refining an earlier result of 
Paley and Wiener, Duffin and Eachus [2, p. 855] obtain mean con- 
vergence for à «^ log 2. (This is less than the 6<1/4 to be hoped 
for from Levinson's result.) ' 

In this paper we shall generalize the Duffin-Eachus result to L?, 
p>1. Our hypothesis is, however, more stringent than (1). We re- 
quire that ' “ 


04 
f eo 1/6 ! 2p 
(2) ( An — n ‘) = 65 < x log 2, ¢ = — 
2| ; | bi |2— 2| 


If 22 this becomes sup [X 5|, «x7: log 2, which is the result we 
are extending. 

It is interesting to observe that (2) remains the same if we replace 
P by its conjugate p’, where 1/p+1/p’=1. For then |26/(p—2)| 
= | 2p'/(2—p’)|. We note also that the A, need not be teal. 


THEOREM. Let {An} satisfy (2). Then any function f(x) CL», p>1, 
admits a unique representation 


N 
- (3) aà = Lih. D cae“, 
, Noo Ny 
Moreover - : 
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Ld 1/p'! 
(2 ejr) sQ-e»"l <p 82), 
(4) onn "m 
| (Slab) zi, ^ ese«o 


where 1/p+1/p’=1 and 


(6 Me = (= fea) - 


Levinson's methods are a combination of Fourier analysis and con- 
tour integration. We shall revert to the original real variable methods 
of Paley and Wiener, using the fact, observed by Boas, that their 
basic completeness theorem generalizes in a simple manner to general 
Banach spaces. 

Boas' generalization, slightly amended, reads as follows [1, p. 469]. 


LEMMA 1. Let {xn}, {yn} be sequences in a Banach space B'such that 
for some ^, 0 «X «1, and all finite sequences {an} 


(6) E os. — »9ll S M azl. 


` Then if {x} is a base, so is {yn}. If «€ B has the expansion 9 1 Cy», 
then 


4 


1 = 1 
o Hla s |È aa | s tat 


Lemma 2 [3, p. 202]. 7f f(x) EL? (—r, r) and fen} are tis Fourter 
coeficients, then ; 














|s 


co 1/p'! 
(Èlia) sll ^ az» 


co 1/p'! 
(Slal") "ell ^ eseeo. 
We remind the reader of our definition (5) of ||/],. 
LEMMA 3 [3, p. 144]. If f(x) EL then 


lal- s Ill. (0 «vs 3. 


To prove our theorem we shall apply Lemma 1 with x,-—e"*, 
ya —e6)97, B —L? (with modified norm (5)). (6) then becomes 


(8) || 27 a. (eir — e|, SAIE ose] 


s 


` 
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We denote the right-hand side by R, the left-hand by L. Then we wish 
to show LR for a value of ^, 0 «A «1. 


2 t — n)*a* 
L= ins Se ee eS ME 
| Dawe 











P 














eo ahh = 
= | b» - > On(An uu n) keina 
bal, k! pP 
Hence i 
NT RÀ NT 
(9) Ls2,—|22«0.-— nte] 
ai kl 


' Case (i). 1 <P <2. Then by Lemma 3 


ig al as = sel, 


-57 ii = (S| a. — eln 
(10) - bel 


oo 


sx T«r 





(lx - a | 915167) G- 129" 


e gb k(p!—2) 2p! 
slap > (Els alo) 
l pi k! \ o 
' Also by Lemma 2 E M l 
(11) : RZ X e, |? VU". 


Now write 6= i [va n| 121 (p'-2) (/-012»' By (10) and (11), (8) is 
satisfied if 
"*—12«1, ô < wt log 2. 


But this is precisely our hypothesis (2). 
Then the hypotheses of Lemma 1 are satisfied, (3) follows immedi- 
ately, (4) is a consequence of (7) and the first part of Lemma 2. 
Case (ii). 2Sp< o. We have by Lemma 2 and (9) 


“Ls 3 » (X ann — n) [runt 


A 
Es Y li CS | a9: 1x — p | i216) (3—2')/1p'. 
ki kl 


Also by Lemma 3 E 


' ^ 
` 
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RZ MI aseo = X] a. [)15. 
From here on the argument is analogous to that of Case (i). 
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KENYON COLLEGE 


l ae i 
. ON UNIFORM CONVERGENCE OF, FOURIER SERIES 


OTTO szAsz 


1. Introduction. In this section we collect some known concepts 
and simple facte, pertinent to our subject. 
Given a sequence of real numbers Ss, ^ 2:0, consider for any »A>1 


nisap, mar (Sm — 59) — «() S t @; 


a<ma 
clearly (X) decreases as À | 1; if 
(1.1) ` lim #(A) < 0, 
àÀ—1 ^: 


; l , 
then the sequence {s,} is called slowly oscillating from above; simi- 
' larly slow oscillation from below is defined by . 


— Q.2 lim lim inf min (sm — s,) 2 0. 


A1  smw—- aman 
If both (1.1) and (1.2) hold, that is if 
(1.3) lim lim sup max | sm — sa| = 0, 


Rm a mia 
then the sequence is called mobs slowly oscillating. If 5, —» 3a, is 
thé nth partial sum of a series $ ca, then (1.3) can be written as 








(1.4) lim linsup max | > a,|= 0. 
AH1 aow a<m in atl 

: À more restricted class of series is defined by 

(1.5) lim lim sup Qua | as eO. 


ao a<ISAn 


Special cases: If for some p>0, n|a.| «p for all n, then 


An 1 
2, ele — = O(log N. 


EMEN 
Hence (1.5) holds. 
If only Í i 
na, >, — $ for all n, 
then i ue 
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n(| an| — an) < 29, 


hence 
É An 
(1.6) lim lim sup Eal- a) = 0. 
31 Li P 


This relation implies (1.2), but not necessarily (1.4). The following 
lemma is immediate: 


LEMMA 1. Every convergent series satisfies (1.3); furthermore (1.3) and 
(1.6) imply (1.5). 


A sequence of functions s,(#), defined at a point set € having t=r 
for a limit point, is said to.be uniformly convergent at t=7 if 
lim s4,(Z,) exists for any sequence i>r. It is an immediate conse- 
quence of the definition that the limit of s,(¢,) is then unique. 

If for each n, s,(#) is defined and continuous at ¢=7, then clearly a 
necessary condition for uniform convergence at t=7 is that limy..5n(7) 
=s exists. 

We restrict ourselves to such sequences; then the following lemma 
holds: 


LEMMA 2. The following two properties are equivalent: 

(a) Sa(ta)—s as t7; 

(b) s.(r)5, and | s.(7) — sa(é) | <efor any e>0, and for |r —1| < b(e), 
n> o(5, €) =no(€). 


Thus either (a) or (b) defines uniform convergence at =r. 

For the proof assume that (a) holds; if (b) would not hold, there 
would exist an E= éo, 50 that lim sup:,.r| Sa(7) — Sa(tn) | >eé 9. But this 
contradicts (a). Similarly if (b) holds, then (a) follows. 





2. The cosine series. We now prove the following theorem. 


THEOREM 1. Suppose that the coefficients of the Fourier cosine series 


(2.1) b(t) ~ ao/2 +D 0 COS 7% 


satisfy the condition (1.6), and that p(t) is continuous at 1—0; then the 
series (2.1) ts uniformly convergent at t=0. 
Let 


ao Gp - 
$e LEE 2: a, cos vf, o,(i) = — » s. 
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By a theorem of Fejér [1]: 


(2.2) galt) > (0) ^^ wd; 
in particular | 
: (2.3) o,(0) > $(0) as f — ©, 


~ By a well known theorem of Tauberian type, (2.3) and (1.6) (or only 
(1.2)) imply that . 
(2.4) s4(0) — (0). 
By Lemma 1, (1.6) and (2.4) imply. (1.5). 
n next employ the often used identity 
n 
: NUUS T a+ n—1) 77^ -— —- —k l)entks 
E PETET (ostr — nd mie TM 
f ' nzi»zl1, 


where Sx, Ca are the partial sums and arithmetical means respectively 
of the series $^c,. Thus - 


S(O) — sa) — {m44(0) — o0] 


nN E i 
(2.6) Vd lex(0) — ontelt) — [on1(0) — onil] 








1 Xo —k+1)[1 — cos (n + E)i]asu. 


= 


y 
. By (2.2) and Lemma 2 © 
l | &,(0) — an(t)|<e for B « be and n 2 nle); 
hence, from (2.6) | 


pa <et 4 do k + 1)| a. 





F 1 
2.7 Di 
(2.7) oe 
[2| < èl), 5 > mle). 
Write . i 
An . \ 
,. limsup X |a| = «Q9, 


then 


1 Numbers in brackets refer to the literature listed at the end of the paper. 
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PU 
(2.8) >| a, | <e+ w(d) for n > ni(e, X). 
Given e» 0, choose » = [ne/*], and X —1--€'/*, then, from (2.7) and 
(2.8), 
| s.(0) — sa(é) | < e+ 2e? + 2(e + w(1 + 3) for n > ngle), 


when 7, is the larger of the two numbers mo, nı. The theorem now fol- 
lows from (1.5) and Lemma 2. 
The identity 


1 ^ 
$4(4) — Onal) = — c i 
(f) — e«(t) ue OS y 
yields the corollary: 


COROLLARY TO THEOREM 1. Under the assumptions of Theorem 1 
n—)""va, cos vt0 uniformly at t=0. 


3. The sine series. In this case convergence at ipi is (ciat; we 
introduce two lemmas. 


LEMMA 3. Suppose that the coefficients of the Fourter sine series 
(3.1) PÀ vÈ sin nt 
satisfy the condition (1.2) with s, =2 b, and that 
2h f, yaa as 4 L0, 


then 
n3», vb, — wd. 


1 


4 


This is Lemma 6 of our paper [6]. 
LEMMA 4. If for a sequence {ba} 


lim 53$, vb, =} 
1 D 
exists, and tf 


(3.2) 








then 


t 
TY Y 


` 
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- i ' 2 Ag ` 
G3) lim lim sup > || =0. 
‘Write : 
jim sup >) (|b| — b) = £0), A>41, 


then by (3.2), £0) 90 as A | 1./We have 


An ‘ohn 
Ella l — 5) s (5| — 5), 


hence 3 
lim sup n!) »(| b, | — b) S XJ). 
Furthermore . ] ad 
An An n—1 
n>) vb, = MAN) D> yb, — 1D vb, —29( 4 — 0), — 
LI 1 , 1 : 
hence y E. P 
lim sup 5? > |b | S (A DAOA). 
But ! . 
: An An . 
| X|5| ss, 
hence ' ij i . 


M i 
» lim sup >| 5,[ 8 A- 1+ X0). 


Letting ^ | 1, we get (3.3). 


THEOREM 2. Suppose that the function W(t) ts continuous at t=0, 
that is (0) =0, and that iis Fourier coefficients satisfy (3.2). Then 
> ivb, =0(n), and the series (3.1) is uniformly convergent at t=0. 


We now write 
A $ 1 8 
sa(é) =, >, b, sin vt, ol = —— 2, sÀ; 
1 : n1: 


then by the theorem of Fejér 
(3.4) : On(En) +0 as h — 0. 
i Also by Lemma 3 


È ob, = of), 


1 


, 
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and Lemma 4 now yields (3.3). Finally from (2.5) with c, 5, sin nt, 
applying (3.4) and Lemma 2, 


2ne V 
Is] «e —— + Dd] aI, for |#| < le) and n > m9.  ; 
yp+i1 nl 


: Write S 
lim sup >> 





b, 





= 0), 


then by (3.3) 
oA) —0 as AJL. 


We now choose v = [ne!/?], then, as in §2, 
| sa(#) | < 3e!2 + 2o(1 + 612) for | t| < &(9 and s > mle), 
which proves the theorem. 


COROLLARY. Under the assumptions of Theorem 2. 
1715 vb, sin vt > 0 uniformly at t = 0. 
A , 


This ‘follows from Sa(t) eld) =(n+1)- "yb, sin vi. 


4. A converse theorem. To prove a converse of Theorem 2, we in- 
troduce the lemma.. 


Lema 5. Suppose that B,=0, that for some c>0 
I (4.1) R Bayı S (1 + c/n) Br, n= 1, 2, 3, , 
and that the sequence {B,} is Abel summable to B; then B, B. 


It is known that B,20 and Abel summability imply (C, 1)B,—B, 
that is 


(4.2) BL = 3] B, ~ nB. 
s 1 
From (4.1) 
Bate S (1+ c/n)*B,, k=0,1,2,---, 
hence 


> Bes S B,» (1 + c/n)* = nB,c ((1 + c/n) — 1}, 
k=0 k-0 


or B,2cn-1{ (1-Fc/n)'H —1]—(B4/,, —B/.3). To any given 6>0 
choose v= [ôn], so that yn-1—58. Then 


lim sup Bayi S c{1 — ec] (Bà — B) = cB 


CAP 
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lim inf B, = c(e® — 1)1((14- 8)B — B] = cdB(e*® — 1); 
"o 
letting 510, we get : 
(4.3) lim inf B, = B. 
Similarly from (4.1) by induction 
B, £z (1 + c/(n — B) Bay z (1 + c/o) Bua 


f forn — kzr>0, 
herce | 


ar a CN f cN 
She Burs (1 + z) = Pause} — ( + $) p 
bend kal v - y, 
or . l 

Bay S oo {1 — (1 + efr) — Br). 
Again to any given positive 6 «1 choose v= [n5]; then’ 
l 1-3 
| 1—exp(c— ò) 
Letting ôf 1 we find 
(4.4) lim sup B, S B. 


(4.3) and (4.4) prove the lemma. 
It is easily seen that the assumption (4.1) is equivalent to saying 


. nB, is decreasing for some y; i our lemma is in close connection to a 


lemma due to Hardy [3, p. 442 
. THEOREM 3. Suppose that Y(t) ~} bn sin nt, that 


(4.5) : YÀ > «A/2 as 110, 
and that for some constants È an c 
(4.6) OS (n Db +p S (1+ c/n) (nbat p, n zl. 
Then nb,—4A. l 
Let i 
O= (e- ou Ys 7 gin si, 0ctzm, 
and 


- (4.7) x) = V) — Ag) ~ 25 (6. — An) sin nt = DB, sin ni, 
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then, from (4.5), i 
x() +0 as £1 0. 


Furthermore 
nba = nh, — A > —p—A--—q, 
' say, and 
(n + Denn + g = (n + Dia p S (1 + c/n)(nB, + 9). 


Thus we need only prove n8,—0, that is Theorem 3 is reduced to the 
case A =0. Now for this case Theorem 2 yields }“%vb, =o0(n); finally 
_Lemma 5 applied to B,=b,+>) gives Theorem 3. 
A special case. Let p=0; c—1; then (4.6) reduces to 0€ 5,4 Sdn. 
For this case and A =0 the theorem is due to Chaundy and Jolliffe, 
while for A 0 it is due to Hardy [3, 4]. As Hardy remarked, here 
the case A 0 is not immediately reducible to the case 4 —0. Our 
generalization has the advantage of such reduction. 


5. On Gibbs! phenomenon. We shall apply Theorem 2 to the 
Gibbs' phenomenon (cf. [7, p. 181]). Consider again the assumption 
(4.5); that is V(/) has the jump 7A, while x(/) is continuous at #=0. 
We assume in addition (3.2); then evidently the 8, satisfy the same 
assumption, hence by Theorem 2 


> vB, = 5 vb, — nA = o(n), 
1 1 


and the series (4.7) is uniformly convergent at £—0. On the other 
hand Fejér proved that 


r 
' lim sup s» v`! sin vi, = lim Xv y sin y, = f £^ sin tdt, 
0 


ta tO 1 ni 


hence assuming, as we may, A >Q, 


(5.1) lim sup Èa sin vi, = lim Y sin vt, = A f t7 sin tdt. 
0 


t, 10 mur 1 


We have ibus. proved the theorem: 


. THEOREM 4. Suppose that W(t)~> b; sin nt satisfies the conditions 
(4.5) and (3.2) ; then 
> vb, ~ An, 
1 


‘and 
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> b, sin vh — A >> v sin v, 3 0 ast, — 0; 
1 1 


in particular (5.1) holds, that is the two series of (t) and Agli) present 
the same phenomenon of Gibbs. 


For the special case n5, — O(1) Gibbs’ phenomenon was observed 
by Rogosinski [5, pp. 134-135], however it is difficult to follow his 
argument. 


6. À contre example. We cannot replace in Theorems 1 and 2 the 
conditions (1.6) and (3.2) by (1.3) with s, =} ta, or s, —? 3b, respec- 
tively. This is seen from an example constructed by Fejér [2] for a 
similar purpose. It is a power series )\;~1¢43* with the following prop- 
erties [2, pp. 38-46]: The coefficients are all real; the power series is 
convergent for |z| <1; the function f(2)=}_ cs* is continuous for 
|s] S1; the power series is uniformly convergent for 2—ei', e<i<2r 
— e, €>0, but neither of the series Ya cos kt, Ya sin kt is uniformly 
convergent for |t| Se. It follows easily that neither series is uniformly 
convergent at ¢=0, for this would imply uniform convergence on the 
_ entire unit circle. 

LiTERATURE 

1. L. Fejér, Über die Bestimmung des Sprunges der Funktion aus ihrer Fourierreihe, 
J. Reine Angew. Math. vol. 142 (1913) pp. 165-168. 

2. , Über Potensreihen, deren Summe im abgeschlossenen Konvergenzkreise 


füberallsteiig ist, Sitzungsberichte der K. Akademie der Wissenschaften, Munich, 1917, 
pp. 33-50. 

3. G. H. Hardy, Some theorems concerning trigonometrical series of a special type, 
Proc. London Math. Soc. (2) vol. 32 (1930) pp. 441448. 

4. G. H. Hardy and W. W. Rogosinski, On sine series with posttive coefficients, 
J. London Math. Soc. vol. 18 (1943) pp. 50-57. 


5. W. Rogosinski, Abschniütsverhalien bei trigonometrischen und insbesondere 
Fourterschen Reihen, Math. Zeit. vol. 41 (1936) pp. 75-136. 


6. O. Szász, Convergence properties of Fourier series, Trans. Amer. Math. Soc. vol. 
37 (1935) pp. 483-500. 


7. A. Zygmund, Trsgonometrical series, Lwow, 1935. 





UNIVERSITY OF CINCINNATI 


SUMMABILITY OF SUBSEQUENCES 
RALPH PALMER AGNEW 


1. Introduction. Let à, (n, £—1,2,---) be a matrix of real or 
complex constants for which 


(1.1) lim Gar = 0, fiat 49 Been: 
(1.2) lim ian =1; DS| anal <M, n= 1,2,3,++:, 
(SLE kel 


M being a constant. This matrix defines a regular method of sum- 
mability by means of which a sequence x, of real or complex numbers 
is summable to X if X.—) E date, m=1, 2, 3,---+, exists and 
lim X,=X. It has recently been shown by R. C. Buck! that if the 
sequence x, is real, bounded, and divergent, then the sequence has 
a subsequence not summable A. This note proves the following more 
general theorem. 


THEOREM. Let A be regular and let x, be a bounded complex sequence. 
Then there exists a subsequence y, of x such that the set Ly of limit 
points of the transform Y, of y, includes the set L, of limit potnts-of the 
SEQUENCE Xs. 


If x, is a bounded divergent sequence, then L, and hence also Ly 
must contain at least two distinct points and accordingly the sub- 
sequence y, is not summable A. Applying the theorem to the diver- 
gent sequence 0, 1, 0, 1, - - + , we obtain the result of Steinhaus? that 
there is a sequence of 0’s and 1’s not summable A. 


2. Proof of the theorem. Let L, be the set of limit points of the 
bounded complex sequence x4. Since the complex plane is separable 
and L, is a closed set, there is a countable (finite or infinite) subset 
E of Le such that the closure Æ of E is the set L, itself. Let 
41, U2, Us, ©- be a sequence containing all of the points of E; in 
case E is a finite set, the points t4, t, $5, - - - are not distinct. Let 
the elements of the sequence 


N 


' (2.1) Ui; Ma, Mas 1, Ua, 435 j MI H3 c Mn À 


Presented to the Society, April 28, 1944; received by the editors February 5, 1944, 

1R. C. Buck, A note on subsequences, Bull. Amer. Math. Soc. vol. 49 (1943) pp. 
898—899. 

2 H. Steinhaus, Some remarks on the generalisation of limit (in Polish), Prace 
Matematyczno-fizyczne vol. 22 (1911) pp. 121-134. 


596 


SUMMABILITY OF SUBSEQUENCES 597 


be denoted by vi, 03, 03, * * +. The sequence v, is a sequence of points 
in L,, and the set of limit points of the sequence is the set L,. For 
each f—1,2,3, - * - , let 


(2.2) 1(n51), x(np:), x(n,s), RD 


be a subsequence of x, having the limit v,. 

To simplify typography, we write a(n, k) for day. Since A is regu- 
lar, (1.1) and (1.2) hold. Hence sequences m,«74«m « --- and 
hi<ka<ka< ++ - of indices exist such that for each p=1, 2, 3,--- 


kp 1 oo 
(2.3) 2; a(n, k)| < 3 3 lan, 5| «—- 


1 
kækp +1 P 


It follows that 


kpti eo kp 
2 Jun k) = 2 a(n,, k) — 2; a(n,, k) 
(2.4) + 1 hel 


oo 


I L G(ny, k) = 1+ e, 


kmkp 4+1 


where, here and hereafter, e, denotes generically a sequence for which 
€,0 as poo. 

The subsequence y(n) of the given sequence x, is now selected as 
follows. Assuming that, for a fixed index p, y(k) has been selected 
for each kSky, let y(kp+1), -+ - , y(Rpi1) be selected from the se- 
quence (2.2) in such a way that y(j) is a predecessor of y(k) in the 
sequence x, when j <k and 


(2.5) | y(k) — »,| < 1/2, kp < k S kya. 


Since x, is bounded, say | xa S B, the subsequence y(n) thus defined 
by induction is bounded and accordingly possesses a transform 


(2. 6) Y. = » On, by k- 
k-1 


For each p=1, 2, 3,--> 


kp eo Repti 
Y(n, = 2 a(n,, k) ys + 25 a(n», E)ys + 2 a(n, k) Ve 
(2.7) kml kk p rl Loki 


kpti 


= €, 25 a(n, E) yu, 


LIENS! 


B 
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since each of the first two terms of the second member of (2. 7) is 
dominated by B/p. Moreover 


kpti 
» a(n, E) yy = v, = ae k) + 3 a(n, E)(y. — sb 
hehytl kek yl 


(2.8) 
E v,(1 s Br + ép = 1p + Ep. 
Therefore the sequences Y(n,) and v, have the same limit pointe and 
accordingly the set of limit points of the sequence Y(n,) is identical 
with the set L, of limit points of the sequence x,. The set Ly of limit 
points of the complete sequence Y, therefore includes tae set L, and 
the theorem is proved. 


3. Conclusion. It is apparent from the proof of the theorem that 
if x, is a bounded divergent sequence, then it is possible to construct 
many subsequences y, not summable A. However, the class of such 
subsequences y, thus constructed seems to be a “small” subclass of 
the class of all subsequences of x,. This observation is in agreement 

“with the fact, recently proved by Buck and Pollard,’ that if A is 
‘either convergence or the Cesàro method of order 1 and s, is a real 
bounded sequence summable A, then there is a sense in which pense 
all” of the subsequences of x, are summable A. 

The theorem states that the set Ly of limit points of the fairs 
Y, of the subsequence y, of x, includes the set L, of limit points 
of x,. In some cases, Ly is identical with L,. This is so when A is 
convergence. In some cases, Ly is more extensive than Ls. This is so 
when A is a Cesàro method of positive order and the set Le is not 
connected since, as was shown by Barone,‘ the set of limit points of 
the transform of each bounded sequence must be connected. The same 
is true for methods of Hilder, Riesz, de la Vallee Poussin, and Euler. 
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: | INTEGRAL THEOREMS IN THREE-DIMENSIONAL 
POTENTIAL FLOW 


R. v. MISES 


1. Introduction. A potential flow can be described as a vector dis- 
tribution g(7) (q= velocity vector, 7= position vector) subject to the 
two conditions 


“Gh . div g = 0, curl d = 0. 


-~ Instead of (1) one can also ask that a eal function lF) exist so that 


(2.*5-- 5 ` g=gradg,  Aó6-—0. 


If both d and F are restricted to two dimensions, a third form of rep- 
resentation is possible. One can-combine the components x, y of ? and 


i. u, v of d to two complex numbers 


G s+iy=t, d- isu 


and then state that v is an analyte function of ¢. In this case, the 
Cauchy formula holds, 


c fim on =o, 
if f is an analytic function of v and ( and the integral is extended over 
the complete boundary of a region in which f is regular. 

In the dynamics of the two-dimensional potential flow several equa- 
tions of the form (4) play a decisive role. It must be expected that the 
analogous theorems are valid in three-dimensional potential flow also. 
But the question has not yet been answered: For what vector functions 
Jof d and 7 is the equation. 
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correct if the integral is extended over the complete boundary of a region 
in which f has continuous derivatives of the first order with respect to 
the six components x, y, 2 of ? and u, v, w of J? Here, obviously, dS is 
the vectorial area element whose direction is that of the outward nor- 
mal, and the dot means scalar multiplication. The surface may consist 
of a finite number of analytic pieces. 


The main results of this paper were presented in an address delivered at the New 
York meeting of the Society on April 4, 1942, by invitation of the Program Commit- 
tee; received by the editors May 19, 1944. 
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The present note will answer this and some related questions and 
illustrate the applications which can be made in the theory of three- 
dimensional potential flow. 


2., The general form of the function f(g, 7). As gis a function of 7 
according to (1), one may write f(g, 7) =F (7). Then the necessary and 
- sufficient condition for (5) being correct for all surfaces is 
. (6) div F = 0. : 

If fz, fy, fe denote the components of f we find by differentiation: 
al afy " af. ðu Of, dv Of, ðw Of, 
oy àz Ox ðu Ox Ov Ox Ow 
LAND 
ay ðu dy do 

















(7) 
eee 


It can be seen easily that the right-hand expression is zero, by virtue 
of (1), if the following conditions are fulfilled: 


(a) -~ f ðfz/3x + 0f,/0y + 9f,/8s = 0, 
(b) 0f /0u = df,/dv = f,/dw, . 
(c) 8f,/0» + 0f,/0w = of ./0w + 0f,/óu = of,/0u + df./dv = 0. 


On the other hand, these conditions are also necessary, as the 
following examples show. First, take 4 —1, v—1, w=1, then condi- 
tion (a) follows. Second, take 4 —x, v= —y, w=0 in accordance with 
(1), then the first equality (b) follows. Finally, choose u=y, v=x, 
1 — 0 which also fulfills (1), then the last equality (c) appears as neces- 
sary. Thus, the three components fs, fy, f, have to satisfy the six differ- 
ential equations (a), (b), (c). 

'The five equations (b) and (c) express the fact that the infinitesimal 
transformation of the g-space, given by 


(8) /dt = FG, P) 


for any constant ? (¢=scalar parameter), is conformal (angle preserv- 
ing). Without using this fact the general solution of the equations (b) 
and (c) can be found in the following way. 

Assume that f», fy, fs are developable into a power series with re- 
spect to 4, v, w within some finite region. Then (b) and (c) furnish 
relations between the coefficients of terms of the same order s. There 
are three times (n+1)(%+2)/2 such coefficients and five times 
n(n-4-1)/2 relations. It can be seen that these relations are linearly 
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independent of each other. The excess of the number of coefficients 
over the number of equations is 


20 e= 3(n + 1)(n + 2)/2 — 5n(n + 0/2 = (n + D83 — 9), 
(9) that is, e = 3, 4, 3, 0, <0 
for n = 0, 1, 2, 3, > 3. 
Consequently, there exist œ? solutions of order zero, œt solutions 
of order 1, and œ? solutions of order 2 and no other ones. All these 
solutions can be found by setting up the linear equations for the co- 


efficients, and so on. But, at least for n=0 and 1 —1, they are obvious: 
For 1 «0 we have the translations 


(10a) l f= 


where the vector Ao is independent of d. For n=1 one has the homog- 
raphy and the rotation 


(10b) [9 Kq-F (A X) 


where the scalar K and thé vector 4 are functions of ? alone (cross 
denoting the vector multiplication). For 5 —2 one may find by com- 
putation or by certain geometrical considerations 


(10c) f = Le -—2XL) 


where g?= 4?-++v?-++w? and L is a vector depending on ? but not on @. 
Each infinitesimal transformation of this group consists of an inver- 
sion, an infinitesimal translation in direction of L, and another in- 
version. 

The general, ten-parametric, expression for f is thus 


40  f2Z- Eg (AX) T9 -20L99. 


This expression has now to satisfy the condition (a) independently 
of g. For Ao, K, A one finds immediately 


(11) div Ay = 0, 
(12) grad K + curl d = 0,--- (AK = 0), 
while L has to fulfill the six equations 
0L,/Óx = 0L,/0y = 0L,/0z = 0, 
aL,/dy + üL,/óz = OL,/dz + OL,/dx = 0Ly/óx + AL,/dy = 0. 


This means that the space transformation d?/dt — L is angle preserv- 
ing and length preserving. Thus 


` 
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(13) L=h+G XA 
with LZ, and Z4 constants. 
The result can be stated: The most general function f(d, F) which 
satisfies (5) for an arbitrary surface S and any Q(7) fulfilling (1) is 
~ given by (10) provided the functions Ao, K, A, and L a F satisfy (11), 
(12), and (13) with Lo and L, constants. 


3. Simple examples. The first term, Ao, in the expression for j 
which is independent of d can be disregarded. 

The simplest linear function is determined by K —const., A=0. 
This gives nothing else than the integral form of the divergence condi- 
tion: 


(14) fin- f ams = fos = 0. 


Here and in the following, # is the unit vector in the direction of the 
outward normal and the subscript s refers to the vector component 
in this direction. 

If K—0 and A=const. one finds, using the formula (AXg)-& 
— (d X9)- 4, that each component of 


(5) f ax mas - o 


is justified. This anton integral may be daad as a surface circu- 
‘lation. If it is extended over a surface surrounding a rigid body (that 
is, not over the complete boundary of a region of regular d), it may 
have a constant value different from zero. If the region outside the 
body includes a discontinuity surface S’, one has to add the integral 
of (G1—s) Xñ’, extended over S’ where #’ is the unit vector of the 
normal to S’ in the direction from 1 to 2, and d; and d are the veloci- 
ties on both sides. This vector (à; —4$) X#’ has the direction of the 
vortex line and the magnitude of the vortex density on S’ if the dis- 
continuity surface is regarded as a vortex sheet. In a field of vortex 
. motion the left-hand side of (15) equals the volume integral of 
— curl 4. 
As a next step one may take, with K —0, for A some gradient, 
for mele a function g(r) r. Then the formulae 


(09: fee xa-a = f eax mns = o 


result. These integrals are zero even when extended over a surface 


] 


| 


\ 


7) 
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surrounding an obstacle since they vanish for the spheres r=const. 
It is understood that singular pointé of g(r) have to be excluded. 

If K is chosen to equal x, the vector A must be (except for a gradi- 
ent which always can be added) #X#./2 where #, is the unit vector 
in x-direction. Combining this with the analogous formulae for y and 
2, the.following. vector equation results: 


f Fam- er x ax xs 


= fira — a2 ntr/252] = 0. 


This may be considered as a relation for the moment of surface circula- 
ison. : 

If any spherical harmonic is taken for K, it is easy to find a corre- 
sponding vector A. Two examples may suffice: 


(18) K= zs, A,=0, A, — 0, A,= (3? — x°)/2 
and l 
(19) K = 1/r, A.s = sy/r(x* + y), Ay = — 8x/r(x? + y»), A, = 0. 


Again, one may combine three expressions of each kind and thus 
form a vector integral, like (17), which vanishes when taken over the 
complete boundary of a region of regularity. 


4. Cauchy formula. In the two-dimensional case the value of any 
analytic function of x-4-$y and u —i» in an arbitrary point can be ex- 
pressed in terms of its values on a curve surrounding this point. This 
is based on a formula of the type (4) where the f has such a singularity 
at £=0 that the integral over a circle of radius p has a finite limit when 
p tends toward zero. To achieve this kind of singularity one has sim- 
ply to take f(v, £) 2g(v, D)/t where g is regular in ( —0, since 


(20) * ud on 
7 p=0 Cp [d 
Mere C, is iie: circle [£l =p). Then, if g is continuous at f—0, 


Q1) dim (£998 Lu is, vlo). 
p=0 f 
In order to obtain analogous equations in the three-dimensional 
case we have to look for functions f such that fr? remains finite when r 
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tends to zero. It is seen from the general result in $2 that this can 
never be the case with a term of second order in 4 since its coefficient 
is linear in 7. We omit the case of order zero terms, that is, of terms 
which do not involve g. Thus only the terms Kg and A X4 are left 
where K must be a harmonic function according to (12). 

The only harmonic functions which behave like 1/r? at the origin 
are x/r!, y/r!, z/r*. Taking the first for K one can easily find from 
equation (12) the components of A (as in the examples (18), (19)): 


(22 Kear, A4.-0, Ay=—2/r,  A,-»yfr. 
The components of Kg-- (A X4) are then, except for the factor 1/r*: 
(23) xu — yv — zw, x + yu, xw + su 
and, if y/r! and z/r! are taken for K: 

l yu + x, yo — 80 — oi, yw + sv, 

zu + xw, zo + yw, zw — yu — yv. 

If each of the three vectors represented by (23) and (23’) is multi- 
plied by #, the three scalar products form the components of one vec- 
tor which can be considered as a particular triple product of F, d, and fi. 


This product may be designated by (7, d; ñ) and can be expressed in 
three different forms by combinations of the usual products: 


(7, d; A) = *(q-8) + IPA) — n(g-7) 
' (24) = P-A) HPX (7X à) 
= IFA) HIX rx”. 
On a sphere r=const., where #=7/r, this reduces to rg, as the last 


expression shows. Therefore, the integral over an infinitesimal sphere 
reduces to 


(239) 


ds 
(25) im f Zas=a0 f == 4eq0) 
. n r 


p=0 Y (Sp) (Sp) 


and the Cauchy formula for the three-dimensional space reads 





1 ¢ (7, 4; %) 
(26) | 49 = — f| Has, 


where the integral has to be extended over a surface surrounding the 
origin and including no singular point of the velocity distribution.! 
1 This formula has already been given by Fulton and Rainich (Amer. J. Math. 


vol. 54 (1932) pp. 235-241). See also S. Bergman, Bull. Amer. Math. Soc. vol. 49 
(1943) p. 174. 
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The equation (26) is the only formula of Cauchy type involving the 
velocity of a potential flow in three dimensions. It follows from the 
preceding that for no other function of 7 and d, for example the prod- - 
ucts #-g and ? X4, its value in an arbitrary point can be computed 
from the values the function assumes on a surrounding surface. This, 
however, is only seemingly less general than what is the case in the 
two-dimensional problem. Here, any analytic function of v and f can 
be computed in the form (21)., But giving the values of g(v, () at all 
points of the contour is the same as giving here v, while in space the 
knowledge of a function, for example 7X4, is not sufficient to deter- 
mine @. If d is given in all points of S, equation (26) supplies the values 
of any function of # and d in an arbitrary point (within the range of 
regularity). 

The matrix formed by the nine quantities (22) and (22^) can be 
considered as a symmetric tensor by which the unit vector # has to 
be multiplied. Using Gibbs’ notation of dyadics and the sign J for the 
unit tensor, one can write this tensor as 


(27) FD +A Ea) 
or, applying Jaumann’s dyadics also, as 
(27) PD HEXA. 


The linear transformation determined by this tensor consists of the 
reflection with respect to the bisectrix of ? and d and a contraction 
at the rate cos (7, 7) in the direction normal to the plane extended by 
? and g. In the two-dimensional case the reflection only remains, 
which is easily expressed in terms of complex numbers. 


5. Biot-Savart formula. The Cauchy formula (26) shall now be ap- 
plied to the following case. We consider the space included in a sphere 
of infinite radius. The velocity at infinity has the constant value gw. 
We admit a finite number of discontinuity surfaces Si, Ss, Ss, - 
-which, of course, are tangential to the velocity vector, that is, -7=0 
on both sides of each S,. Some of the S, may be closed surfaces, in the 
inner of which g must necessarily vanish. Such S, represent rigid 
bodies (obstacles) that are surrounded by the flow. 

If any point not on a discontinuity surface is chosen as origin, 
equation (26) will give its velocity vector g(0), if the integral is ex- 
tended over the infinite sphere and both sides of each discontinuity 
surface. The integral over the sphere supplies 47g,,, according to what 
was said in connection with (25). On a closed S, the integral for the 
inner side is zero, since here d—0. Denoting now by # the outward 
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normal of the body (— inside normal of the fluid mass), we have to 
reverse the sign of the integrand in (26) which then reads, according 
to j:fi—0 and the second expression (24), (¢X#)X#/r3, On each 
open discontinuity surface, d may refer to the side toward which $ 
points. Then (26) becomes 


; _ 1 p(ügxmxr 
(28) 1O = 2. L f| as, 


where the integral has to be extended over both sides of all discon- 
tinuity surfaces. If only the outer side of the closed S, and one side 
of the open S, is taken and 4' called the velocity on the opposite sides, 
one can write instead of (28): 


_, i sl@- Xa) xe, 
(28°) 40) = do + — f Lg, 


where g’=0 for the closed S, which represent obstacles. 

The equations (28) and (28’) are in close analogy to the so-called 
Bioi-Savart formula which—in hydrodynamic terms—gives the veloc- 
ity “induced” at the point r=0 by a “vortex line" of vorticity C: 


1 CXF 

(29) 100) = — f as, 

the integral being taken over the arc length of the (clos2d) vortex 
line. Thus, the result (28^) can be stated as follows: The velactty excess 
4 — {a can be considered as induced by vortex sheets extended coer all dis- 
continuity surfaces (including the obstacle surfaces), with a vortex-line 
density of magnitude ¢—@', directed perpendicular to G—@' in the tan- 
gential plane (g’=0 on the closed surfaces). 

This statement is the basis of the three-dimensional wing theory of 
Lanchester and Prandtl. Its equivalent was deduced by Prandtl and 
his followers from certain assumptions about impulsive forces and fic- 
titious mass forces inside the bodies. 

The formula (28) or (28^) is valid only if the origin O is rot a point 
of one of the discontinuity surfaces. If O approaches SS, the limit of 
the expression on the right-hand side includes, in addition to the in- 
tegral over S, the quantity [9(0)—g’(0) ]/2, as can be shown easily 
in the usual way. Therefore (28^) becomes, for O on S: : | 





; 1 rlag-a) xa] xe 
GO [MO + eO? = a6 + f ENT as, 


where again g’(0) vanishes if the point under consideration falls on a 


~w 
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closed discontinuity surface. This relation, in connection with the fact 
that on both sides of a free discontinuity surface the pressure (the 
velocity amount) must have the same value, leads to the integral 
equations which determine the vortex distribution on S as well as 
the shape of those parts of S which constitute the free discontinuity 
surfaces. 


6. The second order terms. Momentum theorems. The last two 
terms in (10) with Z satisfying the condition (13) lead to two new 
integral formulae. First, taking Zi1=0 we have 


Gn fe - 2002-68 = f lea — 20-0: 9Vas. 


If Lo is identified with the unit vector in x-direction, (31) is the x-com- 
ponent of the equation 


(32) f ipa- 2@-walas = o. 


The vector #’ defined by 
(33) i’ = ñ — 2((g/q) -f)d/a 


is easily seen to be a unit vector, symmetrical to 5 with respect to 
the plane normal to g. Equation (32) can then be written as 


(327 f ga'ds = 0. 


If, on the other hand, in equation (13), Zo is taken as zero the in- 
tegral formula will read . 


(34) f [ix oe - (a x ondas = 0. 


Setting here d5=ñdS and using the identity (3X0D)-c— à- (bxc), 
equation (34) becomes 


f lene (F X A) — 22r (F x Dga) dS = f ene X À)dS = 0. 


This is, if Z4 is considered as the unit vector in x-direction, the x-com- 
ponent of the equation 


(35) : f FX [gs — 2(1-2)2]23 = 0 
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or using (33) 
(35) f PE X #)dS = 0. 


The two relations (32’) and (35’) are the three-dimensional gen- 
eralizations of fu’dt=0 and ftv'dt — 0 which are sometimes known as 
the Blasius formulae. In fact, when applied to a two-dimensional ' 
velocity distribution and a cylindrical S, our equations (32^) and 
(35^) coincide with those complex integrals. The argument of the com- 
plex number v*df corresponds to the direction of the “reflected nor- 
mal" ñ’. 

The physical meaning of the integrals (32) and (35) can easily be 
understood. If S is the closed surface of a rigid body, g-# equals zero 
on S and (—p/2)q* where p is the density can be considered as the 
pressure value. As # is the direction of the thrust upon the body, the 
integrals of (—p/2)fq?a’d.S and ( — 9/2) Jg (F X#')dS give the resultant 
force and the moment of the fluid reaction upon the body. Thus the 
equations (32^ and (35/) allow the following statement: If S ts a 
closed surface the inner of which consists of some rigid bodies with sur- 
faces Si, Ss, S, ++ + and of a fluid mass with finite velocity distribution 
satisfying (1), then the resultant force F and the moment M of the fluid 
reaction upon Si, Sx, Ss, + + + are given by 


p ; ES _ 
(36) F= 2 f en dS, M 3 fe x v)dS 


where ñ’, at each point of S, ts the normal vector reflected with respect to 
the plane perpendicular to q. ^ 
These are evidently the momentum theorems for the reactions upon 
bodies surrounded by a potential flow. Note that free discontinuity 
surfaces inside S do not invalidate (36) since g? must have the same 
value on both sides and g-# must vanish at each point of such a sur- 
face. Another useful form of the momentum theorems would be this: 
-If the complete boundary S of a region of potential flow with finite 
velocities consists of two parts S' and S'' where S” is tangential to the 
flow, the integrals (36), extended over S' only, give the fluid reactions 
exerted along S''. This would apply, for example, to the flow through 
a channel where S”’ consists of the walls of the channel and S’ of 
two cross sections, one at the entrance and the other at the exit. 


7. D'Alembert's paradox and the generalization of Joukowski's 
formula. If a rigid body or a group of bodies is moving at constant 
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velocity —é through a bulk of fluid at rest, the inverse motion, with 
the bodies at rest and the fluid velocity d. — at infinity, is a potential 
flow. Setting 


(37) = ğa t7 =+, 


d' as well as d fulfill the equations (1) and g’ vanishes at infinity. 
To find the fluid reactions upon the moving bodies we introduce 
(37) in the expression qñ — 2(g- si)g of (32): 


gn — 2(g-8)g = Pn — 2(e-n)c 
(38) + 2(é qn — 2(2-9)q' — 2(g^ me 
+ 4^8 — 2(d-n)n. 


The first terms, depending on @ only, give no contribution to either 
of the integrals (32) or (35). The bilinear terms in the second line 
can be written, according to (24), as 


(39) — 2(&, d'; 8) = — 2e(g"-8) — 2€ X (d X à). 


Let us now assume that g can be developed into a power series at 
y=, Then, since d is the gradient of a harmonic function corre- 
sponding to (2), the first terms are 


ao d: 
q= rena ( IT) 
r r? 


, aF & 3(4-F7)F 
d n x E rs |+ 


The first term in g’ implies a source or sink at infinity. If this is ex- 
cluded, the lowest terms are of order r^? and that means that the con- 
tribution to the integral (32), if it is extended over the sphere r= œ, 
is zero. Thus the conclusion is reached: If some bodies are moving at 
constant velocity —é through a bulk of fluid at rest and the velocity dis- 
tribution is supposed to be developable at infinity and no source or sink 
admitted, then the total atr reaction upon the bodies can consist of a 
couple only, the resultant force being zero. 

This statement includes the so-called d'Alembert paradox which 
states that a sphere moving through a fluid at rest experiences no 
resultant force under normal conditions. It is seen from our argument 
that this is still valid if some discontinuity surfaces, not extending to 
infinity, are present. 

If the boundary of one of the rigid bodies or a discontinuity surface 
extends to infinity, the assumption of a developable g-distribution is 


(40) 
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not permitted. Then, a resultant force determined by the second and 
third groups of terms in (38) may exist. It follows from (39), since 
the integral of g’-# over a closed surface must vanish, that the terms 
linear in ^ are determined by the product of 2¢ and the integral of 
g' Xñ which is obviously the same as that of d X si, that is, the surface 
circulation according to (15). Thus the following conclusion is 
reached: The resultant force of the fluid reaction upon bodies moving at 
a constant speed —é through a fluid at rest consists of two parts; the 
first one, linear in q', ts 


(41) F-—pxC 


where C is the surface circulation, defined as the left-hand expression 
in (15); the second, quadratic, part is 


: — 
(42) Fi = £ f aas 


_ where WV is the normal vector reflected on the plane perpendicular to q'. 

In the two-dimensional case, if there are no discontinuity surfaces, 
only F, exists and the analogy to (41) is known as the Kutta-Joukow- 
ski formula. In the case of flow with separation (Helmholtz flow) F3 is 
prevailing.—Note that in the three-dimensional problem, F, is per- 
pendicular to the velocity vector č while, in general, nothing can be 
said about the direction of Fa. 

In the “regular” case, that is, with à developable at infinity, the 
order of magnitude of g’ is r° and thus the surface circulation C as 
well as the integral in (42) vanish. 

Let us, finally, compute the first order terms M, (the terms linear 
in g’) in the expression for the moment. From the second equation 
(36) and the second line in (38) we find 


N-- of? X [@-ae+ (eg — (egalas 
(43) i 
= — p f rx Gas Aas. 
If g’ is introduced from (40) with-as — 0 and a sphere of radius r with 
fi—?/r taken for S, one has 
j'n--—24r/r5. PFXP =F7X t/r, 7X#=0. 


On the other hand, M, can be identified with the total moment M 
since for an infinite r the quadratic term M3 vanishes. Thus 
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It can be seen easily that for any sphere of radius r 
(44) f (à-r)rdS = = rAd. 


Therefore " 
(45) M = (4n/3)[— Qe X a) + (a X à] = 4«(a X 9). 


Since & is proportional to g’ and, other things being equal, g’ must 
be proportional to & we have obtained the result—known in the clas- 
sical theory: In the regular case, that is, with d' developable at infinity, 
the fluid reaction upon bodies moving at constant speed —é has a moment 
vector perpendicular to č and proportional to p and c?. - 

A more detailed discussion of this and related questions is beyond 
the scope of the present note. 


HARVARD UNIVERSITY 


DAVID HILBERT AND HIS MATHEMATICAL WORK 
HERMANN WEYL 


A great master of mathematics passed away when David Hilbert 
died in Göttingen on February the 14th, 1943, at the age of eighty- 
one. In retrospect it seems to us that the era of mathematics upon 
which he impressed the seal of his spirit and which is now sinking 
below the horizon achieved a more perfect balance than prevailed 
before and after, between the mastering of single concrete problems 
and the formation of general abstract concepts. Hilbert’s own work 
contributed not a little to bringing about this happy equilibrium, and 
the direction in which we have since proceeded can in many instances 
be traced back to his impulses. No mathematician of equal stature 
has risen from our generation. 

. America owes him much. Many young mathematicians from this 
country, who later played a considerable role in the development of 
American mathematice, migrated to Góttingen between 1900 and 
1914 to study under Hilbert. But the influence of his problems, his 
viewpoints, his methods, spread far beyond the circle of those who 
were directly inspired by his teaching. 

Hilbert was singularly free from national and racial prejudices; in 
all public questions, be they political, social or spiritual, he stood 
forever on the side of freedom, frequently in isolated opposition 
against the compact majority of his environment. He kept his head 
clear and was not afraid to swim against the current, even amidst 
the violent passions aroused by the first world war that swept so 
many other scientists off their feet. It was not mere chance that when 
the Nazis “purged” the German universities in 1933 their hand fell 
most heavily on the Hilbert school and that Hilbert's most intimate 
collaborators left Germany either voluntarily or under the pressure 
of Nazi persecution. He himself was too old, and stayed behind; but 
the years after 1933 became for him years of ever deepening tragic 
loneliness. 

It was another Germany in which he was born on January 23, 
1862, and grew up. Königsberg; the eastern outpost of Prussia, the 
city of Kant, was his home town. Contrary to the habit of most Ger- 
man students who used to wander from university to university, 
Hilbert studied at home, and it was in his home university that he 
climbed the first rungs of the academic ladder, becoming Privatdozent 
and in due time ausserordentlicher Professor. During his entire life 
he preserved uncorrupted the characteristic Baltic accent. His reputa- 
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tion as a leading algebraist was well established when on Felix Klein's 
initiative he was offered a full professorship at Góttingen in 1895. 
From then on until the end of his life Hilbert remained in Góttingen. 
He was retired in 1930. 

When one inquires into the dominant influences acting upon Hil- 
bert in his formative years one is puzzled by the peculiarly ambiva- 
lent character of his relationship to Kronecker: dependent on him, 
he rebels against him. Kronecker's work is undoubtedly of paramount 
importance for Hilbert in his algebraic period. But the old gentleman 
in Berlin, so it seemed to Hilbert, used his power and authority to 
stretch mathematics upon the Procrustean bed of arbitrary philosoph- 
ical principles and to suppress such developments as did not conform: 
Kronecker insisted that existence theorems should be proved by ex- 
plicit construction, in terms of integers, while Hilbert was an early 
champion of Georg Cantor's general set-theoretic ideas. Personal rea- 
sons added to the bitter feeling.! A late echo of this old feud is the 
polemic against Brouwer's intuitionism with which the sexagenarian 
Hilbert opens his first article on “Neubegrtindung der Mathematik” 
(1922) : Hilbert's slashing blows are aimed at Kronecker's ghost whom 
he sees rising from his grave. But inescapable ambivalence even here 
—while he fights him he follows him: reasoning along strictly intui- 
tionistic lines is found necessary by him to safeguard non-intuition- 
istic mathematics. 

More decisive than any other influence for the young Hilbert at 
Kénigsberg was his friendship with Adolf Hurwitz and Minkowski. 
He got his thorough mathematical training less from lectures, teach- 
ers or books, than from conversation. “During innumerable walks, 
at times undertaken day after day,” writes. Hilbert in his obituary 
on Hurwitz, “we roamed in these eight years through all the corners 
of mathematical science, and Hurwitz with his extensive, firmly 
grounded and well ordered knowledge was for us always the leader.” 
Closer and of a very intimate character was Hilbert's lifelong friend- 
ship with Minkowski. The Kónigsberg circle was broken up when 
Hurwitz in 1892 left for Zürich, soon to be followed by Minkowski. 
Hilbert first became Hurwitz's successor in Kónigsberg and then 
moved on to Góttingen. The year 1902 saw him and Minkowski 
reunited in Góttingen where a new chair of mathematics had been 
created for Minkowski. The two friends became the heroes of the 

.great and brilliant period which our science experienced during the 


t How Georg Cantor himself in his excitability suffered from Kronecker's opposi- 
tion is shown by his violent outbursts in letters to Mittag-Leffler; see A. Schoenflies, 
Die Krisis in Cantors mathematischem Schaffen, Acta Math. vol. 50 (1928) pp. 1-23. 
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following decade in Göttingen, unforgettable to those who lived 
through it. Klein, for whom mathematical research had ceased to be 
the central interest, ruled over it as a distant but benevolent god in 
the clouds. Too soon was this happy constellation dissolved by 
Minkowski's sudden death in 1909. In a memorial address before 
the Göttingen Gesellschaft der Wissenschaften, Hilbert spoke thus 
about his friend: “Our science, which we loved above everything, had 
brought us together. It appeared to us as a flowering garden. In this 
garden there are beaten paths where one may look around at leisure 
and enjoy oneself without effort, especially at the side of a.congenial 
companión. But we also liked to seek out hidden trails and discovered 
many a novel view, beautiful to behold, so we thought, and when we 
pointed them out to one another our joy was perfect." . 

I quote these words not only as testimony of a friendship ot- rare 
depth and fecundity that was based on common scientific interest, 
but also because I seem to hear in them from afar the sweet flute of 
the Pied Piper that Hilbert was, seducing so many rats to follow him 
into the deep river of mathematics. If examples are wanted let me 
tell my own story. I came to Góttingen as a country lad of eighteen, 
having chosen that university mainly because the director of my high 
school happened to be a cousin of Hilbert's and had given me a letter 
of recommendation to him. In the fullness of my innocence and ignor- 
ance I made bold to take the course Hilbert had announced for that 
term, on the notion of number and the quadrature of the circle. Most 
of it went straight over my head. But the doors of a new world swung 
open for me, and I had not sat long at Hilbert's feet before the resolu- 
tion formed itself in my young heart that I must by all means read 
and study whatever this man had written. And after the first year 
I went home with Hilbert's Zahlbericht under my arm, and during the 
summer vacation I. worked my way through it—without any previous 
knowledge of elementary number theory or Galois theory. These were 
the happiest months of my life, whose shine, across years burdened 
with our common share of doubt and failure, still comforts my soul. 

The impact of a scientist on his epoch is not directly proportional 
to the scientific weight of his research. To be sure, Hilbert's mathe- 
matical work is of great depth and universality, and yet his tremen- 
dous influence is not accounted for by it alone. Gauss and Riemann, 
to mention two other Géttingers, are certainly of no lesser stature 
than Hilbert, but they made little stir among their contemporaries 
and no “school” of devoted followers formed around them. No doubt 
this is due in part to the changing conditions of time, but the charac- 
ter of the men is probably more decisive. A taste for solitude, even 
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obscurity, is in no way irreconcilable with great creative gifts. But 
Hilbert's was a nature filled with the zest of living, seeking intercourse 
with other people, above all with younger scientists, and delighting 
in the exchange of ideas. Just as he had learned from Hurwitz, so he 
taught his own pupils, at least those in whom he took a deeper per- 
' sonal interest: on far-flung walks through the woods surrounding 
, Göttingen or, on rainy days, as “peripatetics” in his covered garden 
walk. His optimism, his spiritual passion, his unshakable faith in the 
` supreme value of science, and his firm confidence in the power of 
reason to find simple and clear answers to simple and clear questions 
' were irresistibly contagious. If Kant through critique and analysis 
arrived at the principle of the supremacy of practical.reason, Hilbert 
incorporated, as it were, the supremacy of pure reason—sometimes 
with laughing arrogance (arrogancta in the Spanish sense), sometimes 
with the ingratiating smile of intellect’s spoiled child, but most of the 
time with the seriousness of a man who believes and must believe in 
what is the essence of his own life. His enthusiasm was compatible 
with critical acumen, but not with scepticism. The snobbish attitude 
of pretended indifference, of “merely fooling around with things,” or 
` even of playful cynicism, were unknown in his circle. You had better 
think twice before you uttered a lie or an empty phrase to him: his 
directness could be something to be afraid of. He was enormously 
industrious and liked to quote Lichtenberg’s saying: “Genius is in- 
. dustry.” Yet for all this there was light and laughter around him. He 
had great suggestive power; it sometimes lifted even mediocre minds 
high above their natural level to astonishing, though isolated achieve- 
ments. I do not.remember which mathematician once said to him: 
“You have forced us all to consider important those problems which 
you considered important." His vision and experience inspired con- 
fidence in the fruitfulness of the hints he dropped. He did not hide 
his light under a bushel. In his papers one encounters not infrequently 
utterances of pride in a beautiful or unexpected result, and in his 
legitimate satisfaction he sometimes did not give to his predecessors 
on whose ideas he built all the credit they deserved. The problems 
of ‘mathematics are not isolated problems in a vacuum; there pulses 
in them the life of ideas which realize themselves 4n concreto through 
our human endeavors in;our historical existence, but forming an in- 
dissoluble whole transcend any particular science. Hilbert had the 
power to evoke this life; against it hé measured his individual sci- 
entific efforts and felt responsible for it in his own sphere. In this 
sense he was a philosopher, not in the sense of adhering to one of the 
established epistemological or metaphysical doctrines. Does not in 


616 — DAVID HILBERT AND HIS MATHEMATICAL WORK [September 


such personal qualities of the academic teacher, rather than in any 
. objectivities or universally accepted metaphysics, lie the answer to 
Hutchins’s quest for a true universitas literarum? 

Were it my aim to give a full picture of Hilbert’s personality I 
should have to touch upon his attitude regarding the g-eat powers in 
the lives of men: social and political organization, art, religion, morals 
and manners, family, friendship, love, and I should also probably 
have to indicate some of the shadows cast by so much light. I wanted 
merely to sketch the mathematical side of his personelity in an at- 
tempt to explain, however incompletely, the peculiar charm and the 
enormous influence which he exerted. In appraising the latter one 
must not overlook the environmental factor. A German university in 
a small town like Géttingen, especially in the halcyon days before 
1914, was a favorable milieu for the development of a scientific school. 
The high social prestige of the professors and everything connected 
with the university created an atmosphere the like of which has 
hardly ever existed in America. Ánd once a band of disciples had 
gathered around Hilbert, intent on research and little worried by the 
chore of teaching, how could they fail to stimulate one another! We 
have seen the same thing happening here at Princeton during the first 
years of the Institute for Advanced Study; there is a kind of snowball 
effect in the formation of such condensation points of scientific re- 
search. 

Before givíng a more detailed account of Hilbert's wo-k, it remains 
to characterize in a few words the peculiarly Hilbertian brand of 
mathematical thinking. It is reflected in his literary style which is 
one of great lucidity. It is as if you were on a swift welk through a 
sunny open landscape; you look freely around, demarcation lines 
and connecting roads are pointed out to you, before you must brace 
yourself to climb the hill; then the path goes straight up, no ambling 
around, no detours. His style has not the terseness of many of our 
modern authors in mathematics, which is based on the assumption 
that printer's labor and paper are costly but the reader’s effort and 
time are not. In carrying out a complete induction Hilbert finds time 
to develop the first two steps before formulating the geaeral conclu- 
sion from 5 to n+1. How many examples illustrate the fundamental 
theorems of his algebraic papers—examples not constructed ad hoc, 
but genuine ones worth being studied for their own sake! 

In Hilbert's approach to mathematics, simplicity and rigor go hand 
in hand. The generation before him, nay even most aralysts of his 
time; felt the growing demand for rigor imposed upon analysis by the 
critique of the 19th century, which culminated in Weierstrass, as a 
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heavy yoke that made their steps dragging and awkward. Hilbert 
did much to change that attitude. In his famous address, Mathe- 
matische Probleme, delivered before the Paris Congress in 1900, he 
stresses the importance of great concrete fruitful problems. *As long 
as a‘branch of science,” says he, “affords an abundance of problems, 
it is full of life; want of problems means death or cessation of inde- 
* pendent development. Just as every human enterprise prosecutes 
final aims, so mathematical research needs problems. Their solution 
steels the force of the investigator; thus he discovers new methods 
and viewpoints and widens his horizon.” “One who without a definite 
problem before his eyes searches for methods, will probably search in 
vain.” The methodical unity of mathematics was for him a matter of 
belief and experience. Again I quote his own words: “The question 
is forced upon us whether mathematics is once to face what other sci- 
ences long ago experienced, namely the falling apart into subdivisions 
whose representatives are hardly able to understand each other and 
whose connections for this reason will become ever looser. I neither 
wish nor believe it. The science of mathematics as I see it is an indivis- 
ible whole, an organism whose ability to survive rests on the connec- 
tion between its parts.” A characteristic feature of Hilbert’s method is 
a peculiarly dtrect attack on problems, unfettered by algorithms; he 
always goes back to the questions in their original simplicity. An out- 
standing example is his salvage of Dirichlet’s principle which had 
fallen a victim of Weierstrass’s criticism, but his work abounds in 
similar examples. His strength, equally disdainful of the convulsion 
of Herculean efforts and of surprising tricks and ruses, is combined 
with an uncompromising purity. 

Hilbert helped the reviewer of his work greatly by seeing to it that 
` it is rather neatly cut into different periods during each of which 
he was almost exclusively occupied with one particular set of prob- 
lems. If he was engrossed in integral equations, integral equations 
seemed everything; dropping a subject, he dropped it for good and 
turned to something else. It was in this characteristic way that he 
achieved universality. I discern five main periods: i. Theory of in- 
variants (1885-1893). ii. Theory of algebraic number fields (1893— 
1898). iii. Foundations, (a) of geometry (1898-1902), (b) of mathe- 
matics in general (1922—1930). iv. Integral equations (1902-1912). 
v. Physics (1910-1922). The headings are a little more specific than 
they ought to be. Not all of Hilbert's algebraic achievements are 
directly related to invariants. His papers on calculus of variations 
are here lumped together with those on integral equations. And of 
course there are some overlappings and a few stray children who break 
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the rules of time, the most astonishing his proof of Waring's theorem 
in 1909. 

- His Paris address on “Mathematical problems” quoted above 
straddles all fields of our science. Trying to unveil what the future 
would hold in store for us, he posed and discussed twenty-three un- 
solved problems which have indeed, as we can now state in retrospect, 
played an important role during the following forty odd years. A : 
mathematician who had solved one of them thereby passed on to the 
-honors class of the mathematical community. i 
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THEORY OF INVARIANTS 


The classical theory of invariants deals with polynomials J 
= J(%1- +--+ x,) depending on the coefficients xj, * * - , x4 of one or 
several. ground forms of a given number of arguments 95 * * * , no 
Any linear substitution s of determinant 1 of the g arguments in- 
duces a certain linear transformation U(s) of the variable coefficients 
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Hi +++, Xs xx = U(s)s, whereby J=J(x1 + - - xa) changes into a 
new form J(xi «--xJ)-—J'*(xi-* x). J is an invariant if =J 
for every s. (The restriction to unsmodular transformations s enables 
one to avoid the more involved concept of relative invariants and to 
remove the restriction to homogeneous polynomials, with the con- 
venient consequence that the invariants form a ring.) The classical 
problem is a special case of the general problem of invariants in which 
s ranges over an arbitrary given abstract group T and s—U(s) is any 
representation of that group (that is, a law according to which every 
element s of T' induces a linear transformation U(s) of the n variables 
Xu ** +, Xa such that the composition of group elements is reflected 
in composition of the induced transformations). The development be- 
fore Hilbert had led up to two main theorems, which however had 
been proved in very special cases only. The first states that the in- 
variants have a finite integrity basis, or that we can pick a finite number 


among them, say #1, * +: , $4, such that every invariant J is expressi- 
- ble as a polynomial in 4, * - + , £4. An identical relation between the 
basic invariants 4j * + - , 44 is a polynomial F(z: +++ zm) of m inde- 
pendent variables gı, - - + , 3. which vanishes identically by virtue of 
the substitution 
z = ihar i x) s Zn = d.i £a). 


Thé second main theorem asserts that the relations have a finite ideal 
basis, or that one can pick a finite númber among them, say 


Fı, +++, Fa, such that every relation F is expressible in the form 
(1) F = QFı + -+ OFr, 
the Q; being polynomials of the variables sı, © - - , Zm. 


I venture the guess that Hilbert first succeeded in proving the sec- 
ond theorem. The relations F form a subset within the ring 
k[s :* ^ z4] of all polynomials of z;, - --, z, the coefficients of 
which lie in a given field k. When Hilbert found his simple proof he 
could not fail to notice that it applied to any set of polynomials X 
. Whatsoever and he thus discovered one of the most fundamenta! 
theorems of algebra, which was instrumental in ushering in our mod- 
ern abstract approach, namely: 


(A) Every subset È of the polynomial ring k[s: - - - 3a] has a finite 
1deal basis. 
Is it bad metaphysics to add that his proof turned out so simple 


because the proposition holds in this generality? The proof proceeds 
‘by the adjoining of one variable z; after the other, the individual step 
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being taken care of by the statement: If a given ring 7 satisfies the 
condition (P): that every subset of r has a finite ideal basis, then 
the ring r[s] of polynomials of a single variable z with coefficients 
in r satisfies the same condition (P). Once this is established one gets 
not only (À) but also an arithmetic refinement discussed by Hilbert 
in which the field k of rational numbers is replaced by the ring of ra- 
tional integers. 


The subset X of relations to which Hilbert applies his theorem (A) E: 


is itself an deal, and thus the ideal ( Fy, - - - , Fa}, that is, the totality 
of all elements of the form (1), Q; e k[zi - + - Zm], not only contains, 
but coincides with, 2. The proof, however, ds even if È is not an 
ideal, and yields at one stroke (1) the enveloping ideal {=} of È and 
(2) the reduction of that ideal to a finite basis, (Z] = (A, e., FA]. 

Construction of a full set of relations Fi, * - - , Fa would Aridh the 
investigation of the algebraic structure of the ring of invariants were 
it true that any relation F can be represented in the form (1) in one 
way only. But since, generally speaking, this is not so, we must ask 
for the “vectors of polynomials” M=(M, -::, Ma) for which 
MiF,+ - ++ +M,Fs vanishes identically in z (syzygy of first order). 
These linear relations M between Fi, - - - , Fa again form an ideal to 
which Theorem (A) is applicable, the basis of the M thus obtained 
giving rise to syzygies of the second order. To the first two main 
theorems Hilbert adds a third to the effect that if redundance is 
avoided, the chain of syzygies breaks off after at most m steps. 

All this hangs in the air unless we can establish the first matn theo- 
rem, which is of an altogether different character because it asks for 
an integrity, not an ideal basis. Discussing invariants we operate in 
the ring b; —k[xi +--+ xn] of polynomials of xı, - ++, x, in a given 
field k. Hilbert applies his Theorem (A) to the totality 3 of all in- 
variants J for which J(0, - - - , 0) —0 (a subring of k, which, by the 
way, is not an ideal!) and tos determines an ideal basis #1, - - * , tm 
of 3. Each of the invariants $£—4, may be decomposed into a sum 
i= 434 -` of homogeneous forms of degree 1, 2, - - - , and 
as the summands are themselves invariants, the 4, may be assumed 
to be homogeneous forms of degrees v. Z: 1. Hilbert then claims that 
the £,**-, £4 constitute an integrity basis for all invariants. I use a 
finite group T' consisting of N elements s (although this case of the 
general problem of invariants was never envisaged by Hilbert him- 
self) in order to illustrate the idea by which the transition is made. 
Every invariant J is representable in the form 


(2) J =c + Li + emus + Lmin (L; t ks) 
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where c is the constant J(0). If J is of degree v one may lop off in L, 
all terms of higher degree than »y—», without destroying the equation. 
If it were possible by some process to change the coefficients L in (2) 
into invariants, the desired result would follow by induction with re- 
spect to the degree of J. In the case of a finite group such a process is 
readily found: the process of averaging. The linear transformation 
U(s) of the variables xi, - - * , x, induced by s carries (2) into 


ne oe feud Ld 


Summation over s and subsequent division by the number N yields 
the relation 


Jed d deze 
where 


» 1 i 
L = Died. 


It is of the same nature as (2), except for the decisive fact that accord- 
ing to their formation the new coefficients L* are invariants.? 

Actually Hilbert had to do, not with a finite group but with the 
classical problem in which the group T consists of all linear trans- 
formations s of g variables gi, - - - , ng, and instead of the averaging 
process he had to resort to a differentiation process invented by 
Cayley, the so-called Cayley Q-process, which he skillfully adapted 
for his end. (It is essential in Cayley’s process that the g? components 
of the matrix s are independent variables; instead of the absolutely 
invariant polynomials J one has to consider relatively invariant 
homogeneous forms each of which has a definite degree and weight.) 

Hilbert’s theorem (A) is the foundation stone of the general theory 
of algebrasc manifolds. Let us now think of k more specifically as the 
field of all complex numbers. It seems natural to define an algebraic 
" manifold in the space of » coordinates xi, ---,x, by a number of 
simultaneous algebraic equations f1=0, - - + , f,=0 (f; e ke). Accord- 
ing to Theorem (A), nothing would be gained by admitting an infinite 
number of equations. Let us denote by Z(fi, - - + , fa) the set of points 
x= (xi ` * `, £a) where fi, - + > , fa and hence all elements of the ideal 
y- (^, t E vanish simultaneously. g vanishes on Z(fi, © ©, fx) 
whenever ge {fi, - - - , fa}, but the converse is not generally true. For 

3 The example of finite groups is used here as an illustration only. Indeed, a direct 
elementary proof of the first main theorem for finite groups that makes no use of 
Hilbert's principle (A) has been given by E. Noether, Math. Ann. vol. 77 (1916) 
p. 89. In dividing by N we have assumed the field & to be of characteristic zero. 


, 
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instance x, vanishes wherever a1 does, and yet x; is nct of the form 
x3 -qlar - - * x4). The language of the algebraic geometers distinguishes 
here between the simple plane-x1=0 and the triple plane, although 
the point set is the same in both cases. Hence what they actually 
mean by an algebraic manifold is the polynomial ideal and not the 
point set of its zeros. But even if one cannot expect that every poly- 
nomial g vanishing on Z(fi, © - + , fa) =Z(F) is contained in the ideal , 
J= LA, ++, fa] one hopes that at least some power of g will be. 
Hilbert's “Nullstellensatz” states that this is true, at least if k is the 
field of complex numbers. It holds in an arbitrary coefficient field k 
provided one admits points x the coordinates x; of which are taken 
from k or any algebraic extension of k. Clearly this Nullstellensatz goes 
to, the root of the very concept of algebraic manifolds.? 

‘Actually Hilbert conceived it as a tool for the investigation of in- 
variants. Ás we are now dealing with the full linear group let us con- 
sider homogeneous invariants only and drop the adjective homogene- 
ous. Exclude the constants (the invariants of degree 0). Suppose we 
have ascertained » non-constant invariants Ji,---, J, such that 
every non-constant invariant vanishes wherever they vanish simul- 
‘taneously. An ideal basis of the set 3 of all non-constant invariants 
certainly meets the demand, but a system Jı, - - ©, J, may be had 
much more cheaply. Indeed, by a beautiful combination of ideas 
Hilbert proves that if for a given point x=Ẹx? there exists at all an 
invariant which neither vanishes for x —x? nor reduces to a constant, 
then there exists such an invariant whose weight does not exceed a 
certain a priori limit W (for example, W=9n(3n+1)8 for a ternary 
ground form of order n). Hence the Ji, - * - , J, may be chosen from 
the invariants of weight not greater than W, and they thus come 
within the grasp of explicit algebraic construction. 

When Hilbert published his proof for the existence of a finite ideal 
basis, Gordan the formalist, at that time looked upon as the king of 
invariants, cried out: "This is not mathematics, it is theology!" 
Hilbert remonstrated then, as he did all his life, against the dis- 
paragement of existential arguments as “theology,” but we see how, 
by digging deeper, he was able to meet Gordan's constructive de- 
mands. By combining the Nullstellensatz with the Cayley process he 
further showed that every invariant J is an integral algebraic (though 
not an integral rational) function of Ji, * * * , Ja, satisfying an equa- 
tion : d 


* B. L. van der Waerden's book Moderne Algebra, vol. 2, 2nd ed., 1940, gives on 
pp. 1-72 an excellent account of the general algebraic concepts and facts with which 
we are here concerned. 
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in which the G's are polynomials of. Ji, - - - , J,. Hence it must be 
possible by suitable algebraic extensions to pass from Ji, © > * , Ja to 
a full integrity basis. From there on familiar algebraic patterns such 
as were developed by Kronecker and as are amenable to explicit con- 
struction may be followed. 

After the formal investigations from Cayley and Sylvester to 
Gordan, Hilbert inaugurated a new epoch in the theory of invariants. 
Indeed, by discovering new ideas and introducing new powerful meth- 
ods he not only brought the subject up to the new level set for algebra 
by Kronecker and Dedekind, but made such a thorough job of it 
that he all but finished it, at least as far as the full linear group is con- 
cerned. With justifiable pride he concludes his paper, Ueber die vollen 
Invarianiensysteme, with the words: “Thus I believe the most im- 
portant goals of the theory of the function fields generated by in- 
variants have been attained," and therewith quits the scene.* 

Of later developments which took place after Hilbert quit, two 
main lines seem to me the most important: (1) The averaging process, 


. which we applied above to finite groups, carries over to continuous 


compact groups. By this transcendental process of integration over 
the group manifold, Adolf Hurwitz treated the real orthogonal group. 
The method has been of great fertility. The simple remark that in- 
variants for the real orthogonal group are eo sso also invariant under 
the full complex orthogonal group indicates how the results can be 
transferred even to non-compact groups, in particular, as it turns out, 
to all semi-simple Lie groups. (2) Today the theory of invariants for 
arbitrary groups has taken its natural place within the frame of the 
theory of representations of groups by linear substitutions, a develop- 
ment which owes its greatest impulse to G. Frobenius. 

Although the first main theorem has been proved for wide classes 
of groups I we do not yet know whether it holds for every group. 
Such attempts as have been made to establish it in this generality 


` were soon discovered to have failed. A promising line for an algebraic 


attack is outlined in item 14 of Hilbert's Paris list of Mathematical 
Problems. 

Having dwelt in such detail on Hilbert's theory of invariants, we 
must be brief with regard to his other, more isolated, contributions to 
algebra. The first paper in which the young algebraist showed his real 

* I recommend to the reader's attention a brief résumé of his invariant-theoretic 
work which Hilbert himself wrote for the International Mathematical Congress held 


at Chicago in conjunction with the World Fair in 1893; Collected Papers, vol. 2, 
item 23. p 
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mettle concerns the conditions under which a form w.th real coeffi- 
cients is representable as a sum of squares of such forms, in particular 
with the question whether the obviously necessary condition that the 
form be positive for all real values of its arguments is sufficient. By 
ingenious continuity arguments and algebraic constructions Hilbert 
finds three special cases for which the answer is affirmative, among 
them of course the positive definite quadratic forms, but counter- 
examples for all other cases. Similar methods recur :n two papers 
dealing with the attractive problem of the maximum rumber of real 
ovals of an algebraic curve or surface and their mvtual position. 
Hilbert conjectured that, irrespective of the number of variables, 
every rational function with real (or rational) coefficients is a sum 
of squares of such functions provided its values ar» positive for 
real values of the arguments; and in his Grundlagen der Geometrie 
he pointed out the role of this fact for the geometric constructions 
' with ruler and “Eichmass.” Later O. Veblen conceived, as the basis 
of the distinction between positive and negative in any field, the 
axiom that no square sum equals zero. Independently o? him, E. Artin 
and O. Schreier developed a detailed theory of such “real fields,” and 
by means of it Artin succeeded in proving Hilbert's ccnjecture.§ 

In passing I mention Hilbert’s irreducibility theorem according to 
which one may substitute in an irreducible polynomial suitable in- 
tegers for all of the variables but one without destroying the irreduci- 
bility of the polynomial, and his paper on the solution cf the equation 

‘of ninth degree by functions with a minimum number of arguments. 
They became points of departure for much recent zlgebraic work 
(E. Noether, N. Tschebotareff and others). Finally, :t ought to be 
recorded that on the foundations laid by Hilbert a detailed theory of 
polynomial ideals was erected by E. Lasker and F. S. Macaulay which 
in turn gave rise to Emmy Noether’s general axiomatic theory of 
ideals. Thus in the field of algebra, as in all other fields, Hilbert's con- 
ceptions proved of great consequence for the further development. 


ALGEBRAIC NUMBER FIELDS 


When Hilbert, after finishing off the invariants, turned to the the- 
ory of algebraic number fields, the ground had been laid by Dirichlet's 
analysis of the group of units more than forty years before, and by 
Kummer's, Dedekind's and Kronecker's introduction of ideal di- 
visors. The theory deals with an algebraic field x over the field k 


* O. Veblen, Trans. Amer. Math. Soc. vol. 7 (1906) pp. 197-199. E. Artin and 
O. Schreier, Abh. Math. Sem. Hamburgischen Univ. vol. 5 (1926) pp. 85-99; E. Artin, 


. ibid. pp. 100-115. 


= 


^ 


1944] DAVID HILBERT AND HIS MATHEMATICAL WORK 625 


of rational numbers. One of the most important general results be- 
yond the foundations had been discovered by Dedekind, who showed 
that the rational prime divisors of the discriminant*of x are at the 
same time those primes whose ideal prime factors in « are not all 
distinct (ramified primes). 7 being a rational prime, the adjunction 
to x of the ith root of a number æ in x yields a relative cyclic field 
K=x(a"") of degree } over x, provided x contains the lih root of unity 
¢ =e! (and according to Lagrange, the most general relative cyclic 
field of degree } over x is obtained in this fashion). It may be said that 
it was this circumstance which forced Kummer, as he tried to prove 
Fermat's theorem of the impossibility of the equation a!4-8! —y!, to 
pass from the rational ground field & to the cyclotomic field x; — &(() 
and then to conceive his ideal numbers in x; and to investigate 
whether the number of classes of equivalent ideal numbers in x; is 
prime to J. Hilbert sharpened his tools in resuming Kummer's study 
of the relative cyclic fields of degree Z over x;, which he christened 
“Kummer fields.” 

His own first important contribution was a theory of relative Galois 
fields K over a given algebraic number field x. His main concern is 
the relation of the Galois group T of K/x to the way in which the 
prime ideals of x decompose in K. Given a prime ideal $ in K of rela- 


. tive degree f, those substitutions s of T for which sB= form the 


splitting group. A always in Galois theory one constructs the corre- 
sponding subfield of K/x (splitting field), to which a number of K 
belongs if it is invariant under all substitutions of the splitting group. 
The substitutions ¢ which carry every integer A in K into one, tA, 
that is congruent to A mod $ form an invariant subgroup of the 
splitting group of index f, called the inertial group, and the corre- 
sponding field (inertial field) is sandwiched in between the splitting 
field and K. Let p be the prime ideal in x into which $ goes, and $° 
the exact power of $ by which p is divisible. I indicate the nature of 
Hilbert's results by the following central theorem of his: In the 
splitting field of $$ the prime ideal p in x splits off the prime factor 
p* = P“ of degree 1 (therefore the namel); in passing from the splitting 
to the inertial field p* stays prime but its degree increases to f; in 
passing from the inertial to the full field K, p* breaks up into e equal 
prime factors $ of the same degree f. For later application I add the 
following remarks. If P goes into p in the first power only, e —1 (which 
is necessarily so provided p is not a divisor of the relative discriminant 
of K/«), then the inertial group consists of the identity only. In that 
case the theory of Galois's strictly finite fields shows that the splitting 
group is cyclic of order f and that its elements 1, s, 53, +--+, s/^! are 
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uniquely determined by the congruences 
SÀmAP, „PAE BP sev (mod 8) 


holding for every integer A. Here P is the number of residues in x 
modulo p and thus P’ the number of residues in K modulo $. Today 
we call s—ae($9) the Frobenius substitution of P; it is of paramourt 
importance that one particular generating substitution of the splitting 
group may thus be distinguished among all others. One readily secs 
that for any substitution u of the Galois group e(u) =u-!-o() -s. 
Thus if the Galois field K/x is Abelian, the substitution o(®) =0(u{) 
depends on p only and may be denoted by (E). 

In 1893 the Deutsche Mathematiker-Vereinigung asked Hilbert and 
Minkowski to submit within two years a report on number theory. 
Minkowski dropped out after a while. Hilbert's monumental report 
Die Theorie der algebraischen Zahlkürper appeared in the Jahres 


` berichte of 1896 (the preface is dated April 1897). What Hilber- 


accomplished is infinitely more than the Vereinigung could have ex- 
pected. Indeed, his report is a jewel of mathematical literature. Ever. 
today, after almost fifty years, a study of this book is indispen 


` sable for anybody who wishes to master the theory of algebraic num 


F 


bers. Filling the gaps by a number of original investigations, Hilber- 
welded the theory into an imposing unified body. The proofs of al 
known theorems he weighed carefully before he decided in favor oz 


those “the principles of which are capable of generalization and the 


most useful for further research.” But before such a selection coulc 
be made, that “further research” had to be carried out! Meticulous 
care was given to the notations, with the result that they have beer 
universally adopted (including, to the American printer’s dismay, the 
German letters for ideals!) He greatly simplified Kummer's theory, 
which rested on very complicated calculations, and he introduced 
those concepts and proved a number of those theorems in which we 
see today the foundations of a general theory of relative Abelian. 
fields. The most important concept is the norm residue symbol, a 
pivotal theorem on relative cyclic fields, his famous Satz 90 (Collected. 
Works, vol. I, p. 149). From the preface in which he describes the 
general character of number theory, and the topics covered by his 
report in particular, let me quote one paragraph: 

"The theory of number fields is an edifice of rare beauty and js 
mony. The most richly executed part of this building, as it appears 
to me, is the theory of Abelian fields which Kummer by his work on 
the higher laws of reciprocity, and Kronecker by his investigations 


ees . 
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on the complex multiplication of elliptic functions, have opened up to 
us. The deep glimpses into the theory which the work of these two 
mathematicians affords reveals at the same time that there still lies 
an abundance of priceless treasures hidden in this domain, beckoning 
as a rich reward to the explorer who knows the value of such treasures 
and with love pursues the art to win them.” 

Hilbert himself was the miner who during the following two years 
brought to light much of the hidden ore. The analogy with the corre- 
sponding problems in the realm of algebraic functions of one variable 
where Riemann’s powerful instruments of topology and Abelian in- 
tegrals are available was for him a guiding principle throughout (cf. 
his remarks in item 12 of his Paris Problems). It is a great pleasure to 
watch how, step by step, advancing from the special to the general, 
Hilbert evolves the adequate concepts and methods, and the essential 
conclusions emerge. I mention his great paper dealing with the rela- 
tive quadratic fields, and his last and most important Ueber die The- 
orte der relativ Abelschen Zahlkürper. On the basis of the examples he 
carried through in detail, he conceived as by divination and formu- 
lated the basic facts about the so-called class fields. Whereas Hilbert's 
work on invariants was an end, his work on algebraic numbers was 
a beginning. Most of the labor of such number theorists of the last 
decades, as Furtwüngler, Takagi, Hasse, Artin, Chevalley, has been 
devoted to proving the results anticipated by Hilbert. By deriving 
from the [-function the existence of certain auxiliary prime ideals, 
Hilbert had leaned heavily on transcendental arguments. The sub- 
sequent development has gradually eliminated these transcendental 
methods and shown that though they are the fitting and powerful 
tool for the investigation of the distribution of prime ideals they are 
alien to'the problem of class fields. In attempting to describe the main 
issues I shall not ignore the progress and simplification due to this 
later development. 

Hilbert's theory of norm residues is based on the following discov- 
eries of his own: (1) he conceived the basic idea and defined the norm 
residue symbol for all non-exceptional prime spots; (2) he realized the 
necessity of introducing infinite prime spots; (3) he formulated the 
general law of reciprocity in terms of the norm symbol; (4) he saw 
that by means of that law one can extend the definition of the norm 
. symbol to the exceptional prime spots where the really interesting 
things happen.—It was an essential progress when E. Artin later (5) 
replaced the roots of unity by the elements of the Galois group as 
values of the residue symbol. In sketching Hilbert's problems I shall 
make use of this idea of Artin’s and also of the abbreviating language 
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of (6) Hensel’s p-adic numbers and (7) Chevalley's idéles.® 

As evérybody knows an integer a indivisible by the prime p #2 is 
said to be a quadratic residue if the congruence x?zxa (mod p) is sol- 
vable. Gauss introduced the symbol ($) which has the value +1 or —1 
according to whether a is a quadratic residue or non-residue mod p, 
and observed that it isa character, ¢)-(¢) =(). Indeed, the f resi- 
dues modulo p—as whose representatives one may take 0, 1,-:-, 
(p—1)—form a field, and after exclusion of 0 a grout in which the 
quadratic residues form a subgroup of index 2. Let K —k(b!?) be a 
quadratic field which arises from the rational ground field & by ad- 
junction of the square root of the rational number b. An integer a0 
is called by Hilbert a p-adic norm in K if modulo amy given power 
of p it is congruent to the norm of a suitable integer in K. He sets 
@*) = +1 if a is p-adic norm, —1 in the opposite case, and finds 
that this p-adic norm symbol again is a character. The investigation 
of numbers modulo arbitrarily high powers of p was svstematized by 
K. Hensel in the form of his p-adic numbers, and I repeat Hilbert's 
definition in this language: “The rational number a0, or more gen- 
erally the p-adic number a, 740, is a p-adic norm in K if the equation 


a, = Nm (x + ybi?) = x1 — by? 


has a p-adic solution x—x,, y —y,; the norm symbol (a, K) equals 
+1 or —1 according to whether or not a, is (p-adic) norm in K." 
The p-adic numbers form a field k(p) and after exclusion of 0 a multi- 
plicative group G, in which, according to Hilbert's result, the p-adic 
norms in K form a subgroup of index 2 or 1. The cyclic nature of the 
factor group is the salient point. One easily finds that the p-adic 
squares form a subgroup G; of index 4 if p2, of index 8 if p=2, 
and thus the factor group G,/G} is not cyclic and cculd not be de- 
scribed by a single character. Of course every p-adic square is a p-adic 
norm in K. Both steps, the substitution of K-norms for squares and 
the passage from the modulus p to arbitrarily high pcwers of p; the 
first step amounting to a relaxation, the second to a sharpening of 
Gauss's condition for quadratic residues; are equally significant for 
the success of Hilbert's definition. 

Every p-adic number a, +0 is of the form ^-e, whe-e e, is a p-adic 
unit, and thus a, is of a definite order h (at p). An ordinary rational 
number a coincides with a definite p-adic number I,(c) =a,. Here I, 
symbolizes a homomorphic projection of k into k(p): 


Ipla + a) = Ipla) + Ipla’), I,(aa’) = I,(a;-I,(a’). 


* The latest account of the theory is C. Chevalley's paper La théorie du corps de 
classes, Ann. of Math. vol. 41 (1940) pp. 394—418. 


~ an 
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The character (**) is identical with (I,(a), K). 

We come to Hilbert’s second discovery: he realized that simple laws 
will not result unless one adds to the “finite prime spots” p one infinite 
prime spot g. By definition the g-adic numbers are the real numbers 
and J,(a) is the real number with which the rational number a co- 
incides. Hence the real number a, is a q-adic norm in K if the equation 
@,=x*?— by? has a solution in real numbers x, y. Clearly if b>0 or K 
is real, this is the case for every a,; if however b <0 or K is imaginary, 
only the positive numbers a, are g-adic norms. Hence 


(ag, K) = 1 if K real; (a4, K) = sgn a, if K imaginary. 


The fact that the norm symbol is a character is thus much more easily 
verified for the infinite prime spot than for the finite ones. 

Hilbert’s third observation is to the effect that Gauss’s reciprocity 
law with its two supplements may be condensed into the elegant 
formula 


K 
©  . —IaGo2-I(*2)-: 


the product extending over the infinite and all finite prime spots p. 
There is no difficulty in forming this product because almost all fac- 
tors (that is, all factors with but a finite number of exceptions) equal 
unity. Indeed, if the prime p does not go into the discriminant of K, 
then (ap, K) —1 for every p-adic unit ap. Formula (3) is the first real 
vindication for the norm residue idea, which must have given Hilbert 


. the assurance that the higher reciprocity laws had to be formulated 


in terms of norm residues. 

A given rational number a assigns to every prime spot f a p-adic 
number a; — (a). On which features of this assignment does one rely 
in forming the product (3)? The obvious answer is given by Cheval- 
ley’s notion of ¢déle: an id?le a is a function assigning to every prime 
spot p a p-adic number a,+0 which is a p-adic unit for almost all 
prime spots p. The idèles form a multiplicative group Jy. By virtue 
of the assignment a,=J,(a) every rational number a0 gives rise to 
an idéle, called the principal tdéle a. With the idèles a at our disposal 
we might as well return to the notation (25X) for (ap, K). The formula 


(4) dx(8) e (4, E) « [T (a5, K) TT (7) 


defines a character óx, the norm character, in the group J; of all 
idéles. The reciprocity law in Hilbert's form (3) maintains that 
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(5) (a, K) 21 


if a is principal. By the very definition of the norm symbol (ap, K) the 
same equation holds if @ is a norm in K, that is, if a, is a p-adic norm 
in K for every prime spot f. Two idéles a, a’ are said to be equivalent, 
a~a’,if their quotient a/a-!is principal. Let us denote by NmJx the 
group of all idéles which are equivalent to norms in K. Then (5) holds 
for all idèles a of NmJx; it would be good to know that it holds for 
no other idéles, or, in other words, that NmJx is a subgroup of J; of 
index 2. 

The stage is now reached where the experiences gathered for a ' 
quadratic field K over the rational ground field & may be generalized 
to any relative Abelian field K over a given algebraic number field 
K- k(0). First a word about the infinite prime spots of x. The defining 
equation f(0) =0, an irreducible equation in k of some degree m, has m 
distinct roots 0^, 0^, - - - , 9€? in the continuum of complex numbers. 
Suppose that r of them are real, say 0’, - -> , 00. Then each element 
a of x has its r real conjugates o, ---, a, and a arises from « 
by a homomorphic projection I“ of x into the field of all real numbers, 


aa = IOa) (1, n. 


We therefore speak of r real infinite prime spots q’, * * - , q(? with the 
corresponding projections I’=I,y,---, I; the fields x(q), ++, 
x(q) are identical with the field of all real numbers. Thus «a is 
an nth q'-adic power if the equation o' —£'* has a real solution $’. 
One sees that this imposes a condition only if » is even, and then re- 
quires a’ to be positive. (In the complex domain the equation is 
always solvable whether » be even or odd, and that is the reason why 
we ignore the complex infinite prime spots altogether.) 

The finite prime spots are the prime ideals p of x. In studying a 
Galois field K/x of relative degree n we first exclude the ramified ideals 
p which go into the relative discriminant of K/x. An unramified ideal 
p of x factors in K into a number g of distinct prime ideals 33, - - - B, 
of relative degree f, fg—n. It is easily seen that a p-adic number 
0 70 is a p-adic norm in K if and only if its order (at p) is a multiple 
of f. In particular, the p-adic units are norms. Thus we encounter a 
situation which is essentially simpler than the one taken care of by 
Gauss's quadratic residue symbol: the norm character of a, depends 
only on the order ¢ at p of o. It is now clear how to proceed: we choose 
a primitive fth root of unity ¢ and define (ay, K) —(* if a, is of order s. 
This function of a,+0 is a character which assumes the value 1 for 
the norms and the norms only. But here is the rub: there is no alge- 
braic property distinguishing the several primitive fth roots of unity 
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from one another. Thus the choice of & among them remains arbi- 
trary. One could put up with this if one dealt with one prime ideal 
only. But when one has to take all prime spots simultaneously into 
account, as is necessary in forming products of the type (4), then the 
arbitrariness involved in the choice of f for each p will destroy all 
hope of obtaining a simple reciprocity law like (5). I shall forego de- 
scribing the devices by which Eisenstein, Kummer, Hilbert, extri- 


. cated themselves from this entanglement. By far the best solution 


was found by Artin: if K/x is Abelian, then the Frobenius substitu- 
tion (É) is uniquely determined by K and p and is an element of 
order f of the Galois group T' of K/x. Let this element of the Galois 
group replace ¢ in our final definition of the p-adic norm symbol: 


(6) |: (a K) = GS) = =) if ay is of order i at p. 


We could now form for any idéle œ the product 


T= =I) = e. 


extending over all finite and (real) infinite prime spots p and formu- 
late the reciprocity law asserting that (a, K)=1 for any principal 
idéle a—had we not excluded certain exceptional prime spots in our 
definition of (a, K), namely the infinite prime spots and the ramified 
prime ideals. In the special case he investigated Kummer had suc- 
ceeded in obtaining the correct value-of (ay, K) for the exceptional p 
by extremely complicated calculations. Hilbert’s fourth discovery is a 
simple and ingenious method of circumventing this formidable ob- 
stacle which blocked the road to further progress. Let us first restrict 
ourselves to idèles a which are sth powers at our exceptional prime 
spots; in other words, we assume that the equation a,=& is solvable 
for the p-adic values o of @ at this finite number of prime spots. 
There is no difficulty in defining (à, K) under this restriction: 


(a, K) = Ils, K), 


the product extending, as indicated by the accent, over the non-ex- 
ceptional prime spots only, for which we know what (œp, K) means. 
Under the same restriction we prove (with Artin) the reciprocity law 


(7) (a, K) = 1 if « is principal, 


and observe that by its very definition (o, K) —1 if œ is norm. We 
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now return to an arbtirary idéle a. It is easily shown that there exists 
an equivalent idéle @*~qa@ which is an sth power at all exceptional 
prime spots, but of course there will.be plenty of them. However, the 
restricted law of reciprocity insures that 


(o*, K) = II'(os, K) 
p 


has the same value for every one of the a*'s, and it is this value which 
we now denote by (a, K). This definition adopted, the reciprocity law 
(7) and the statement that (œ, K) =1 for every norm a follow at once 
without restriction. Thus the reciprocity law itself is made the tool 
for getting the exceptional prime spots under control! 

Once (a, K) is known for every id&le æ we can compute (ay, K) for 
a given prime spot p and a given p-adic number o 740 as the value of 
(a, K) for that “primary” idle, also denoted by œp, which equals ay at 
p and 1 at any other prime spot. (The idéle œ is the product of its 
primary components, œ=] [;o;.) One expects the following two prop- 
ositions to hold: 

I. (ay, K) —1 if and only tf ay is a p-adic norm. 

II. Given a prime ideal p, (oy, K) —1 for every p-adic unit ay 4f and 
only tf p is unramified. 

The direct parts of I and II: 

(Io) @p=norm implies (oy, K)=1; 

(IIo) p unramified implies (ay, K)=1 for every p-adic unit ay, 
were settled above. The converse statement of I, is trivial for the non- 
exceptional prime spots; but owing to the indirect definition of the 
norm symbol for the exceptional prime spots, the proofs of the converse 
of Io for the exceptional spots and of the converse of IIo are rather in- 
tricate. From II we learn that for none of the ramified prime ideals p 
does the norm character of o depend on the order of œp only: this 
simple feature which makes the definition (6) possible is limited to 
non-ramified p. One would also expect: 

III. If the principal idéle a is an idéle norm in K, then the number o 
is norm of a number in K. 

This is true for cyclic fields K/x, but in general not for Abelian 
fields. 

Let us again denote by NmJx the subgroup in J, of the idéles which 
are equivalent to norms. Then the norm symbol $x(o) — (o, K) de- 
termines a homomorphic mapping of the factor group J,/NmJx into 
the Galois group of K/x. One would expect that this mapping is one- 
to-one: 
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IV. By means of the norm symbol the factor group J,/NmJx is iso- 
morphically mapped onto the Galois group of K/x. 

I, II, III, (the subscript c indicating restriction to cyclical fields) 
and IV are the main propositions of what one might call the norm 
theory of relative Abelian fields. They refer to a given field K/x. 

There is a second part of the theory, the class field theory proper, 
which is concerned with the manner in which all possible relative 
Abelian fields K'over x are reflected in the structure of the group J, 
of idéles in x. Each such field K determines, as we have seen, a sub- 
group NmJx of J, of finite index. The question arises which subgroups 
J£ of J, are generated in this way by Abelian fields K/x. Clearly the 
following conditions are necessary: 

(1) Every principal idéle is in JF. 

(2) There is a natural number 5 such that every nth power of an 
idéle is in Jf. 

(3) There is a finite set S of prime spots such that @ is in J* pro- 
vided @ is a unit at every prime spot and equals 1 at the prime spots 
of SS. . 

The main theorem concerning class fields states that these condi- 
tions are also sufficient. 

V. Given a subgroup J£ of J, fulfilling the above three conditions (and 
therefore, as one readily verifies, of finite index), there exists a uniquely 
determined Abelian field K/x such that J* — NmJx. 

We divide the idéles of x into classes by throwing two idéles into 
the same class if their quotient is in J*. Then J,/J£ is the class group 
and K is called the corresponding class field. The most important ex- 
ample results if one lets J* consist of the unit idèles œ whose values ap 
are p-adic units at every prime spot p.” Then the classes may be de- 
scribed as the familiar classes of ideals: two ideals are put in the same 
class if their quotient is a principal ideal (æ) springing from a number 
« positive at all real infinite prime spots. The corresponding class 
field K, the so-called absolute class field, is of relative discriminant 1, 
and the largest unramified Abelian field over x (Theorem II). Its de- 
gree n over x is the class number of ideals, its Galois group isomorphic 
to the class group of ideals in x (Theorem IV). f being the least power 
of p which lies in the principal class, p decomposes into n/f distinct 
prime ideals in K, each of relative degree f. This last statement does 
nothing but repeat the norm definition of the class field. Hence the 
way in which p factors in K depends only on the class to which p be- 
longs. The easiest way of extending the theory from the case with no 
ramified prime ideals, which was preponderant in Hilbert's thought, 


7 At the (real) infinite prime spots the positive numbers are considered the units. 


` 
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to Takagi’s ramified case is by substituting idèles for ideals. Hilber- 
also stated that every ideal in x becomes a principal ideal in the ab 
solute class field. It is today possible to show that this is so, by argu- 
ments, however, which are far from being fully understood, because 
this question transcends the domain of Abelian fields. 

As was stated above, Hilbert did not prove these theorems in thei- 
full generality, but taking his departure from Gauss's theory of generz 
in quadratic fields and Kummer’s investigations he worked his way 
gradually up from the simplest cases, developing as he went along th: 
necessary machinery of new concepts and propositions about them 
until he could survey the whole landscape of class fields. We cannoz 
attempt here to give an idea of the highly involved proofs. The com- 
pletion of the work he left to his successors. The day is probably 
still far off when we shall have a theory of relative Galots number 
fields of comparable completeness. 

Kronecker had shown, and Hilbert found a simpler proof for the 
fact, that Abelian fields over the rational ground field k are neces- 
sarily subfields of the cyclotomic fields, and are thus obtained fror1 
the transcendental function etri* by substituting rational values fcr 
the argument x. For Abelian fields over an imaginary quadrati 
field the so-called complex multiplication of the elliptic and moduler 
functions plays a similar role (“Kronecker’s Jugendtraum”). Whi 
Heinrich Weber following in Kronecker's footsteps, and R. Fuéter 
under Hilbert’s guidance, made this dream come true, Hilbert himse f 
began to play with modular functions of several variables which ase 
defined by means of algebraic number fields, and to study their aritL- 
metical implications. He never published these investigations, btt 
O. Blumenthal, and later E. Hecke, used his notes and developed hs 
ideas. The results are provocative, but still far from complete. It .s 
indicative of the fertility of Hilbert's mind at this most productive 
period of his life that he handed over to his pupils a complex of prob- 
‘lems of such fascination as that of the relation between number theory 
and modular functions.? l 

There remain to be mentioned a particularly simple proof of the 
transcendénce of e and m with which Hilbert opened the series of His 
arithmetical papers, and the 1909 paper settling Waring's century-œd 
conjecture. I should classify the latter paper among his most origiral 
ones, but we can forego considering it more closely because a decade 
later Hardy and Littlewood found a different approach which yields 

8 R, Fuéter, Singulare Moduln und complexe Multiplication, 2 vols., Leipzig, 19. 4, 
1927; cf. also H. Hasse, J. Reine Angew. Math. vol. 157 (1927) pp. 115-1.9. 


O. Blumenthal, Math. Ann. vol. 56 (1903) pp. 509-548, vol. 58 (1904) pp. 497-527. 
E. Hecke, Math. Ann. vol. 71 (1912) pp. 1—37, vol. 74 (1913) pp. 465—510. 
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asymptotic formulas for the number of representations, and it is the 
Hardy-Littlewood “circle method” which has given rise in recent 
times to a considerable literature on this and related subjects.? 


AXIOMATICS 


There could not have been a more complete break than the one 
dividing Hilbert’s last paper on the theory of number fields from his 
classical book, Grundlagen der Geometrie, published in 1899. Its only 

-` forerunner is a note of the year 1895 on the straight line as the short- 
est way. But O. Blumenthal records that as early as 1891 Hilbert, 
discussing a paper on the role of Desargues's and Pappus's theorems 
read by H. Wiener at a mathematical meeting, made a remark which 
contains the axiomatic standpoint in a nutshell: *It must be possible 
to replace in all geometric statements the words point, line, plane, by 
table, chair, mug.” 

The Greeks had conceived of geometry as a deductive science which 
proceeds by purely logical processes once the few axioms have been 
established. Both Euclid and Hilbert carry out this program. How- 
ever, Euclid’s list of axioms was still far from being complete; Hil- 
bert’s list is complete and there are no gaps in the deductions. Euclid 
tried to give a descriptive definition of the basic spatial objects and 
relations with which the axioms deal; Hilbert abstains from such an 
attempt. All that we must know about those basic concepts is con- 
tained in the axioms. The axiomsare, as it were, their implicit (neces- 
sarily incomplete) definitions. Euclid believed the axioms to be evi- 
dent; his concern is the real space of the physical universe. But in 
the deductive system of geometry the evidence, even the truth of the 
axioms, ‘is irrelevant; they figure rather as hypotheses of which one 
sets out to develop the logical consequences. Indeed there are many 
different material interpretations of the basic concepts for which the 
axioms become true. For instance, the axioms of n-dimensional 
Euclidean vector geometry hold if a distribution of direct current in a 
given electric circuit, the » branches of which connect in certain 
branching points, is called a vector, and Joule's heat produced per 
unit time by the current is considered the square of the vector's 
length. In building up geometry on the foundation of its axioms one 
will attempt to economize as much as possible and thus illuminate 
the role of the several groups of axioms. Árranged in their natural 


* It must suffice here to quote the first paper in this line: G. H. Hardy and J. E. 
Littlewood, Quart. J. Math. vol. 48 (1919) pp. 272-293, and its latest successor which 
carries Waring's theorem over to arbitrary algebraic fields: C. L. Siegel, Amer. J. 
Math. vol. 66 (1944) pp. 122-136. 
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hierarchy they are the axioms of incidence, order, congruence, paral- 
lelism, and continuity. For instance, if the theory of geometric pro- 
` _ portions or of the areas of polygons can be established without 
resorting to the axioms of continuity, this ought to be done. 

In all this, though the execution shows the hand of a master, Hil- 
bert is not unique. Án outstanding figure among his predecessors is 
M. Pasch, who had indeed traveled a long way from Euclid when.he 
brought to light the hidden axioms of order and with methodical 
clarity carriéd out the deductive program for projective geometry 
(1882). Others in Germany (F. Schur) and a flourishing school of 
Italian geometers (Peano, Veronese) had taken up the discussion. 
With respect to the economy of concepts, Hilbert is more conserva- 
tive than the Italians: quite deliberately he clings to the Euclidean 
tradition with its three classes of undefined elements, points, lines, 
planes, and its. relations of incidence, order and congruence of seg- 
ments and angles. This gives his book a peculiar charm, as if one 


looked into a face thoroughly familiar and yet sublimely transfigured. ' 


It is one thing to build up geometry on sure foundations, another to 
inquire into the logical structure of the edifice thus erected. If I am 
not mistaken, Hilbert is the first who moves freely on this higher 
“metageometric” level: systematically he studies the mutual inde- 
pendence of his axioms and settles the question of independence from 
certain limited groups of axioms for some of the most fundamental 
geometric theorems. His method is the construction of models: the 
model is shown to disagree with one and to satisfy all other axioms; 
hence the one cannot be a consequence of the others. One outstanding 
example of this method had been known for a considerable time, the 
Cayley-Klein model of non-Euclidean geometry. For Veronese’s non- 
Archimedean geometry Levi-Civita (shortly before Hilbert) had con- 
structed a satisfactory arithmetical model. The question of consistency 
is closely related to that of independence. The general ideas appear to 
us almost banal today, so thoroughgoing has been their influence upon 
our mathematical thinking. Hilbert stated them in clear and unmis- 
takable language, and embodied them in a work that is like a crystal: 
. an unbreakable whole with many facets. Its artistic qualities have 
undoubtedly contributed to its success as a masterpiece of science. 

In the construction of his models Hilbert displays an amazing 
wealth of invention. The most interesting examples seem to me the 
one by which he shows that Desargues's theorem does not follow from 
the plane incidence axioms, but that the plane incidence axioms com- 
. bined with Desargues's theorem enable one to embed the plane in a 
. higher dimensional space in which all incidence axioms hold; and then 
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the other example by which he decides whether the Archimedean 
axiom of continuity is necessary to restore.the full congruence axioms 
after having curtailed them by the exclusion of reflections. 

What is the building material for the models? Klein's model of non- 
Euclidean geómetry could be interpreted as showing that he who 
accepts Euclidean geometry with its points and lines, and so on, can 
by mere change of nomenclature also get the non-Euclidean geome- 
try. Klein himself preferred another interpretation in terms of projec- 
tive space. However, Descartes's analytic geometry had long provided 
a more general and satisfactory answer, of which Riemarin, Klein and 
many others.must have been aware: All that we need for our con- 
struction is the field of real numbers. Hence any contradiction in 
Euclidean geometry must show up as a contradiction in the arith- 
metical axioms on which our operations with real numbers are based. 
. Nobody had said that quite clearly before Hilbert. He formulates a 

complete and simple set of axioms for real numbers. The system of 

_arithmetical axioms will have its exchangeable parts just as the geo- 
metric system has. From a purely algebraic standpoint the most 
important axioms are those characterizing a (commutative or non- 
commutative) field. Any such abstract number field may serve as 
a basis for the construction of corresponding geometries. Vice versa, 
one may introduce numbers and their operations in terms of a space 
satisfying certain axioms; Hilbert's Desarguesian Sireckenrechnung is 
a fine example. In general this reverse process is the more difficult 
one. The Chicago school under E. H. Moore took up Hilbert's in- 
vestigations, and in particular O. Veblen did much to reveal the per- 
fect correspondence between the projective spaces obeying a set of 
- simple incidence axioms (and no axioms of order), and the abstractly 
defined number fields.” < 

What the question of independence literally asks is to make sure 
that a certain proposition cannot be deduced from other propositions. 
It seems to require that we make the propositions, rather than the 
things of which they speak, the object of our investigation, and that 
as a preliminary we fully analyze the logical mechanism of deduction. 
The method of models is a wonderful trick to avoid that sort of logical 
investigations. It pays, however, a heavy price for thus shirking the 
fundamental issue: it merely reduces everything to the question of 
consistency for the arithmetical axioms, which is left unanswered. In 


l 1 Among later contributions to this question I mention W. Schwan, Strecken- 

rechnung und Gruppentheorie, Math. Zeit. vol. 3 (1919) pp. 11-28. A complete bibli- 
ography of geometric axiomatics since Hilbert would probably cover many pages. 
I refrain from citing a list of names. 
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the same manner completeness, which literally means that every gen- 
eral proposition about the objects with which the axioms deal cen 
be decided by inference from the axioms, is replaced by categorsct*y 
(Veblen), which asserts that any imaginable model is isomorphic -o 
the one model by which consistency is established. In this sense 
Hilbert proves that there is but “one,” the Cartesian geametry, which 
fulfills all his axioms. Only in the case of G. Fano's and O. Veblen’s 
finite projective spaces, for example, of the projective plane consisting 
of seven points, the model is a purely combinatorial scheme, and the 
questions of consistency, independence and completeness can be a1- 
swered in the absolute sense. Hilbért never seems to have thought of 
illustrating his conception of the axiomatic method by purely com- 
binatorial schemes, and yet they provide by far the simplest examples. 

An approach to the foundations of geometry entirely different from 
the one followed in his book is pursued by Hilbert in a paper which is 
one of the earliest documents of set-theoretic topology. From the 
standpoint of mechanics the central task which geometry ought to 
perform is that of describing the mobility of a solid. This was the 
viewpoint of Helmholtz, who succeeded in characterizing the group 
of motions in Euclidean space by a few simple axioms. The question 
had been taken up by Sophus Lie in the light of his general theo-y 
of continuous groups. Lie's theory depends on certain assumptions of 
differentiability; to get rid of them is orie of Hilbert's Paris Problems. 
In the paper just mentioned he does get rid of them as far as Helm- 
holtz's problem in the plane is concerned. The, proof is difficult and 
laborious; naturally continuity is now the foundation—and not tae 
keystone of the building as it had been in his Grundlagen book. Other 
authors, R. L. Moore, N. J. Lennes, W. Süss, B. v. Kérékjarto, car- 
ried the problem further along these topological lines. A half-personal 
reminiscence may be of interest. Hilbert defines a two-dimensioral 
manifold by means of neighborhoods, and requires that a class of 
"admissible" one-to-one mappings of a neighborhood upon Jordan 
domains in an x, y-plane be designated, any two of which are con- 
nected by continuous transformations. When I gave a course on 
Riemann surfaces at Góttingen in 1912, I consulted Hilbert's paper 
and noticed that the neighborhoods themselves could be used to cher- 
acterize that class. The ensuing definition was given its final touzh 
by F. Hausdorff; the Hausdorff axioms have become a byword in 
topology." (However, when it comes to explaining what a differents- 


11 A parallel development, with E. H. Moore as the chief prompter, must hzve 
taken place in this country. As I have to write from memory mainly, it is inevitable 
that my account should be colored by the local Gottingen tradition. 
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able manifold is, we are to this day bound to Hilbert’s roundabout 
way;cf. Veblen and Whitehead, The foundations of differentsal geome- 
try, Cambridge, 1932.) 

The fundamental issue of an absolute proof of conststency for the 
axioms which should include the whole of mathematical analysis, 
nay even Cantor’s set theory in its wildest generality, remained in 
Hilbert’s mind, as a paper read before the International Congress at 
Heidelberg in 1904 testifies. It shows him on the way, but still far 
from the goal. Then came the time when integral equations and later 
physics became his all-absorbing interest. One hears a loud rumbling 
of the old problem in his Zürich address, Axtomaitsches Denken, of 
1917. Meanwhile the difficulties concerning the foundations of math- 
ematics had reached a critical stage, and the situation cried for repair. 
Under the impact of undeniable antinomies in set theory, Dedekind 
and Frege had revoked their own work on the nature of numbers and 
arithmetical propositions, Bertrand Russell had pointed out the 
hierarchy of types which, unless one decides to “reduce” them by 
sheer force, undermine the arithmetical theory of the continuum; 
and finally L. E. J. Brouwer by his intuitionism had opened our eyes 
and made us see how far generally accepted mathematics goes beyond 
such statements as can claim real meaning and truth founded on evi- 
dence. I regret that in his opposition to Brouwer, Hilbert never 


' openly acknowledged the profound debt which he, as well as all other 


mathematicians, owe Brouwer for this revelation. 

Hilbert was not willing to make the heavy sacrifices which 
Brouwer's standpoint demanded, and he saw, at least in outline, a 
way by which the cruel mutilation could be avoided. At the same time 
he was alarmed by signs of wavering loyalty within the ranks of 
mathematicians some of whom openly sided with Brouwer. My own 
article on the Grundlagenkrise in Math. Zeit. vol. 10 (1921), written 
in the excitement of the first postwar years in Europe, is indicative 
of the mood. Thus Hilbert returns to the problem of foundations in 
earnest. He is convinced that complete certainty can be restored 
without “committing treason to our science.” There is anger and de- 
termination in his voice when he proposes “die Grundlagenfragen 
einfürallemal aus der Welt zu schaffen." “Forbidding a mathemati- 
cian to make use of the principle of excluded middle,” says he, “is 
like forbidding an astronomer his telescope or a boxer the use of his 
fists.” 

Hilbert realized that the mathematical statements themselves 
could not be made the subject of a mathematical investigation whose 
aim is to answer the question of their consistency in its primitive 


r 
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sense, lest they be first reduced to mere formulas. Algebraic formulas 
like a 4-5 —b-F-a are the most familiar examples. The process of deduc- 
tion by which formulas previously obtained give rise to new formulas 
must be described without reference to any meaning of the formulas. 
The deduction starts from certain initial formulas, the axioms, which 
must be written out explicitly. Whereas in his Grundlagen der Geome- 
irie the meaning of the geometric terms had become irrelevant, but 
the meaning of logical terms, as “and,” “not,” “if then," had still to 


be understood, now every trace of meaning is obliterated. As a conse- ' 


ram 


quence, logical symbols like — in a—>b, read: a implies b, enter into | 


the formulas. Hilbert fully agrees with Brouwer in that the great 
majority of mathematical propositions are not “real” ones conveying 
a definite meaning verifiable in the light of evidence. But he insists 
that the non-real, the “ideal propositions” are indispensable in order 
to give our mathematical system “completeness.” Thus he parries 
Brouwer, who had asked us to give up what is meaningless, by re- 
linquishing the pretension of meaning altogether, and what he tries 
to establish is not truth of the individual mathematical proposition, 
but consistency of the system. The game of deduction when played 
according to rules, he maintains, will never lead to the formula 00. 
In this sense, and in this sense only, he promises to salvage our cher- 
ished classical mathematics in its entirety. 

For those who accuse him of. degrading mathematics to a mere 
game he points first to the introduction of ideal elements for the sake 
of completeness as a common method in all mathematics—for ex- 
ample, of the ideal points outside an accessible portion of space, with- 
. out which space would be incomplete—; secondly, to the neighboring 
science of physics where likewise.not the individual statement is veri- 
fiable by experiment, but in principle only the system as a whole can 
be confronted with experience. 

But how to make sure that the *game of deduction" never leads to 
a contradiction? Shall we prove this by the same mathematical 
method the validity of which stands in question, namely by deduction 
from axioms? This would clearly involve a regress ad infinitum. It 
must have been hard on Hilbert, the axiomatist, to acknowledge that 
the insight of consistency is rather to be attained by intuitive reason- 
ing which is based on evidence and not on axioms. But after all, 
it is not surprising that ultimately the mind's seeing eye must come 
in. Already in communicating the rules of the game we must count 
on understanding. The game is played in silence, but the rules must 
be told and any reasoning about it, in particular about its consistency, 
communicated by words. Incidentally, in describing the indispensable 


—-7 
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intuitive basis for his Bewesstheorie Hilbert shows himself an accom- 
plished master of that, alas, so ambiguous medium of communication, 
language. With regard to what he accepts as evident in this “meta- 
mathematicial" reasoning, Hilbert is more papal than the pope, more 
exacting than either Kronecker or Brouwer. But it cannot be helped 
that our reasoning in following a hypothetic sequence of formulas 
leading up to the formula 00 is carried on in hypothetic generality 
and uses that type of evidence which a formalist would be tempted 


. to brand as application of the principle of complete induction. Ele- 


mentary arithmetics can be founded on such intuitive reasoning as 


` Hilbert himself describes, but we need the formal apparatus of varia- 


bles and *quantifiers? to invest the infinite with the all important 
part that it plays in higher mathematics. Hence Hilbert prefers to 
make a clear cut: he becomes strict formalist in mathematics, strict 
intuitionist in metamathematics. 

It is perhaps possible to indicate briefly how Hilbert's formalism 
restores the principle of the excluded middle which was the main target 
of Brouwer's criticism. Consider the infinite sequence of numbers 
0, 1, 2, - - -. Any property A of numbers (for example, “being prime”) 
may be represented by a propositional function A(x) (“x is prime”), 
from which a definite proposition A(b) arises by substituting a con- 
crete number b for the variable x (“6 is prime”). Accepting the prin- 
ciple which Brouwer denies and to which Hilbert wishes to hold on, 
that (i) either there exists a number x for which A(x) holds, or (ii) 
A(x) holds for no x, we can find a “representative” r for the property 
A, a number such that A(b) implies A(r) whatever the number b, 
A (b) —A (r). Indeed, in the alternative (i) we choose r as one of the 
numbers x for which A(x) holds, in the alternative (ii) at random. 
Thus Aristides is the representative of honesty; for, as the Athenians 
said, if there is any honest man it is Aristides. Assuming that we 
know the representative we can decide the question whether there is 
an honest man or whether all are dishonest by merely looking at him: 
if he is dishonest everybody is. In the realm of numbers we may even 
make the choice of the representative unique, in case (i) choosing 
x=r as the least number for which A(x) holds, and r=0 in the op- 
posite case (ii). Then r arises from A by a certain operator ps, 
r—ps.Á(x), applicable to every imaginable property A. A proposi- 
tional function may contain other variables y, 2, - - - besides x. 
Therefore it is necessary to attach an index x to p, just as in integrat- 
ing one must indicate with respect to which variable one integrates. 
pe eliminates the variable x; for instance p,A (x, y) is a function of y 
alone. The word quantifier is in use for this sort of operator. Hence 
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we write our axiom as follows: 
(8) A() — A(p2A(a)). 


It is immaterial whether we fix the representative in the unique man- 

ner described above; our specific rule would not fit anyhow unless x . 

ranges over the numbers 0, 1, 2, - - - . Instead we imagine a quantifier " 

Ps of universal applicability which, as it were, selects the representa- / 

tive for us. Zermelo's axiom of choice is thus woven into the principle | 

of the excluded middle. It is a bold step; but the bolder the better,’ 

. as long as it can be shown that we keep within the bounds of con- '. 
sistency! é 

In the formalism, propositional functions are replaced by formulas 

the handling of which must be described without reference to their 
meaning. In general, variables x, y, - - - will occur among the sym- 
bols of a formula 3(. We say that the symbol p, binds the variable x 
in the formula A which follows the symbol” and that x occurs free 
in a formula wherever it is not bound by a quantifier with index x. 
x, Y, —, Ps are symbols entering into the formulas; the German letters 
are no such symbols, but are used for communication. It is more natu- 
ral to describe our critical axiom (8) as a rule for the formation of 
axioms. It says: take any formula % in which only the variable x oc- 

_ curs free, and any formula b without free variables, and by means of 
them build the formula 


(9) AC) — (pM). 


Here 3((5) stands for the formula derived from A by putting in the 
entire formula 5 for the variable x wherever x occurs free. 

In this way formulas may be obtained as axtoms according to cer- 
tain rules. Deduction proceeds by the rule of syllogism: From two 
formulas a and a—5 previously obtained, in the second of which the 
first formula reappears at the left of the symbol —, one obtains the 
formula b. 

How does Hilbert propose to show that the game of deduction will 
never lead to the formula 00? Here is the basic idea of his procedure. 
As long as one deals with “finite” formulas only, formulas from which 
the quantifiers pz, py, * * * are absent, one can decide whether they 
are true or false by merely looking at them. With the entrance of p 
such a descriptive valuation of formulas becomes impossible: evidence 
ceases to work. But a concretely given deduction is a sequence of 


n Tf we wish the rule that p, binds x in all that comes after to be taken literally, 
we must write ab in the form—(f. The formulas will then look like genealogical 
trees. 
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formulas in which only a limited number of instances of the axiomatic 
rule (9) will turn up. Let us assume that the only quantifier which 
occurs is p, and wherever it occurs it is followed by the same finite 
formula A, so that the instances of (9) are of the form 


(10) AD) > AoW, - - - , A) > 31(o.30. 


Assume, moreover, hi, - - - , b, to be finite. We then carry out a re- 
> duction, replacing p.% by a certain finite r wherever it occurs as part 
iof a formula in our sequence. In particular, the formulas (10) will 
; change into 


: (11) Ab) > AG), - - - , AO) > AC). 
We now see how to choose t: if by examining the finite formulas 
ACh), - - - , W(b,) one after the other, we find one that is true, say 


3((5), then we take bs for t. If every one of them turns out to be 
false, we choose r at random. Then the h reduced formulas (11) are 
“true” and our hypothesis that the deduction leads to the false for- 
mula 00 is carried ad absurdum. The salient point is that a con- 
cretely given deduction makes use of a limited number of explicitly 
exhibited individuals bı, - - - , ba only. If we make a wrong choice, 
for example, by choosing Alcibiades rather than Aristides as the rep- 
résentative of incorruptibility, our mistake will do no harm as long 
as.the few people (out of the infinite Athenian crowd) with whom we 
actually deal are all corruptible. 

A slightly more complicated case arises when we permit the 
bi, - + +, ba tocontain ps, but always followed by the same M. Then 
we first make a tentative reduction replacing p,% by the number 0, 
say. The formulas 5, - - - , 6, are thus changed into reduced finite 
formulas bf, - - - , b8 and (10) into 


A — AO), - - - , AOR) — A(O). 


This reduction will do unless 9Í(0) is false and at the same time one 
of the (69), - - -, ACHR), say 9I(55), is true. But then we have in 59 
a perfectly legitimate representative of M, and a second reduction 
which replaces p, by 9$ will work out all right. 

However, this is only a modest beginning of the complications 
awaiting us. Quantifiers ps, py, © * - with different variables and ap- 
plied to different formulas will be piled one upon the other. We make 
a tentative reduction; it will go wrong in certain places and from that 
failure we learn how to correct it. But the corrected reduction will 
probably go wrong at other places. We seem to be driven around in a 
vicious circle, and the problem is to direct our consecutive corrections 
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in such a manner as to obtain assurance that finally a reduction will 
result that makes good at all places in our given sequence of formulas. 
Nothing has contributed more to revealing the circle-like character 
of the usual transfinite arguments of mathematics than these at- 
tempts to make sure of consistency in spite of all circles. 

The symbolism for the formalization of mathematics as well as the 
general layout and first steps of the proof of consistency are due to 


laborators, P. Bernays, W. Ackermann, J. von Neumann. The last i 


two proved the consistency of “arithmetics,” of that part in which the ` 


? 


dangerous axiom about the conversion of predicates into sets is not ` 
yet admitted. A gap remained which seemed harmless at the time, ' 


but already detailed plans were drawn up for the invasion of analysis. 
Then came a catastrophe: assuming that consistency is established, 
K. Gódel showed how to construct arithmetical propositions which 
are evidently true and yet not deducible within the formalism. His 
method applies to Hilbert's as well as any other not too limited for- 
malism. Of the two fields, the field of formulas obtainable in, Hilbert’s 
formalism and the field of real propositions that are evidently true, 
neither contains the other (provided consistency of the formalism can 
be made evident). Obviously completeness of a formalism in the ab- 
solute sense in which Hilbert had envisaged it was now out of the 
question. When G. Gentzen later closed the gap in the consistency 
proof for arithmetics, which Góbel's discovery had revealed to be 
serious indeed, he succeeded in doing so only by substantially lower- 
ing Hilbert's standard of evidence. The boundary line of what is 
intuitively trustworthy once more became vague. As all hands were 
needed to defend the homeland of arithmetics, the invasion of analy- 
sis never came off, to say nothing of general set theory. 

This is where the problem now stands; no final solution is in sight. 
But whatever the future may bring, there is no doubt that Brouwer 
and Hilbert raised the problem of the foundations of mathematics to a 
new level. A return to the standpoint of Russell-Whitehead's Prin- 
cipia Mathematica is unthinkable. 

Hilbert is the champion of axiomatics. The axiomatic attitude 
seemed to him one of universal significance, not only for mathematics, 
but for all sciences. His investigations in the field of physics are con- 
ceived in the axiomatic spirit. In his lectures he liked to illustrate the 

„method by examples taken from biology, economics, and so on. The 
modern epistemological interpretation of science has been profoundly 
influenced by him. Sometimes when he praised the axiomatic method 


B G. Gentzen, Math. Ann. vol. 112 (1936) pp. 493-565. 
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he seemed to imply that it was destined to obliterate completely the 
constructive or genetic method. I am certain that, at least in later 
life, this was not his true opinion. For whereas he deals with the 
primary mathematical objects by means of the axioms of his symbolic 
system, the formulas are constructed in the most explicit and finite 
manner. In recent times the axiomatic method has spread from the 
roots to all branches of the mathematical tree. Algebra, for one, is 
permeated from top to bottom by the axiomatic spirit. One may de- 
scribe the role of axioms here as the subservient one of fixing the 
range of variables entering into the explicit constructions. But it 


- would not be too difficult to retouch the picture so as to make the 


axioms appear as the masters. An impartial attitude will do justice 

to both sides; not a little of the attractiveness of modern mathemati- 

cal research is due to a happy blending of axiomatic and genetic pro- 

cedures. - 
INTEGRAL EQUATIONS 


Between the two periods during which Hilbert’s efforts were con- 
centrated on the foundations, first of geometry, then of mathematics 
in general, there lie twenty long years devoted to analysis and physics. 

In the winter of 1900-1901 the Swedish mathematician E. Holm- 
gren reported in Hilbert's seminar on Fredholm’s first publications 
on integral equations, and it seems that Hilbert caught fire at once. 
The subject has a long and tortuous history, beginning with Daniel 
Bernoulli. The mathematicians' efforts to solve the (mechanical, 
acoustical, optical, electromagnetical) problem of the oscillations of 
a continuum and the related boundary value problems of potential 
theory span a period of two centuries. Fourier's Théorie analytique 
de la chaleur (1822) is a landmark. H. A. Schwarz proved for the first 
time (1885) the existence of a proper oscillation in two and more 
dimensions by constructing the fundamental frequency of a mem- 
brane. The last decade of the nineteenth century saw Poincaré on 
his way to the development of powerful function-theoretic methods; 
C. Neumann and he came to grips with the harmonic boundary prob- 
lem; Volterra studied that type of integral equations which now bears 
his name, and for linear equations with infinitely many unknowns 
Helge von Koch developed the infinite determinants. Most scientific 
discoveries are made when "their time is fulfilled?; sometimes, but 
seldom, a genius lifts the veil decades earlier than could have been 
expected. Fredholm's discovery has always seemed to me one that 
was long overdue when it came. What could be more natural than the 
idea that a set of linear equations connected with a discrete set of 
mass points gives way to an integral equation when one passes to 
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the limit of a continuum? But the fact that in the simpler cases a 
differential rather than an integral equation results in the limit riv- 
eted the mathematicians’ attention for two hundred years on differ- 
ential equations! 

It must be said, however, that the simplicity of Fredholm's results 
is due to the particular form of his equation, on which it was hard to 


-— RE de 


$ 


^ 


hit without the guidance of the problems of mathematical physics to / 


which he applied it: ) 


t 


a(s) — f K(s, Da(i)dt = f(s) | (0ssz1). 3 


Indeed the linear operator which in the left member operates on the 
unknown function x producing a given f, (E — K)x =f, consists of two 
parts, the identity E and the integral operator K, which in a certain 
sense is weak compared to E. Fredholm proved that for this type of 
integral equation the two main facts about z linear equations with 
the same number s of unknowns hold: (1) The homogeneous equation 
[f(s) 20] has a finite number of linearly independent solutions 


x(s)-—du(s), ---, da(s), and the homogeneous equation with the 
transposed kernel K'(s, #)=K(i, s) has the same number of solu- 
tions, yí(s), - - - , Wa(s). (2) The nonhomogeneous equation is solv- 


able if and only if the given f satisfies the ^ linear conditions 
1 
f (0993 = o p 
0 


Following an artifice used by Poincaré, Fredholm introduces a param- 
eter À replacing K by XK and obtains a solution in the form familiar 
from finite linear equations, namely as a quotient of two determinants 
of H. v. Koch's type, either of which is an entire function of the 
parameter A. 

Hilbert saw two things: (1) after having constructed Green's func- 
tion K for a given region G and for the potential equation Au —0 by 
means of a Fredholm equation on the boundary, the differential equa- 
tion of the oscillating membrane AQ -4-A$ —0 changes into a homo- 
geneous integral equation 


49) =A f KG, Do Oat = o 
with the symmetric kernel K, K(#, s) — K (s, /) (in which the parameter 


X is no longer artificial but of the very essence of the problem); 
(2) the problem of ascertaining the “eigen values" and “eigen func- 
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tions” (s) of this integral equation is the analogue for integrals of 
the transformation of a quadratic form of n variables onto principal 
axes. Hence the corresponding theorem for the quadratic integral 


' form 
im 
' (12) ' f f K(s, t) a(s) x(é)dsdt 
0 © 
with an arbitrary symmetric kernel K must provide the general founda- 


SEE A 
re dn 


tion for the theory of oscillations of a continuous medium. If others 


! saw the same, Hilbert saw it at least that much more clearly that he 


bent all his energy on proving that proposition, and he succeeded by 
the same direct method which about 1730 Bernoulli had applied to 
the oscillations of a string: passage to the limit from the algebraic 
problem. In carrying out the limiting process he had to make use of 
the Koch-Fredholm determinant. He finds that there is a sequence 
of eigen values X, As, - + - tending to infinity, 44 © for no, and 
an orthonormal set of .corresponding eigen functions ¢,(s), 


1 
dB) s f K(s, Dd. (Ddt = 0, 


1 
f WORO = Suny 
0 
such that 


f i f " K(s, )x(s)a(Ddsdt = Te, 


En being the Fourier coefficient f’x(s)p.(s)ds. The theory implies that 
every function of the form j 


y() = Í K(s, )()di 


ur ~ 4 
may be expanded into a uniformly convergent Fourier series in terms 
of the eigen functions ¢,, 


: y) = 25 mss), Ta -f x(s)e«(s)ds. 


Hilbert's passage to tbe limit is laborious. Soon afterwards 
E. Schmidt in a Góttingen thesis found a simpler and more construc- 
tive proof for these results by adapting H. A. Schwarz's method in- 
vented twenty years before to the needs of integral equations. 

‘From finite forms the road leads either to integrals or to infinite 
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- series. Therefore Hilbert considered the same problem of orthogonal 
transformation of a given quadratic form 


(13) 27 Emrinin 
into a form of the special type 


(14) aitat (eg = 1). 0) 


M 


also for infinitely many (real) variables (x1, xs, © - - ) or vectors x ina ; 


space of a denumerable infinity of dimensions. Only such vectors are 
admitted as have a finite length |x|, 


they constitute what we now call the Hilbert space. The advantage 
of Hilbert space over the "space" of all continuous functions x(s) lies 
in a certain property of completeness, and due to this property one 
can establish *complete continuity" as the necessary and sufficient 
condition for the transformability of a given quadratic form K, (13), 
into (14), by following an argument well known in the algebraic case: 
one determines xj, Ks © +- as the consecutive maxima of K on the 
“sphere” | x|?=1. 

As suggested by the theorem concerning a quadratic integral form, 
the link between the space of functions x(s) and the Hilbert space of 
vectors (xi, Xs, * * - ) is provided by an arbitrary complete orthonormal 
system t4(s), wx(s), - - - and expressed by the equations 


tn = f TA 


Bessel’s inequality states that the square sum of the Fourier coeff- 
cients x, is less than or equal to the square integral of x(s). The rela- 
tion of completeness, first introduced by A. Hurwitz and studied in 
detail by W. Stekloff, requires that in this inequality the equality sign 
prevail. Thus the theorem on quadratic forms of infinitely many 
variables at once gives the corresponding results about the eigen val- 
ues and eigen functions of symmetric kernels K(s, —or would do 
so if one could count on the uniform convergence of Dox atén(s) for 
any given vector (xi Xa, : * - ) in Hilbert space. In the special case 
of an eigen vector of that quadratic form (13) which corresponds to 
the integral form (12), 


X. = 3 Kamm, 


à 


} 


j 


1 


t W 
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Hilbert settles this point by, forming the uniformly convergent series 


AM x. f ' KG, Dus )dt 


* which indeed yields a continuous function ¢(s) with the sth Fourier 


NP 


"coefficient 


A > Kamin = X» 


and thus obtains the eigen function of K(s, #) for the eigen value à. 
Soon afterwards, under the stimulus of Hilbert’s investigations. 
E. Fischer and F. Riesz proved their well known theorem that the 
space of all functions x(s) the square of which has a finite Lebesgue 
integral enjoys the same property of completeness as Hilbert space, 
and hence one is mapped isomorphically upon the other in a one-to- 
one fashion by means of a complete orthonormal system #,(s). I 
mention these details because the historic order of events may have 
fallen into oblivion with many of our younger mathematicians, for 
whom Hilbert space has assumed that abstract connotation which 
no longer distinguishes between the two realizations, the square 
integrable functions x(s) and the square summable sequences 


T- (xn xs +++). I think Hilbert was wise to keep within the bounds 


of continuous functions when there -was no actual need for intro- 
ducing Lebesgue's general concepts. 

' Perhaps Hilbert's greatest accomplishment in the field of integral 
equations is his extension of the theory of spectral decomposition from 
the completely continuous to the so-called bounded quadratic forms. 
He finds that then the point spectrum will in general have condensa- 


. tion points and a continuous spectrum will appear beside the point 


spectrum. Again he proceeds by directly carrying out the transition 


to the limit, letting the number of variables xı, xs, * * * increase ad 


infinitum. Again, not long afterwards, simpler proofs for his results 


` were found. 


While thus advancing the boundaries of the general theory, he did 
not lose sight of the ordinary and partial differential equations from 
which it had sprung. Simultaneously with the young Italian mathe- 
matician Eugenio Elia Levi he developed the parametrix method as a 
bridge between differential and integral equations. For a given elliptic 
differential operator A* of the second order, the parametrix K(s, #) 
is a sort of qualitative approximation of Green's function, depending 
like the latter on an argument point s and a parameter point £. Itis 
supposed to possess the right kind of singularity for s=# so that the 


‘nonhomogeneous equation A*u =f for 
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w= Kp, us) = f Kls, 0002 


gives rise to the integral equation p+Lp =f for the density p, with a 
kernel L(s, /) =A*K(s, f) regular enough at s =? for Fredholm’s theory 
to be applicable. It is important to give up the assumption that K 
satisfies the equation A*K =0, because in general a fundamental solu- 
tion will not be known for the given differential operator A*. In order 
not to be bothered by boundary conditions, Hilbert assumes the 
domain of integration to be a compact manifold, like the surface of a 
sphere, and finds that the method works if the parametrix, besides 
having the right kind of singularity, is symmetric vith respect to 
argument and parameter. 

What has been said should be enough to make clear that in the 
terrain of analysis a rich vein of gold had been struck, comparatively 
easy to exploit and not soon to be exhausted. The linear equations of 
infinitely many unknowns had to be investigated further (E. Schmidt, 
F. Riesz, O. Toeplitz, E. Hellinger, and others); the ccntinuous spec- 
trum and its appearance in integral equations with “singular” kernels 
awaited closer analysis (E. Hellinger, T. Carleman); ordinary differ- 
ential equations, with regular or singular boundaries, 5f second or of 
- higher order, received their due share of attention (A. Kneser, 
E. Hilb, G. D. Birkhoff, M. Bócher, J. D. TamarEin, and many 
others). It became possible to develop such asympto-ic laws for the 
distribution of eigen values as were required by the tkermodynamics 
of radiation (H. Weyl, R. Courant). Expansions in terms of orthogo- 
nal functions were studied independently of their origin in differential 
or integral equations. New light fell upon Stieltjes's continued frac- 
tions and the problem of momentum. The most amb tious began to 
attack nonlinear integral equations. A large international school of 
young mathematicians gathered around Hilbert and integral equa- 
tions became the fashion of the day, not only in Germany, but also 
in France where great masters like E. Picard and Goursat paid their 
tributes, in Italy and on this side of the Atlantic. Many good papers 
were written, and many mediocre ones. But the total effect was an 
appreciable change in the aspect of analysis. 

Remarkable are the applications of integral equations outside the 
field for which they were invented. Among them I mention the fol- 
lowing three: (1) Riemann's problem of determining x analytic func- 


\ For later literature and systems of differential equations see Axel Schur, Math. 
Ann. vol. 82 (1921) pp. 213-239; G. A. Bliss, Trans. Amer. Math. 3oc. vol. 28 (1926) 
pp. 561-584; W. T. Reid, ibid. vol. 44 (1938) pp. 508—521. 


Mo 


` 
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tions fi(s), + - - , fa(z), regular except at a finite number of points, 
which by analytic continuation around these points suffer preassigned 
linear transformations. The problem was solved by. Hilbert himself, 
and subsequently in a simpler and more complete form by J. Plemelj. 
(A very special case of it is the existence of algebraic functions on a 
Riemann surface if that surface is given as a covering surface of the 
complex z-plane.) Investigations by G. D. Birkhoff on matrices of 
analytic functions lie in the same line. (2) Proof for the completeness 
of the irreducible representations of'a compact continuous group. 

+ This is an indispensable tool for the approach to the general theory of 

t invariants by means of Adolf Hurwitz’s integration method, and with 

^ its refinements and generalizations plays an important role in modern . 
group-theoretic research, including H. Bohr's theory of almost peri- 
odic functions. Contact is thus made with Hilbert's old friend, the 
theory of invariants. (3) Quite recently Hilbert’s parametrix method 
has served to establish the central existence theorem in W. V. D. 
Hodge's theory of harmonic integrals in compact Riemannian spaces. 

— Thé story would be dramatic enough had it ended here. But then a 
sort of miracle happened: the spectrum theory in Hilbert space was 
discoyered to be the adequate mathematical instrument of the new 
quantum physics inaugurated by Heisenberg and Schrödinger in 
1923. This latter impulse led to a reexamination of the entire complex 
of problems with refined means (J. von Neumann, A. Wintner, M. H. 
Stone, K. Friedrichs). As J. von Neumann was Hilbert's collaborator 
toward the close of that epoch when his interest was divided between 
quantum physics and foundations, the historic continuity with: Hil- 
bert's own scientific activities is unbroken, even for this later phase. 
What has become of the theory of abstract spaces and their linear 
operators in our times lies beyond the bounds of this report. 

. A À picture of Hilbert's “analytic” period would be incomplete with- 
out mentioning a second motif, calculus of varidttons, which crossed 
the dominating one of integral equations. The *theorem of independ- 
ence" with which he concludes his Paris survey of mathematical prob- 
lems (1900) is an important contribution to the formal apparatus of 
that calculus. But ‘of much greater consequence was his audacious 
direct assault on the functional maxima and minima problems. The 
whole finely wrought machinery of the calculus of variations is here 


15 H. Weyl and F. Peter, Math. Ann. vol. 97 (1927) pp. 737—755. A. Haar, Ann. of 
Math. vol. 34 (1933) pp. 147-169. J. von Neumann, Trans. Amer. Math. Soc. vol. 36 
(1934) pp. 445-492. Cf. also L. Pontrjagin, Topological groups, Princeton, 1939. 
8 W. V. D. Hodge, The theory and applications of harmonic integrals, Cambridge, 
. 1941. H. Weyl, Ann. of Math. vol. 44 (1943) pp. 1-6. 
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consciously set aside. He proposes instead to construct the minimizing 
function as the limit of a sequence of functions for which the value 
of the integral under investigation tends to its minimum value. The 
classical example is Dirichlet’s integral in a two-dimensional region G, 


Dial = SAG) +) pe 


Admitted are all functions x with continuous derivatives which have 
given boundary values. d being the lower limit of D [u] for admissible 
u, one can ascertain a sequence of admissible functions t4 such that 
D [u.]— d with n— «. One cannot expect the u, themselves to con- 
verge; rather they have to be prepared for convergence by the 
smoothing process of integration. Ás the limit function will be har- 
monic and the value of the harmonic function at any point P equals 
its mean value over any circle K around P, it seems best to replace 
u,(P) by its mean value in K, with the expectation that this mean 
value will converge toward a number «(P) which is independent of 
the circle and in its dependence on P solves the minimum problem. 
"Besides integration Hilbert uses the process of sifting a suitable sub- 
sequence from the #, before passing to the limit. Owing to the simple 
inequality 


{D [tem — ttn J} 1/2 < (D[ual =, d]: + {D [un] 29 dus 


discovered by S. Zaremba this second step is unnecessary. 

Hilbert's method is even better suited for problems in which the 
boundary does not figure so prominently as in the boundary value 
problems. By a slight modification one is able to include point singu- 
larities, and Hilbert thus solved the fundamental problem for flows 
on Riemann surfaces, providing thereby the necessary foundation for 
Riemann's own approach to the theory of Abelian integrals, and he 
further showed that Poincaré's and Koebe's fundamental theorems 
on uniformization could be established in the same way. We should 
be much better off in number theory if methods were known which 
are as powerful for the construction of relative Abelian and Galois 
fields over given algebraic number fields as the Riemann-Hilbert 
transcendental method proves to be for the analogous problems in 
the fields of algebraic functions! Its wide application in the theory of 
conformal mapping and of minimal surfaces is revealed by the work 
of the man who was Hilbert's closest collaborator in the direction of 
mathematical affairs at Göttingen for many years, Richard Courant.” 


Y A book by Courant on the Dirichlet principle is in preparation. 


LEE 
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Ofa more indirect character, but of considerable vigor, is the influence 
of Hilbert’s ideas upon the whole trend of the modern development 
of the calculus of variations; in Europe Carathéodory, Lebesgue, 
Tonelli could be mentioned among others, in this country the chain 
reaches from O. Bolza’s early to M. Morse’s most recent work. 


PHysIcs 


Already before Minkowski’s death in 1909, Hilbert had begun a ` 
systematic study of theoretical physics, in close collaboration with 
his friend who had always kept in touch with the neighboring science. 
Minkowski’s work on relativity theory was the first fruit of these 


. joint studies. Hilbert continued them through the years, and between 


1910 and 1930 often lectured and conducted seminars on topics of 
physics. He greatly enjoyed this widening of his horizon and his con- 
tact with physicists, whom he could meet on their own ground. The 
harvest however can hardly be compared with, his achievements in 
pure mathematics. The maze of experimental facts which the physi- 
cist has to take into account is too manifold, their expansion too fast, 
and their aspect and relative weight too changeable for the axiomatic 
method to find a firm enough foothold, except in the thoroughly con- 
solidated parts of our physical knowledge. Men like Einstein or Niels 
Bohr grope their way in the dark toward their conceptions of general 
relativity or atomic structure by another type of experience and 


imagination than those of the mathematician, although no doubt 


mathematics'is an essential ingredient. Thus Hilbert's vast plans in 
physics never matured. 

But his application of integral equations to kinetic gas theory and 
to the elementary theory of radiation were notable contributions. In 
particular, his asymptotic solution of Maxwell-Boltzmann's funda- 
mental equation in kinetic gas theory, which is an integral equation 
of the second order, clearly separated the two layers of phenomenolog- 


ical physical laws to which the theory leads; it has been carried out 


in more detail by the physicists and applied to several concrete prob- 
lems. In his investigations on general relativity Hilbert combined 
Einstein's theory of gravitation with G. Mie's program of pure field 
physics. For the development of the theory of general relativity at 
that stage, Einstein's more sober procedure, which did not couple the 
theory with Mie's highly speculative program, proved the more fer- 
tile. Hilbert's endeavors must be looked upon as a forerunner of a 
unified field theory of gravitation and electromagnetism. However, 
there was still much too much arbitrariness involved in Hilbert’s 


"Hamiltonian function; subsequent attempts (by Weyl, Eddington, 
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Einstein himself, and others) aimed to reduce it. Hopes in the Hilbert 

‘circle ran high at that time; the dream of a universal law accounting 
both for the structure of the cosmos as a whole, and of all the atomic 
nuclei, seemed near fulfillment. But the problem of a unified field 
theory stands to this day as an unsolved problem; it is almost certain 
that a satisfactory solution- will have to include the material waves 
(the Schrédinger-Dirac y for the electron, and similar field quantities 
for the other nuclear particles) besides gravitation and electromagnet- 
ism, and that its mathematical frame will not be a simple enlargement 
of that of Einstein’s now classical theory of gravitation. 


Hilbert was not only a great scholar, but also a great teacher. Wit- 
nesses are his many pupils and assistants, whom he taught the handi- 
craft of mathematical research by letting them share in his own work 
and its overflow, and then his lectures, the notes of many of which 

. have found their way from Göttingen into public and private mathe- 
matical libraries. They covered an extremely wide range. The book 
he published with S. Cohn-Vossen on Anschauliche Geometrie is an 
outgrowth of his teaching activities. Going over the impressive list 
attached to his Collected Papers (vol. 3, p. 430) one is struck by the 
considerable number of courses on general topics like *Knowledge 
and Thinking,” “On the Infinite,” “Nature and Mathematics.” His 
speech was fairly fluent, not as hesitant as Minkowski’s, and far from 
monotonous. He had no difficulty in finding the pregnant words, and 
liked to emphasize short pivotal phrases by repeating them several 
times. On the whole, his lectures were a faithful reflection of his spirit; 
direct, intense; how could they fail to be inspiring? 


. 


sw 


- a BOOK REVIEW 


Meromorphic functions and analytic: curves. By Hermann Weyl and 
Joachim Weyl.. (Annals of Mathematics Studies, no. 12.) Princeton 
University Press; London, Humphrey Milford and Oxford Univer- 
sity Press, 1943. 94-269 pp. $3.50. 

The theory of meromorphic functions began seriously with the now 
classical investigations of Poincaré, Hadamard, and Picard. After be- 
ing continued by various other mathematicians it culminated in a 
paper by R. Nevanlinna in 1925, which was (according to the present 
author!) “one of the few great mathematical events in our century.” 

Nevanlinna associates with every_meromorphic function f(z) in the 
complex s-plane two non-negative real functions N(r, a) and m(r, a); 
the former counts how often f takes the value a in |s| <r, the latter 
measures the average closeness of f to a in |z] <r. Two of the principal 
results of Nevanlinna are these: (1) N(r, a)+m(r, a) 2 T(r) -O(1), 
where T(r) does not depend on a. (2) If any different complex num- 
bers a1, * + * , a, and e>0 are given, then for all r>0 except for a set 
of finite measure, Poam(r, ai) « (24-e) T(r). This implies in particular 
N(r, a) &0 for at most two a, that is, Picard’s Theorem. 

.H. and J. Weyl and Ahlfors generalized these results in two re- 
spects. The underlying space is not any longer the z-plane, but any 
Riemann surface R, and the function f is replaced by »+1 functions 
on R whose ratios define an analytic curve in the n-dimensional com- 
plex projective space P^. Special cases are the algebraic curves (if 9t 
is compact) and the meromorphic curves (if 9t is the z-plane). 

The first chapter provides the foundations for this theory and starts 


. by introducing the Plücker coordinates of a (p — 1)-dimensional linear 


subspace (f-spread) in P*. The p-spreads appear as special vectors 
in the C,,,-dimensional vector space of all p-ads. This space is met- 
rized with the help of an Hermitian form in P*. Next analytic curves 
are defined. An analytic curve C; determines for every p, 1 <$ <n, 
the locus C, of its osculating p-spreads in the space of all p-ads. The 
methods of Hensel-Landsberg allow to treat the stationary indices of 
these curves and their relations to each other. This investigation leads 
for algebraic curves to the general Plücker relations between the or- 
ders and the stationary indices of the Cp. 

The analogue to Nevanlinna's result (1) is the subject of chapter II. 
The function N(r, a) is replaced by a function N,(R, A), 185 Sn, 

1 The preface states that the book, while based on the joint work of the two au- 
thors, was actually written byZH. Weyl. ' 
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which counts the number of intersections of C, with the hyperplane A 
(in the space of the p-ads) for all points of C, corresponding to values 
|s| «R. The function m(r, a) becomes a function m,(R, A) which 
measures the average (unitary) distance of the same points from A. 
Then, independently of the unitary metric in P”, 


N,(R, A) + m,(R, A) = T(R) + O(1) (first main theorem). 


Meromorphic functions and exponential curves are treated as ex- 
amples. The theorems of Poincaré and Hadamard on meromorphic 
functions of finite order conclude the chapter. 

The following chapter (III) treats the relations between the order 
functions T,(R), 1SpSn, and the stationary indices of a given 
curve Ci, and yields thus an extension of the Plücker formulas. The 
result (second main theorem) is indeed surprisingly similar to these 
formulas. In addition we find several inequalities relating these num- 
bers. One of the main tools is expressing the 7,(R) as averages, for 
instance T3(R) turns out to be the average of Ni(R, A) over all hyper- 
planes A, of P*. 

In chapter IV the first and second main theorems are generalized to 
analytic curves. A system of bounded open sets G containing a fixed 
compact nucleus Ko and exhausting the underlying Riemann surface 
R replaces the circles |z| <R. (In the case of meromorphic curves a 
fixed circle |z| Sro plays the role of Ko; its influence is concealed in 
the O(1) used by the reviewer.) The functions V,(G, A) are formed 
with the help of a harmonic function in G — K, which has the values 
1 and 0 on the boundaries of K and G respectively. The first main 
theorem holds except that O(1) must be replaced by an expression 
m°(G, A) which depends on G and Ko but whose order of magnitude 
can be estimated. A similar function (G, Ko) (and the genus of R) 
enters the second main theorem. 

The last chapter deals with Picard's Theorem, more generally with 
Nevanlinna's defect relations. These results can be extended to ana- 
lytic curves for which the above mentioned term 7(G, Ko) is small 
with respect to T(G) (Hypothesis H). The implications of this as- 
sumption are rather difficult to understand. Whereas Picard's theo- 
rem for meromorphic functions on Riemann surfaces is readily 
obtained, the general defect relations are involved and require a great 
deal of technique. But they lead finally to the following beautiful 


-~ 


result: If H holds then “for almost all? GDKe (compare the formula- . 


tion of (2) above) 
x mG, 41) < [Cap + JT G) 


z^ 
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for any finite number of contravariant f-ads A? in general position. 
This implies in particular that an analytic curve in P* intersects at 
least one of any »+1 hyperplanes in general position. 

The book begins with an allegoric preface and a historical intro- 
duction. The style is spirited and permeated by that elegant tech- 
nique which the author displays in all his books. The reader sees 
always a wide mathematical landscape, and never just a one-dimen- 
sional approach to a given problem. Only in one instance, namely the 
construction of the harmonic function in chapter IV, 84, does it seem 


.disputable whether the author chose the most efficient method. The 


reviewer has seen lecture notes on a course given by Ahlfors in Har- 
vard which convinced him that subharmonic functions furnish a 
smoother approach, because they allow operating in the large. 

It seems difficult to enumerate the exact prerequisites for the book. 
The reader must be familiar with various mathematical tools; this 
applies in particular to Riemann surfaces, since the indications in 
chapter I, §9, are not sufficient as a first introduction. The subject 
matter is involved and interrelated with several fields. The book is 
therefore not easy to read. But as always, the author rewards the 
reader by a wealth of information and mathematical technique which 
is useful far beyond the immediate scope of the book. 

H. BUSEMANN 


NOTES 


Professor E. A. Milne of the University of Oxford has been elected 
president of the Royal Astronomical Society. 


Professor G. D. Birkhoff of Harvard University has been awarded 
the honorary doctorate of science by Illinois Institute of Technology. 


Dr. R. v. Mises of Harvard University and Professor John von 
Neumann of the Institute for Advanced Study have been elected to 
membership in the American Academy of Arts and Sciences. 


Professor Oscar Zariski of Johns Hopkins University has been 
elected to membership in the National Academy of Sciences. 


Professor A. L. Nilson of Wayne University has been elected 
president of the Michigan Academy of Science, Arts and Letters. 


Professor Richard Morris of Rutgers University has retired with 
the title professor emeritus. 


Professor Gertrude Smith of Vassar College has retired with the 
title professor emeritus. 


Assistant Professor Robert Schatten of the University of Vermont 
has been appointed National Research Fellow for the academic year 
1944-1945. He will study at the Institute for Advanced Study. 


Assistant Professor J. M. Barbour of Michigan State College has 
been promoted to an associate professorship. 


Dr. A. E. Basch of the College of the City of New York has been 
appointed to an assistant professorship at Rensselaer Polytechnic 
Institute. 


Associate Professor W. D. Baten of Michigan State College has 
been promoted to a professorship. 


Dr. Helen P. Beard of Newcomb College nas been promoted to an 
assistant professorship. 


Dr. R. A. Beaumont of the University of Washington has been 
promoted to an assistant professorship. 


Assistant Professor E. M. Beesley of the University of Nevada has 
been promoted to an associate professorship. 
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Mr. D. R. Belcher has been appointed treasurer of the American 
. Telephone and Telegraph Company. 


„Associate Professor L. M. Blumenthal of the University of Mis- 
souri has been promoted to a professorship. 


Assistant Professor J. R. Britton of the University of Colorado has 
been promoted to an associate professorship. 


Dr. R. H. Bruck of the University of Wisconsin has been promoted 


í toan assistant professorship. 


Sister M. Roberdette Burns of Clarke College, Dubuque, Iowa, has 
been promoted to an assistant professorship. 


Dr. Nancy Cole of Sweet Briar College has been appointed to an 
assistant professorship at Connecticut College. 


Dr. Esther Comegys of the University of Maine has been promoted 
to an assistant professorship. 


Mr. W.S. Dawkins has been appointed to a professorship at Loyola 
College, Baltimore, Maryland. 


Assistant Professor L. A. Dye of The Citadel, Charleston, South 
Carolina, has been appointed to an associate professorship. 


Assistant Professor G. M. Ewing of the University of Missouri has 
been promoted to an associate professorship. 


Dr. Marciano Garcfa of the University of Richmond has been ap- 
pointed to an assistant professorship at the College of Agriculture and 
Mechanic Arts, University of Puerto Rico, Mayagtiez, Puerto Rico. 


Dr. Hilda P. Geiringer of Bryn Mawr College has been appointed 
to a professorship at Wheaton College, Norton, Massachusetts. 


Mr. E. L. Godfrey of Fenn College has been appointed to an as- 
sistant professorship at Northwest Missouri State Teachers College, 
Maryville, Missouri. 


Dr. Michael Golomb of Purdue University has been promoted to 
an assistant professorship. 


Professor A. J. Hoare of the University of Wichita has retired. 


Assistant Professor S. A. Jennings of the University of British 
Columbia has been promoted to an associate professorship. 
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Dr. Wilfred Kaplan of the University of Michigan has been pro- 
moted to an assistant professorship. 


Professor N. J. Lennes of Montana State University has retired. 


Assistant Professor Norman Levinsen of Massachusetts Institute 
of Technology has been promoted to an associate professorship. 


Dr. Mark Lotkin of Carleton College has been appointed to an as- 
sistant professorship at Wabash College. 


Mus 


Assistant Professor Eugene Lukacs of Illinois College has been ap- ` 


pointed to an associate professorship at Berea College. 


Assistant Professor M. S. Macphail of Acadia University has been 
promoted to an associate professorship. 2 


Professor A. L. McCarty of San Francisco Junior College has re- 
tired. ` : 
Dr. C. T. McCormick of Fort Hays Kansas State College, Hays, 


Kansas, has been appointed to an associate professorship at the Illi- 
nois State Normal University, Normal, Illinois. 


Assistant Professor W. C. McDaniel of Southern Illinois State Nor- 
mal University has been promoted to an associate professorship. 


Professor W. G. McGavock of Davidson College is on leave and at 
Duke University as visiting assistant professor. 
Assistant Professor A. N. Milgram of the University of Notre 


' Dame has been promoted to an associate professorship. 


Dr. W. L. Mitchell of Michigan State College has been promoted 
to an assistant professorship. 


Assistant Professor Harriet F. Montague of the University of Buf- 
alo has been promoted to an associate professorship. 


Assistant Professor David Moskovitz of the Carnegie Institute of 
Technology has been promoted to an associate professorship. 


Assistant Professor D. C. Murdoch of the University of Saskatche- 
wan has been appointed to an associate professorship at the Univer- 
sity of British Columbia. 


Assistant Professor Abba V. Newton of Smith College has been ap- 
pointed to an assistant professorship at Vassar College. 


eoo. NOTES 661 


Dr. K. L. Nielsen of Louisiana State University has been promoted 
to an assistant professorship. 


Assistant Professor E. L. Post cf the College of the City of New 
York has been promoted to an associate professorship. 


5, Associate Professor J. E. Powell of Michigan State College has 
è been promoted to a professorship. 


| Associate Professor W. T. Reid of the University of Chicago has 
i been appointed to a professorship at Northwestern University. 


Associate Professor L. V. Robinson of Marshall College has been 
appointed to an associate professorship at Emory University, Emory 
University, Georgia. 

Assistant Professor W. J. Robinson of Allegheny College, Mead- 


ville, Pennsylvania, has been appointed to a professorship at Centre 
College of Kentucky. 


. Dr. Louise J. Rosenbaum of Reed College has been promoted to an 
assistant professorship. 


Assistant Professor R. G. Sanger of the University of chicage has 
been appointed dean of students. 


Professor G. W. Starcher of Ohio University has been appointed 
acting dean of me graduate college and the college of arts and sci- 
ences. 


Associate Professor E. P. Starke of Rutgers University has been 
promoted to a professorship. 


Associate Professor F. H. Steen of Allegheny College has been pro- 
moted to a professorship. 


Dr. R. G. Sturm has been appointed to a professorship of engineer- 
ing mechanics at Purdue University. 


Assistant Professor E. G. Swafford of Fort Hays Kansas State Col- 
lege is on leave of absence. He has eccepted a temporary appointment 
to an assistant professorship at Perk College, Parkville, Missouri. 


Professor T. Y. Thomas of the University of California at Los An- 
geles has been appointed to a professorship at Indiana University. 


Associate Professor H. S. Wall of Northwestern University has 
been appointed visiting lecturer a- Illinois Institute of Technology. 
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Assistant Professor J. F. Wardwell of Colgate University has been 
promoted to an associate professorship. 


Professor Agnes E. Wells of Indiana University has retired. 


Mr. A. H. Wheeler has been appointed professor affiliate at Clark 
University. 


Assistant Professor P. A. White of Louisiana State University has r 
been appointed to a visiting assistant professorship at Tulane Uni- 
versity. 


Professor W. M. Whyburn of the University of California at Los 
Angeles has been appointed to the presidency of Texas Technological 
College. 


Dr. František Wolf of the University of California has been pro- 
moted to an assistant professorship. 


Dr. Alexander Wundheiler of the College of the City of New York 
has been appointed to an assistant professorship in physics at the 
University of Rochester.. 


The following appointments to instructorships are announced: 
Berea College: Mrs. Elizabeth C. Lukacs; Brooklyn College: Dr. 
Meyer Karlin; Central College, Fayette, Missouri: Mr. T. E. Rodd; 
Columbia University: Mr. P. B. Norman; Duke University: Miss 
Eva A. Pirkle; George Williams College, Chicago, Illinois: Dr. Ruth 
M. Ballard; Hollins College, Hollins College, Virginia, Instructor in 
Education: Miss Frances E. Falvey; Michigan State College: Miss 
Marian Michmerhuizen, Miss Elaine Van Aken; University of Penn- 
sylvania: Dr. W. H. Gottschalk; Rice Institute: Dr. Albert New- 
house; University of Rochester: Mr. W. N. Huff; Russell Sage Col- 
lege, Troy, New- York: Dr. Helene Reschovsky; Sarah Lawrence 
College: Mrs. Ruth C. Strodt; Tulane University: Dr. R. L. Swain, 
Dr. Bernard Vinograde; Wellesley College: Miss Ellen E. Fedder; 
Williams College: Dr. Abraham Seidenberg. 


` Professor Emeritus W. E. H. Berwick of University College of 
North Wales died May 13, 1944, at the age of fifty-five years. 


Professor J.. R. Wilton of the University of Adelaide, Adelaide, 
Australia, died in April, 1944. 


Mr. Nathan Haywatd of Philadelphia died June 21, 1944. 
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Professor Emeritus F. G. Reynolds of the College of the City of 
New York died June 8, 1944, at the age of seventy-two years. He had 
_ been a member of the Society since 1903. 


It has been reported that Dr. Ivor Schilansky of the University of 
\ Michigan was killed in action over Germany in October, 1943. 


^ Professor Emeritus D. E. Smith of Teachers College, Columbia 


.] University, died July 29, 1944, at the age of eighty-four years. He had 
/ been a member of the Society since 1893. 


ABSTRACTS OF PAPERS 
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ALGEBRA AND THEORY OF NUMBERS 


198. Warren Ambrose: Structure theorems for a special class of 
normed rings. f 


Normed rings (in the sense of Gelfand, but without assumptions of commuta- 
tivity or of a unit) are considered which satisfy the following two conditions: (1) the 
. underlying Banach space is a Hilbert space, (2) to each x in the ring there is an “ad- 
joint," x*, with the properties that the linear transformations defined by y—>x*y, 
and yyx* are the adjoint operators of yxy and y—yx. The structure of such rings 
is completely determined. It is shown that such a ring is always a direct sum of 
simple rings and that a simple ring is always a full matrix ring, of either finite or infi- 
nite dimension. By a full matrix ring of infinite dimension is meant here the set of 
all functions of two variables (complex-valued) for which the sum of the squares of 
the absolute values of the elements converges, with the expected definitions of the 
operations in the ring. (Received July 6, 1944.) 


199. E. T. Bell: Separable dtophantine equations. 


A monomial in the independent indeterminates x1, - - + , x4 is called elementary if 
at least one of the indeterminates occurs only to the first power. A sum of elementary 
monomials with integer coefficients, equated to zero, is called an extended multiplica- 
tive equation, Systems of extended equations are called separable if their complete 
integer solution is reducible to that of a multiplicative system (methods for the com- 
plete solution of which are known) and a system of linear diophantine equations, or 
to either of these alone. Among the applications ere the complete integer solution of 
Sa ™ Sq, where S, is a sum of m squares with arbitrary integer coefficients. The meth- 
ods used apply to diophantine equations in any unique factorization domain, in par- 
ticular to an integral domain with a euclidean algorithm. The paper will appear in the 
'Transactions. (Received July 10, 1944.) 


200. L. M. Blumenthal: Note concerning an extension of the notion 
of matrix rank. 

Investigations concerning the imbedding of metric spaces in elliptic spaces sug- 
gested an extension of the notion of matrix rank in terms of which certain metric 
properties of the space could be algebraically formulated and described in a better 
way than by the use of classical concepts. If A= (a,), € («,) are two m Xn mat- 
rices, (â is said to have €-relative rank r provided the matrix (dien) (f= 1, 2, - - - , m; 
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jat,2,---, p has S r. The applications of matrix-relative rank so far deal only 
with, eo case in which e/f and E are symmetric (square) matrices, with e;:1, e;» ej 
= +1. A fundamental problem is that of extending to matrix-relative rank the 
theorem of Frobenius connecting the ordinary rank of a symmetric matrix.with the 
ranks of certain of its principal minors. Among the theorems of this note, it is shown 
that the symmetric matrix £ = (as), a4 71, 0 a4, € 1, i<j ($5, 21,2, - - - , m), has 
an €-relative rank 2 provided each fourth-order principal minor has an E-relative 
rank 2 (where E represents generically any of the’class {E} of symmetric matrices 

~ With «1, ej +1), while if each a; 0 and n4, then c/f has an E-relative rank 2 

`, whenever each third-order principal minor has, unless every element of cA is either 1/2 

* or 3143/2, (Received July 6, 1944.) ` 


:201. H. W. Eves: Some associated theorems on matrices and de- 
termtinanis. 


' In offering a vector-matrix treatment of projective geometry it was found that 
certain portions of the subject can be elegantly handled with the use of a small group 
of associated theorems concerning vectors, matrices, and determinants. These theo- 
rems are interesting in themselves and are presented here isolated from their geometri- 
cal application. (Received June 10, 1944.) 


202. Nathan Jacobson: Structure theory of simple rings without 
Jinsleness assumptions. 


In the first part of the.paper the structure is obtained of arbitrary simple associa- 
tive rings.that either (1) contain a minimal right ideal or (2) contain a maximal right 
ideal. Representations of these rings are found as certain types of rings of linear trans- 
formations in vector spaces over division rings. The question of the invariance of the 
representation is discussed in the case (1). In the second part of the paper simple alge- 
bras, including simple non-associative algebras, with a possibly infinite basis are con- 
sidered. A definition of the extended center and of central simple algebra for the infi- 
nite dimensional case is given. It is proved that a central simple algebra remains simple 
when the underlying field is arbitrarily extended. (Received June 9, 1944.) 


203. B. W. Jones: A canonical quadratic form for the ring of 2-adic 
integers. 


Types of transformations are given by which any form in the ring of 2-adic in- 
tegers may be reduced to a unique canonical form. This establishes a means of ascer- 
taining the-equivalence or non-equivalence of two given forms which is superior to 
Minkowski's criterion involving concomitant forms. The results are similar to unpub- 
lished results obtained in a different way by Gordon Pall. There are ses to 
problems involving genera of forms. (Received July 7, 1944.) 


204. Gordon Overholtzer: A new application of the Schur derivate. 


I. Schur introduced the derivate of a sequence {aa} with respect to the number 
P, Agn=(Gn41—Gn)/P"*}, to generalize Fermat's theorem of elementary number the- 
ory. Fermat's theorem yields that Aa7", the first Schur derivate of {a*"}, is integral; 
Schur proved the first p—1 derivates integral. Let S[s, g(x)] 22 ,7^,g(5)/p^, where 
the summation is over numbers prime to p, and f is a rational prime. An established 
number theory result is that S[s, x*] (k an integer) is integral if p —1 does not divide 
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k and has exponent of p of —1 if p—1 divides k. This paper generalizes this result, 
“Proving that all the Schur derivates A*S[, x*] are p-adically bounded with exponent 
of p not less than —2m —1—m/(p —1) and hence p-adically convergent. Formulas for 
limp. A"S[n, x+] are given in terms of lim,.. S[s, x>]. For positive k, lim... 
S[n, x+] -0 and lima... S[n, x] 2 (1) By(1 —p™—!), where B, is the sth Ber- 
nouillian number. The Schur derivates of {S [», j(x)] h where f(x) A a;x' and the 
valuation of a,—0 as i, are f-adically bounded and convergent; moreover 
lim, S [m, f(x)] =} pa Gs lima.e S[n, x°]. (Received June 29, 1944.) ° 


205. Gordon Pall: Note on factorization in quadratic fields. 


r 
D 


It is proved that if the quadratic integer xo--xie is primitive, that is xo and x, are ` 


coprime, then the divisors of xo-I-xi of a given norm are uniquely determined up to a 
unit factor. Conditions are obtained for the existence of factors of a given norm. It is 
claimed that the necessity for the introduction of ideals should be based not on the 
statement that factorization is not unique, but rather that factors do not exist. Thus 
in the arithmetic of ordinary quaternions, factorization of imprimitive quaternions is 
not unique, but that of primitive quaternions is both possible and unique; and ideals 
are in that case unnecessary. (Received July 10, 1944.) 


j 206. R. R. Stoll: Primitive semigroups. 
! Let F denote the class of semigroups S each of whose elements s satisfies an equa- 
tion of the form s* &s* (n >m). A semigroup S € F is called primitive if for each idem- 
potent e C-S there exists no idempotent fe such that ef fe =f. Examples of such 
semigroups are (a) semigroups of F which contain only one idempotent and (b) semi- 
groups containing & zero and such that each element is nilpotent (nil semigroups). 
The following structure theorem is proved for primitive semigroups. A primitive semi- 
group S contains a unique minimal ideal M with these properties: it is a completely 
simple semigroup without zero (Rees, Proc. Cambridge Philos. Soc. vol. 36 (1940) 
pp. 387-400), and the difference semigroup of 5 modulo M is a nil semigroup. Con- 
versely, a semigroup S C- F with this structure is primitive. (Received July 10, 1944.) 


ANALYSIS 
207. R. P. Agnew: Abel iransforms of Tauberian series. 
Let p,—.9680448 - - - ; the constant is Euler's constant plus log log 2 minus 


2Es(—log 2). The following assertion is true when p2p and false when p «pi. Let 
uotu- - - * be a series satisfying the Tauberian condition n| u.| <K. Let L be the 
set of limit points of the sequence of partial sums of ? us. Let c(!) = > thu, be the 
Abel transform of ? 14. Let L4 denote the set of limit points of e(t); 3” € L4 if there 
is a sequence f, such that 0<4 «1, 41, and c(4,)—5s''. To each s' CL corresponds 
a z” C L4 such that [z/—s"| Sp lim sup n| ta. (Received July 19, 1944.) 


208. R. P. Agnew: A genesis for Cesdro methods. 


The family C, of Cesàro methods of summability, r~0, —1, —2, - - - , is and can 
be defined as the unique class of methods of summability whose members are simul- 
taneously Nórlund methods and Hurwitz-Silverman-Hausdorff methods, The only 
methods simultaneously Riesz methods and Hurwitz-Silverman-Hausdorff methods 
are methods T, closely related to the methods C,. (Received June 16, 1944.) 


[i 
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209. R. P. Agnew: Criteria for completeness of orthonormal sets and 
summability-of Fourier series. bi: 

Let 4. (x) be an orthonormal set over Euclidean space of one or more dimensions 
or a measurable subset of such a space. Let G be a convergence-factor method of 
summability determined by functions G, (t) defined over a set T having a limit point fy 
not in T and satisfying the conditions (1) 5,|G.()) |*« © for each : C T; (2) |G| 
XK when t GT and n0, 1, -. - ; and (3) for each n, G«(f) —1 as tt. Several 
criteria, involving the kernel K(x, y, !) defined as the limit in mean of the partial sums 
of the series ? Ga (tga (x) (9), for completeness of the set ¢.(x) are obtained. It is 
'. shown that Fourier series of functions in Z4 are essentially summable by many non- 
` regular as well as regular methods of summability. (Received June 5, 1944.) 


210. E. F. Beckenbach and R. H. Bing: Concerning the vertex mean- 
value property of harmonic polynomials. 

Results concerning harmonic polynomials and vertex mean-values, by Walsh 
(Bull, Amer, Math. Soc. vol. 42 (1936) pp. 923-930) for all regular #-gons in the 
domain of definition, and by Beckenbach and Reade (Trans. Amer. Math. Soc. vol. 53 
(1943) pp. 230-238) for oriented regular n-gons, are given under weakened hypotheses, 
-For example it is shown that if f(x, y) is defined in the square S:0<x<1, 0<y<1, 
if for each regular s-gon in S the value of f(x, y) at the center of the n-gon is equal to 
the average of the values of f(x, y) on the vertices, and if there is an M such that the 
exterior measure of the set of values of (x, y) on which f(x, y) is greater than M is 
less than 1, then f(x, y) is a harmonic polynomial of degree at most n —1. (Received 
June 26, 1944.) : 


211. Stefan Bergman: A ‘class of nonlinear partial differential equa- 
tions and their properties. ; 

If one assumes that the thermal conductivity, p, changes according to the law 
u=x(U)Q(x, y) where x is a function of temperature, U, alone then the heat equation 
for a steady, two-dimensional heat flow assumes the form N(U) =Uy+eU,+a0, 
+x~'x7U,Ui=0. The function &(U); where &(U) «c fe xd U +c, cı and cs being con- 
stants, satisfies a linear equation L(4) = +a, 1-20, 50. Complex solutions ¢ of 
L(¢)=0, $- Re($), were introduced in the paper in Trans. Amer. Math. Soc. vol. 
53 (1943).pp. 130-155 and other papers cited there, and it was shown that many 
results of the theory of analytic functions of a complex variable may be generalized 
to the case of such functions ¢. Let U= A(®) be the function inverse to d= (U). The 
author introduces complex solutions #=A(¢) of N(4) =0 and shows that certain the- 
orems of the theory of analytic functions hold (in a conveniently altered form) for 
the «'s. In particular if x -1/U then every s which is “meromorphic” in the domain 
B can be represented there by «= [TTwa(s, »a)/LIna(s, 22) ]1a, »» and px being the 
zeros and poles of #. Here sı, N(s#:) «0, is regular and nonvanishing in B; and n5, 
where N(s5) =0, vanishes only at one point and has boundary values 1 on the boun- 
dary of B. (Received June 30, 1944.) 


212. R. H. Cameron and W. T. Martin: Evaluation of various 
Wiener integrals by use of certain Sturm-Liouville differential equations. 


In this paper the authors evaluate a number of Wiener integrals whose integrands 
involve exponentials of integrals of the square of the variable function. These evalua- 
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tions are based on the following theorem. Let p(t) be continuous and positive on 
OsS#3S1, let Xo be the least characteristic value of f” (t) +o(/)f(d) =0, subject to the 
boundary conditions f(0)=f’(1)=0, and let fA(#) denote a non-trivial solution 
of the above differential equation satisfying f/(1)=0. Then if —%<A<dp and 
F(x) is a functional which makes either side of the following equation exist, one has 
So F(x) exp DADOA = AOAO S FC) o C) A) [A GT? 
. *¥(s)ds]dwy. (Received June 3, 1944.) 


213. R. H. Cameron and W. T. Martin: The Wiener measure of 
Hilbert neighborhoods in the space of real continuous functions. 


Consider the space C consisting of all real functions x(t) continuous on 0S#S1 
and vanishing at #=0. In an earlier paper (An expression for the solution of a class of 
non-linear integral equations, Amer. J. Math. vol. 46 (1944) pp. 281—298) the authors 
showed that for every positive number R the subset of C for which folent) rae «Rm 
has positive Wiener measure. In the present paper the authors evaluate the measure 
of this set and in addition evaluate Wiener integrals of functionals F [ox (dt) over 
the space C for a general class of functions F(u). The evaluation is in terms of the 
theta-function of the first kind. Integrals are also evaluated for the case of functions 
x(t) not necessarily vanishing at #=0. (Received June 2, 1944.) 


214. J. J. Dennis: Some points in the theory of posttive definite J- 
fractions. 


Wall and Wetzel ([1] Trans. Amer. Math. Soc. vol. 55 (1944) pp. 373-392; [2] 
Duke Math. J. vol. 11 (1944) pp. 89-102) have extended a considerable part 
of the Stieltjes theory to “positive definite J-fractions” (1) 1/(b1 +2) —a;/(ba-+s) 
—ay/ (b --z) — +++, characterized by the condition that the quadratic forms (2) 
Ep a(b) +y) — 22 75 L(a5)s5xs.41 are positive definite for y>0. In [1] they build 
upon the determinant inequalities Da(y) »0, where D,(y) is the discriminant of (2). 
In [2] they formulate the condition of positive definiteness without determinants aa 
(3) I(b,) 20, |a; —R(a?) S27 (bp) I(bp4s) (1 —£»-i)g», 0g 31, p=1, 2, 3, oe „and 
are able to connect the theory with other work on continued fractions. The present 
paper is concerned with the problem: To simplify the theory in [1] by building upon 
the inequalities (3). The formulation (3) is proved without determinants; and an ex- 
tension of a certain minimum property of (2) [2, §3] is given. The “nest of circles”, 
is obtained and their properties established in a very simple way. Extensions of cer- 
tain theorems of [2] are given, for instance, a “best” extension of Szász' theorem. 
Certain parts of the theory are carried over to (1) 1/(bz) —as/(bs-+3:) 
—03/(bs+83)— + ++. (Received July 5, 1944.) 


215. Nelson Dunford and Einar Hille: The differenttabslity and 
uniqueness of continuous solutions of addition formulas. 


Let G(u, v) be a single-valued analytic function of u, v. If f(A) is continuous for 
0 $4 Sa and has its values in a commutative normed ring and satisfies the equation 
fO 2-9) S G(f), f(a) and if Gi(f(0), f(0)), where G: — 8G/8u, has an inverse then f(X) 
has derivatives of all orders and any such solution is determined by f(0), f'(0). Analo- 
gous questions are discussed in the case that A, » are elements of a normed ring and 
also in the case where f has its values in an operator ring and is continuous in the 
strong topology. (Received July 8, 1944.) 
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216. Paul Erdós: Converse of Fabry's gap theorem. 


Letm Xm +++ <my< - » - bea sequence of integers with lim (ma/k) = ©. The 
gap theorem of Fabry states dt if 2 a12** is a power series whose circle of convergence 
is the unit circle then thé unit circle is the natural Don Pólya proved the follow- 
ing converse of this theorem: Let n; «n4 +--+ <ay< - - be a sequence such that 
lim inf (n4/k) < œ, then there exists a power series en whose circle of convergence 
is the unit circle and the unit circle is not the natural boundary. For this theorem of 
Pélya a simple and elementary proof has been obtained. (Received August 1, 1944.) 


217. B. M. Ingersoll: On singularities of solutions of linear partial 
differential equaisons. II. & 


In continuation of his previous investigation (see abstract 50-3-60), the author 
considers the problem of locating singularities of real solutions n=), ang Dmna”, 
Denm Dee, and of complex solutions u= QA Aunt", zex-d-iy, E=x—ay, of the 
equation L(U)=AU/4+A%U,+A@U,+A@U—0 where A® Bas i 
are entire functions of x and y. Using a result of Hadamard he determines the location 
of singularities of U in terms of a subsequence {Dax}, k fixed, m=O, 1,2, -- - anda 
finite number of derivatives of A“), k=1, 2, 3. Further, employing an in alone: 
sentation of Bergman for the solutions he obtains a majorant X(s, Z) of | U(s, z)|, 
U(s, 2) = Re[u(s, 3)]. X depends on a sequence {Dms}, k fixed, m=0, 1, 2, - - - , and 
the upper bounds of the coefficients A) of L in any finite region of the lalis He also 
investigates the character of certain types of singularities of U and the rate of growth 
of U in the neighborhood of these points. (Received July 10, 1944.) 


218. W. H. Ingram: On the integral equations of conons dynamt- 
cal systems. 


The dynamical systems are the one-dimensional ones considered recently (Philoso- 
phical Magazine, 1940, Bull. Amer. Math. Soc. vol. 48) and are governed by the 
equation y(x, 1): = f Ks, I(E, 2):d£. The substitution y:(x, t) = W,(x)Ti(t) leads to 
the equation BT: =T: having the solution T: e eC: with C: and p satisfying the 
subsidiary modal equation »BC:=C:. The elements of the 5X5 matrix B are ob- 
tained by an iterative process. An expansion for Kt y) is assumed in establishing 
convergence. Evidence is cited for the existence of a wide but undefined class of 
kernels the members of which, or their iterates, may be represented by this expansion. 
The method for the polynomial approximation of modal functions explained in the 
Philosophical Magazine and somewhat more general formulas for the algebraic de- 
termination of the modal numbers are shown to be valid in a sub-class of practical 
importance. If (x): is any modal vector then N(x): is also with N the diagonal 
form of any of the solutions of u BN: =N: and with the corresponding 4 of this equa- 
tion the modal number belonging to N®(x):. It is found finally that the abstract the- 
ory of Hilbert space has no contact with the differential equations of dissipative elasto- 
kinetics and therefore little if any application in the present orany related problem. 
(Received June 6, 1944.) 


219. R. L. Jeffery and D. S. Miller: Convergence factors for general- 
ized integrals. 


In a generalization of the derivative, 7 C. Burkill (Proc. London Math. Soc. (2) 
vol. 34 (1932) pp. 314-322) used the Cesàro mean of a function F(x) defined by 
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CAF, x, x--h) =(r/h) [Z  (x--h—1)F()di. For the first mean of an interval 
(a, b), C(F, a, b) m (b —a)71 f F(i)dt = (a —b) f; F(t)dt - CF, b, a). For r>1, 
CAF, a, b) is in general not equal to C,(F, b, a). Consequently, the methods used for 
inverting derivatives of the first order could not be used for derivatives of a higher 
order, and this led to the following consideration. The expression (x-+4—#)*! serves 
as a convergence factor in C,(F, x, x-+k). Would it be possible to replace this by a 
convergence factor defined in such a way that means corresponding to C,(F, a, b) and 
C.F, b, a) are equal? The present paper is an answer to this question. It turns out 
that there is a wide class of suitable factors. The results parallel those of Burkill, 
but owing to the general form of the convergence factors, it was necessary to devise 
new methods of proof. (Received July 24, 1944.) 


220. D. S. Miller: Some properties of Carathéodory linearly measur- 
able plane posnit sets. 


In 1920 H. Steinhaus (see Fund. Math. vol. 1 (1920) pp. 93-104) proved that the 
set of distances between the points of a measurable set along the line of positive 
measure fills up an interval about the origin. An application of Fubini’s theorem at 
once establishes the same result in the plane when ordinary Lebesgue measure is used. 
In this paper plane sets measurable in the sense of Carathéodory are considered. It 
will be shown that nonzero measurability in the Carathéodory sense is not enough to 
assure that the set of distances bétween the points fills up an interval. Also some con- 
sideration will be given to the A-density function first invented by Besicovitch (see 
Math. Ann. vol. 98 (1927) pp. 422-464). It will be shown that 3/3/2sA(4, 5) $1 
for almost all points of the set A. Furthermore it will turn out that this is the best 
possible relation. (Received June 20, 1944.) 


221. C. N. Moore: Convergence factors in general analysts, 1. 


In several previous papers (Proc. Nat. Acad. Sci. U.S.A. vol. 8 (1922) pp. 288—293, 
Trans. Amer. Math. Soc. vol. 24 (1922) pp. 79-88, vol. 25 (1923) pp. 459—468) the 
author has developed the basis of a branch of general analysis which would include 
the results common to the theory of infinite series and the theory of infinite integrals. 
In these papers the usefulness of the general theory was illustrated by proving a 
theorem in it which included as special cases the Knopp-Schnee-Ford theorem with 
regard to the equivalence of the Cesàro and Hilder means in summing divergent se- 
ries, the analogous theorem of Landau concerning summable integrals, and a further 
new theorem concerning the equivalence of generalized derivatives of the Cesàro and 
Halder type. In the present paper certain theorems are proved concerning the intro- 
duction of convergence factors into operations of the type (Jy){c), defined in the 
papers referred to above. These theorems include theorems concerning infinite series 
in vol. 22 of the Society's Colloquium Publications and analogous theorems concerning 
infinite integrals. Further theorems of the type indicated will be considered in later 
papers. (Received July 5, 1944.) 


222. E. N. Nilson and J. L. Walsh: On functions analytic in a-re- 
gion: approximation in the sense of least pth powers. 

Let R be a finite region bounded by a finite sum of Jordan curves Cj, and let S 
be a closed set interior to R with boundary Co a finite sum of Jordan curves which 
separates no point of R—S from Ci. Let f(z) be a function analytic on S but not 
throughout R. Let iyu(z) be a function analytic in R such that the integral mean of 
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| &x(2)|* (¢>0) on Cy, with respect to the conjugate of the harmonic function equal 
to zero and unity on Co resp. Ci, is not greater than M and such that the integral 
mean of |f(3) — &u(z)| * (P0) on Co is least. By means of a generalization of the 
Hardy Mean-Value Theorem, the authors consider the asymptotic behavior of 
{ Sus) ] as M— œ, extending the results of their earlier paper (Trans. Amer. Math 
Soc. vol. 55 (1944) pp. 53-67). These functions of best approximation are character- 
ized for the special case of circular regions and least squares. (Received June 5, 1944.) 


223. Harry Pollard: One-sided boundedness as a condition for the 
unique solution of certain heat equations. 


The mathematical problem (1) ts =: (— © «x« œ, 0<#<o), (2) u(x, 0+) m f(x): 
for heat flow in an infinite rod with prescribed initial temperature, is not uniquely de- 
termined. For if u(x, t) is a solution, so is u-++-xt-* exp (—21/44). Various additional 
conditions on | #(x, ¿)| which guarantee uniqueness are known. A new, one-sided con- 
dition is suggested by the phenomenon of absolute zero. Mathematically this may be 
stated as: (3) s(x, t) = — M. It is proved in this paper that solution of problem (1)- 
(2)-(3), if it exists, is unique. For f(x) m0 and M 0 this result is due to Widder. A 
result of similar character is obtained for functions harmonic in a half-plane. (Re- 
ceived July 6, 1944). i De 


224. P. C. Rosenbloom: Interpolation and extremal problems for 
absolutely monotonic functions. 


Let F be the class of functions f(x) o 3M which are absolutely monotonic 
in the interval 0 Sx £1 and satisfy the conditions f(x;) =u, $1, - - -, —1,f(1) Sma, 
where —1 <% < +++ Xx a «1, and zi +--+, Xan My +++, me are given numbers, 
Let L(f) -27, xa. where c4—0. Then L(f) attains its maximum in the class F for 
2 polynomial with at most & nonvanishing coefficients. A necessary and sufficient con- 
dition that F be non-empty is that it contain such a polynomial. As an application, 
the following problem is solved. Let g(s) be analytic in s| «ni, and let its mean square 
be prescribed on the circles |s| =r; and |s| =r}, 0 «ri «ri. For a given circle |s| =r, 
ri <1a<ri, what is the greatest possible value of the mean square of g(z)? The analo- 
gous problem for the maximum modulus was studied by Heins in a recent paper, 
Trans. Amer. Math. Soc. vol. 55 (1944). Banach space methods are used in the 
proofs. (Received July 7, 1944.) 


225. Otto Szász: On the generalized jump of a function und Gibbs’ 
phenomenon. 

An odd function f(¢) is said to have a generalized jump of index r at the origin if 
its Cesàro mean of order r has a limit not equal to 0, as ¢ decreases to zero. In this 
paper, generalizing earlier results, formulae are given to determine the jump by means 
of the Fourier coefficients, when r <3. Furthermore in this case a Gibbs’ phenomenon 
is established. Certain trigonometric transforms and their relation to Cesàro summa- 
bility are employed. (Received June 28, 1944.) 


226. W. J. Trjitzinsky: Singular elliptic and hyperbolic partial dif- 
ferenisal equations. 
In this paper the author studies the elliptic equation F(«)=f(x), where (E) 


I Puye 242 49(A5(x) (0«/8x:))/0xid-C(x)u (i, j=1, +++, mi s (xy - , xm) and 
the related hyperbolic equation of normal type (H) F(t) -»p(x)81u/011-]- p(x)f (x, t) 
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(p(x) >0; — c <i Sio). The coefficients are continuous and suitably differentiable in 
Zi, °° © , %m for x in a bounded open domain D; they are allowed to become infinite in 
the neighborhood of the frontier F(D) of D; F(D) may be irregular. (E), (H) are trans- 
formed into an integral equation, whose kernel K(x, s) is fundamental ior our theory. 
When K(x, s) is Za in a certain one of the variables, while F(s) is self-adjoint, (E), (H) 
can be effectively studied by methods of spectral theory; when K(x, z) is L4 in (x, z), 
Fredholm's theory of integral equations is applicable even when F(#) is not self-ad- 
joint. In the first case it is said the problems are of type (S); in the second—of type 

- (Œ). Explicit conditions on the coefficients in (E), (H) are found under which the prob- 
lems are of types (S) or (F). The spectral theory then is developed, yielding various 
results on existence of solutions, their properties, conditions for their uniqueness, and 
so on. This work is related to the author's and T. Carleman’s earlier works on elliptic 
partial differential equations. (Received July 8, 1944.) 


227. H. S. Wall: Note on the expansion of a power series into a con- 
tinued fraciton. 


This paper contains an algorithm for expanding a power series into a continued 
fraction which is based upon the fact that the process for constructing a sequence of 
orthogonal polynomials can be so arranged that it gives simultaneously a continued 
fraction expansion for a power series. (Received June 5, 1944.) 


228. H. S. Wall: The convergence of a positive definite J-fraction in 
‘the limtt-circle case. 


Theorems 4.1, 4.2, 4.3 and 4.4 of the paper Contributions to the analytic theory of 
continued fractions and infinite mairices by E. D. Hellinger and H. S. Wall, Ann. of 
Math. vol. 44 (1943) pp. 103—127, are extended, with appropriate modifications in the 
series (4.7), (4.8) and in the polynomials (4.12), to general positive definite J-fractions. 
Thus, in the limit-circle case, a positive definite J-fraction must either converge over 
the whole plane to a meromorphic limit-function, or else diverge for every value of the 
variable. (Received July 13, 1944.) 


APPLIED MATHEMATICS 


229. Nathaniel Coburn: The Kármán-Tsten pressure-volume rela- 
tion in the two-dimensional supersonic flow of compressible fluids. 


First, the applicability of the Kármán-Tsien idea in the supersonic range is dis- 
cussed. Secondly, it is shown that when the Kármán-Tsien relation can be used, the 
characteristics form a Techebyscheff net. Further, if the diagonal curves of these char- 
acteristics are drawn 90 as to correspond to equi-intervaled values of the arc length 
parameter along these characteristics, then these diagonal curves will be the families 
of equipotentials and stream lines. Analytically, this last result means that the deter- 
mination of the stream lines depends upon two arbitrary functions of a real variable. 
The conditions satisfied by these functions are discussed in the case where the given 
data is of Dirichlet type (two known stream lines as in the jet problem). In particular, 
if one of the known stream lines coincides with the x-axis, it is shown that only one 
arbitrary function enters into the problem of determining the stream lines: (Received 
June 2, 1944.) 
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230. A. J. Coleman: Phase space in Eddsngton's theory. 


The set of 4-way symmetric unitary matrices constitutes a 10-dimensional con- 
tinuum which plays a large role, under the name phase space, in Sir Arthur Edding- 
ton's Relativity theory of protons and electrons. Eddington introduces a metric into 
phase space and asserts that it is important for his theory that the total volume of 
phase space be finie. If one denotes the transpose of A by A’, then any point, P, may 
be written P - ADA' where D is unitary and diagonal and A is unitary and satisfies 
44'*- I. By choosing the ten parameters upon which 4 and D depend as coordinates 
in phase space, it is shown in the present paper that the volume is infinite. (Received 
July 6, 1944.) 


231. A. J. Coleman: Red-shift in the sun. 


The observed shift of the lines of the sun's spectrum, including the Limb effect, is 
too complex to be explained by Einstein's classic discussion which makes no assump- 
tion about the nature of the source of light. In this paper a correction of the Coulomb 
force due to a point charge is derived by solving Maxwell's equations in a gravita- 
tional field. For the sun, the correction is of the same order of magnitude as Einstein's 
but depends on the orientation of the atom in such a way as to suggest an explanation 
of the Limb effect. The correct choice of quantum equations for an atom in a strong 
gravitational field being still in doubt, it has not yet been possible to compare the 
consequences of the above result with experiment. (Received July 6, 1944.) 


232. Eric Reissner: On the theory of bending of elastic plates. 


In this paper a system of differential equations of the sixth order is established 
for the linear problem of bending of thin plates. Results obtained by the application 
of these equations coincide with the results of the classical theory of thin plates, ex- 
cept for narrow edge zones. Three boundary conditions may now be satisfied while, 
as is well known, the classical theory leads to two boundary conditions only. The 
significance of the problem has recently been discussed by J. J. Stoker (Bull. Amer. 
Math. Soc. vol. 48 (1942) pp. 247-261). (Received June 24, 1944.) 


233. Moses Richardson: The pressure distribuison on a body in shear 

If the undisturbed shear flow is given by the velocity field v,» U(1-]-ky), v, =0, 
where U and k are constants, then there exists a stream function ¥(x, y) satisfying a 
Poisson equation Vy =U with certain boundary conditions on the smooth contour C 
of the cross section of an infinite cylindrical body immersed in the flow. Instead of 
attacking the boundary value problem for y directly, an integral equation is derived 
for the velocity distribution v(s) on C, which may be solved by approximative meth- 
ods. Knowledge of v(s) implies knowledge of the pressure distribution on C. (Received 
July 7, 1944.) 


234. Andrew Vazsonyi: An existence theorem in the theory of com- 
presssble fluids. Preliminary report. . : 

Let y. be the streamfunction of a steady, adiabatic, irrotational, compressible flow, 
q the velocity, p the density, g'p V,-Hj,—r and F(r)=f'dr/p(r). The Euler 
equation of the variational problem f SFU AV.) dxdy — min is given by 0(y,d F/dr)/9x 
T9(d F/dr) /8ys30(p7195)/0x-FO(p 1y5)/8y- —w=0 which shows that minimizing 
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the integral //Fdxdy is equivalent to the condition of irrotationality. Hilbert conjec- 
tured that every regular variational problem is solvable. A. Haar showed (Math. Ann. 
vol. 97, p. 124) that this is indeed the case for the integral //f(y.,, Yy). Haar's theorem 
cannot be applied directly for our case because p is a double valued function of r. 
Furthermore r has a maximum value r, at the speed of sound. However one can intro- 
duce a hypothetical “semi-compressible” fluid such that (a) for r «r,— e, pp^* is (ap- 
proximately) constant; (b) for r>r,—e the density is (approximately) constant; 
(c) the associated variational problem is regular. As a consequence of Haar's theorem 
the interior boundary value problem ts always solvable for such a semi-compressible fluid. 
The necessary and sufficient condition for the existence of a subsonic solution of a real 
compressible fluid is that for the (always existing) "semi-compressible? solution v <r, 
It is believed that the theorem can be extended for the exterior problem too. (Received 
June 27, 1944.) i 


GEOMETRY 


235. Herbert Busemann: Local metric geometry. 


The author studies systematically (not necessarily symmetric) metric spaces in 
which extremals exist. The local properties of such spaces are investigated first, for 
instance, segments are constructed which may replace the line elements of differential 
geometry. Convergence of extremals as point sets, sets of line elements, and curves is 
analyzed. Then a theory of parallelism between infinite rays in unbounded spaces is 
developed which is new also for the differentiable case. The theory of locally isometric 
spaces proves to be analogous to-the topological theory of covering spaces with one 
noteworthy exception: compact and locally isometric spaces are congruent. Finally 
some of the fundamental theorems of differential geometry on spaces with constant 
curvature are derived without any differentiability assumptions. (Received June 17, 
1944.)- : 


236. Claude Chevalley: Intersections of algebraic and algebroid va- 
riettes. 


The paper contains a local theory of intersections for algebroid and algebraic va- 
rieties. The definition of intersection multiplicities is based on the notion of multi- 
plicities of a local ring with respect to a system of parameters as introduced in the 
author's paper on The theory of local rings, Ann. of Math. vol. 44, no. 4. (Received 
July 1, 1944.) 


237. John DeCicco: Conformal maps with tsothermal systems of 
scale curves. 


Let a surface Z be mapped conformally upon a plane II. The scale function 
« —ds/d.S depends only upon the position of the point. A scale curve is the locus of a 
point along which the scale e does not vary. Under any conformal map of Z upon II 
there are œ! scale curves (whereas in the nonconformal case there are «c! scale 
curves). Any family (isothermal or not) of «! curves may represent the scale curves 
of a conformal map of some surface Z upon the plane II. The author considers the 
surfaces Z of non-constant gaussian curvature which are applicable upon a surface of 
revolution for which there exists a conformal map of Z upon II with isothermal fam- 
ilies of scale curves. Of course, any such surface Z may be so mapped. In that case, the 
scale curves must be parallel straight lines or concentric circles, It is proved that there 
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are essentially seven types of surfaces Z applicable upon.a surface of revolution for 
which there exist conformal maps upon a plane II with isothermal &ystems of scale 
curves which are neither parallel lines nor concentric circles. (Received July 5, 1944.) 


238. H. W..Eves: Applications of some new matrix products to 
geometry. 


] A symbolic product, such as the various products of vectors and of matrices, is 
. useful to the geometer only when the combination defining the product occurs with 
fair frequency in geometrical investigation, and this degree of frequency is, to the 
geometer, the gauge justifying the product's existence. This paper partially exploits 
as new symbolic products certain combinations of the elements of pairs of matrices 
which: are quite frequent in an analytical treatment of the projective geometry of 
conics and in the differential invariant theory of surfaces in 3-space. Only the former 
applications, however, are considered in this paper. The products are closely associ- 
ated with the invariant and covariant tkeory of conics. After briefly developing the 
needed algebra of the new products certain analytical criteria, in terms of the products, 
are obtained for some projective relationships, and several classical results are proved 
with these products as new tools. (Received June 10, 1944.) 


239. H. W. Eves: Skew curves seiting up a null system $n space. 


An #-curve is defined as a skew curve such that (A) the points of osculation of all 
^ osculating planes through a point are coplanar with the point, (B) theosculating 
planes of a set of coplanar points of the carve are copunctual at a point on this plane, 
Theauthor develops, by vector methods, a number of projective and metrical proper- 
ties of x-curves. Some necessary and sufficient conditions for a curve to be an s-curve 
are given, and the relation of n-curves to linear complexes is dealt with. It is shown 
that every n-curve satisfies a differential equation of the form |r, x, x’| =s: %', where 
f, x, s are vectors. This differential equation is integrated and special n-curves, such 
as the twisted cubic, the circular helix, and so on, are noted. (Received June 21, 1944.) 


240. C. C. Hsiung: A study on the theory of conjugate nets. 


Let an analytic non-ruled su-face S in ordinary space be referred to a conjugate 
parametric net N;, and Cy be any curve on S through a general point P,. As P, moves 
along C, the parametric tangents #, v generate respectively two non-developable ruled 
surfaces R™), R^, In this paper the author first discusses the correspondence between 
the line joining any two points T, T on -he parametric tangents u, v through P, and 
the intersection of the tangent planes.of R™, R® at T, T, respectively; and then in- 
troduces two quadrics, one has contact of the second order with R(? at T'and contact 
of the first order with R® at T, and th» other has similar properties with the roles 
of #, v interchanged. Finally, by means of the projections of the two parametric 
curves from any point on a line through P, onto their osculating planes at P, and a 
one-parameter family of quadrics associated with P, of N, obtained by the author ina 
previous paper (Theory of conjugate neis on a surface, to appear in the American 
* Journal of Mathematics) he derives two 5ne-parameter families of lines, of which two 
may be regarded as generalizaticns of the canonical edges of Green of the asymptotic 
net of a surface to a conjugate net. (Received June 8, 1944.) 


H 
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241. C. C. Hsiung: New geometrical charactertzations sof some conju- 
gate nets. 


Let N, be a conjugate net with parameters u, v on an analytic proper surface S 
in ordinary space, and let x_1, x4 be respectively the ray-points, or Laplace transformed 
points, of a general point P, of S with respect to the v-curve and the s-curve of Ns. 
As u, v vary the loci of x 1, x1 are two surfaces S_,, S; on which the parametric curves 
form two conjugate nets N_1, Ni, which are called the minus-first and first Laplace 
transformed nets of Ns, respectively. The purpose of this paper is to give new geo- 
metrical characterizations of the conjugate net N, in some special cases by introducing 
two quadrics, one of which has contact of the second order with S_; at x, and contact 
of the first order with S, at xj, and the other has similar properties with the roles of 
u, v interchanged. (Received July 20, 1944.) 


242. C. C. Hsiung: The contact of conics and quadrics with two sur- 
faces in space of n dimensions. 

In this paper the author establishes, among other things, the following theorem: 
Let S, S* be two proper analytic surfaces with general relative position in a linear 
space 5, of n(>2) dimensions, and 0,, Oz be two ordinary points on them respec- 
tively. Let F, F* be respectively the sections of S, S* made by a variable linear space 
S, of » (s>»22) dimensions through a given linear space Sı of » —1 dimensions 
which contains 0), Os. As S, varies through S, the locus of the quadric in S, with 
second order contact with F at O, and first order contact with F* at Os is a unique 
quadric in Sa which has contact of the second order with S at O, and contact of the 
first order with S* at Os. (Received June 8, 1944.) 


243. Edward Kasner: Conformal symmetry and satellite theory for 
algebraic curves. 


Schwarz defined symmetry with respect to any real analytic curve, and this con- 
cept is used for analytic prolongation. The author gave the theory a purely intrinsic 
geometric formulation (Proceedings of the Fifth International Congress of Mathe- 
maticians, Cambridge, 1912). In the present paper he studies the case where the base 
curve is any algebraic curve (real or imaginary) in the complete complex (4-dimen- 
sional) plane. Symmetry is then many-valued. The image of the given curve is in 
general reducible and the new component is called the satellite curve. The satellite 
of a conic isa conic. The satellite of a potential algebraic curve is itself. Use is made of 
the induced satellite transformation. (Received June 19, 1944.) 


244. Sister Ingonda von Mezynski: Projective description of some 
plane sextic curves derived from conics as base curves. 


Following a general method described by Pettit (Téhoku Math. J. vol. 28 (1927) 
pp. 72-79), corresponding rays of two pencils A and C meet a single ray of a pencil B 
in points of two conics M4, M. The two pencils, A and C, through this correspond- 
ence, generate an octive curve. By a suitable choice of the positions of points A, B 
and C relative to the base conics Mu, Mz, the octic may be made to degenerate into 
two straight lines and a sextic. Thus 159 types of sextics with one quadruple point 
and three double points, 143 with one quadruple point and four double points, 32 with 
nine double points and 20 having ten double points were derived. (Received July 6, 
1944.) 
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245, Peter Scherk: On the number of certain singularities of differ- 
entsable curves of order n-+1 in real projective n-space. 


The order of a curve in real projective s-epace R, is the maximum number of its 
points of intersection with a linear (5—1)-space. A K**! is a closed curve of order 
557-1 in Ra which satisfies certain differentiability assumptions. The singular points 
of a K*+1 can be described and provided with multiplicities, Let N; be the number of 
(n —»)-fold singular points and let NA be the number of osculating u-spaces of the 
K**! that meet it again. Ina previous | paper it was proved that Lo- (n—5)N, Sn+t 
and that the Nf, are finite and even bounded for a given s (0 SuSn—2). Its methods 
would yield the "estimate? s ^ Ni, Sexp (O(#)). In this paper, the following estimate is 
proved:) 7 (n—»)N?42. 4 - ape 1).N2,S?/4+3/2n. (Received June 23, 1944.) 


246. Y. C. Wong: Family of totally umbilical hypersurfaces $n. Ein- 
stein 4-space. 


A U; (or Ux) is a Riemannian 3-space V, imbeddable in an Einstein 4-space as a 
. member of a family of totally umbilical (or totally geodesic) hypersurfaces. The puar- 
pose of this paper is to study those Us and U, for which the elementary divisors of 
the Ricci and fundamental tensors are all simple. Let w1, w, ws be the Ricci invariants, 
then there are three cases. (1) w «47v. Every Vi of constant curvature is a U, and 
a Us, and conversely. (2) an “ta Hor, The existence of some simple equations charac- 
terizing both the U, and the Us of this type proves that these U; and Ü, are identical. 
These equations have an immediate geometric meaning and lead to the fundamental 
forms of the U; and Us in certain privileged coordinates. A particular case was previ- 
ously considered by Levi-Civita. (3) «x, «s, w74. Only the particular case where the 
c's are all constant is considered. It is proved that no such U, exists and that the only 
TÀ of this class is imbedded in an Einstein 4-space previously obtained by Kasner in 
another connection. A consequence of this is the non-existence of U; and U; with 
non-null geodesic Ricci congruences. (Received July 5, 1944.) 


247. Y. C. Wong: Quast-orthogonal ennuple of congruences in Rie- 
- manntan space. 


In the investigation of those problems in a Riemannian m-space V, with funda- 
mental tensor gi; where the principal congruences of a certain symmetric tensor hi; 
play a part, it is customary to suppose that the elementary divisors of these two 
tensors are all simple, so that there exists an orthogonal ennuple of unit principal 
congruences and Ricci's method of the coefficients of rotation may be used. When the 
elementary divisors of k4; and gi are not all simple, however, null principal congru- 
ences appear; for this case Ricci's method is powerless and a deadlock is reached. In 
this paper it is shown that this difficulty can be overcome by using a special ennuple 
of congruences, called a guast-orthogonal ennuple, which consists partly of null and 
partly of non-null congruences. First, some general observations are made on this 
ennuple, including its use to express a symmetric tensor in normal form. Then an 
invariant theory of the ennuple is developed, analogous to that of Ricci's coefficients 
of rotation. Finally, the quasi-orthogonal ennuple in a V; is studied in some detail; 
and, as an application, a complete solution is given to the problem of finding pairs of 
Vi's with corresponding geodesics. (Received July 5, 1944.) 
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STATISTICS AND PROBABILITY 


248. C. W. Churchman and Benjamin Epstein: Statistics of sensi- 
tivity data. II. Preliminary report. 


In this paper a study is made of the distribution of the first two moments of sensi- 
tivity data as functions of the sample size. The chief results are briefly these: (a) The 
distributions of 2 and o? (for definition of these functions, see On the statistics of sensi- 
tivity data by the authors in the Annals of Mathematical Statistics vol. 15 (1944)) 
approach normality rapidly as functions of the sample size; (b) # and e$ are “almost” 
independent even for small sample sizes, thus justifying the use of Student’s ratio in 
tests of significance for differences between two sample means. (Received July 1, 
1944.) 


249. E. J. Gumbel: Ranges and midranges. 


The mth range w, and the mth midrange {w are defined as the difference and as the 
sum of the mth extreme value taken in descending magnitude (“from above”) and 
the mth extreme value taken in ascending magnitude (“from below”). The semi- 
invariant generating functions L4(/) and »L(#) of the mth extreme values from above 
and from below are simple generalizations of the semi-invariant generating functions 
of the largest and of the smallest value which have been given by R. A. Fisher and 
L. H. C. Tippett. If the sample size is large enough the two mth extreme values may 
be considered as independent variates. Then the semi-invariant generating functions 
L(t, m) and L;(t, m) of the mth range and of the mth midrange are Lu(#, m) — L.(t) 
-F&L( —1); Lilt, m) — LA(t) 3S L(t). Lf the initial distribution is symmetrical the semi- 
invariant generating function of the mth range is twice the semi-invariant generating 
function of the mth extreme value from above. The distribution of the mth range is 
skew, whereas the distribution of the mth midrange is of the generalized, symmetrical, 
logistic type. The even semi-invariants of the mth midrange are equal to the even 
semi-invariants of the mth range. For increasing indices m the distributions of the 
mth extremes, of the mth ranges, and of the mth midranges converge toward normal- 
ity. (Received July 14, 1944.) 


250. P. L. Hsu: The approximate distribution of the mean and of the 
variance of independent variates. 


"Let Xx be mutually independent random variables with the same cumulative distri- 
bution function; let E(X.) «0, EX) = 1 and E(X} = 5, Finally put Sent ake 
and nmn! E(X »—S)*. The author first gives a new derivation of H. Cramér's 
well known asymptotic expansions for Pr (5/38 <x). The proof is much more elemen- 
tary and avoids in particular the use of M. Riesz’ singular integrals. Instead a con- 
siderably simpler Cesàro-type kernel is used, which has first been introduced by A. C. 
Berry (Trans. Amer. Math. Soc. vol. 49 (1941) pp. 122-136). The same method is then 
used to derive similar asymptotic expansions for Pr (#Y?(n—1) £< (5—1)¥?x). The 
method can be extended to the case of unequal components and also for the study of 
other functions encountered in mathematical statistics. (Received July 3, 1944.) 


251. F. E. Satterthwaite: Error control in matrix calculation. 


The arithmetic evaluation of matrix expressions is often rather complicated. One 
of the causes of this is the fact that relatively minor errors (such as rounding errors) 
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introduced in an early step may be magnified to such an extent in succeeding steps 
that the final result is useless. Iterative methods to. méet this difficulty have been ' 
reviewed very completely. by.Hotelling. In this paper a different approach is taken. 
Conditions on the norm of a matrix are determined so that a Doolittle process will 
not magnify errors to more than two or three decimal places. It is then pointed out 
that if an approximation to the inverse of the matrix is available, most problems can 
be rearranged so that the required norm conditions are met. A Doolittle process may 
then be used to any number of decimal places with assurance that errors will not ac- 
cumulate to more than a limited number of decimal places. (Received July 8, 1944.) 


252. Abraham Wald: On cumulative sums of random variables. 


‘Let (z;] (£21, 2, - - - ad inf.) be a sequence of independent random variables 
each having the same distribution. Dencte by Z; the sum of the first j elements of the 
sequence. Let a >0 and b <0 be two constants and denote by s the smallest integer for 
which either Z,2a or Z4 Sb. Neglecting the quantity by which Z, may differ from a 

- or b (this can be done if the mean value of |s| is small), the probability that Z,2c 
for cma and c=b is derived, and the characteristic function of # is obtained. The 
probability distribution of s when z; is normally distributed is derived. These results 
have application to various statistical problems and to problems in molecular physics 
dealing with the random walk of particles in the presence of absorbing barriers. (Re- 
ceived July 8, 1944.) 


253. Abraham Wald and Jacob Wolfowitz: Statistical tests based on 
permutations of the observations. 


It was pointed out by Fisher that stetistical tests of exact size, based on permuta- 
tions of the observations, can be carried out without assuming anything about the 
underlying distributions except their continuity. Scheffé has proved that, for an im- 
portant class of hypotheses, these tests are the only ones with regions of exact size. 
' Tests based on permutations of the observations have been constructed by Fisher, 
Pitman, Welch, and the present authors. In the present paper, the authors prove a 
theorem on the limiting normality of the distribution, in the universe of permutations, 
of a class of linear forms. Application of this theorem gives the limiting normality 
(in the universe of permutations, of course) of the correlation coefficient, and of a 
statistic introduced by Pitman to test tke difference between two means. The limiting 
distribution of the analysis of variance statiatic in the universe of permutations is also 
obtained. (Received July 8, 1944.) 


TOPOLOGY 


254. Samuel Eilenberg and N. E. Steenrod: Axiomatic approach to 
homology. 

The homology (and cohomology) groups are studied starting from a system of 
axioms, fulfilled by all the homology theories usually considered. It is shown that in 
the case of complexes, more generally, in the case of absolute neighborhood retracts, 


the axioms have a unique interpretation. A similar discussion is carried out for prod- 
ucts, (Received July 7, 1944.) 


255. Mariano Garcia: Orbit-componenis and component orbis. 
Let f(X) =X be a homeomorphism where X is compact and metric. The orbit- 
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component of a point x CX isall points y of X such that, given neighborhoods of x 
and y, some orbit intersects both. The homeomorphism f is uniformly poiniwise almost 
periodic if f is pointwise recurrent and the gaps between iterates returning to a neigh- 
borhood are uniformly bounded for all points of X. Among other results the author 
proves: (1) f is uniformly pointwise almost periodic if and only if the orbit-components 
are identical with the orbit-closures. (2) Let f be pointwise recurrent and let 
Gi, Gs, +++ bea sequence of orbits or component orbits (see Bull. Amer. Math. Soc. 
vol. 50 (1944) p. 260) with non-empty limit inferior & and limit superior L; then 
(a) if M is any closed invariant set in L which intersects k, every component of L 
intersects M; (b) L is the closure of a component orbit. (3) If f is pointwise recurrent, 
(a) every orbit-component is the closure of a component orbit; (b) f is uniformly 
pointwise almost periodic if each component of X is contained in the orbit-closure of 
any of its points. (Received July 6, 1944.) 


256. W. H. Gottschalk: A mote on pointwise nonwandering 
mappings. ? 

Let X be a topological space, that is, a space satisfying the first three postulates 
of a Hausdorff space. Let f(X) CX be a continuous mapping and let A(X) =X bea 
homeomorphism. In the terminology of Birkhoff, it is said that xCC X is nonwandering 
(n.) under f provided that to each neighborhood U of x there correspond infintely 
many positive integers » such that U-f*(U) A; also, f is pointwise nonwandering 
(p.n.) provided that each point of X is n. under f. The following theorems are proved. 
(1) If f is p.n., then so also is f* for every positive integer k. (2) If A and B are closed 
and connected sets such that A +B =X and 4- B =x € X, if A-h(A) A and B- &(B) 
£A, and if x is n., then x is fixed. (3) If X is connected and if ^ is p.n., then each cut 
point of X is periodic. These results allow a weakening of hypothesis from pointwise 
recurrence to p.n. in several theorems of Ayres and Whyburn on the behavior of cyclic 
elements under a homeomorphism. (Received July 5, 1944.) 


257. W. H. Gottschalk: Totally disconnected sets and almost periodic 
properties. 

Let X be a metric space with metric p, let f( X) CX be a continuous mapping and 
let A(X) =X be a homeomorphism. The mapping f is said to be pointwise recurrent 
(p.r.) provided that if x ŒX, then to each e>0 there corresponds a positive integer ss 
such that p(x, f^(x)) <e. The mapping f is said to be uniformly pointwise almost periodic 
(u.p.a.p.) provided that to each e>0 there corresponds a positive integer N so that 
if x C X, then in every set of N consecutive positive integers appears an integer n such 
that p(x, {*(x)) € e In the usage of Whyburn, it is said that 5 is pointwise regularly 
almost periodic (p.r.a.p.) provided that if x CC X, then to each e>0 there corresponds a 
positive integer n such that p(x, f*^ (x)) ««(m—1,2, - - -); also, h is regularly almost 
periodic (r.a.p.) provided that to each «0 there corresponds a positive integer n such 
that if x CX, then p(x, f**(x)) <e (m=1, 2, - - -). The following theorems are proved. 
(1) If X is compact and totally disconnected and if f is p.r., then f is u.p.a.p. (2) If k 
is p.r.a.p., then each orbit-closure is totally disconnected. (3) If X is a compact two- 
dimensional topological manifold (with or without boundary) and if 5 is r.a.p., then À 
is periodic. (4) If X is compact and if 5 is both p.r.a.p. and u.p.a.p., then + is r.a.p. 
(5) If X is compact and totally disconnected and if & is p.r.a.p., then k is r.a.p. (Re- 
ceived July 5, 1944.) ; 
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258. S. B. Myers: Arcs and geodesics in metric spaces. 
In a metric space M, a geodesic arc is defined to be the shortest rectifiable arc 


joining its end points. Menger has shown that if bounded sets are compact in M, 
then any two points joinable by a rectifiable arc are joinable by a geodesic. In this 
paper it is proved that the same conclusion holds under the weaker hypotheses of 
local compactness and almost completeness of M; the method involves a proof of the 
existence of a limiting curve in the sense of Fréchet for a family of curves of bounded 


length in M. Applications of these results are made to the class of geodesic metric 


. spaces; that is, rectifiably connected metric spaces in which distance is identical with 


the greatest lower bound of arc length. This class contains all convex, complete metric 
spaces. The class of locally compact geodesic metric spaces contains all symmetric 
Finsler manifolds, in particular all Riemannian manifolds. A series of results obtained 
by Hopf and Rinow for Riemannian manifolde are here generalized to locally compact 
geodesic metric spaces; for example, in a locally compact geodesic metric space com- 
pleteness is equivalent to the compactness of bounded sets, (Received June 13, 1944.) 


259. A. W. Tucker: Antipodal-point theorems proved by an elemen- 
tary lemma. 


Let K be the regular simplicial s-complex determined in Euclidean s J-1-space 
by $ |x| —1,a—1,2, - - - , n--1, and let K’ be any simplicial subdivision of K that 
has central symmetry. Then, if K' is mapped simplicially into K so that antipodal 
vertices go into antipodal vertices, each n-simplex of K is the image of an odd number 
of #-simplexes of K’, This lemma can be proved by elementary means. It implies the 
following antipodal-point theorems which imply and are implied by the antipodal- 
point theorems of Lusternik-Schnirelmann and Borsuk-Ulam (Alexandroff-Hopf, 
Topologie, pp. 487, 486). 1. If non-null vectors in Euclidean #+-1-space are distributed 
continuously throughout an s--1-disk (95331), there is some pair of antipodal 
boundary-points whose vectors are parallel. 2. The nerve of a covering of an #-sphere 
Q2 71) by 4-1 pairs of disjoint closed sets, no one of which contains two antipodal 
points, is the join of n--1 pairs of vertices (represented by K, above). 3. A covering 


, of an n-disk (233 $1,$—1,2, - .. » &) by #-+1 closed sets, no one of which contains 


two antipodal boundary-points, has order #+1. 4. If an n—1-sphere (Doxt=1) is 
covered by #-+1 closed sets, no one of which contains two antipodal points, the 
intersection of any  ( $5) of the sets contains some point whose antipode belongs to 
the intersection of the remaining #—p-+1 sets. (Received July 5, 1944.) 
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THE COMPACTNESS OF THE RIEMANN MANIFOLD OF AN 
ABSTRACT FIELD OF ALGEBRAIC FUNCTIONS 


OSCAR ZARISKI 


: 1. The existence of finite resolving systems. In an earlier paper! 
we have announced the result that the existence of a resolving system 
of the Riemann manifold of an abstract field of algebraic functions 
(in any number of variables) or—what is the same—the local uni- 
formization theorem? implies the existence of finite resolving systems 
of the Riemann manifold. We have proved this result for algebraic 
surfaces by arithmetic considerations.! The proof for the general case 
of varieties, which at that time was in our possession,? and which we 
have promised to publish in a subsequent paper, was of similar na- 
ture, that is, it was based upon considerations involving the structure 
of certain infinite sequences of quotient rings. However, we have suc- 
ceeded lately in finding a much simpler proof which is based on topo- 
logical considerations. 

Let 2 be a field of algebraic functions of several variables, over an 
arbitrary ground field &. By the Riemann manifold M of Z we mean 
the totality of places of Z, that is, the totality of zero-dimensional 
valuations v of Z/k. If V is a projective model of 2/k, and if H is 
any subset of V, we denote by N(H) the subset of M consisting of 
those valuations » which have center in H. By a resolving system 
. of M we mean a collection B= ( V4} of projective models (finite or 
infinite in number) with the property that for any v in M there exists 
a V, in $$ such that the center of v on Va is a simple point. 

The topology which we introduce in M is simply this: we choose as 
a basis for the closed sets of M the sets N(W), where W is any algebraic 
subvartety of any projective model of Z. We prove that if topologized 
in this fashion, the set M is a compact topological space. From this the 
result announced above follows immediately. For if {V.} is a re- 
solving system, and if we denote by Sa the singular locus of Va, then 
N(Va— Sa) is an open set and ( N(Va—Sz) } is an open covering of M. 

Received by the editors April 10, 1944. 

1 A simplified proof for the resolution of singularities of an algebraic surface, Ann. of 
Math. vol. 43 (1942) p. 583. 

4 See loc. cit. footnote 1, 

3 That proof was presented by us at a seminar in algebraic geometry at Johns 
Hopkins in 1942. 

WAN a in te E t EE tt ened Dy Lefschetz in his 
Algebraic topology (Amer. Math. Soc. Colloquium Publications; vol. 27, 1942). The 
old term is bicompact. 
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Hence this covering contains a finite subcovering {N(V:— S3}, 
i—1,2,---, m, and this means that (Vi, Vz, ©- +, Va} isa finite ` 
resolving system of M. 

The proof of compactness of M given in the next section is based 
in part on some simple algebro-geometric considerations, and in part 
on a theorem of Steenrod on the compactness of the limit space of 
an inverse system of compact T'-spaces. 


2. The Riemann manifold as the limit space of an inverse system. 
Let B= { V.} be the collection of all projective models of £/k. By 
a point of V, we mean a zero-dimensional prime ideal in a suitable 
coórdinate ring of Va, or, in other terms, a point is a prime one- 
dimensional homogeneous ideal in the ring of homogeneous coórdinates 
of the general point of V,. This defines V, set-theoretically as a set 
of points. We topologize V, by choosing as closed sets the algebraic 
subarieties of Va. It is obvious that V, then becomes a compact topo- 
logical space in which points are closed sets (whence V, is a Ti-space; 
however, it is not a Hausdorff space). 

If V, and V; are two projective models of 2/k, we denote by r? 
the transformation of V, onto V. defined by the birational corre- 
spondence between V, and V». We define a partial ordering < of 
the collection $3 as follows: V, < Vi if whenever P, and P; are corre- 
sponding points of V, and V under r} then Q(P.) CQ(Pi). Here 
Q(P) denotes the quotient ring of P. It is clear that if V, « V» then 
a, is a single-valued continuous and closed mapping. Moreover, if V, 
and V; are arbitrary projective models of 2/k, and if V, denotes the 
join’ of V, and Vi, then V, « V, and Vi « V.. Hence we have here an 
inverse system { Va; sil V.« Vs} of compact T'spaces. Let M be 
the limit space of the system. By Steenrod’s theorem M is compact. 
Every point P* of M represents an infinite collection of points {Pa}, 
PaE Va, Vac &, with the property that if V; < Vs then Q(Pa) CO(P3). 
We shall denote by 74 the mapping P*—P, of M into Va. If V, is 
any projective model of 2/k and if W is any algebraic subvariety of 
Va, then (r4) W is a closed subset of M, and the closed sets obtained 
in this fashion form a basis for the closed subsets of M. 

The compactness of the Riemann manifold of Z/& and the implica- 
tions stated in the preceding section are immediate consequences of 
the following theorem. 


THEOREM. There ss a (1, 1) correspondence between the points P* 


5 N. E. Steenrod, Universal homology groups, Amer. J. Math. vol. 58 (1936) p. 666. 
8 See our paper Foundations of a general theory of bsrational correspondences, Trans. 
Amer. Math. Soc. vol. 53 (1943) p. 516. 
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of M and the sero-dimensional valuations v of the field X/k. If P* and v 
are corresponding elements, and tf Va ts any projective model of È/k, 
then ma P* ts the center of v on Va. 


Proor. Let v be a zero-dimensional valuation of Z/k and let Pa,» 
be the center of v on any given projective model V, of 2/k. For any 
two projective models Va, V, it is then true that Pa,» and Ps,» are 
corresponding points in the birational correspondence xj. Hence 
P*ž= {Pa} isa point of M. Thus every zero-dimensional valuation 
v determines uniquely a point P¥ of M. 

If v and » are two distinct zero-dimensional valuations, then there 
exists at least one projective model V, such that P,,,,75.P.,.,. Hence 
if vn than PX P2. 

Now let P* be an arbitrary point of M, P*— {Pa}. We denote by 
B the least ring containing the quotient rings Q(P,). Let V; be a fixed 
projective model of 2/k and let P»=a7#P*. We assert that tf w is a 
non-unst in Q(Ps) then 1/o 38. For assume that 1/w€B. Then 1/w 
will belong to the ring generated by a finite number of quotient rings 
Q(P.), say Q(P4), O(Pa,), © © +, Q(P4,). Let V. be the join of the 
varieties Vy, Va, Vay © ++, Va, and let P, —mP*. Since s, P* = P, 
and a*P*=P;, we have m,P,—P., and siP,—P,, and hence 
Q(P,,)) €Q(P3, Q(P3) CO(P.). Therefore 1/9 CQ(P,). This is a con- 
tradiction since any non-unit of Q(P;) is obviously also a non-unit in 
Q(P.). 

We have therefore shown that % is a proper ring (not a field). 
We now show that B £s a valuation ring. For this it is sufficient to 
show that if £ is any element of Z then either £C $8 or 1/ECB. We 
consider again a fixed projective model V; of Z/k. We select a sys- 
tem of nonhomogeneous coórdinates xı, Xs : * * , x4 of the general 
point of V; in such a fashion that the point P, (=7:*P*) is at finite 
distance with respect to these coórdinates: Let V, be the projective 
model whose general point has as nonhomogeneous coórdinates the 
elements 41, 3s, * - >, x4, & If the point Pa (=ad#P*) is at finite dis- 
tance with respect to these coórdinates, then £CQ(P4) CS. If Pa is 
a point at infinity, we observe first of all that in the above proof of 
our assertion 1/w@%8 we have shown incidentally the following: if 
V, and Vi are any two projective models of 2/k and if v P* — P, 
and v? P* = P;, then P, and P, are corresponding points of the bira- 
tional correspondence between V, and V;. For on the join V, of V, 
and V; we have the point P, =r¥P* and the relations Q(P,) 2 Q(P,), 
O(P.) > Q(Ps). These relations show that if v is any zero-dimensional 
valuation whose center on V, is the point Pe, then the center of v 
on V, is P, and its center on V; is Ps. Hence P, and P, are indeed 
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corresponding points." With this observation in mind, let v be a zero- 
dimensional valuation whose center on V; is the point P, and whose 
center on Va is the point Pg. Since Ps is at finite distance, we have 


o(x;)20, ¢=1, 2, - - -, n. Since P, is at infinity, we must have 
v(£) «0. Hence v(1/£) » 0, v(x;/£) >0, and this shows that if we take 
1/E, xi/£, - - - , x,/E as nonhomogeneous coórdinates of the general 


point of Va, then Pais at finite distance. Hence 1/£ C Q(P,) CB. This 
completes the proof of our assertion that $8 is a valuation ring. 

Let v be the valuation defined by the valuation ring £8. We assert 
that v is zero-d$mensional. For let v be of dimension s. We can find a 
projective model V; on which the center of v is an s-dimensional vari- 
ety W. If Pa=r¥P*, then O(P) CB and this implies that P, € W.E 
If s >0, then we can find a non-unit w in Q(P;) such that w0 on W, 
whence 1/w€Q(W) CS, a contradiction. Hence s —0, as asserted. 

The above relation P&W implies now P= W. This is true for 
any projective model V+, that is, the center of v on any projective 
model V; is the point P,—a;*P*. This completes the proof of the 
theorem. 


3. A generalization. Infinite direct products of projective lines. The 
idea of topologizing an algebraic variety V by choosing as closed sets 
the algebraic subvarieties of V can be used with good effect in order to 
topologize the set M* of all homomorphic mappings of any abstract 
field A into another abstract field K. In this general case we are deal- 
ing essentially with a generalization of the concept of the Riemann 
manifold of a field of algebraic functions (see the Remark at the end 
of the paper). We begin with some topological preliminaries. 

Let { Ra} be a system of compact topological spaces indexed by a 
set A = { a}. We assume that each R, is a 7i-space; that is, that the 
points of R, are closed sets. Elements of A shall be denoted by small 
Latin letters, a, b, c, - - ~; subsets of A shall be denoted by small 
Greek letters, a, B, Y, - - - . If a is a subset of A we shall denote by 
Rea the direct product Pega Ra. If «C8 we denote by 72 the projec- 
Hon of Rs onto Ra. Finally, elements of R, and Ra shall be denoted 
by Xa, Ya, Za, °° © and by Xa, Ya, Za, ` * respectively. If aa and if 
MaXa 735, then x, shall be referred to as the a-component of xq. 

We assume that for each finite subset a of A a topology has been 
assigned to RK, and that the following three conditions are satisfied :. 
(1) Ra ts a compact topological space; (2) if a CB then n5 is a closed 


7T See our definition of corresponding points of a birational transformation, loc. cit. ' 
footnote 6, p. 505. : 
* See loc. cit. footnote 6, Theorem 3, p. 497. 
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mapping (mapping =single-valued continuous transformation); (3) if 
a ts a set with one element a then the topology assigned to Ra 4s exactly 
the topology of Ra. It is clear that in virtue of these two conditions 
Raisa Ty-space. For if x, is the a-component of xa, then (m3) £a is 
closed and x, is the intersection of the closed sets (72) Way a Ca. 

If we consider only finite subsets a of A and if we defirie a partial 
ordering in the collection {Ra by setting Ra X Rg if a CB, then we 
have an inverse system {Raj 4 } . It is clear that set-theoretically the 
limit space R* of the system coincides with the direct product 
R*=P,c¢4R,. However, the topology in R* is not necessarily the usual 
. topology of the product space, for our topology in R* depends not 
only on the topology of each factor R. but also on the topology which 
has been assigned to each Ra, for a any finite subset of A. 

Our space R* is compact, by Steenrod's theorem. We are dealing 
here with a special case of Steenrod's theorem, and the proof of the 
compactness of R* can be somewhat simplified. For this reason, and 
also for the convenience of the reader, we shall include here a proof 
of the compactness of R*. - 

We have to show that if a family of closed Bets in R* has the finite 
intersection property (that is, if every finite subfamily has a non- 
empty intersection), then the intersection of the entiré family is 
non-empty. It will be sufficient to prove this for families of basic 
closed sets F*, F.*=7z1F., where Fa denotes a closed set in Ra and 
where Ta is the projection of R* onto Ra. Let then { Ft} be a family 
% of basic closed sets which has the finite intersection property. By 
Zorn's lemma the family {F*} is contained in a maximal family 
{G.*} of basic closed sets which has the finite intersection property. 
It will be sufficient to show that NG.* is non-empty. We shall there- 
fore assume that our original family {FF} is not contained properly 
in another family of basic closed sets which has the finite intersection 
property,’ 

We first observe that the intersection of any finite collection of basic 
closed sets 4s itself a basic closed set. For let {rar Fa;} be a finite col- 
lection of basic closed sets. We put a= Uo;, Fa =N (r2) Fa Then it 
is clear that Nra; Far =r Fa. 

In virtue of this remark and in virtue of the maximality property 


? The idea of passing to a maximal family is taken from the proof of Tychonoff’s 
theorem as given in Lefschetz, Algebraic topology, p. 19. There is only this difference: 
the maximal family in Lefschetz is not a family of closed sets, while ours is. This, 
modification of the proof succeeds because we restrict ourselves to families of basic 
closed sets and because in our case the mappings x? are closed. 
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of the given family §, it follows that every finite intersection of sets 
in iy is again in the family §. 

For any element a in A and for any member Fë in § let raF* = Fa,a. 
If ae then it is clear that Fa, — R;, for then the a-component of 
the points of F.* is not restricted. If aa and if F*=a71F,, then 
Faa = nala. In either case Fa,a is a closed set in Ra, for we have as- 
sumed that 78 is closed whenever a Cf. For a given a the family $y, 
of closed sets { Faa} has the finite intersection property. Since R, is 
compact, the intersection f1,F,,, is non-empty. Let x, be a point com- 
mon to all the sets in a. Then v2 x, is a basic closed set (since Ra 
is a Ti-space) which meets every set Fă in §. Consequently ry 1x, C $y, 
Xs C Fa, and the intersection NaFz,a consists only of the point xa. 

Let then x = {xa} , where x, = 1, F,,,. We show that x is a common 
point of the sets Fë in §. Since c; 1x, C f$, for any a, it follows that 
Nagara xa EF, that is, m; x, Cy, where x,—max. The-efore m; x, 
meets F,*, that is, ma 1F,; hence x, C Fa and x€zz x, CT; !F,— EF, 
q.e.d. 

Now let K be a fixed abstract field and let the sets R, be projective 
lines over K, so that the points of each set R, are in (1, 1) correspond- 
ence with the elements of K together with the symbol ©. We topolo- 
gize R, by choosing as closed sets the finite subsets of R.. Then each 
R, becomes a compact topological T;-space. 

We still have to topologize each set Ra, for «æ a finite subset of A. 
For this purpose we introduce on each line R, a pair of homogeneous 
codrdinates x41, Xas and we define an algebraic variety V. by the fol- 
` lowing parametric equations (in which the X( denote the homogene- 
ous coórdinates of the general point of Va): 

(1) p' Oe = Faaa, 7 7 Papen 

_ where æ= {a as, * - - , a4] and where each e, can take zhe values 1 
or 2. It is well known that V, is a Segre variety, of dimension #, 
immersed in a projective space of dimension 2"—1. The points of Va 
are in (1, 1) correspondence with n-tuples of ratios [xa/xa], a Co, 
that is, with the points of the direct product Ra —R,XR4X =- 
XR... It should be noted that here we only consider points X whose 
homogeneous coórdinates are in K. We topologize Va by choosingas 
closed sets the algebraic subvarieties of Va. Then it is clear that each Va 
becomes a compact eopoiei Ti-space. 


If a= (a, 83, +, an} and if B is a subset of a, say if 
B= la; Qa ttn, "Ed m «n, then the projection ag of Va onto Te is 
given by the equations: 


0» : («) («) 
P OHNE A Lar: Xas. adita Xna "mT Yn 


- 
` 
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where each e, ô and y can take independently the values 1 or 2. 
Thus 7§ is a single-valued rational transformation of V, onto Va, 
and therefore 13 is closed and (75)! is open. It is clear that the closed 
sets in the infinite direct product R*, as defined above, are the sets 
- defined by (finite or infinite) systems of homogeneous equations, each 
equation involving the variables X(? relative to some finite subset 
« of A. 


4. The space of homomorphic mappings of one abstract field into 
another. We now further specialize our application by assuming that 
the set A is a field. The space R* is then the space of all single-valued 
transformations x*: 8x; —x41/Xa, of the field A into the set consisting 
of the elements of the field K and of the symbol œ. We shall now ex- 
press in an appropriate homogeneous form the conditions that a given 
mapping x* be a homomorphism. Let o be a subset of A consisting of 
three elements, a= lai, aa, as} . On the corresponding variety Va let 
F,,,a3,a, be the algebraic subvariety obtained by imposing on the 6 
parameters Xn, Xa, $=G1, Gs, G3, the following condition: 


(2) ®ay1aqe%ay2 F Lara ag = WaüYagWa,. 


Similarly we define another algebraic subvariety Ga,,4,,4, of Va by the 
equation 


(3) Yaj1Xa4.13a53 = %ay2%a,2%a;z1- 


Let %a/%aa=%j,j=1, 2,3, where x; may be œ. Suppose that equation 
(2) holds true. Then if xı and x; are both different from © we find 
X3= 01 +e. If x1 — © and xı ©, then £ar =0, %a1*%a37~0, whence (2) 
yields xa —0, that is, xs= œ. Assume now that equation (3) holds. 
Again we find that x4—zixs, if both x, and x4 are different from o. 
If x, © and x40, then x41—0, %a1°%o17~0, and (3) yields xa.=0, 
that is, x= o». Thus the equations (2) and (3) are the homogeneous 
counterparts of the equations x3=%:-+-%. and xxix» respectively, 
and they include the conventions which are usually made for the 
symbol o. We can therefore assert that x* represents a homomor- 
phic mapping of A into (K, ©) if and only if the following conditions 
are satisfied: for any three elements a1, as, a3 of A such that re- 
spectively 2473;--à4 or a4-8,0, the projection m;x* (where 
a=-{a1, as as]) must lie respectively on Fa,,4, or on Gas 
- Therefore; if we denote by M the set of all homomorphic mappings 
of A into (K, ©), we see that 


—1 —1 
M = fi*sFaas f175 Gn bbs 
a 8 
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where the index o ranges over all sets a= fa, Qs, as} such that 
G3 —01-Fas, and the index B ranges over the sets f = fba, bs, bs} such 
that 5j —b;b,. We see thus that M is an intersection of basic closed 
subsets of R*. Hence M is closed, and since R* is compact M is also 
compact. 5 

The case which is of special interest to us is that in which K is a 
subfield of A. In this case we are interested in the relative. homo- 
morphisms of A into (K, œ), that is, in the homomorphisms x* which 
leave each element of K invariant. If M* is the set of all these relative 
homomorphisms, then it is clear that M* is the intersection of M with 
the closed set Necxms a. Here, according to our notations, mg'a de- 
notes that subset of R* which consists of the points x* whose a-com- 
ponent x, is a itself (a EK). Hence also M* is a compact space. 

It is convenient to describe in algebro-geometric terms the relative 
topology induced in M* by the topology of M. Let xi, xs, - - - , x, 
be a finite set of elements of A. For each x; we introduce a pair of 
homogeneous parameters xa, xa such that xa/xa-x;. We consider 
the algebraic variety Z over K whose general point has as homogene- 
ous coórdinates the quantities Xq} defined by the parametric equa- 
tions 


(4) PX ages ey = Figa’ * * Xs, 


where each e;can take the values 1 or 2. If the quantities x, are alge- 
braically independent, then the variety Z coincides with the variety 
Va defined by the equations (1), œ being the subset [xs x» 55s, tat, 
of A. But in general Z is a subvariety of Va. If x*CM*, then the 
mapping x* of A into (K, ©) must preserve all the algebraic relations 
between xi xs, : : -, x, over K, since x* is a homomorphism. Jt 
follows that the point 7.x* of Va must lie on Z. Now we observe that 
the homomorphism x* defines a unique valuation of A/K whose 
residue field is K itself and whose center on Z is the point v,x*. Con- 
versely, every valuation of 4/K whose residue field is K defines a 
relative homomorphic mapping of A/K onto (K, «). We conclude 
that if W is any algebraic subvartety of Z, then the set of all valuations 
of A/K having K as residue field and having center on W is a closed sub- 
set of M*. By taking different finite subsets (xi xs, ---, xn} of A 
and different subvarieties W of Z we obtain a family of closed subse 
of M* which form a basis for the closed subsets of M*. e" 
REMARK. Suppose that A is a field of algebraic functions in any 

number of variables, over a given ground field k. We identify the 
field K with the algebraically closed field determined by &. The Rie- 
mann manifold M of A is the set of all zero-dimensional valuations v 
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of A. By the ground field extension kK we can embed 4 in a field 
A’=KA. Every relative homomorphic mapping of A’ onto (K, œ) 
‘determines uniquely a zero-dimensional valuation of A’/K, and vice 
versa. Every zero-dimensional valuation of A’/K induces a unique 
zero-dimensional valuation of A/K, but a given zero-dimensional 
valuation of A /K may be extendable in more than one way to a zero- 
dimensional valuation of A'/K. It follows that the Riemann manifold 
M' of A'/K coincides with the space M* of all relative homomorphic - 
mappings of A’ onto (K, «).and is therefore a compact space. The 
Riemann manifold M of A/K i8 obtainable from M" by topological 
identification and therefore can also be converted into a compact 
topological space. That is precisely what we have proved in $2. 


THE JOHNS HOPKINS UNIVERSITY 


THE COMPLETION OF A THEOREM OF KANTOR 
GERALD B. HUFF : 


The nature of the problem. Let a homaloidal net be defined by its 


order n and its multiplicities s1, 5», - - - , s, at set P? of p general 
points in the plane. The positive integers n, S1, 5», © - + , s, satisfy the 
equations . 


1 1 2 1 

sts t:e tson =o], 

Sit sat-+-+s,—3n = — 3. 

A planar Cremona transformation C is set up by putting this net into 
projective correspondence with a net of lines in another plane. If a 


complete and regular linear system 2,4 of dimension d. the generic 
curve of the system having the genus f, has the order xs and the 


(1) 


multiplicities x1, xs, - - - , x,, then x= (xo; X, * * - , xa} is called the 
characteristic of Z,,g. The image of Z,,4 under C is another linear 
system of the same p, d and a characteristic x'— [xd ; xi, +, æ} 


at the set Q of the fundamental points of C-!. x’ is related to x by the 
substitution 


XQ = NX — fiXi — +++ — fX, 
+ 
Xi = $130 — OuiXi — coco — Qip%p 
(2) 
"En E i 
Xj = Sp%o — pik, — t0 — App Xp. 
The sets of numbers fsi Od t7, o] are the characteristics of the 


principal curves of C at P5 and satisfy the equations 
2 2 2 2 

051 F ous -F RAS + Q — Si = 1, 

anu F ats: db o, — 35, = — 1. 


The linear substitution (2) has as absolute invariants the forms 


(3) 


2 
(xx) sata +a za; 
(Ix) = zi + rat oo Fr, — 32. 
The problems considered in this paper arise from the fact that the 
converses of two of the above statements do not hold. There are sets 


of positive integers satisfying equations (1) which are not associated 
with any homaloidal net and there are linear substitutions (2) which 


(4) 
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leave (xx), (Ix) invariant which are not associated with any planar 
Cremona transformation. A solution of (1) or a linear substitution (2) 
which does have the geometric meaning described above will be said 
to be proper. 

In his prize memoir [8]! of 1884, S. Kantor stated the following 
proposition: a linear substitution (2) leaving (xx) and (lx) invariant 
and in which n, S., rj, o; are non-negative integers is proper. He gave 
two “proofs” of the assertion. In 1931, Cooolidge [4] recognized the 
importance of the proposition and supported it with an argument 
like one of Kantor’s. At the time Coble [1] pointed out that the proof 
was not valid. In 1934, this writer [5] constructed an example (p= 11) 
which showed that the proposition was not true; and, in 1940, by 
using the specific results [2] of Coble on irreducible solutions of (3), 
it was possible to prove [6, p. 865] that Kantor's theorem was true 
for p «11. a 

The purpose of this paper is to exhibit further necessary conditions 
on a proper linear substitution which will also be sufficient for all 
values of p. 


1. Two lemmas. 


LEMMA 1. Let {p} = { bo; pr, AE ^ Pp} be an integer solution of equa- 
tions (3) such that pp =0 and py paz +++ Zp, Then 2po—pi-—pa— p: 
20. 


It is easily verified that for each of po=0, 1 there is a unique solu- 
tion, and that each satisfies the lemma. In the case fo» 1, it may be 
shown that po> pı. Indeed, po = f: requires that po=0, 1 and it is easy 
to show that $1» fo is impossible for f» 1. Thus for po>1 we may 
write 

Pi = Po — bi; b: = po — bs; ps = po — bs, 
where 0<b:50:S63. Substitution in the quadratic relation of (3) 
yields 
1 i 2 2 2 2 2 
pate ss +H ppt bit be + b3 + 2p0 = 1 + 2(b1 + bs + ds) po. 
' But 
n 2 2 2 2 2 

3'S by + bat bs + fat e+ > + hp. 

Adding these yields 
2(po + 1) S 2(bs + Ba + ba) po. 


1 Numbers in brackets refer to the bibliography at the end of the paper. 
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Hence, 


po < bi + ba + bs, 
3po — bı — be — bs < 2po; 


Pit pot ps 2f. 
The restriction that i= paz - - - 2p, is not essential to the proof. 


Indeed, it is clear that if the inequality holds for the three largest 
of p;, then it must hold for any three. 


LEMMA 2. If an integer linear substitution L(I) of the form (2) leaves 
(xx), (lx) invariant, and if the numbers la; ry} conshiiule a proper solu- 
tion of (1), then the L(I) ts proper. 


Since the characteristic (n; rj] is proper, it is associated with a 
Cremona transformation which has the description 


or 


£o = NX — cii — +++ — opty, 
j R 
Zi = rui — Bux, — +++ — Bip%p, 
L(C) 
Manet So OY slat bo heer ees ; 
Xp = Toti — bp% — — BopXp 


Consider the product? L(I)L(C) as being in the form (2) with 
primed coefficients. It is a linear substitution with (xx) and (Ix) as 
invariants and hence [3]: 

-(i) {n’; s? } and {n’;r}} satisfy (1); 

(i) {sf ; o; ] and iri; aij ] satisfy (3); and 

(iit) s! sj ~a oui -ad od — ++ + —osl oy =0, ik. 

Now n'—-ni—r— +--+ —r;—1, and hence, from (i), t = +++ —r/ 
=s{ = » - - =s% =Q. Since the characteristics (5/ ; of ] [r} ; asf ] sat- 
isfy (3), have sf —0. [rj =0] and are integral, they must be of type 
(0; 0771—1]. From (iii) it is clear that if af =—1, and œf — —1, 
then jl. L(I)L(C) must then be the identity or a permutation P 
< of the letters xj, - - - , x,. Then L(I) 2 L^ (C) or L(I) 2 PL^(C). In 
either case, L(I) is proper. < 


2. The proof of the theorem. 


THEOREM 1. A linear substitution L of the form (2) is proper if and 
only 4f: 
. (a) the coeffictents are integers, 
(b) (xx) and (Ix) are absolute invariants, and 


3 The convention for order of multiplication is L(C) followed by L(I). 
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(c) pd has the same sign à P if {p} is a solution of (3) and 
L{p} = {e’}. . 


' The necessity of conditions (a), (b) is well known [9]. Now a geo- 
metric L(C) may be expressed as the ‘product of linear substitutions 
which are permutations of x, - * * , x,, and of 


Xd = 2X9 — 41 — 94 — My 
Ais: ` zl 
tf = mj PE j=4 ep 
By Lemma 1 it is clear that under 4:5 any solution {p} of (3) with 
po=0 goes into a {p’} of pd 20. Since Aus is an involution, it must 
then send à {p} of po «0 into a {p'} of pd <0. L(C) must then have 
the same property. : : 
The proof of the sufficiency of the conditions depends on the follow- 
ing theorem: i . 


tit (Xo — X1 — 43 — X), i= 1,2, 3, 


THEOREM 2 [7]. Let {y} be an inieger solution of equations (1) ar- 
ranged so that y:=72= > - > ZY. Further, let {y} satisfy the finite set 
of inequalities poyo—piyi— 7c c —Pe¥e=0, where the characteristics 
: {p} run over the finite set of all proper solutions of (3) with po <Yo and 
so ordered that pi=tr= +++ £p, Then {y} is the characteristic of a 


The ordering of {y} and {p} is not necessary, but is stated for 
‘emphasis. : 

To demonstrate that an L of the form (2) satisfying (a), (b), (c) 
is proper, note first that ins Tyee, rp} is an integer solution of (1) 
as a consequence of (a), (b), and (i). The invariance of the sign of po 
assures that the inequalities of Theorem 2 hold. Thus (n; Thtttafe 
is the characteristic of a homaloidal net. By Lemma 2, the linear sub- 
stitution L is proper. ` 

The restriction of integer coefficients is indeed essential. An ex- 
ample has been exhibited [6, p. 863] for p —9 which satisfies all other 
conditions and is not an L(C) since the numbers si, ai; are rational. 
The proof of the sufficiency of the conditions of Theorem 1 could be 
proved by the method Coolidge uses; under the conditions given here, 
that argument is valid. : 


3. Some results. : 
COROLLARY 1. If a solution {p} of equations (3) satisfies 


pro — pici — +++ — Poo ZO 
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for a single proper {c} which is a solution of (1), then ir satisfies that 
relation for every proper {c} p 


COROLLARY 2. Given solutions fe}, b} of (1) and (3) such that 
por, feto— fii — - + - —f <0, then c] is not proper. 


. COROLLARY 3. The linear substitution group generated by Ais and 
the permutations of xy, x3, - + - , x, 1s completely characterzzed by condi- 
tions (a), (b), (c) of Theorem 1. 


The above results follow easily from Theorem 1. A similar theorem 
for characteristics for which x») never vanishes would bs useful. 
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CONJUGATE NETS IN ASYMPTOTIC PARAMETERS 
JANET MacDONALD 


1. Introduction. Conjugate nets on an analytic nonruled surface 
in ordinary space may be studied either in conjugate parameters or 
in asymptotic parameters. The purpose of this paper is to make some 
contributions to the theory of conjugate nets in asymptotic parame- 
ters. i 

M. L. MacQueen has studied the pencil of quadrics each of which 
has second-order contact with a surface at a point and third-order 
contact with both curves of a conjugate net at the point. This pencil 
of quadrics is contained in the bundle of quadrics each of which has 
contact of at least the third order with both curves of a conjugate 
net at a point. The equation of this bundle of quadrics is deduced and 
'the bundle is studied in this paper. 

W. M. Davis in his Chicago doctoral dissertation, Contributions to 
the theory of conjugate nets, defined and studied several canonical con- 
figurations, considering the conjugate net as parametric. This paper 
presents some of Davis's results translated into asymptotic parame- 
ters. 

A summary of that portion of the theory of conjugate nets in 
asymptotic parameters which is used in subsequent sections is given 
in $2. $3 deals with the bundle of quadrics mentioned above. Certain 
polar relations with respect to the quadrics of this bundle are pre- 
sented in $4. In $5 certain loci and envelopes which arise in the study 
of a pencil of conjugate nets at a point on a surface are studied. 
86. presents a study of Davis's canonical configurations in asymptotic 
parameters. 


2. Analytic basis. The purpose of this section is to summarize! 
for later use portions of the theory of conjugate nets on an analytic 
nonruled surface referred to its asymptotic net in ordinary space. 

Let the projective homogeneous coordinates Xi, * * * , %4 of a point 
P, on a nonruled surface S in ordinary space be given by the para- 
metric vector equation 


(2.1) - &-—sxmv).. 
A necessary and sufficient condition that the asymptotic net be para- 
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metric is that the point P, satisfy two partial differential equations 
of the form | 


Fuu = px + 0,x. + PEZA 
.2 0-1 J, 
e ) Loy = GX + "Yu T 0,25, ( i fr) 


The coefficients are functions of u, v which are not arbitrary but must 
satisfy certain integrability conditions which need not be given here. 
By means of equations (2.2) the third derivatives of x may be ex- 
pressed as linear combinations of x, £u, x,, and Xuv. 
A conjugate net JV on an integral surface of equations (2.2) can 
be represented by a curvilinear differential equation of the form 


(2.3) do? — Mdy? = 0 | (A 0), 


where A is a function of u, v. The two curves of the net N, through 
-the point P, will be denoted by C, and C. according as du/dv has 
value A or —d. . f 
By the usual method, power-series expansions for the local coordi- , 
nates of a point X sufficiently near a fixed point P, and on the curve 
C, through the point P, may be obtained: 
= 1 + 27? + qU)Au + 671 [(pu + pOu) + 3(8, + 89^ 
+ 3(qu + v2)M + (Gu + q6:) + 39V A +--+, 
ty = Au + 216, + yd) Au? + 6-[(p + Ou + Buu) A 3 
E TOS EOS + 92) + IN Au? + - 
= Mw + 271(8 + 0,3 + X)Aut + P + 66.) + 39 
+ 3nd? + (q + 8, T Bond? + 30AN + NJ Au? + DURS ES 
= Mu? + 671(8 + 36, + 39? + yA? + 3A) As E e, 
where 
N = du HMs K = By + buv, 
x = p + Bo + bbr, x =q F Yu H vou ~ 


The power series expansions for C.) are obtained from these by first 
replacing A’ by X,--À^, and then changing the sign of A. 
The equation of the associate conjugate net is known to be 


(2.5) do? + Mdu? = 0. 


Power series expansions for a point X on a curve of the associate con- 
jugate net are obtained from equations (2.4) by changing the sign 
of A. 
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The equation of the pencil m conjugate, nets determined by the 
net (2.3) is . 

(2.6) i dv! — Adu? = 0, 
where k is a constant independent of u and v.’ 

Two types of congruences, T; and T, will be referred to in this 
paper. A line 4, at a point P, on a surface? may be regarded as deter- 
mined by the points x(1, 0, 0, 0) and y(0, —a, —5, 1) and also by the 
planes 
(2.7) Xs + bxi = 0, X3 + 6X4 = 0. 

If a and b are functions of u and v, the lines } constitute a congruence 
T. The reciprocal line À is the polar line of the line 4 with respect to 


the quadric of Lie and may be regarded as determined by the pos 
p(— 5, 1, 0, 0) and o(—a, 0, 1, 0) and also by tlie planes 


(2.8) x. = 0, xı + bas + ax = 0. 


As in the case of a line h, if a and b are functions of u and v, the lines 
h constitute a congruence T's. 

The axis at a point P, of the conjugate net M is a line h for which 
a and b are denoted throughout this paper by a, and ba, respectively, 
and so are given by the formulas 


(2.9) aa = 20, + N/A E B/N), b, = 2710, — M/A E YM). 


The ray at a point P, of the conjugate net M, is a line 4 for which . 
a and b are hereinafter denoted by a, and b,, respectively, and are 
given by the formulas 


(2.10) a, = 23(0, + A/A — B/M), b, = 2-1(6, — M/A — YA). 


The principal lines of the two curves of the conjugate net Ny at a 
point P, are the associate conjugate tangents and have the equations 


(2.11) > %=0, nata =0. 


The principal join is a line h} for which a and b are hereinafter de- 
noted by a; and b;, respectively, and are given by the formulas 


(2.12) ay 270, + As/A + 58/3M), b; = 27 (0, — Au/A + Syd?/3). 
| The points : : 

(2.13) (—5; — i4,1, 1,0), (— b; + dap, 1, — iM, 0) 

are the principal points. 

^ 3 Ibid, pp. 150-152, 


700 JANET MacDONALD [October 


The equations of the ray-point cubic at a point of the conjugate 
net Ni are 


(2.14) ` lx: Se Bus sa: mis = 0, X4 = 0, 
where / is defined by 
(2.15) b= 2x1 + (Ou — Xu/N)8s + (0, + NN). 


The equations of the ray conic determined by the conjugate net Vy 
at the point P, are 


(2.16) 4Byx2x%3 — P = 0, xı = 0. 


. 3. Bundle of quadrics. This section is devoted to deducing the 
equation of the bundle (linear two-parameter family) of quadrics each 
of which has contact of at least the third order with the curves C, 
and Cy at the point P, and to finding all the cones in the bundle. 

If the general quadric, whose equation is 


Ati + Bas + Crs + Dia + Exx: + Foy + Goya 
+ Haars + Ixix, + Sasa, = 0, 


is to pass through the point P,(1, 0, 0, 0), the coefficient 4 must be 
zero. Contact of at least the third order with the curves C, and C_y 
at the point P, may be imposed by demanding that equation (3.1) 
be identically satisfied as far as the terms in Au? by the power-series 
expansions for the curve C, given in equations (2.4) and also by the 
corresponding expansions for the curve C. 4. After this has been done 
and certain notational changes which need not be explicitly stated 
here have been made, equation (3.1) reduces to 


(3.1) 


A(xaxs — mix, — 3 xA asta — 3 (8/X) 334) 


3.2 
E + B(2boxsx, — 2N Gated, — X xs ra) + Cay = O. 


Thus the following theorem is proved. 


THEOREM 1. The bundle of quadrics each of which has contact of at 
least the third order with the curves Cy and C_ at the point P. is repre- 
‘sented by equation (3.2). 


If B=0, equation (3.2) reduces to the equation of a pencil of quad- 
rics having also second-order contact with the surface S at Ps. This 
pencil of quadrics has been studied by MacQueen. 


3 M. L. MacQueen, Pencils of quadrics associated with a conjugate net, Journal of 
the Tennessee Academy of Science vol. 15 (1940) p. 421. 


l 
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The cones in the bundle of quadrics represented by equation (3.2) 
are found by setting the discriminant of the left member of this equa- 
tion equal to zero. The resulting equation can be reduced to 


(3.3) Ai(A? + 4B*3?) = 0. 


Three cases arise according as A —0, B 240, or A #0, A*--4B7A? —0, 
or A=0, B=0. 
In the first case, when A =0, B0, equation (3.2) becomes 


(3.4) B(xs — Aus — Qn Gata + 25.2124) + Cx, = 0. 


This equation represents a pencil of noncomposite cones with vertex 
at (1, 0, 0, 0) in case, further, 


(3.5) Bia, — bj + C z 0. 


If the inequality (3.5) becomes an equality, equation (3.4) represents 
the osculating planes of the curves C4 and C. at the point Ps. 

In the second case when A 0, A?+4B*?=0, there result two pen- 
cils of .cones, the equation of one of which is 


A [2123 — 41%, — (3 «X. + tha) X2%4 
— (3^8/X! — (i/r)Bo) aay — 2 iix + DZ (é/d) as] + Co = 0. 


The equation of the other pencil of cones is obtained from equation 
(3.6) by replacing 4 by —i. The cones represented by equation (3.6) 
touch the tangent plane x,=0 in one of the associate conjugate tan- 
gents. Every one of the cones of this pencil has its vertex at one of 
the principal points. The other pencil of cones has the same relation 
to the other associate conjugate tangent and the other principal point. 

In the third case, when 4=0, B=0, equation (3.2) reduces to 
x1 —0. Hence the tangent plane counted twice must be considered as 
a cone in the bundle. 

The tangent plane x,— 0 intersects the most general quadric of the 
bundle (3.2) in two lines whose equations are 


(3.6) 


(3.7) a, =.0, Best Atis — BN t = 0. 


The two lines will be distinct in case 4?-2-4B74'!5z:0. The two lines 
_of each pair separate the associate conjugate tangents harmonically. 
If 4=0, B~0, the lines in which the tangent plane intersects the 
quadric are the conjugate tangents. If 4740, B =0, the lines are the 
asymptotic tangents. 


4. Polar relations. The purpose of this section is to discuss certain 
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polar relations which exist among the configurations studied in this 
paper with respect to certain quadrics of the bundle (3.2). 

The equations of the polar line of a line 4 with respect to the most 
general quadric of the bundle (3.2) are x,—0 and 


up Alt Ot Syd) aa + (a + 318/924] | 
, + 2B [3(a, — a)xs — (ba — b) as] = 0. 


This equation represents a pencil of lines with its center at the point 


[Ma — aa) (a + 3718/9) + (b — ba)(b + 379; 


(4.2) ba — b, (a4 — a), 0]. 


Thus we prove the following theorem. A 


THEOREM 2. The polar lines of a line h wiih respect to the quadrics 
of the bundle (3.2) form a pencil of lines in the tangent plane with the 
center at the potnt (4.2). 


For the axis, equation (4.1) reduces to - 
(4.3). (did bita ag = O. 
Inspection of this equation leads to the following theorem. 


THEOREM 3. At a poini P. on the conjugate net N, the principal join 
$s the polar line of the axis with respect to any quadric of the bundle (3.2). 


MacQueen proved‘ this theorem for any quadric of the pencil of 
quadrics studied by him. 

Elimination of the parameters A and B from the equations of the 
polar line of a line 4, with respect to the most general quadric of the 
bundle (3.2) yields the equation 


Mas mi [Nasa — 3° B/D’) + Bab — 3 yr) |e 
(4.4) + 27A 0, + o/h + 3 B/N + 22). 
H 9 ML. WX H Daas = O. 
Thus we prove the following theorem. 


THEOREM 4.:The locus of the polar line of a line ly with respect to the 
quadrics of the bundle (3.2) 4s the quadric cone represented by equation 
. (4.4). 


It is evident that this cone is intersected by the tangent plane ir 
the associate conjugate tangents. 


- *Ibid., p. 422. 
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For the ray, equation (4.4) becomes 

Naat zs 4, [S (05 H N/A + B/N) Oe + X — 58/30) 
+ (Ou — X^ +P’) Ou — NN — 5X /3) ]z 
+O, + N/A — 3 B/N) nn 
dE (0u — ALIAD B A ar = O. 


Davis's canonical plane is defined’ to be the plane determined by 
the axis and the associate axis. The equation of this plane in asymp- 
totic parameters is 


(4.6) — yM*z5— (8/39) x4 — 21 [ (8/9) (64 —/ X) —YA2(0,-F 0/2) |= 0. 


This plane intersects the cone (4.5) in the axis and in a line /; which 
.is the reciprocal polar of the associate principal join. Likewise the 
cone which is the locus of the polar line of the associate ray with re- 
spect to the quadrics of the bundle for the associate conjugate net 
intersects Davis’s canonical plane in the associate axis and in the re- 
ciprocal polar of the principal join. 

The polar planes of a point with respect to all the quadrics of a 
bundle are known? to pass through a point. The point through which 
pass the polar planes of a point Py with respect to all the quadrics of 
the bundle (3.2) is found by setting equal to zero the coefficients of 
4, B, and C in the equation of the polar plane of P, with respect 
to the most general quadric of the bundle (3.2) and solving for the 
ratios of x1, - + - , x4. Two cases arise according as y4,5»£0 or y,—0. 

When 54740, the resulting coordinates are given by 


mim Nya yi — 3. (YN ba + Boa) ya 
4 27 (6, HNA 4-3 78/5) yo 
T ZU. -MAE3yM)»». 
ta = (Ys + bays), m = Myalya F Gay), 24 = 0. 


Hence, for a point P, not.in the tangent plane the polar planes with 
respect to all quadrics of the bundle (3.2) pass through a point in 
the tangent plane with coordinates (4.7). If the point P, lies on the 
axis, the point (4.7) is indeterminate and all the polar planes pass 
through the principal join. 


(4.5) 


(4.7) 


5 W. M. Davis, Contributions to the theory of conjugate nets, doctoral dissertation, 
Chicago, 1932, p. 18. 

* Virgil Snyder and C. H. Sisam, Analytic geometry of space, New York, 1914, p. 
171. " 
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When 5,70, that is, when P, (supposed distinct from the point P,) 
lies in the tangent plane, the point through which pass the polar 
planes of P, with respect to all the quadrics of the bundle (3.2) is 
indeterminate. The polar planes form a pencil whose axis may be rep- 
resented by the equations 


yaxa + yaxs + (91 + 37M + 371(8/N?) ya) x, = 0, 


(4.8) 
Mya, — Yate + (Mays — bays) sa = 0. 


If the point P, lies on one of the associate conjugate tangents, the 
line (4.8) is the other associate conjugate tangent. If the point P, co- 
incides with P,, the polar plane with respect to any quadric of the 
bundle is the tangent plane x,-- 0. 


5. Theory of a pencil of conjugate nets. This section deals with 
certain loci and envelopes which may be defined at a point of the sur- 
face in connection with a pencil of conjugate nets. The locus of the 
principal points, the envelope of the principal join, the envelope of 
the cone (4.5), the envelope of any particular one of the quadrics of 
the bundle (3.2), the envelope of Davis's canonical plane, the locus 
of Davis's canonical point, and the envelope of Davis's canonical 
quadric for nets of the pencil are studied. 

The coordinates of one of the principal points for a general net of 
the pencil (2.6) are 


xı = — 2-14, — Au/dA + Syd2h?/3) 
(5.1) — 27 DK(O, + M/A + 58/3d7A%), 
43 = 1, x3 = h, m= 0. 


Homogeneous elimination of h leads to the equations 


(5.2) = 0, [zm — (5/3)(Bas + yos) = 0. 


where / is defined by equation (2.15). The same equation is obtained 
if the other principal point is used. Equations (5.2) represent a cubic, 
which will be called the principal cubic. This result may be stated in 
the following theorem. i 


THEOREM 5. At a point on a surface the locus of the principal points 
of all the curves of a pencil (2.6) of conjugate nets that pass through the 
poini ts the principal cubic of the pencil, represenied by equations (5.2). 


Comparison of equations (5.2) with equations (2.14) shows that the 
principal cubic and the ray-point cubic are in the pencil of cubics, 
in the tangent plane, with equations x,—0 and 
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(5.3) lays — B(Bxs + yas) = 0, 
where & is an arbitrary parameter. The principal cubic is character- 
ized by k=5/3, and the ray-point cubic by &=1. 

The principal join for a general net of the pencil (2.6) is represented 
by the equations x, —0 and 
Xi + 2 (64 = Au /A + 5yM 42/3) X3 

+ 23(8, + A/A + 58/3382) x3 = 0. 
Application of the theory of envelopes leads to the equations 


(5.5) X4 — 0, 1008y25x,/9 — P = 0. 


(5.4) 


This equation represents a conic, which will be called the principal 
conic of the pencil (2.6) of conjugate nets at the point P+. This result 
may be stated in the following theorem. 


THEOREM 6. At a point on a surface the envelope of the principal joins 
' of all the nets of a pencil (2.6) of conjugate nets is the principal conic, 
represented by equations (5.5). 


Comparison of equations (5.5) with equations (2.16) ‘shows that 
the principal conic and the ray conic are in the pencil of conics, in 
the tangent plane, with equations 
(5.6) X4 = 0, ARBy xsx3 = p = 0, 
where k is an arbitrary parameter. The principal conic is character- 
ized by k=25/9, and the ray conic by k=1. 

Replacing À by A& in equation (4.5) and applying the theory of en- 
velopes leads to the following equation of the envelope of the cone 
(4.5) for the pencil of conjugate nets (2.6): 
ien 5B xm /3 + mn. + Sy aan /3 + 258 y xemn/8 

— 6256’ y‘,/768 = 0, 


where m and n are polynomials in xs, xs, and x4 of degree four. Hence 
the envelope of the cone (4.5) is a surface of order eight. 

Application of the theory of envelopes to the equation of any par- 
ticular one of the quadrics of the bundle (3.2) leads to the following 
equation: j 

(448234/9) { xaxa [Av + 3B(0, + N/)] + 3Bz3 — 3Byarsa} 
(5.8) = (A (zaz: = 2344) T Blas — Brats 
+ (64 — du/d) zaza] + Cz]. 
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Hence, the envelope of any particular one of the quadrics of the 
bundle (3.2) is a quartic surface (5.8). 

For a general net of the pencil (2.6) of conjugate nets the equation 
of Davis's canonical plane is 


oj Mm - (BINK) ea — 218/839) (0u — M/A) 

— YRO, + M/A) Je = 0. 
Inspection shows that this plane passes through the cusp-axis, 
(5.10) 2x3 + (Ou — M/X)z4 — 0, 22a + (0, + A/A = 0. 
Thus we prove the following theorem. 


THEOREM 7. At a point on the surface Davis’s canonical planes with 
respect to all the nets of the pencil (2.6) form a pencil of planes with the 
cusp-axis as axis. 


For a general net of the pencil (2.6) the coordinates of Davis's ca- 
nonical point,’ the intersection of the ray and the associate ray, are 
given by 


z, = (2738/3) (6, — N/N) — DAA, + A/N), 
x: = — B/MhM, zi = Yh, %, = 0. 


Homogeneous elimination of the parameter h yields the equations of 
the flex-ray: 


(5.12). = 0, zi + 2 (0, — Au/X)zs + 271(0, + M/A) = 0. 


Thus we prove the theorem. 


(5.11) 


THEOREM 8. At a point on a surface the locus of Davis's canonical 
point with respect to a pencil (2.6) of conjugate nets on the surface ts 
the flex-ray of the pencil of conjugate nets. 


Davis's canonical quadric at a point P, of a conjugate net is de- 
fined? as the unique quadric surface having the following properties: 

1. The quadric has second-order contact with the surface sustain- 
ing the net. 

2. The axis and the ray of the net at P, are reciprocal polars with 
respect to the quadric. | 

3. The quadric passes through the point P, which is the harmonic 
conjugate of P, with respect to the focal points of the axis. 


T Davis, op. cit., p. 17. 
* Ibid., p. 11. 


1 M 
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The equation of Davis's canonical quadric at a point P, of a gen- 
eral net of the pencil (2.6) is ! 


X433 — tity + yM hax, + (B/N) s. 
+ [— 2-6, + 47 y, th? + 4-18, Nth? 
+ 27HMBY(8, + 2A5/d) 
-+ (238/99) (0u — N/A) Jae = 0. 


Application of the theory of envelopes yields an equation of a quartic 
surface as the equation of the envelope of Davis's canonical quadrics 
for all the nets of a pencil (2.6) of conjugate nets. 


6. Canonical configurations. In W. M. Davis's dissertation, Con- 
tributions to the theory of conjugate nets, the conjugate net is considered 
` as parametric. The purpose of this section is to exhibit some of Davis's 
results in asymptotic parameters and to show some relationships that 
exist among the configurations studied by him. The canoni con- 
figurations referred to are those defined? by Davis. 

The equation of Davis's canonical quadric for the net M, may be 
obtained from equation (5.13) by setting h=1. The following equa- 
tion of his associate canonical quadric may be obtained from the same 
equation (5.13) by setting k=1 and replacing \? by —)?: 


(5.13) 


aks — Lila — yM xaxa — (B/N) wax 
(6.1) — H [— 270,, — 4, — 4338,/ — 24M, + A/A) 
— (IBAA) (6, — 28/3) Jaa = 0. 
If the equations of Davis's canonical quadric and associate canoni- 
cal quadric are added, and if the result is divided by 2, the equation 
of the quadric of Wilczynski is obtained: 
(6.2) AX) — xix, — 2 Oued, = 0. 


Hence the quadric of Wilczynski belongs to the pencil of quadrics 
determined by Davis's canonical quadric and associate canonical 
quadric. 
. The coordinates of Davis’s canonical point for the net JV, are given 
by i 
4; = (2B/M) (0, — MAA) — O, + MAA), 
2= — B/M, € = yn, 24 = 0. 
A little computation shows that the canonical point (6.3) and the 
* Ibid., pp. 17-25. - 


(6.3) 
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canonical plane (4.6) are pole and polar with respect to both the ca- 
nonical quadric and the associate canonical quadric. 

The pencil of lines in the canonical plane with center at P, is de- 
fined by Davis to be the first canonical pencil of the net, and the 
pencil of lines in the tangent plane at P, with center at the canonical 
point is defined to be the second canonical pencil of the net. The flex- 
ray, represented by equations (5.12), belongs to the second canonical 
pencil. 

The intersection of the tangent plane with the canonical plane is 
defined by Davis to be the first canonical tangent. The equations of 
the first canonical tangent in asymptotic parameters are x, —0 and 


(6.4) yay — (B/N) x3 = 0. 


The line joining the canonical point to the point P, is defined by 
Davis to be the second canonical tangent. The equations of this line 
are x,=0 and 


(6.5) ya, + B/N) a3 = 0. 


Davis’s thesis includes a study of congruences of pairs of lines which 
are polar lines with respect to his canonical quadric at a point of a 
conjugate net of a surface, when one of the lines, h, passes through P, 
but does not lie in the tangent plane, and the other line, h, lies in the 
tangent plane but does not pass through P,. Only such reciprocal 
polar lines as belong to Davis's canonical pencils are considered. 

As in $2, a line /; may be represented by equations 


(6.6) te + axı = 0, x3 + bx, = 0. 


The line h which is the reciprocal polar of , with respect to Davis's 
canonical quadric may be represented by equations x,—0 and 


(6.7) xı + (b — yM)zs + (a — B/M") x3 = 0. 


The lines /4; and 4 will be lines of the first and the second canonical 
pencils (in the sense of Davis), respectively, if 


(6.8 ^ a 2-0, 3- ,/A + hB/M), b= 270, — M/A + hy), 


where 7 is a parameter. 

If k=1, then a=a,, b=b,, and a—8/M —a,, b —yA3 =b,. Hence, for 
h —1, the line i, is the axis and i the ray of the conjugate net My. 
If h= —1, then 4 is the associate axis. If 4 —3, then J, is the associate 
ray>- If k=2, then À5 is the flex-ray. If h=0, then i is the cusp-axis. 
If k= œ, the lines /; and k are Davis's first and second canonical 
tangents, respectively. Any pair of lines /; and h given by the same 
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value of 5 in (6.8) are reciprocal polars with respect to Davis’s canon- 
ical quadric. It is seen that the associate axis and the associate ray 
are not corresponding lines. Likewise, the flex-ray and the cusp-axis 
are not corresponding lines. 

Davis defines at each point of a surface three tangents analogous to 
the tangents of Darboux. All the quadric surfaces represented by the 
equation 


(6.9) X34X8 — X134 + yx teas + (B/^ )xsx, + hit, = 0 


have second order contact with the surface at P, and intersect the sur- 
face in a curve with a triple point at P,. The triple point tangents of 
this curve are defined to be the irtple tangents of the conjugate net 
at the point P,«They can be shown to intersect the ray-point cubic 
(2.14) in three collinear points lying on a line in Davis's second canon- 
ical pencil, defined by Davis to be the line of collineation of the net Nj. 
The associate line of collineation :s the reciprocal polar of the associ- 
ate axis with respect to Davis's canonical quadric. 

In addition to the lines already mentioned, the principal join and 
the associate principal join are also members of Davis's second canon- 
ical pencil, the principal join being characterized by k= 11/3, and the 
associate principal join by 5 21/3. 


UNIVERSITY OF CHICAGO 


CONTRACTIONS IN NON-EUCLIDEAN SPACES 
F. A. VALENTINE 


The existence of an extension of the range of definition of a func- 
tion f(x) defined on a set S of a metric space M to a metric space M’ 
so as to preserve a contraction of the type 


(t) 200 dn, fed" s lles aal 


depends upon M and M’. The author has previously shown [3, 4]: 
that for M = M' the extension exists when M is: (1) the n-dimensional 
Euclidean space; (2) the surface of the n-dimensional Euclidean 
sphere; ' (3) the general Hilbert space. In this brief article the exten- 
ston is shown to exist when each M and M' és the n-dimensional hyper- 
bolic space. The method used to prove this result is applied to a 
metric space which includes both. the. hemispherical and hyperbolic , 
cases. Hence a unification of results is also obtained. 

As shown in the previous papers [3, 4] a necessary and sufficient 
condition for a contraction to be extensible in M and M’ is the prop- 
erty E, which is restated as follows. 


' Property E. Consider in each of the meiric spaces M oni M' a set 
` of spheres, such that to each sphere SC M; having center x; and radius fü 
there corresponds a sphere S| C M', having center xi and radius ri. 
Furthermore suppose that 


fc ri, . 
lat, x/||"S [lee nil 
for ali corresponding spheres S; and Si, and Jer ali P pairs 
(Si, Sj) and (Si, Sj). 


The spaces M and 'M' are said to pne the extensibility property E 
tf conditions (2) and . 


D 


(3) , . II 5:0 
imply that i 
o © TI St 0. 


If the above statement holds for M =M’, the space M is said to 
have property E. l 
Presented to the Society, April 29, 1944; received by the editors February 18, 
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1 Numbers in brackets refer to references at the end of the paper. 
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For convenience of discussion let M be an n-dimensional metric 
space which can be imbedded in an (n-+-1)-dimensional Euclidean 
space R. Let R; be the Euclidean vector emanating from the origin 
of R to the point x, C M. It is assumed that there exists a symmetric 
real-valued bilinear product R;-R; such that R; R; — &*const. de- 
fines the metric space M. Suppose that for any two points x; and x; 
in M, R: and R; determine a Euclidean plane which intersects M in 
' a unique continuous curve joining x, and x;. This curve is defined to 
be a geodesic. Furthermore suppose the distance la x i in M is de- 
fined to be 


(5) [zo || = F(;- R2 2&0, 


where F(u) is either a single-valued sncreasing function of u or a 
aingle-valued decreasing function of u. 


THEOREM 1. If the n-dimensional metric space M has the above prop- 
erties, 41 possesses the property E. 


Proor. To prove this we consider the case F(u) is an increasing 
function of u. When F(u) is decreasing the proof is obtained by a 
uniform change in the direction of the inequality signs. On account 
of a theorem of Helly? type [2, 1], to prove Theorem 1 it is sufficient 
to establish property Efor$21,--:-,n--1. $ 

Let A(x1, © ++ , X441) be the simplex degenerate or nondegenerate) 
in M determined by the points x; ($1, - - - , +41). Condition (4) 
implies that A(x, za) Sa’ SaO. If we have Alx, ae 
[1,570 (¢=1,--+, #41; 2&r <n), then since by (4) is 
70, the theorem of Helly? type implies in the r-dimensional Poco 
that A(xq * xeu) Tis. Hence 


(6) l Assn ccs DEOR 


. A 
is established by induction. Suppose that A(xi, * - - , 2941) is not cov- 
.ered by the spheres S1. Then choose x and x’ so that 

atl 


à atl 
()  s€A(z,:-:, tag) TS, of €A( ++, man) — 2,5 
tol i=l 


and let R and R’ be the Euclidean vectors emanating from the origin 


3 The theorem states: If each n-|-1 sets of a family of closed bounded, convex sets of 
the n-dimensional Euclidean space intersect, then there is a point common to all the sets. 
For a more general topological theorem of the same type, see Alexandroff and Hopf 
[1, P. 291]. S R 

* Loc, cit. 
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of R to the points x and x’ respectively. Conditions (2) and (5) yield 
the results ] 

(8) RORSEGRPGR]Oo (91595931 


Also conditions (7) and the first of conditions (2) imply that lad , €! | 
>||x<, «||. Hence by (5) we have 


(9) RR > RR 

Since the line of shortest length joining x; and x; lies in the plane de- 
termined by R; and R; the simplex A(xi, - - + , x441) is contained in 
the smaller solid angle « determined by Ri, - - - , R,,1. Hence condi- 


tion (7) implies that R lies inside the solid angle a. A corresponding 
statement with primes holds for R'. Hence there exist real constants 
a; and a, such that 


nl ntl 
420, al 20, JDjasz0,. a s0, 
iol i=l 


and such that 
(10) R = aR, R'—-aR (¢ summed). 
Multiplying (8) by aiaj , summing on ¢ and j, one obtains 
(a R3) (a R) = (RI) (a/ RY), 
whence by (10) 


(11) R-(a/R,) = (a Ri) R. 

Similarly multiplying (9) by as summing on ¢, we get 

(12) R'(a;RI) > R-R. 

Conditions (11) and (12) imply that 

(13) R- (al R) > R-R. 

However multiplying (9) by af, we get 

(14) R'R = R'- (a RD) > R (al Rà. 

Since R- R- R'- R' « &*, conditions (13) and (14) are contradictory. 
Hence the assumption that Á(xí, - - - , x/j1) is not covered by the 
spheres S; is false. Since A(xf,- - - , %n41)-S! -Sj 0, and since A is 


covered by the spheres S/, a theorem? of Knaster, Kuratowski and 


t See Alexandroff and Hopf [1, p. 377]. The theorem states: If the closed sets A; 
cover the simplex T, and tf each side a4, + + + as, of T is such that ag, - ++ aC Ait +e 
Ap, then Ay Age +> + Angi 0. 


t 
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Mazurkiewicz implies by induction that [ [252,5 0. Since condition 
. (4) now holds for each set of #-++1 of the spheres S7, the theorem of 
Helly® type implies that (4) holds for all the spheres S/. 
We now readily prove the following corollary. 


COROLLARY 1. The property E holds for the n-dimensional hyperbolic 
space. 


For the hyperbolic space M this corollary is an immediate conse- 
quence of the fact that M can be defined as the points (x1, 3s, * © +, %n41) 
in the (n+-1)-dimensional Euclidean space which are on one sheet of 
the hyperboloid* 


2 2 2 2 2 2 
k zı — %— mM ttt — 8a E k. 


Here R;- R; is defined to be the bilinear form 
Rie R, S ktit — titjir — + — Ming Xing 


and F(u) =k cosh-!(u/k?). These have the properties required for the 
proof of Theorem 1. A similar argument holds for the open hemispher- 
ical case. i 

The extensibility of f(x) to the whole space M so as to preserve 
condition (1) now follows as developed in the previous work of the 
author [3, pp. 105-106]. 
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_ A GENERALIZATION OF MOCRE'S THEOREM ON 
SIMPLE TRIODS 


GAIL S. YOUNG, JR. 


R. L. Moore has proved that the plane does not contain uncount- 
ably many mutually exclusive simple triods.! The generalization to 
spaces of higher dimension given below appears to have escaped no- 
tice, and to be of some interest. 


DEFINITION. If n is a non-negative integer, by a T,-set we shall mean 
a continuum which ts the sum of an n-cell, g, and an arc, t, such that g-t 
is a point which is an end point of t and a relatively interior point of g. 
The point g-t will be called a junction point. 


Obviously, a Ti-set is a simple triod. 


THEOREM. Euclidean n-space does not contain uncountably many 
mutually exclusive T,_1-seis. 


Pnoor. Supose that the theorem is false. Then for some positive 
number e there exists an uncountable collection, G, of mutually ex- 
clusive T, ;-sets such that the junction point of each is at distance 
greater than e from the boundary of its (n — 1)-cell. There is a point, 
P, which is a point of condensation of the set of all junction points of 
elements of G; let U be a spherical domain of n-space with center P 
and radius less than e/2. If the point X of U is a junction point of an 
element T' of G, let g(X) denote the component that contains X of 
the intersection of U and the (n— 1)-cell of T. It is an easy conse- 
quence of the Alexander duality theorem that g(X)-separates U. 
Hence the collection, G’, of all sets g(X) is an uncountable collection 
of cuttings of U, and it is clearly non-separated. By a theorem due to 
Whyburn,? G’ contains an uncountable saturated subcollection, G”. 
But if g(X) is an element of G”, U contains an arc, t, which is in the 
T,-1-set of G that contains X and which has only X in common with 
g( X). Since the elements of G are mutually exclusive, no element of 
G” separates a point of t from g(X) in U, which is a contradiction. 


PURDUE UNIVERSITY 
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1 In fact, Moore has proved that the plane does not contain uncountably many 
mutually exclusive triodic continua. See Concerning triods in the plane and the junction 
points of plane continua, Proc. Nat. Acad. Sci. U.S.A. vol. 14 (1928) pp. 85-88, and 
Concerning triodic continua in the plane, Fund. Math. vol. 13 (1929) pp. 261—263: 
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ON ROTATION GROUPS OF PLANE CONTINUOUS CURVES 
UNDER POINTWISE PERIODIC HOMEOMORPHISMS 


DICK WICK HALL 


In this paper we make use of the work of G. T. Whyburn! on light 
interior transformations and on orbit decompositions of certain spaces 
to obtain a theorem by means of which a certain subset of the orbits 
of points under a periodic transformation T(M)=M may be given a 
linear ordering. This theorem is then used to obtain an accessibility 
theorem for plane continuous curves similar to one previously pub- 
lished by L. Whyburn.? We take this opportunity to express our in- 
debtedness to G. E. Schweigert for suggesting the proof of Theorem I 
given below and thus eliminating the longer and less interesting proof 
previously obtained by the author. For any x € M, the orbit of x un- 
der T means O(x) =} £ «T (x). 


THEOREM I. Let M be a locally connected continuum (that ss, a con- 
tinuous curve) and T(M) — M an arbitrary periodic homeomorphism. 
Then tf a and b are arbitrary points of M lying in different orbits under 
T and tf axb is any simple arc in M joining a and b, then there must exist 
a simple arc a/x'b' in M lying in the orbit of axb under T such that a' 
belongs to O(a), b’ belongs to O(b) and no two points of a/x'b' He in the 
same orbit under T. Furthermore, the point a may be any arbitrary pre- 
assigned point of the orbit of a. 


. Proof (Schweigert). Let M' be the hyperspace obtained by de- 

composing the space M into its orbits under T. Then, since the orbit 
decomposition is continuous,? it follows* that there exists a light in- 
terior transformation f( M) — M', namely, the transformation given 
by and associated with the orbit decomposition. Let axb be the given 
arc in M. Then we may assume without loss of generality that axb 
has precisely the point a in common with O(a) and precisely the point 
b in common with O(b). Define K —f(axb). Then K is a locally con- 
nected continuum containing c—f(a) and d —f(b). Let cyd be an arc 
in K joining c to d. Now let a’ be an arbitrary point of O(a). Then? 


Presented to the Society, February 26, 1944; received by the editors April 13, 1944. 

1 See G. T. Whyburn, Analytic topology, Amer. Math. Soc. Colloquium Publica- 
tions, vol. 28, 1942, pp. 182-189 and 239—262. 

3 See L. Whyburn, Rotation groups about a set of fixed points, Fund. Math. vol. 28 
(1937) pp. 124—130, in particular p. 127. 

1 See G. T. Whyburn, loc. cit. p. 258, 

* See G. T. Whyburn, loc. cit. p. 130. 

5 See G. T. Whyburn, loc. cit. p. 186. 
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there must exist a simple arc a’x'b’ in M such that f(a/x'b^) = cyd is 
topological. By definition of f we see that each point of a’x’b’ be- 
longs to the orbit of some point of axb, and from the one-to-oneness 
of this transformation it is immediate that no two points of a’x’b’ lie 
in the same orbit under this transformation. This completes the proof. 


COROLLARY. The same conclusion holds for any pointwise periodic 
T(M) = M if we impose the additional restriction etther that T have egui- 
continuous powers? or that the period function remain bounded on the 
arc axb. 


The accessibility theorem for plane continuous curves mentioned 
in the introductory paragraph of this paper may be stated as follows. 


THEOREM A (L. WuYBURN). If M ts a plane continuous curve and 
T(M)=M is a homeomorphism and if C is an element of a rotation 
group of M under T of order at least two, then C has property S.! 


'The object of our second theorem is to obtain a result similar to 
; Theorem A, but with the emphasis in the hypothesis placed upon the 
type of the transformation T' rather than upon the order of the rota- 
tion group under consideration. Before stating the theorem we recall 
certain important subsets of M. By L we denote the closed invariant 
subset of M consisting of those points at which the period function 
has an unbounded limit superior. By K we denote the collection of 
all fixed points of M under T. If R is a component of M — K, then R 
is an element of a rotation group under T; this rotation group consists 
exactly of the orbit of R under T; and its order is the number of com- 
ponents which it contains. The order of a rotation group under T' 
may, of course, be either finite or infinite. ` 
We are now in a position to state our second Beori 


' THxonEM II. Let M be a plane continuous curve and T(M) — M an 
arbitrary homeomorphism, while R denotes an element of some rotation 
group of M under T. Then 

(a) If K is locally connected then R has property S and every point 
of F(R) - R—R is regularly accessible? from R. 

(b) If T is pointwise periodic and has equicontinuous powers we get 
the same conclusion as in (a). 

(c) If T is pointwise periodic then every point of F(R) which is not 
a point of L is regularly accessible from R. 


Proof. Note that (2) is immediate from a theorem of G. T. Why- 


* See G. T. Whuburn, loc. cit. p. 258. 
T See G. T. Whyburn, loc. cit. p. 20. 
8 See G. T. Whyburn, loc. cit. p. 111. 
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burn,’ and that it also follows at once from the proof of Theorem A. 

-We give the proofs of (b) and (c) simultaneously, making use of 
the corollary to Theorem I in each case. It is to be noted that our 
proof is similar to the original proof of Theorem A. 

Denote by da positive number exceeding the diameter of the set M, 
- and suppose that M is embedded in the upper half of the Euclidean 
plane. If the theorem be false there must exist a point p in F(R) which 
is not regularly accessible from R and (unless T has equicontinuous 
powers) such that p does not lie in L. This means that there exists a 
positive number e and a sequence of points {;} of R converging to p 
such that no two points of this sequence may be joined in R by a 
connected set of diameter less than 17e. Let C, be a circle of radius 8e 
having its center at the point p: No generality is lost by the following 
assertion: . 

(1) For every $ the set O(p:) lies within Cp; no two of the points pi 
may be joined by a connected subset of R lying within this circle; and if T 
does not have equicontinuous powers then there exists an integer N such 
that no potnt of M lying within C, has period greater than N under T. 

For some point g’ of R exterior to C, we construct arcs p,q’ in R 
for every integer $ and we denote the first intersection of the arc pig’ 
with the circle C, by q;. It follows from (1) that the arcs f.q; are pair- 
wise disjoint and we may assume, exactly as in the proof of Theo- 
rem A, that this sequence of arcs converges to a limiting set E which 
is a subcontinuum of K. Making use of the corollary to Theorem I 
we can insure that no arc p,q; meets the orbit of any point of M in 
more than a single point, and that no two of these arcs meet the orbit 
of the same point of M. This means, in particular, that no two con- 
secutive images under T' of any one of these arcs will have a point in 
common. We may assume that the sequence (q;] converges mono- 
tonically on C, tó a point q. 

We place the x-axis in such a position that p lies at the point 
(—4e, 2d) and q at the point (4e, 2d). By L; (i= +1, +2, +3) we de- 
note the line segment joining (fe, 0) to (se, 4d), and by D, ;the interi- 
or of the rectangle formed by Ls, Lj, y —0, and y —44. 

Using the fact that H is a subset of K and either (b) or (c)? we may 
make the following assumption without loss of generality: 

(2) If x is any point of any arc piq; then O(x) kes within a circle 
having iis center at some point of H and diameter «/2. 

Let ris; be a subarc of p,q; with its interior in D. 3,3 and its end 


* See G. T. Whyburn, Concerning the open subsets of a plane continuous curve, 
Proc. Nat. Acad. Sci. U.S.A. vol. 13 (1927) pP. 650—657, in particular Theorems 1 and 
5 of this paper. 


1 Sees T. Whyburn, Analytic topology, loc. cit. p. 252. 
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points on L. 3 and Z4; ri s! the arc T(ris;); xf y! a subarc of rf sf with 
its interior in D. 44 and its end points on L_, and L4; and xy; the 
arc T(x/ y{). The existence of the arc x/ y/ follows from (2) and 
by the same token we see that xy; is a subarc of r,s; having its end 
points in the respective regions D_3,1, Di. Now the sequence of 
arcs [x/ y/ ] may be assumed to converge to a subcontinuum H” of H 
which is, of course, disjoint with every one of these arcs. This means 
that by taking a subsequence the following assumption will hold. 

(3) For any fixed integer 4 and every k exceeding i the arc xi yk sepa- 
rales D. s between xi yl and x4 yq. for every n greater than k. Thus 
xí yd. separates Ds, between x! y! and H' for every k exceeding i. 

For any fixed value of ¢ we know that the closed sets O(x;y;) and 
H' are disjoint, which means that there will exist a region U; in the 
plane containing H' but disjoint with O(x,y;). We may assume that 
U; contains O(xiy,) for every k exceeding 4. We also know, in view of 
this last remark, that for ¢ fixed either x,y; separates D. 1,1 between 
xi yi and every xz y4 for k exceeding ¢ or x/ y/ separates this region 
between xy: and xí y/ for every k exceeding +. By taking a subse- 
quence and renumbering we can insure that the same one of these 
two statements holds for every value of ¢ and thus obtain the follow- 
ing assertion. ; 

(4) If i and k be any two distinct integers then in the region D_1,1 the 
four arcs Lyi, xl yi, xyys, xi yg must occur either in the order just spec- 
ified or in the alternative order xl yl , xyyi, xà YK , xuys. 

No generality is lost by the assumption that for every integer ¢ 
the arc x,y; has an interior point within the circle C,, having its center 
at a point s on the y-axis and radius sufficiently small so that any 
two points of -M lying within C, may be joined by an arc of M the 
orbit of which lies within Ds. This enables us to find a simple 
arc a,b, lying in M with O(a,b,) in D. 531 and having exactly the points 
Gi, b, in common with x,y: and x,ys, respectively. As the two arrange- 
ments given in (4) are symmetrical we need treat only the case of the 
first one; the other will follow by a simple interchange of the letters ¢ 
and k. From (1) we see that the arc a;b, must contain at least one 
point of the closed set K, and we denote by fy the last point of K 
on this arc. Then if g, be the first point of O(xzy,) on the arc fab;, it 
follows that for some integer n the point gf — T'^(g,) lies on the arc 
xi yd . Thus the arc fag? — T^(fagi) is a simple arc lying in D. 33 and 
joining the point fy to a point of xz 44 , while containing no point of 
xyr. This contradiction completes the proof of Theorem II. 
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EQUIVALENCE OF A PROBLEM IN MEASURE THEORY 
TO A PROBLEM IN THE THEORY 
OF VECTOR LATTICES 


GEORGE W. MACKEY 


In connection with some other work of the author a question arises 
concerning the form of the general bounded linear! functional on 
certain vector lattices.? It is the purpose of this note to show that 
this question is completely equivalent to a question in measure theory 
which has been discussed and partially answered by Ulam [2]. 

Let S be an abstract set and let § be the vector lattice of all real- 
valued functions defined on S. For each so in S the function F on § 
such that F(f) =f(so) for all f in $y is clearly a linear functional. We 
shall call it the point functional belonging to so or simply a point func- 
tional. Obviously every point functional and hence every finite linear 
combination of point functionals is bounded in the sense that it car- 
ries every bounded subset of § into a bounded set of real numbers. 
Our question is as to whether every bounded linear functional on (y 
is a finite linear combination of point functionals. We shall show that 
this is the case if and only if there exists no countably additive meas- 
ure a which is defined for all subsets of S, which is zero at points, 
which takes on only the values zero and one, and which does not van- 
ish identically. 

It is well known that every bounded linear functional on a vector 
lattice is a difference of non-negative linear functionale? and it is obvi- 
ous that a non-negative linear functional is bounded. It follows that 
we need only consider non-negative linear functionals. Passages from 
a measure to a non-negative linear functional defined on a class of 
functions and vice versa are of frequent occurrence in mathematical 
literature. The proof of our theorem rests basically on the fact that 
when the methods used in effecting these passages are applied to the 
case at hand one obtains a natural one-to-one correspondence be- 
tween the non-negative linear functionals on § and the countably ad- 


Received by the editors March 7, 1944. 

1 By a linear functional we mean a functional which is additive and homogene- 
ous; that is, one which preserves linear combinations. 

2 See chap. 7 of [1] for definitions of the terms from the theory of vector lattices 
which we shall use. Numbers in brackets refer to the references cited at the end of the 
paper. 

1 This is proved on p. 115 of [1] for additive functionals and it is clear that an ad- 
ditive non-negative functional must be linear. 
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ditive measures which are defined on all subsets of S and take on 
only a finite number of different values. 


Lexma 1. If P is a non-negative linear functional on $ and 4f 
Qu $s:-- are the characteristic functions of mutually disjoint subsets 
of S then at most a finite number of the numbers P(¢1), P(e), - - are 
` different from zero. 


Proor. Suppose the contrary and change the notation so that 


P($:), P($:), - - - are all different from zero. Let E; be the set whose 
characteristic function is $;, £$—1,2, - - - , andlet ES E,UFGU - 
For each s in E; let g(s) - 1/P(9;) and for each s in S—E let g(s) =0. 
Then for each n=l, 2, Stt g= ($i/P($3) + (62/ P ($3)) + AS 


+(¢n/P($n)). Hence P(g) E1--1-- --- +i=n for n=1, 2, -- 
and this is impossible. 


LEMMA 2. If P is a non-negative linear functional on sy then P = P, +P, 
where P, ts a finite linear combination of point functionals and P4 is a 
non-negative linear functional which vanishes on characteristic functions 
of points. 


Proor. By Lemma 1 there are at most a finite number of points in 
S whose characteristic functions are not taken into zero by P. Let 
$1, St, * ++, S include all of these points and let Pi(f) — P($))f(si) 
HP.) S(s) +> - +P¢,)f(s,) for all f in $ where ¢; is the charac- 
teristic function of s; for $—1, 2, - - - , r. Then let P,5 P — P.. It is 
obvious that P, is linear and vanishes on characteristic functions of 
points. Finally since any non-negative member of fy is the sum of a 
function which vanishes at the s; and a linear combination of the ds 
with non-negative coefficients it is easily verified that P; is non- 
negative. 


Lemma 3. If P is a non-negative linear functional on § which vanishes 
on all characteristic functions then P vanishes identically. 


Proor. It is obviously sufficient to show that P(f) 20 whenever 
f20. For each £—1, 2, - - - let E; be the set of all s in S such that 
4—1Sf(s) «1 and let ¢, be the characteristic function of E;. For each s 
in S there exists one and only one £—1, 2, - - - such that sC E, Let 
g(s)=¢f(s). For each n=1, 2,---+, g—dig—dsg— +--+ —ó. ag 
zEn(f—dif—éxf— - + - —ó. if) and it is obvious that P() =0 when- 
-ever h is a bounded function. Hence for each n=1, 2,---, 0x P(f) 
S P(g)/n. Thus P(f) «0. 


LEMMA 4. Let i, du, - + - be the characteristic functions of mutually 
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. disjoint subsets of S and let $ be the characteristic function of their union. 
Then if P is a non-negative linear functional on $$, P()=P(¢:) 
PS) +. 


Proor. By Lemma 1 there exists no such that for n>, P($,) =0. 


Since P(6—¢i— -© —$a,) =P(¢) -P(6) — - + + —P(ó.) we have 
only to show that P(6—d¢i— - - - —$4,) =0. In other words we may 
confine ourselves to the case in which Plon) = 0 for n=1, 2, 

For each s in S if ¢,(s)=1 for some 521,2, - -- let g(s) =n; athens 
wise let g(s)=0. Then for each n=1, 2,--+, g—¢1—2¢2—--- 
—(n—1)barZzn(d—di— - - - —$. 3). Hence P(g) znP(9). In other 
words 0S P(ó) € P(g)/n for 21,2, - - - . Thus P@)=0. 


, ` We may now prove our equivalence theorem. 


THEOREM. Every bounded linear functional on Vy ts a finite linear 
combination of point functionals tf and only tf there exists no countably 
additive measure a defined on all subsets of S which ts zero at points, 
which takes on only the values zero and one and which does not vanish 
identically. i l 

Proor. Suppose that a measure of the sort described does exist. 
Let f be an arbitrary member of §. Using the fact that a takes on 
only one nonzero value, it is easy to prove the existence of a sequence 
lh, h,-:-- of closed intervals on the real line such that for each 
. n=1, 2,- -© , I DIa a(S—f(I,)) 50, and I; is of length 1/(27). 
_ Let ^ be the unique real number contained in all of the I,'s. Then it 
is clear that f(s) =) except on a set of œ measure zero. In other words 
for each f in § there is a unique real number P(f) such that f(s) ^ P(f) 
for “almost all” s. It is obvious that P is a non-negative linear func- 
tional on fj which is not identically zero and which does not vanish on 
characteristic functions of points. It follows then that P is a bounded 
linear functional on § which is not a finite linear combination of point 
functionals. Conversely suppose that there exists a bounded linear 
functional on § which is not a finite linear combination of point func- 
tionals. As we have already remarked we may suppose that this func- 
tional is non-negative. Hence by Lemma 2 there exists a non-negative 
linear functional P on § which is not identically zero and which van- 
ishes on characteristic functions of points. For each subset E of S let 
B(E) = P(x) where $a is the characteristic function of E. It follows 
from Lemma 4 that B is a countably additive measure function and 
from Lemma 3 that f is not identically zero. Furthermore it is an 
easy consequence of Lemma 1 that S= SU aU - - - US, where each 
S; has the property that for each subset E of S either 8(E(AS;) =0 or 
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. BCECNS;) =B(S;). For at least one £051, 2, -- - , n, BCS) #0. Let 
a(E) =B(EMS:,)/B8(S:,) for each subset E of S. Then it is easily veri- 
fied that a is a measure function with all properties listed in the state- 
ment of the theorem. 

Using Ulam's results on two-valued measures we deduce the follow- 
ing corollary. 


COROLLARY. Let Co=No and for each n=1, 2, - - let C,=20m1, 
Let D=C()+Ci+ - - - . Then whenever the cardinal of S is less than 
D every bounded linear functional on § is a finite linear combination 
of point functionals. 
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THE ROLE OF INTERNAL FAMILIES IN MEASURE THEORY 
ANTHONY P. MORSE 


1. Introduction. Theorem 4.7 below is an abstract formulation of 
a certain closed subset-theorem! recently established by Randolph 
and myself. It has a wider range of application than similar abstrac- 
tions due to Hahn? and to Saks.* 


2. Notation and terminology. When H is a family of sets we agree 
that 


o(H)= 958  s«(H)- IIB. 
BEH BEH 


A family R is said to be: finitely additive if o(H) ER whenever H 
is a finite nonvacuous subfamily of R; countably additive if o(H)CR 
whenever H is a countable nonvacuous subfamily of R; finitely multi- 
plicative if r(H)ER whenever H is a finite nonvacuous subfamily 
of R; countably multiplicative if r(F)ER whenever F is a countable 
nonvacuous subfamily of R; æ complemenial if R is such a family of 
subsets of a that «—8 ER whenever BER. 

If R is a family of sets we also agree that: R, is the family of all 
sets of the form o(H) where H is a countable nonvacuous subfamily 
of R; Rs is the family of all sets of the form v (IT) where H is a count- 
able nonvacuous subfamily of R; R, is the family of all sets of the 
form e(R) —8 where BER; R? is the smallest e(R) complemental, 
countably additive family which contains R; R is the smallest count- 
ably multiplicative, countably additive family which contains R. 


DEFINITION 2.1. R is internal if and only if R; is finitely additive 
and R,CR*. SE 


REMARK 2.2 If R is the family of all closed subsets of a metric 
space then R is internal‘ and the members of R” are the Borel subsets 
of the space. 


Received by the editors November 15, 1943. 

1 A. P. Morseand J. F. Randolph, The ¢ rectifiable subsets of the plane, Trans. Amer. 
Math. Soc. vol. 55 (1944) pp. 236-305, Theorem 3.7 together with the remarks which 
follow Theorem 3.4. 

2 H. Hahn, Uber die Multiplikation total-additiver Mengenfunktionen, Annali della 
R. Scuola Normale Superiore Pisa (2) vol. 2 (1933) p. 437. 

3 S, Saks, Theory of the integral, Warsaw, 1937, p. 85. 

4 Since an open set is an Re. 
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3. Two known results in set theory. 


THEOREM 3.1. Rs is comely se ial a If R ts finttely additive 
then so is Rs. 


Proor. R; is clearly countably multiplicative. The remainder of 
the theorem follows from the identity 


I II »- II II (e+ ». 


v&B «GA EB 
THEOREM 3.2.5 If R CR? then Rr=R. 
Proor. Let &=o(R)—a. Let 
P = E [(« E R)(à € R9]. 


A simple check reveals that P is a o(R) complemental, countably 
additive subfamily of R*. Our assumption that R, is contained in Ré 
assures us, on the other hand, that P contains R. Accordingly 
R1CPCR?. Now R’, being o(R) complemental and countably addi- 
tive, is clearly countably multiplicative also. Consequently R*CR* 
and the desired conclusion is at hand. 

4. The role of internal families in measure theory. 

DEFINITION 4.1. We say $ measures S if and only if $ is such a func- 
tion on Es[8CS] to E,[O € £x « ] that: 

I. $(0) 20; 

II. $(A) <$(B) whenever 4 CBCS; 

III. If H is any countable family for, which e (H) CS, then 


ebm] s Z e8). 
8€u 


l THEOREM 4.2. If measures S and à measures T then S=T. 
Due to Carathéodory? is : 


DEFINITION 4.3. A set A is $ measurable if and only if ¢ measures 
some superset S of A in such a way that 
(T) = (TA) + (T — A) 
whenever TCS. 
š This is a corollary of a theorem proved by W. Sierpinski i in his Les ensembles 
boreltens absiraits, Annales de la Société polonaise de mathématique vol. 6 (1927) 
p. 51. ! 


* C. Carathéodory, Über das lineare mass von Punkimengen, Nachr. Ges. Wiss. 
Göttingen (1914) p. 406. 
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THEOREM 4.4. If R is a family of à measurable seis, @ measures 
a(R), then R’ and R* are families of $ measurable sets. 


Proor. Let M be the family of all $ measurable sets. Clearly M is 
a(R) complemental and countably additive." Consequently R®CR* 
C M. 


LEMMA 4.5. If R, ts a finitely additive family of $ measurable seis, 
measures a(R), ¢[o(R)]< 0, BER’, e»0, then B contains such a 
member C of R, that 6(B — C) <e. 


Pnoor. Let K be so defined that 8 CK if and only if corresponding 
to each positive number x there is such a member C of R; that 


CCB ¢(6-C) <n. 


We shall complete the proof by showing in Part III below that 
BEK. 

Part I. If H is a countable nonvacuous subfamily of K then o (H) CK 
and v(H) CK. 

Proor. Let 270. Let 41, 4s, As, - - + bea sequence whose range 
is H. Let Ci, Ca, Cz, * - - be such members of R; that 


G Cs. dd 0) e x 


for each positive integer m. 
Now 


o| = 25 c. | = o| 2:4 — 2, c. | < af È (4 — 6| 
n=l n1 aml n=l 
eo e» T 
S ,9(4. — <È =n. 
n=l nm] 2^ 
Accordingly if N is a sufficiently large integer we are sure that 
N N N 
EGER, GCAM, fomM- Lal <a 
nel n=l nal 
On the other hand 
z(H) = J] A, 
nml 


1 Those measure theoretic results of which we assume a previous knowledge are 
in H. Hahn, Theorie der reellen Funktionen, vol. 1, Berlin, 1921, pp. 424-427. 
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and []z-1C. is such a member (see 3.1) of R, that 


IIc.c «95. 
| xn - IIc, | - LE {x - cJ | s iE Sai ej] 
E < È s. — «X xc i 


Pari II. RCK. 

Proor. RCR,CK. 

Pari Ill. BER. 

Proor. Parts I and II assure us that K is a countably multiplica- 
tive, countably additive- family which contains R. Consequently 
R*CK and the conclusion that BEK follows from our cpu 
that BERS. 7 


' THEOREM 4.6. If Rs is a finitely additive family of p measurable sets, 
` $ measures a(R), BC RS, $(B)< c, €»0, then B contains such a mem- 
ber C of Ry that o(B— C) <e. 


Pnoor. Let ® be such a function on the subsets of o(R) that 
B(a) = $(Ba) whenever - a C o(R). 


Check that measures c(R) and that 4.5 may be applied to yield the 
desired conclusion. 


THEOREM 4.7. If R is an internal family of $ measurable sets, p meas- 
ures o(R), BER’, (B) < o, e>0, then B contains such a member C 
of Rs that 6(B—C) <e. 


Proor. Use 4.6, 2.1, and 3.2. 


DEFINITION 4.8. We say ¢ is a Borehan measure with respect to R 
if and only if: R is an internal family of $ measurable sets; $ measures 
a(R); corresponding to each subset A of a(R) there is a set B for which 


BER, ACP, $(4) = 4(6). 


THEOREM 4.9. If $ is a Borelian measure with respect to R, A is a ġ 
measurable sei, 6(A)< œ, €» 0, then A contains such a member C.of Rs 
that Q(A — C) « e. 


Poor. Let B’, B’’, B'" be such sets that 
ACB'cm, (B) = (A) 
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B'—ACB"Cm., = 9(B") = o(B’ — A), 


Bul = Bl — B". 
Clearly 


p" E RY, B" = B' — B" Cc B TA (B' T. Á) CA, 
(4 — B") < ẹ(B' — B'") < ẹ(B”) = ¢(B') — &(4) = 0. 
Application of 4.7 to the set B’’’ completes the proof. 


THEOREM 4.10. If R ts the family of all closed subsets of a metric 
space S, @ measures S in such a way that closed sets are p measurable, 
B is a Borel set, p(B) < ©, €>0, then B contains such a closed set C that 
$(B — C) <e. 


Proor. Clearly R is an internal family for which R=Rs, and 
c(R) =S. Application of 4.7 completes the proof. Using 4.9 we obtain 


THEOREM 4.11. If R is the family of all closed subsets of a meiric 
space S, à is a Borelian measure with respect to R, A is $ measurable, 
$(A) < v, e»0, then A contains such a closed set.C that $(A — C) <e. 


REMARK 4.12. Theorems 4.9 and 4.11 are generalizations of a result 
due to Hahn.? For corollaries and special cases of Theorems 4.7, 4.9, 
4.10, and 4.11, see Saks, op. cit., Theorem 6.5 on page 68, Theorem 6.6 
on page 69, the correct portions of Theorem 9.7-+ on page 85, the 
proof of Lemma 5.1 on page 114, Lemma 15.1 on page 152. 

Let us now examine, in the light of an example, the just cited Theo- 
rem 9.7 -- and my own Theorem 4.7. Let S be the ordinary real num- 
bers metrized in the customary manner. Let F be the family of all 
closed subsets of S, G the family of all open subsets of S. Let R= F,Gi. 
It is easily seen, with the aid of 3.1, that R is a finitely additive, 
S complemental, internal family. Furthermore o(R)=S and R” is 
precisely the family of all Borel subsets of S. Let B be the rational 
numbers and let $ so measure S that 


¢(8) = the number of numbers in 8B 


whenever BCS. Note that $(B) =¢(S) = © but that S is a countable 
sum of Borel sets of finite $ measure. However, within the Borel 
set B, it is impossible to find a Gs set C for which $(B—C) «1; if 
this could be done then C would equal B and B itself would be a Gs 
in contradiction to the well known fact that a dense G; is a residual 
set with the power of the continuum. Since Rs CGi it is also impossible 
to find, within the Borel set B, an Rs set C for which ¢(B—C) «1. 


* H. Hahn, Theorie der reellen Funktionen, vol. 1, Berlin, 1921, p. 447, Theorem IV. 
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This reveals the essential nature of the hypothesis “#(B) < ©” in 4.7 
as well as the erroneous aspects of the *more generally" part of Saks' 
Theorem 9.7-++. Nevertheless it is easy to verify the statement ob- 
tained from Theorem 4.10 by deleting the hypothesis “$(B) < ©” and 
replacing it by “each bounded set has finite $ measure.” 

REMARK 4.13. Herein we give a supplementary example which 
serves much the same purpose as the one just discussed in 4.12. Let S 
be the plane metrized in the customary manner. Introduce F, G, and 
R as in 4.12. Let B be those points in the plane whose first coordinates 
are rational. Let $ so measure S that 


¢(8) = the Carathéodory? linear measure of 8B 


whenever CS. Note that $(B) 29(S) = © but that S is a countable 
sum of Borel sets of finite $ measure. Note also (cf. 4.12) that each 
countable subset of S has ¢ measure zero. However, within the Borel 
set B, it is impossible to find a G; set C for which $(B — C) < œ. To 
see this use the fact that the projection upon the y axis of any subset a 
of B has a Lebesgue measure which does not exceed ¢(a), and then 
recall the reasoning employed in 4.12. 


UNIVERSITY OF CALIFORNIA 


? C. Carathéodory, op. cit., pp. 420 ff. 


ON LINEAR EQUATIONS IN HILBERT SPACE 
L. W. COHEN 


Given an infinite matrix A —||a;]| where as; is complex and 





(1) Xe <+ o, i—1,2,::«, 
jl 
the problem of solving the system of linear equations 
Q) yi = Do agn, i212, 
j=l 


has been studied from several points of view. For arbitrary Yi, 
E. Schmidt! has given necessary and sufficient conditions on the a;;, 
y, so that the system (2) have a solution x= (xj) C H3 (Hilbert space). 
Schmidt shows that if a solution exists, the solution of minimum norm 
is unique, and gives explicit formulas for this solution. If A defines 
a linear transformation T on H to Hz, F. Riesz? gives necessary and 
sufficient conditions that an inverse T~! exist, that is, that the solu- 
tion x — T-1(y) where T- is a linear transformation. The following 
problem stands between these two: Find conditions on the elements 
of A so that the system (2) have a solution x €& Hs for each y € Hs. 
Such conditions will permit the use of Schmidt's formulas to express 
the minimal solution x for each y but this of course does notimply 
the existence of an inverse of the matrix A. We give a solution of this 
problem by a method which depends on a property, which seems new, 





of the m-rowed minors of the matrices A 4...;, —|0;, lisssu 2: and on 
Cramer's rule. 
Let 
aline, imi jo co Jm) = det]lauulissisn 

















be the determinant of the columns jı, * * * , jn of 44... 4, If B=|[b,,|| 
satisfies (1) and Bi,...,,, is the transposed of Bi,...:,, the determinant 
det Ay,...s, Bi... =det ||P ai2b,alliseixm is finite. Because of the 
continuity of a determinant as a function of its elements 


(3) det As,..-i,Biy-+é, = lim det 














n 
25 a abis 
kl 1Ss,tàm- 


Presented to the Society April 23, 1943; received by the editors March 24, 1943. 

1 E, Schmidt, Über die Auflósung linearer Gleichungen mit unendlich vielen Unbe- 
kannten, Rend. Circ. Mat. Palermo vol. 25 (1908) pp. 53-77. 

2 F, Riesz, Les systèmes d'equations lin£asres a une infinild d'inconnues, Paris, 1913, 
p. 86. 
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There is a theorem? on the minors of products of square matrices 
which, with slight modification in its proof, yields the identity 


det 
(4) 














n 
25 aub 
k-1 


= » alinee simi jutte o ju dius (ju 
CA++ dm] 


132,iSm 


n zm, 


where the sum is extended over all combinations jj * * -, ja in 
$25 off 


THEOREM 1. If A, B satisfy (1), then 


det An.. 4, Bi... 
oo 


== > alip. sim Jio »Jm)O(t1, ++ = rimi Joe Ím) 


Cites sim) 


where the sum is extended over all combinations of positive integers 
ju +++ jm. The series converges absolutely and 


| det Aa 4S Bi, EN | sz [det Ag. . Ai, e "UL [det Bi v PR: es vig 12. 
Proor. By Schwartz’ inequality we have, from (4) and (3) with 
B=A, 


n 


> | alineo, bes juss imo (t+, mijn jm) | 


[ite dm) 


n 1/2 
s[ 2 |a duin] 
[free +d] x 1/3 
| > [By imide S 
Ih: + stm] 
S [det An.. -inn in] [det By... Bs... 11, n =m. 


The conclusion is now evident as a consequence of (3). 
If we define 


| 4B’| = lim sup sup | Dn Ce oe ee 


typos etg, ESERE fm) 


X blin +, imi fu + ym) 


? C. C. MacDuffee, An introduction to abstract algebra, New York, 1940, Theorem 
99.1, p. 216. 
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we have a Schwarz inequality for matrices: 
| AB’ | <} Ad’ [is | BB 15. 
The following lemma contains the Gram condition for linear de- 


pendence. 


LEMMA 1. The following statements are equivalent: 

(a) The rows of A1...m are linearly dependent. 

(b) Det Az...mAf ...n=0. 

(c) All m-rowed minors of Ai... equal zero. 

Proor. That (a) implies (c) is immediate. The equivalence of (b) 
and (c) follows from Theorem 1 with 4 =B. It remains to show that 
(c) implies (a). This is evident if m=1. Assuming this statement for 
m —1, it is true for m if all the (m—1)-rowed minors of A. 1 vanish. 
If one such minor does not vanish, say 


det las] isi 750, 


we denote by c+ the cofactor of Gim in the determinant of the first m 
columns of 4A1...4. Then c4,750 and 


m 


Dd cari = 0, j21,::,m—1. 
k=l 


But this sum vanishes for all other values of j because of (c). Hence 
(c) implies (a). 


THEOREM 2. If A satisfies (1), the finite system 


(5) . y= > dij, i1, 


i=l 


has a solution xCH, for each ys, - * - , Ym tf and only tf 


det Ay...m41.-.m Æ 0. 


Proor. The necessity is a consequence of Lemma 1. If the condition 


is satisfied, then there is a nonvanishing a(1, - - * , tm; ju * * * , jm) 
by (c) of Lemma 1 and a solution x = (xj) where x;=0 for jju > * *. jm 
and £j © © ©, xj, are determined by Cramer's rule. 


COROLLARY. Jf A satisfies (1) and the system (2) has a solution x C.H; 
for each y € Hs, then det Ai... 1... 750 for all m. 


An estimate of the minimum norm of the solution of the finite sys- 
tem (5) may be given in terms of a series of finite minors in Ay... -im 
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Let J= [5, «+ +, jn] be a combination of m distinct positive integers 
and let S, bé a set of J such that no two J's have a common integer 
while every positive integer is in some J'C.S,. Let 


1/2 
Qir- tg = | sup a Ca duc Jal] 3 
Em JC. 


1/2 
Geyer ig = | 2: | Oli, +++ tei just: ial] ` 
[jim] 


Since S, is a subset of the sum of all jı, + - - , jn we have the following 
lemma. Í 


LEMMA 2. Qie. da Ss. "Tu 


sup >> X la(1,---,&—1, bi, mijuee  Geadey jm) |? 


Ba JE8,_, el 
s È |a, k-k, mij sy jad) |% 
(hie ++ RR 


“THEOREM 3. If A satisfies (1) and the finite system (5) has a solution 
` x"C€ Hs for each y" — (yy * + +, Ym, 0,0, ++ -), then 
T 


in [enl s l| È 
bal 
Proor. By Theorem 2, det 41.. A1 .... 50 and so ai... 40. Let 


Mj, be the cofactor of a,;, in a(1, - - - , m; ju ** >, ja). The system 
(5) has a solution x5$...;, defined by 


01,..-,k— 1, bl, m 








l.-.-- 


m 2 c ides j—1j»555j]w 
WYuünheíf. — $ bed 

7 0, l EORR 
We have 
lS al Las y imi ae jn) |? 





ES >| D Mr, 
aml | bol 





2 m m 

x [^l 32 X | a. 
sol kl 

zy 5355 Dates bcp dido 
tml b-1 


jn uid y Jet) Jetty MR jm) |s. 
Hence 
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inf [|] ei...» S [ly 22 x X 1, 
2 su Ba PELE 
k-+1,- * s e eaa i ` jm) h 


mz X. 2 
s lly | p2 01,.- -,k—Lbkl, em 
á kæl 


by Lemma 2. The conclusion follows at once. 
A sufficient condition for the solution of the system (2) for each 
y CH may be obtained by restricting the constants 


p> ale 8-12. 


Ken 
THEOREM 4. If A satisfies (1), tts rows are linearly independent, and 
a=lim inf, o <+ ©, then for each y C. Hs the en (2) has a solution 
Xx C Hs such that 
lall < alil. 


Proor. Consider any y € H; and any e>0. The sequence contains 
a subsequence am, <a-+e. From Theorem 3 it follows that for each u 
` there is an x^— (xj) Hp such that. _ 


GL.. ekol, itl, -mn 








QO1.-.-m 


= n . 
=) tijt; i= 1, :-* , Mu 
fol 


Ill] s (@ + 9lbll. - 
Applying a diagonal process to (x}) one finds a subsequence x” = (a) 
and an x= (xj) €H, such that 
lim 27 = 2% j=1,2,-- 


lal] s (e + yl. 
Since for ally, N>O and 1 Ss&m,, 


eo N By eo " e 
— E ans = Yala? — 2) + 252 aise — 22 Gute 
jml j=1 f=N4+1 TNT 


x solves the system (1). i 
Now consider €, | 0. For each s there is an x*€H; which solves 
the system (2) and such that \|x*||s S(e+ ea)llyll. Repeating the diago- 
nal process and the above argument, one finds an x Hi such that 
|x| Sall>| and which solves the system (2). 
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A NOTE ON AN INEQUALITY OF E. SCHMIDT 
RICHARD BELLMAN 


In a note inserted in the Sitzungsberichte der Preusiehe: Aka- 
demie, 1932, E. Schmidt stated without proof a relation 


(1) . | "fes" s dl fee] 


where f(x) is a polynomial of degree N, and it was subsequently shown 
by Hille, Szego and Tamarkin that ky is a bounded function of N such 
that limy.. ky—--71. — 

In a joint paper, generalizing the classical Markoff theorem 

max |f(2| < Nt max | f(a)| 
-1525 -1&ss 

to general mean values of the form EOM p21, Hille, Szego 
and Tamarkin [1]! gave three proofs of the inequality (1), two prod- 
ucts of the general case of exponent p, and another for the case p=2, 
stated by the authors to be similar to the original unpublished proof 
of Schmidt. , 

It seems worthwhile to sketch a short elementary proof of the im- 
portant case p=2, depending only upon an elementary inequality :? 

* A 2 
(2) moat (So) 20 
1 1 

and a simple property of the Legendre polynomials. 

The required result for Legendre polynomials is [2] P,41(z) 
—P,«(z) =(2n+1)P,(z), where P,(z) is the nth Legendre polyno- 
mial. From this we obtain 


n—1l 


Pi, = 2 (4k + 3) Pass, 
(3) i 
Pint = > (4k + 1) Pa. 


Let the polynomial of the Nth degree be expressed in Legendre 
polynomials 

Received by the editors January 31, 1944. 

1 Numbers in brackets refer to the references cited at the end of the paper. 

2 The use of this inequality, instead of a more complicated one due to Hardy, was 
suggested by Professor Szász. It simultaneously simplifies the Brest and yields a better 
constant than that DI obtained by the author. 
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In(x) = » aP (x). 


Then, using the well known orthogonality relations of the P,, 





1 N E 
"dx = 2 l 
fo z 2 hati 


Using (3), 


Jx (x) = > (4k + 1) Pai (a) | PE 


2kaN—1 


de» (4b + 3 Panaa) | E a] 
2káN—1 ^g kl 
'Thus 


CM (xd: 22 D> (4k4+ »| 2 cans | 


$kSN—1 rok 


2 
+25 +9] Dow]. 
2bSN-1 rab 
Let a,=((2r-+1)/2)*/*b,. Then the first sum is 
2 
2>5 (444+ 1) | » 21 


2kaN—1 rk 


ez ee): EH] 


2ESN—1 





< Mt DON 0 
4 p 
< (N 4- D! /2[Y5 biel 


upon using the inequality (2) upon [iba]. 
The same process yields the same estimate for the second sum. 
Thus 


[25 bu] 


SEES: "DE AE: Jay ~- 
2 2 E 
ren 


2 











fil (ade s 





ic x)*dx. 


This finishes the proof of (1) and yields lim sup $y $1/2"?. 
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It is clear from the proof that by using Laguerre and Hermite 
polynomials with the corresponding weight functions, one can obtain 
similar results for the intervals (0, ©) and (— «, œ). 


REFERENCES 


1. E. Hille, G. Szego, A. Tamarkin, On some generalizations of a theorem of A. Mar- 
kof, Duke Math. J. vol. 3 (1937) p. 729. 
2. Whittaker-Watson, Modern analysis, Cambridge, 1935, p. 307 (IV). 
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TRANSCENDENCE OF CERTAIN CONTINUED FRACTIONS 
G. CUTHBERT WEBBER 


Even today very little is known about which regular continued 
fraction expansions represent transcendental numbers. In 1851 Liou- 
ville? proved the transcendence of the numbers named after him, in 
the expansions of which the partial quotients increase very rapidly; 
in 1906 Maillet? proved the transcendence of certain expansions in 
which the partial quotients may be bounded. C. L. Siegel’ proved that 
if the partial quotients of the expansion form an arithmetic progres- 
sion of order one, the number represented ‘is transcendental. In this 
paper well known transformations of continued fractions are applied, 
in conjunction with the Siegel theorem, to prove the transcendence 
of certain classes of continued fraction expansions. 

We shall use the notation 


ay G3 
bie... vias 
o T br -pba d 


to represent a continued fraction expansion, with the partial numera- 
tors and denominators a; and b; respectively. The jth convergent is 
denoted by 4;/B;. When the expansion is regular the following nota- 
tions are also used: 


Received by the editors April 6, 1944. 

1J. Liouville, Sur des classes irès-étendues de quantités dont la valeur n'est ni 
algébrique, ns même reductible à des irrationnelles algébrique, J. Math. Pures Appl. 
vol. 16 (1851). 

3 E. Maillet, Introduction à la théorie des nombres transcendants, Paris, 1906. 
: 3 C. L. Siegel, Über einige Anwendungen diophantischer Approximationsn, Ab- 

handlung der Preussischen Akademie der Wissenschaften, Physikalische-Mathe- 
matische Klasse, no. 1 (1929) p. 29. 
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[bo, bi, ba, ba ] Ta By 


In the expansions considered a;— +1 (j21), the partial quotients 
are integers, b;=1 (21), bj4-a5,1z:2 for an infinite set of values of j, 
and 6;+4a 4,121 for all j except, possibly, a finite set. Thus the ex- 
pansions are semi-regular, at least after a finite number of terms, and 
so they converge.‘ The expansions considered in the theorems are of 
Hurwitz type except when one or more partial numerators are —1 in 
Theorem I. 

Siegel, in the paper referred to above, states that the methods ap- 
plied therein suffice to prove that if x0 is algebraic, then there does 
not exist between Jy(x) and Jy. 1(x) a rational equation with rational 
coefficients, if À is rational but not the half of an odd integer (Ji(x) 
is a Bessel function of type one); also, that the same result holds 
when à is half an odd integer, due to the special form of Jx(x)/Jxa(x) 
in terms of e?* and to the Lindemann theorem: The form >be is 
transcendental in each non-trivial case, if n - - - , £j and yy * * * , n 
are algebraic numbers. 

The theory of Bessel functions gives the result that 


a a3 
Aaron 


Qt DetatDs+ — 


is equal to £3 3(21/x)/J4(21/x) or Jy1(2/x)/J,(2/x), according as 
the a; are all +1 or all —1. If x and À are chosen such that x =d and 
Ad—r, r and d being positive integers, r = 2, then 


ay Ga 
(r+ d) + (r+ 2d) + 
where the a; are all +1 or all —1, is transcendental.’ 





(1) r+ 


THEOREM I. The number £, represented by 
ma f n ma f 
s + bea + gi tb + + bri + ga + 


is transcendental when the sequence {z,} is an arithmetic progression 
of first order whose elements are integers which are positive except, pos- 
stbly, go; Di, © - - , by are positive integers, m= +1 (m=1,---, k—1), 





ay 
(2 = got — 
bi 


* Q. Perron, Die Lehre von den Kettenbrüchen, B. G. Teubner, Leipzig, 1929, pp. 
148-154. j 
5 If the a, are all +1, this becomes the Siegel theorem stated in the introduction. 
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the f; are either. all id or all idi, and gita2l, b. basa zi, 
beat fel, for m=1, ,k—2and j z1. 


In the proof we may consider goz2; otherwise, the frat k+1 or 
2k--2 terms are dropped and the remaining terms renumbered to 
insure convergence of the semi-regular expansion. This does not affect 
` the algebraic character of the whole expansion. The continued frac- 
tion (2) is transformed by “contraction”® to the continued fraction 
with convergents A jg a/ B ja (j=1, 2, 3, -J This gives 

(— 1)*aun * * + ak afi 
(g1Bi a + fiBra + a1B 3,1) p 
(— 1) 191 - - - ntfs } 
li (0 (g2Baa + foBe-s + o1Bs-2,1) + 
(— 1)*71a,24 P e r 





£ lees + a,Br-aait 


= Baa 





1 
= deos + aıBk-2,1 + 


Bya 7 


where 7 is a continued fraction of type (1), at least after a finite num- 
ber of terms. The latter case may occur when either or both of ai 
and fi are —1. Since y is transcendental it follows that £ is also 
transcendental. 

It is interesting to note that if the expansion is regular, the partial 
quotients may be made to increase as “slowly as desired” by choosing 
| bj21 (j—1,2,: - > , k) and k large. 


THEOREM II. If a, d and c are positive integers, either c or d being 
even, and b=cta+(1/2)c%d, e — cid, then 
i a = [a, b, a+d,b+ e ad 2d, b+ 2e- .] 


ts a transcendental number. 
‘From the eheory of continued fractions we obtain the ‘following 
result :8 


CoC101 Ch 16k h 


eibi + Too dc 


poro e 
f — 4 Co 0 . ee " 
7 4 E b. pé 
-  * Q. Perron, Die Lehre von den a Keltenbrüchen, B. G. Teubner, Leipzig, 1929, pp. 
197-203. 
1 By Bii is meant the result of advancing by one the subscripts of all the a; 
and b, in By s. 
3 O. Perron, Die Lehre von den Keitenbrüchen, B. G. Teubner, Leipzig, 1929, p. 196. 








(3) 
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Application of this result with a=1, c&—l/cja, Co=C, C=C 
(k=1, 2, 3, - - -) to a yields 


ca = cla, ca + (1/2)e, a + d, a + (3/2)c%d, 
a+ 2d, ca + (5/2)8d, -- ] 
= [ca, ca + (1/2)cd, ca + cd, ca + (3/2)cd, 
ca + 2cd, ca + (5/2)cd,- ++ ]. 


Since the partial quotients in ca form an arithmetic progression of 
order one with common difference (1/2)cd, ca, and in turn o, is tran- 
scendental by the Siegel theorem stated in the introduction. 

In the last theorem we proved the transcendence of a class of regu- 
lar continued fractions in which the alternating partial quotients form 
an arithmetic progression of order one. The following theorem gives 
two more classes of a similar type. 


THEOREM III. The numbers B and y, where 


B= [1 + 4j, G + 4e] and y = [t, (5 + 4 — 2,1, 3 H 4j], 


u? being a positive integer, are transcendental. 


Again appealing to well established theory of continued fractions? 
we have 
2 2 a 2 e — e~ 
A aso m o ns tros 
f Es UR T 5 + E T eiTe 
according as the a; are all +1 or all —1. Apply (3) with c=1/s, 
4417 d, Caya — 1/2? cm 1,2,::-) and s=1/u; this yields 





or tan z, 


s=s[0+— n a 0 04 — 95 LL | 
1+ (3/22) + Bos (1/82) + 9 e. 
a 3 a 95 
user us Shit os im] 
= (1/u)(1/B) or (1/9(1/9, 
according as the a, are all +1 or all —1, where e is defined by the 
above equality. 


Since u? is a positive integer, 4 is an algebraic number not equal 
to 0, and thus z is an algebraic number. Now by the Lindemann theo- 


* O. Perron, p. 353. 
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rem, tan z and (e*—e—*)/(e*+e~*) are transcendental when 2750 is al- 
gebraic. This proves the transcendence of B and e. f 
Convert the semi-regular continued fraction for e to a regular con- 
tinued fraction;!? this gives 
1 1 1 1 1 1 


€ 1 — 3u — 5 — Tu — 9 — 


1 1 1 d. d 
(mde Se E quoc 
14-(593—2)--14- 3-41 

1 1 1 


+ (78-2) +4474 — 
1 5 
= [1, (3 + 4)913 — 2, 1, 3 T4] 7 Y. 


Since e is transcendental, so is vy. 
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10 QO, Perron, p. 159. 


A NOTE ON A THEOREM OF HARDY ON 
FOURIER CONSTANTS 


RICHARD BELLMAN 


In Note LXVI of his Notes on some points in the integral calculus 
[1]! Hardy proves the following theorem. 


THEOREM 1 (Harpy). If a, Gs, © - - , G4, © - - are the Fourier con- 
stants of a function of L?, bz, then Ai, As, - - - , An, - - are also the 
Fourier constants of a function of L?, where An =n) 3a. 


Hardy restricts the class of functions considered to even functions, 
with mean value over a period zero, and the same restriction shall be 
observed here. - 

We wish to prove a "dual? + to Theorem 1, namely: 


THEOREM 2. If bı, bs, +++, bum - - - are the Fourier constants of a 
function, g(x), of L?, p>1, then Bi, Ba, -+ - , Bn, -+ - are also the 
Fourier constants of a function, G(x), of L?, where B,—9 °bik-!, and if 
f(x) 32a. cos nx is any function of L*', P) ~ECA, cos nz, then, 
1/p+1/p’=1, 


f (eas e. f nescias o. 


There is a difference between the theorems. The case p=1 is 
omitted in Theorem 2, and necessarily, since g(x) cS cos nx/log n 
belongs to L, but the corresponding B, do not even exist. 

Hardy's method depends upon an explicit representation of the 
function F(x) in terms of f(x). In the case of the theorem to be proven, 
this representation does not seem to facilitate- matters. The method 
used will depend upon some general theorems on Fourier series, to- 
gether with the original theorem of Hardy. For the case 5 —2, the 
proof is immediate, since it can be shown that the convergence of b; 
implies the convergence of B3 (this result is also due to Hardy, and 
was the origin of this type of theorem). In particular, this series con- 
verges for a function belonging to L*, for p z2, and thus there exists 
a function of Z?, having the B, as Fourier coefficients. 

The method of proof depends upon the observation that, purely 
formally, partial summation yields: ` 


Received by the editors January 28, 1944. 
1 Numbers in brackets refer to the references cited at ‘the end of the paper. 
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Dd wae — Ass. 
1 1 


The justification of this will constitute the principal part of the proof. 
Three lemmas will be required. 


Lemma 1 [2]. A necessary and sufficient condition that the series 
Dran cos nx should be a Fourier series of a function of L?, p>1, ts that 
for every g(x) belonging to L?” (1/p+1/p’=1) with Fourier coeficients 
Gn) the sertes D ranak should be finite (C, 1). 


A series is finite (C, 1) when the arithmetic mean of its partial sums 
is bounded. 


LEMMA 2. If H(x)^—? vc» cos nx is a function of L?, p>1, then 


= O(N), 


a 


' Proor oF LEMMA 2. 
N 1 T N 
3e- -f O X cos ne |ds 
1 GI Q 1 
Using Hólder's inequality 
1 T l/p ri N 
s—| f | ro raz | |f |È ons 
7T 0 0 1 
ri N p 1/p' 
(0) |f > cos nz às | 
0 1 


r r 1/p’ 
of f as | = O(N"), 
0 x 


This finishes the proof of the lemma. 
LEMMA 3.! If Hx) A. cos nx belongs to L?', p>1, then 


S Gh 

Pi 

N N 

ProoF or LEMMA 3. Let ? lc, =S, then 


m 
È È = as.-ssa4 Y 








N 


216. 
1 








p’ 1/p’ 
às | 





ll 








sin Nx |? 














= O(N"), 





m a 1) 


2 The above proof of Lemma 3 and a part of the proof of Theorem 2 are due to 
Professor O. Szász and are simpler and more elegant than the original. 
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By, Lemma 2, Sm =O(mY?’), hence m—1s,,0, and 


oo 


= -—1 2l Sa-t 
uy < n +h 


Sy 








= O(ni»-1) + o( > pies) 
= O(nU»'-1) = O(n-1*), 


PRoor or THEOREM 2. A, and By, f(x), g(x), F(x), G(x) are defined 
as in Theorems 1 and 2. We divide the proof into three parts. The 
first part will consist of showing that G(x) belongs to L?, p>1, when- 
ever g(x) does. In virtue of Lemma 1, it is sufficient to show 


Y Ba, = O(1) 88 "^ — c, 
1 


where g(x) ~} b, cos tix is a function of L7, and f(x)? ja. cos nx is a 
function of L?’. 
By partial summation 


a—l 


(1) 2. B,a, = 2,53 ay, — YA. 
1 1 1 


Using Theorem 1, F(x) As. cos nx belongs to L?', and thus, using 
the generalized Parseval theorem, 2; A,b, is convergent. Further- 
more, ? "a, = O(n!/»^), by Lemma 2, and B, — O(n-!/»), by Lemma 3. 
Hence 


Ba dy a, = O(n!»)O(n-1») = O(1), 
1 
and thus G(x) belongs to L». 

The second part consists of showing that ? r B,a, converges. This 
is immediate by the generalized Parseval theorem (Hausdorff- Young 
theorem) since G(x) belongs to L?, f(x) to L”. 

The third part consists of showing that PA... —SMraB, and 
using (1) this is true if, and only if, B,» 1a, —o(1). 

We have to consider two cases. 

Case 1. f(x) belongs to L”, 1<p2. Then, by the Hausdorff-Young 
theorem, 5 |a|?’ converges, and thus 


N 
2,9. 
1 


‘Case 2. f(x) belongs to L?, p>2, and thus g(x) belongs to L*', 


= o( NP), 
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1<p’S2. Then, as before, 5 | b.|? converges, and this entails 





Thus for all p>1, 


(NUDO) 
Ba 2 or c = o(1). 


This finishes the proof of Theorem 2. 

It is interesting to see how these results arise naturally in dealing 
with Fourier integrals. The processes will be purely formal, although 
they could be justified by similar methods. 








fü = INEO cos xidx, 


f, rou- fro tef T» d) cos at d 


The last result is obtained by integrating by parts, assuming that 
the integrated term drops out. Thus 


=f’ 10% = T d iu) cos xt dx. 


ue fr nop fr e 
- foL f e au] is 


Integrating the last expression by parts, and assuming the integrated 
part vanishes, there results 


J m B f. E frm] cos at da. 
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SOME INTEGRAL RELATIONS 
H. BATEMAN 
Let u(r) have a continuous derivative for positive values of r, then 
a solution of the integral equation 
x/2 
(1) u(r) = f cos (kr sin a) U(r cos a)da 
0 

is given by the formula 


l rj? 
Q) UO = (2/7) | worcais) +s f chths Ha Bulls Gos e |, 


The mean value theorem for a two-dimensional potential round a 
circle, due essentially to Parseval, gives the equation 


x/2 
1 = (2/z) f cos (kr sin a)ch(kr cos a)da, 
0 
and so the relation to be established is 
1/2 x/2 
u(r) — 4(0) = (2/x) f cos (kr sin a)r cos a ao f ch(kz)u'(y)db, 
0 0 


where 
y^rcosacosb, «=rcosasnb=gsine, sz-(r-—»), 


When the quantities y and c are taken as new variables of integration 
the integral on the right becomes 


ce) f won» f cos (ks cos c)ch(ks sin c)dc = f, o» 


and so the formula is established.! A proof of the uniqueness of the 
solution is not easy to obtain by substitution of an integral of type (1) 
in (2) but may be derived from the relation 


Received by the editors March 27, 1944. 

1 The case & 20i is reducible to Abel's integral equation and is a special case of an 
equation F(x) =f” f(x cos a) sin** a da found by Poisson in his Researches on heat 
conduction, J. Ecole Polytech. vol. 12 (1823) p. 299. This equation was discussed by 
J. Liouville, ibid. vol. 15 (1835) pp. 55-60. Professor M. A. Bosoco has kindly recalled 
my attention to the interesting integral transformation used for this case by 
O. Schl3milch, Zeitschrift fur Mathematik und Physik vol. 2 (1857). 
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1 8 
u(st?) = =f cos k(s — )PU(PIYdt/ [is — 2p» 
0 
and the equivalent relation 
o 1 eo o 
f etu(sit)ds = =f eruan f e= cos (ki1/9) pig, 
0 0 0 


Thus when u(r) is given for positive values of r the first integral on 
the right is determined uniquely and so by a simple extension of 
Lerch's theorem U(r) is unique. 

'The theory of exponential integrals has been advanced by the re- 
cent tabulation? of the function F(x) which is defined by the integral 


(3) F(x) = f 7 cos (mx)dm 


1\ 1/2 © 

(a = (F) È C 292 + verom 

- The table indicates that F(x) =0 for x=2.435, 4.778, and 6.550, ap- 
proximately. This is in accordance with the result of F. Bernstein? 
that F(x) has an infinite number of real zeros. 

The asymptotic behavior of F(x) for large complex values of x has 
been discussed by Burwell* who gives, moreover, an asymptotic for- 
mula for the large zeros. The asymptotic expansion of F(x) for large 
positive values of x is rather complicated but it is sufficient to estab- 
lish the convergence of the integral 


(5) f eR (HOt = 
0 


mg 4 





exp (— 3 17/4), — R(s) > 0, 


which may be regarded as a generating function of F(iU/57-V* in the 
“ sense of Abel. In the theory of Haar and others by which the asymp- 
totic behavior of a function for large positive values of / is derived 
from the behavior of the generating Laplacian integral at points g on 
the line bounding the region of convergence, the form of the function 


F(E 
for large positive values of 7 is characterized by the behavior of the 


2 G. Grimminger, Velocity and mass distributions resulting from the lateral diffusion 
of a current in a stratified medium on a rotating earth, Journal of the Franklin Institute 
vol. 236 (1943) pp. 413-443, 509-520. 

? F. Bernstein, Math. Ann. vol. 79 (1918), pp. 265-268. See also G. Pólya, Mes- 
senger of Mathematics vol. 52 (1923) pp. 185-188. 

* W. R. Burwell, Proc. London Math. Soc. (2) vol. 22 (1924) pp. 57-72. 
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function on the right of (5) at the point z=0. The type of singularity 
is in this case different from that of any tabulated generating function. 

The relation (5) was obtained originally by substituting the infinite 
series for F(x) and integrating term by term.* An alternative plan is 
to consider the function 


(6) U(x, y) = f^ cos (mx)dm 


which is a solution of the partial differential equation 
U, + U sssz = 0. 
The integral 


(1) uly, 2) = f (HU (es, 9) Mat à f e U(s, peik 
0 0 


is then a solution of the partial differential equation 
thy = 360zu + 2160z*u, + 16642 tss + 2562"tse3 
and may be identified with the solution 


1/1\"2 . 
u(y, 2) = ;G) my 14g exp (— y-12g712/8) 


for U is of the form (1/x)f(yx~) and so u(y, z) is of the form 
u(y, 2) = 2 H(ys) = s 1 HQ), 
say. If H(w) —w-!^S(w-!!?) the differential equation for S(s) is 
2sdT/ds-- T — 0 where T = 64S"(s) — S. 


Hence T= Cs-!/! and so S — Ae'l84- Be^*!5 — CP(s), where for large val- 
ues of s the function P has an asymptotic expansion of type 


P(s) = sci [1 + 1-3(16/s%) + 1:3-5-7 (16/53)? + +++ J. 


The solution S=B exp (—s/8) is of the right type when s is large and 
w small and the proposed value of the integral seems to be correct. 

There are some related integrals involving the functions Vo, Vi, V2, 
V; defined on p. 114 of my Partial differential equations of mathemati- 


* For a justification of this process reference may be made to G. H. Hardy, 
Transactions of the Cambridge Philosophical Society vol. 21 (1908) pp. 148 and 
E. C. Titchmarsh, The theory of functions, Oxford, 1932, p. 348. The infinite series for 
F(x) may indeed be expressed as the difference of two series involving positive terms 
and each of these may be integrated term by term because the resulting series are 
convergent. I owe the second reference to Morgan Ward. 
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cal physics. These functions are solutions of the partial differential 


equation? 
Vy = Vsss 


and are represented by the integrals 


Volz, y) = af e7*v* cos sx ch sx ds, 
0 

V(x, y) = af e sin sx sh sx ds, 
0 

Vila, y) = af ey (sin sx ch sx + cos sx ch sx)ds, 
0 


Vilx, 5) = af € (sin sx ch sx — cos sx sh sx)ds. 
0 
'The simplest of the integrals are 


f MEU qs, ydi = wy 431 cos (g-Mag-11/8), 
0 


f eH vsus, y)dt = wy Ag 8A sin (y7u1g-1/2/8), 
0 


The asymptotic forms of Vo(x, y) and Vi(x, y) for large values of x can 
be derived from Burwell's results; they can also be regarded as de- 
termined by the behavior of the functions on the right in the neigh- 
borhood of z=0. In the search for functions whose generating func- 
tions have prescribed singularities it should be worth while to fully 
explore the functions provided by solutions of the general equation 


of Poisson. f 

Generating functions depending on the error function and the in- 
.tegrals of Fresnel may be derived from the functions now under dis- 
cussion. Thus i 


f entro - reden. 
—1l/4 œ% 
T 25 (7 #¥4/4)"/[(20 + D + 1)1), 
f “a[o, y- ven, y) ]e-8/4ae 


= E (98-4 (— 89)» [(n + 3) Gn + 21], 





* This is a special case of the equation 6"V/dx™ =a"V/ay" discussed by Poisson, 
J. École Polytech. vol. 12 (1823) pp. 464-474. 
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f e Vil, yji 5d; 
0 


T 3/4,—1/4 oo 
= TY UE LY Co 8yligit)m/ [n + 2) 24- 2)1]. 
2 n-0 . 


For the solution of the general equation of Poisson, reference may 
be made to H. Block, Arkiv fór Matematik, Astronomi och Fysik 
vol. 8 (1913), G. Mikaelsson, Dissertation, Upsala, 1920 and 
E. Rothe, Math. Zeit. vol. 28 (1928) pp. 48-72. 
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TWO PROPERTIES OF THE FUNCTION COS x 
HERBERT E. ROBBINS 


The function f(x) =A cos n(x+B), where A, B are any real con- 
stants and n is an integer, has the properties: 

(I) f(«) is real valued for all real x, of period 2r, and continuous. 

(II) f(x) is differentiable, and there exist constants a, b such that, 


for all x, 
f'(#) = af(x + b. 


(III) Given any constants a, a’, b, b, there exist constants c, d such 
that, for all x, i 
af(z + a’) + bf(x + &) = cf(x + d). 

The object of this note is to show that, conversely, any function 
f(x) which has property (I) and either (II) or (IIT) is necessarily of 
the form f(x) =A cos n(x-l- B). The latter result is used to derive the 
parallelogram law of addition of forces from certain other basic as- 
sumptions. 

THEOREM 1. Lei f(x) have properties (I) and (II). Then there exist 

' constants A, B and an integer n such that f(x) =A cos n(x+B). 


Proor. It follows from (II) that f(x) is of class C^ and hence, from 
(I), can be represented by a convergent Fourier series, which, more- 
over, may be differentiated termwise. Thus for some complex con- 


stants kp, 
fi) = F kee, f'(a) = ike, 


1 

(1) f(x) = af(x +b) = DD kalin — aeinb) ging, 
It follows from (II) that for every integer m, 

(2) kalin — ae?) = 0. 


If f(x) =0 then the theorem is trivial. Otherwise, there will exist an n 
for which a0. It follows that 


(3) in = aei", 
Taking absolute values we have 
(4) n= ta. 
Thus there can be at most two values of n for which 5,70, and these 
Received by the editors March 3, 1944. 
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values are negatives of one_another. Thus for some integer n, 
(5) f(x) = Rye + hye, 


Sincel by (I), f(x) is real valued, it follows that k_, and &, are complex 
conjugates, and the proof is complete. 


THEOREM 2. Let f(x) have properties (T) and (III). Then there exist 
‘constants A, B and an integer z such thai f(x) =A cos n(x+B). 


Proor. Since, by (I), f(x) is continuous and of period 27, it pos- 
sesses at least a formal Fourier series,! 


l 


1 2x 
(6) ' f(a) ~ Do het", =a J IOMa. 
To 
By (III), there exist constants c, d such that the function 
0) . g(x) = f(x + 1) + f(x) — cfe + d), 


‘continuous and of period 2r, is identically zero. (This is the only con- 
sequence of (III) that we shall use.) Hence 


(8) | O~ 37 hale + 1 — ceit)eins, 
It follows that for every n, : 
(9) | k,(ei" + 1 — cei) = 0, 


If f(x) =0 then the theorem is trivial. Otherwise, there will exist an n 
for which k,240. For any such n it follows from (9) that 


(10) ef" + 1 = cena, 
Taking absolute values and squaring, it follows that 
(11) cos s = (c? — 2)/2. 


Hence if m and n are any two integers for which &4- 5,740, it follows 
from (11) that cos m —cos n. Hence for some integer r, 


(12) m= +n ++ sr. 


Since v is irrational, it follows that r=0 and m= +n. Thus the formal 
Fourier series for f(x) consists of only two terms, 


(13) : T(x) ^ knew ine + kne”, 
But in this case, since the functions e‘** are complete with respect 


1 The proof given here follows a suggestion of Paul R. Halmos. The author's origi- 
nal proof required the unnecessary assumption that f(x) be of class C1. 
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to continuous functions, the relation ^ can be replaced by an iden- 
tity, i 
(14) f(x) = hein? h kino, 


Since f(x) is real valued, R_, and kn must be complex conjugates, and 
the theorem is proved. 

We shall now apply Theorem 2 to derive the law of addition of 
forces.? For simplicity, let us consider only forces acting at a fixed 
point in a fixed plane in which the angular coordinate x is defined. 
With such a force we identify the real valued function F(x) which 
specifies the scalar component of the force in the direction x; thus a 
force is represented by a real valued function of period 27. By the 
sum of two forces Fi(x) and F(x) we mean the function Fi(x)+ Fa(x). 
Our assumptions are the following. 

(i) All forces are geometrically similar. By this we mean that there 
exists a fixed function f(x) of period 27 such that any force F(x) can 
be written in the form 


(15) F(x) = Ar: f(x + ap), 


where Ar and o are constants determined by F(x). We need not as- 
sume that all values of the constants Ay and ær can occur in (15), 
but we shall assume that there exist at least the forces Fi(x) =f(x) 
and F3(x)=f(x-+1). 

(ii) The sum of two forces ts a force. Together with (i), this implies 
that the function f(x) has the property that for certain constants c, d 
and for every x, 


(16) f(x + 1) + fla) = efle + d). 


(iii) The function f(x) ts continuous, non-constant, and vanishes for 
at most two values in the interval 0 &x «2. 

The proof of Theorem 2 shows that the function f(x), continuous, 
real valued, of period 27, and satisfying (16), must be of the form 


(17) f(x) = A cos n(x + B), 


where » is an integer. The hypotheses of (iii) ensure that n can be 
chosen as 1. The parallelogram law of addition of forces is an im- 
mediate consequence. 
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2 See G. Darboux, Bull. Sci. Math. vol. 9 (1875) pp. 281-288; also G. D. Birkhoff, 
Rice Institute Pamphlet vol. 28, no. 1 (1941) pp. 46—50. 


ON SOME SPECIAL DIOPHANTINE EQUATIONS 
E. ROSENTHALL 


i. Introduction. The following lemma is fundamental in the algo- 
rithm of reciprocal arrays for the solution of multiplicative diophan- 
tine equations in certain arithmetics as developed by E. T. Bell.! 


Lemma 1. All sets of integers satisfying the diophantine equation 


xy = zw 
are given by 


* = ab, y = cd, z= ad, w= cb 
and tt suffices to take b and d coprime. 


Rational arithmetic and the theory of ideals in an algebraic number 
field provide instances of these arithmetics, and in all cases the funda- 
mental theorem of unique decomposition into prime factors is re- 
quired. 

By use of this algorithm Bell has obtained the complete solution 
of a large class of diophantine equations, and by means of an applica- 
tion of Lemma 1 (and results derived from it) to equations reducible 
in particular algebraic number fields the present writer has obtained 
the complete solution of some interesting diophantine equations. 

In this paper Lemma 1 is generalized to an arbitrary algebraic 
field, and the method of proof is then applied to a multiplicative equa- 
` tion from which we immediately obtain a formula exhibiting all the 
rational integers satisfying x?-+-ay*=s'*+!, The procedure is to re- 
place the algebraic indeterminates in the given multiplicative equa- 
tion by the principal ideals they generate; then solving this equation 
by the method of arrays we obtain the solution in terms of ideals. 
In this solution, by a use of properties of equivalent ideals all the 
ideals are replaced by suitable principal ideals and the complete solu- 
tion of the given equation is deduced. 


2. Notations. We shall adhere to the following notations: small let- 
ters a, b, - -- are reserved for the rational integers, the capital letters 
A, B,- - (except E) for integers of the algebraic number field iy; 
the letter e will be reserved for the units of this field, and all other 
Greek letters (with or without subscripts) will denote ideals of §. 


Received by the editors March 24, 1944. 
1 E. T. Bell, Reciprocal arrays and diophantine analysts, Amer. J. Math. vol. 35 
(1933) pp. 50-66. 
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M 


Parentheses enclosing a letter denote the corresponding principal 
ideal; thus (X), (e), - - - . The conjugates of the ideal £ are repre- 
sented by £', £”, +--+, £(^-2. Two ideals, œ and £, are said to be 
equivalent if an ideal y exists such that the products ay, By are both 
principal ideals; the equivalence of a and £$ is expressed by a~. 


3. Generalization of Lemma 1. We shall now prove the following 
result. j 
THEOREM 1. AH integers X, Y, Z, W satisfying 
(3.1) XY = ZW 
are given by 
X = ST/e, Y=UV/e, Z=SV/e, W = UT/e, 
where S, T, U, V are arbitrary and e takes only the finite set of rational 


integral values each equal to the norm of a representative ideal from each 
class. 


Proor. By Lemma 1 all solutions of 
(3.2) (Xy) = @)(W) 
are obtainable from 
(X)=o8, (Y)=78, @)=a5, (W) = 7, 
and the ideals of the right-hand members must be restricted to the 
‘values which make the left-hand members principal ideals. Since the 
products of, 'yB are to be principal ideals then a~y. Let £ be a repre- 


sentative ideal of each class in which æ is a member. Then a--£ and 
it follows that à 


a£... EOD eo EE LL OD = (e). 


Hence a£'£'' - - - 0D, and consequently y&’E’’ - - - £79, is equiv- 
alent to a principal ideal and must therefore itself be a principal 
ideal (A). Therefore, f 


(eX) = aßtt' - - - 0D = (4)t8 


whence £f is a principal ideal. Put £8 = (B) and we have (eX) — (4B). 
Also z 
(eY) = E' - - - E@ Dy = (C) = (C) (D) 


since £6 must be a principal ideal (D). 
Thus all solutions of (3.2) are obtainable from sa 
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(eX) = (4B), | (cY) = (CD, | (eZ) - (AD, (eW) = (CB). 
This implies that the set of all integers satisfying (3.1) is given by 
eX = «AB, eY = & CD, eZ = & AD, eW = «CB, 


where €&&—€&&. Make the reversible substitution 4 —e 1S, B- T, 
D= V, C-«1U and we have the required result. 


4. The equation XX =z?"+, Hereafter the field § is an arbitrary 
quadratic number field and the conjugate of an integer X and an ideal 
a are denoted by X and à respectively. 

The following theorem will be verified by induction. 


THEOREM 2. All solutions of 
ak = (g2*+1) 
are given by 


2n+1 25 15—1..2 


&— $i Q: f cc éxudnn (8) = b1G1bsBa + +> dn) 
From this we can deduce the following result.? 
THEOREM 3. All solutions of 
(4.1) , X X = git 
are given by i 
BX = + oY RM Hunde 
E's = HiH,HiHs- ++ Hann 


where Eee el es 6s © © +, €n each being equal to the norm of 
a representative ideal from each class. 


If we put X —x--(—a)!/*y, then (4.1) becomes x?+-ay?=27*t? and 
equating rational and irrational parts we obtain from (4.2) an ex- 
plicit representation for all rational integers satisfying this equation. 
Although in general the solution appears in rational form, yet for 
each value of a the indeterminates x, y, z can be expressed by a finite 
number of polynomials in integral parameters. For, for each value 
of a the parameter E has only a finite set of integral values and the 
requirement that the right-hand members of (4.2) be divisible by 


(4.2) 


2 For an account of the investigations on equation x*+-ay*=2* see L. E. Dickson, 
History of the theory of numbers, vol. 2, pp. 534-543; Th. Skolem, Diophantische 
Gleichungen, Berlin, 1938, pp. 64-68; J. V. Uspensky and M. A. Heaslet, Elementary 
number theory, 1939, pp. 389—396. 


756 E. ROSENTHALL [October 


. E**+1, E? respectively may be expressed by congruential conditions 
upon the coordinates of the integers H;. 
EXAMPLE. From Theorem 3 it follows that all the rational integers 
satisfying x!4-473? =z are given by 


E(a--(—47) y) = + HiHSH, Es = Hii, 


where E=e?=1, 22, 32 and Hi, H; are integers of Ra(—47)!*, It 
suffices to take Hy primitive. 

In order to select all integers from the above rational forms of 
x, y, 3, it is necessary and sufficient to impose the following congru- 
ential conditions upon the coordinates of Mi=r+sW, Hi—m--nW 
where W — (14-(—47)12)/2: 

(i) E=1. If n even then r, s even; otherwise no restrictions on r, s. 

(ii) E=23. m odd, n even, s=2r=0 (mod 8); m—4n=2 (mod 4), 
rasa0 (mod 4); m—4n=4 (mod 8), r=s=0, 2 (mod 4); m—4n=8 
(mod 16), r=s=0, 2 (mod 4); m—4n=0, +16 (mod 64), res (mod 
2); m —4n2332 (mod 64) requires no restriction on 7, s. 

m odd, m+5n=2 (mod 4), r=s=0 (mod 4); m+5n=4 (mod 8), 
r=s=0 (mod 4); m--55 2:8 (mod 16), r=2s (mod 4); m+5n=0, 
. £16 (mod 64), r even; m+5n=32 (mod 64) requires no restriction 
on f and s. 

(iii) E23. m(m--n) 40 (mod 3), r=s=0 (mod 9); m—6n2 +3 
(mod 9), r=s=0 (mod 9); m—6n=+9 (mod 27), r+s=0 (mod 9); 
m—6n=0 (mod 27), but m —114n3$0 (mod 39, r+s=0 (mod 3); 
m—114n=0 (mod 35) requires no restriction on r and s. 

m+īn=+3 (mod 9), res=0 (mod 9); m+7n=+9 (mod 27), 
r=3s=0 (mod 9); m+7n=0 (mod 27) but m+115n40 (mod 39), 
f sx 0 (mod 3); m-+115n=0 (mod 3*) requires no restriction on r and s. 

If in addition to the above 7» is even then r and s must both be even. 

The above conditions were obtained by considering in turn the 
cases according as HH; is divisible by ei, ej, - - - , ed. 

For the proof of Theorem 2 we use the following two lemmas. 


LEMMA 2. All solutions of aa=yBB are given by œ= 0,0103, B — 0:01, 
y= 0405. 

.LEMMA 3. AH solutions of o. à — B*y are given by œ= 01050504, B = 01020393, 
y= 61020404. 


The proof for Lemma 2 is exactly as given in a previous paper? 
where the indeterminates were integers of a unique factorization 


* E. Rosenthall, On some cubic diophantine equations, Amer. J. Math. vol. 65 (1943) 
pp. 664—665. : 
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quadratic field; Lemma 3 follows immediately by a repeated applica- 
tion of Lemma 1. 


.5. Proof of Theorem 2. We now show independently that Theo- 
rem 2 holds for »=1 and then complete the proof by mathematical 
induction. From Lemma 2 it follows that all æ, (2) satisfying ae = (s*) 
are obtainable from 


a = 030105, (s) = 0:0, = 9x03, 
` and applying Lemma 3 it follows that i 

Or = MM O = Karas, 0 Ladsdake. 
Then am 


a= Pet a (z) = $1$16:05, 


where we have put M61 AAM = ae since Xs, As, M always appear in 
this product form. - 

Now consider the induction from n—5 to n=s+1. Apply Lemma 2 
to a = (g?***) = (st** 5 (z)(z). Then 


a = 610283, (2) = 6:02, (321) = ða. 
By hypothesis, Theorem 2 holds for the last equation. Hence 
63 = ui us Bs E diy eon (8) = primal + + + mener 


and equating the two parametric representations for (z) we obtain the 
following equations for all the parameters concerned, 


{ume +> Hert} fa- Ben} = 6302. 
Applying Lemma 3, 
Baa oc Bel = MA, A= Xs, 9, = AD. 


Substituting these values of the parameters in the preceding formulas 
for a, (z) gives 


(5.1) a= MAP ^us 2Ha: ++ beiei - (8) = MAMAY Y 
where the parameters must paris the ‘multiplicative equation 


(5.2. - Hiacco agi = Ma, 


where we have put Ay =Y. 
Applying the method of arrays* to (5.2) we obtain 


1 See E. T. Bell, loc. cë., p. 62. 
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= fits, M7 bite ++ + Esta, 

= Eus As = omen 
dx EINE S F Ya = fates ee fern 
Hoyt = epsit et- ` 


Finally, substituting in (5.1) gives 
"i "im 8+2 24-1 
a= $i $a: BE EAE A Geta (2) = $ididsfs +++ pataba 
where we have put £:=d1, [3s Cem $45 and EC, amica 
for +=3, 4, - - - , s--1, since the parameters always occur in these 
product forms. This completes the induction. 


; 6. Proof of Theorem 3. All solutions of 
(6.1) (X)(X) = (ge) ' 
are obtainable from 


(6.2) (X) = 4 dris dban (5) = dibibiba s dean 
and the ideals of the right-hand members must be restricted to thcse 
values which make the left-hand members principal ideals. Frcm 
(6.2) it follows that 9? 92^! - - - @ayi~(1). Let £, (6=1, 2, - - -, m) 
be a representative ideal from each of the classes in which $; is a mem- 
ber. Then we can put $,£;— (H;) and £E""EP71 . . - B6, = (Hna). 
Multiplying both sides of (6.25 by [(&b] "t! {faţa} r - - (EE ] 2] 
and (6.2) by [[&&] ""(&b]^ - - - (EE, ]*]? and also putting ££ 
= (ei) we obtain 


2541. 2 ys 


(E X) = Gn" HY Hy + Brass), 
(E's) = (H 17,8:H,--- Anyi nt) 
for all solutions of (6.1). This implies that all solutions of (4.1) are 
given by 


E’''x = eH TUH à 2*** -H ats E's = aH iV HuaELa. 


Make the reversible substitution Hy;1= &H ayı, and then observe zhat 
&:€:& must be unity. Hence Theorem 3 is proved. 


McGrrL UNIVERSITY 


A NOTE ON CHAIN CONDITIONS IN NILPOTENT 
RINGS AND GROUPS 


S. A. JENNINGS 


Maximal and minimal conditions for ideals in associative rings have 
often been considered, but little seems to be known of these conditions 
in non-associative rings, or of chain conditions on the non-normal 
subgroups of a group. Moreover, it is usual to assume the condition 
for one-sided ideals in noncommutative rings, and the weaker condi- 
tion for two-sided ideals rarely appears. In this note we first consider 
a class of groups which are “nilpotent” with respect to a set of opera- 
tors 2. These groups include ordinary nilpotent groups, and associa- 
tive and non-associative nilpotent rings and algebras as special cases. 
Our main theorem is to the effect that, for an Q-nilpotent group, the 
maximal or minimal condition for Q-subgroups implies the corre- 
sponding condition for all subgroups. As immediate consequences of 
this theorem it follows that, for nilpotent rings and algebras, the 
maximal or minimal condition for ideals implies the corresponding 
condition for modules, while for nilpotent groups, the maximal or 
minimal condition for normal subgroups implies the corresponding 
condition for all subgroups. 


1. Definition of Q-nilpotency. Let R be a group, and let Q be a 
set of (left) operators of R which includes the inner automorphisms 
of R. R may also admit a second set of operators ®, in which case it 
will be understood in what follows that all subgroups are supposed to 
admit d. The statement that a certain subgroup is an Q-subgroup 
means that this subgroup admits Q as well as d. 

If A is any Q-subgroup of R, A is normal, and we may suppose 
that R/A admits the same sets of operators, Q and 6, as R. 

We take the following as our ` 


DEFINITION OF AN Q-NILPOTENT GROUP.! R is Q-nilpotent if there 
existis a strictly decreasing chain of Q-subgroups 


Presented to the Royal Society of Canada, May 25, 1943, and to the American 
Mathematical Society, April 29, 1944; received by the editors January 21, 1944, and, 
in revised form, March 18, 1944. 

1 Originally I discussed the chain theorems for groups for and rings separately, 
and while it was clear that the results were analogous, I did not succeed in unifying 
the proofs for the two cases. The referee, Dr. Irving Kaplansky, pointed out, however, 
that this could be accomplished by the use of the general notion of Q-nilpotency which 
we give here, and which was suggested by him. I would like to express my thanks to 
the referee for his contribution to this paper. 
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(1) R—410432 45D +++ DAmD Ami = d, 
terminating with the identity, and such that if NCQ and a.€ A; then. 
(2) a; (Aa) € Ait, i-71,2,.::,m 


for some r, where $n general r may be any positive or negative integer, 
or zero, but if ^ happens to be an inner automorphism then r must equal 
one. 


The minimum length of all chains satisfying (1) and (2) above will 
be called the exponent of R and any chain of Q-subgroups satisfying 
these conditions and having minimum length will be called a mimt- 
mum. chain. 

The following results are needed for our later induction. 


Lemma A. If Ris an Q-nilpotent group of exponent m, and 
R=4Ai1D)4A:D eee D AnD Ami = 1 


is a minimum chain, then R/Am ts an Q-nilpotent group of exponent 
m-1. 


"LEMMA B. The subgroup Aw of any chain satisfying (1) and (2) above 
. 4s contained in the centre of R. Moreover, every subgroup of Am ts an 
Q-subgroup of R. 


LEMMA C. If A is any Q-subgroup of R, then the maxtmal or minimal 
condition for Q-subgroups of R implies the corresponding condition for 
Q-subgroups in R/A. 


Lemmas A and C may be readily verified. To prove Lemma B, 
we note that if a4C Am, AEQ, then az7'(Aa4) =1, since 444171, and 
hence Aa, ^85, which implies that every subgroup of A» admits Q. 
Again, if x CR, x-!ayx = Gw, since for inner automorphisms r —1, end 
hence very element a4 of A, is in the centre of R. 


2. The chain theorem. We are now in a position to prove the fol- 
lowing x 


THEOREM. Let R be an Q-nilpotent group. The maximal or minimal 
condition for Q-subgroups in R implies the maximal or minimal condi- 
tion respectively for all subgroups $n. R. 


We prove that if the maximal conditions for Q-subgroups holds in 
R, the maximal condition for all subgroups also holds; the correspond- 
ing result for the minimal condition may be proved in a similar way. 

Suppose that R has exponent m, and satisfies the maximal condi- 
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tion for Q-subgroups. If m=1, our result is true by Lemma B. We 
proceed by induction and assume that the result holds for groups 
with exponent at most m— 1, and hence, by Lemma C and Lemma A, 
for &— R/A,. Let 

MiCM.CcCMC..- 


be an ascending chain of subgroups of R, and let M, (M,UA,)/A., 
be the image in R of M;. We have clearly 


MiCM,CM;C..., 


an ascending chain of subgroups in R. Now the maximal condition for 
subgroups holds in R, since the condition for Q-subgroups holds in R 
by Lemma C, and hence there exists an integer j such that 


H, = Ws for ig j. 
This implies that 
MU An = Maa V An for 4 Z j. 


Consider N; — M; VA; clearly N; is a subgroup of Aw, and hence by 
Lemma B is an Q-subgroup of R, and we have 


N,CNCNC., 


an ascending chain of Q-subgroups of R. Hence there exists an integer 
k such that 


N: = Na for i Z k. 
Under our hypothesis, therefore, we see that, provided #2 max (j, k), 
M: C Mu, 
(3) M, An = Mii An, 


M:N An = Mi As. 


Now 4&4 belongs to the centre of R, and hence M, is normal in 
M;JAn, and therefore normal in M, A5: also M, is normal 
in M;aGVA.. Therefore the five subgroups M; Min, MUA, 
= MipVAn, MNAn = Mia VÁS, An are all normal subgroups of 
MijuWV4A,&, and hence form a modular lattice, and hence the condi- 
tions (3) above imply M,=Mi41, which proves our theorem. 


3. The chain theorem of nilpotent groups. Consider now the case 
where R is a nilpotent group in the usual sense.? It is easily seen that, 
if Q is the set of inner automorphisms, R is Q-nilpotent. For let 


* For definitions and properties of nilpotent groups see, for example, H. Zassen- 
haus, Gruppentheorie, vol. 1, Leipzig, 1937, pp. 118-119. 


762 S. A. JENNINGS [Octobe 


R=4A1D420°-°:DAnD Ami = 1 


be any strictly decreasing central series of R (for example, the lower 
central series); we have always, if a, 4,, x € R, j 


(a; € aX) € Any, 


which is precisely condition (2) above applied to an inner automor- 
phism, with r=1. Since the Q-subgroups are precisely the normel 
subgroups of R, we have: 

“In a nilpotent group the maximal or minimal condition for normel 
subgroups implies the corresponding condition for all subgroups.” 


4. The chain theorem for nilpotent rings. The definition of nà- 
potency is not well established for general non-associative rings. We 
give here a definition which applies to any ring, associative or not, 
and which is equivalent to the familiar one in the case of associative 
and Lie rings. This particular definition seems natural, and the defiri- 
tion of an Q-nilpotent group as given earlier is a further generaliza- 
tion. 

We shall say that R is a generalized ring, or briefly a ring, which 
admits ® as a set of (left) operators if the following conditions hoH: 

(a) Ris an abelian group which admits ®. 

(b) If a, x€ R, then ax C R, that is, R is closed under multiplicaticn. 

(c) If a, b, ER, then x(a--b) =xa+xb, (a-+b)x=ax-+bx, that is, 
the multiplications are left and right operators of R. 

It is clear that associative and Lie rings and algebras, and hyper- 
complex systems both associative and non-associative, are rings in the 
above sense. We may also suppose that ® is not empty, since the za- 
tional integers may always be adjoined to any domain of operatcrs. 
By a module of R we mean an additive subgroup of R which admits €, 
that is, a module is a ®-subgroup. By a left, right or two-sided $dzal 
of R we mean a module which admits the elements of R as left, right 
or two-sided operators respectively. Unless otherwise stated, we stall 
understand by ideal a two-sided ideal. 

If A is any ideal of R, the residue classes modulo A form a gene-al- 
ized ring R/A which is homomorphic to R, and we may suppose taat 
Rand R/A have the same set of operators. 

Because our rings are not necessarily associative, we take the iol- 
lowing as our 


DEFINITION OF A NILPOTENT RING. A generalized ring R will be -aid 
to be nilpotent if it has a strictly decreasing chain of ideals 


R2410430 4s D: D AnD Am = 0, 
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terminating with sero, such that tf x C R and a.C A, then 
xa, c Aus, G,X c Aun 


If R is an associative or Lie ring or algebra, the above definition of 
nilpotency is obviously equivalent to the usual one. 

It is clear that a generalized ring which is nilpotent as defined 
above is an Q-nilpotent abelian group, where Q consists of the right 
and left multiplications of R, and the integer r of condition (2) above 
always equals zero. The Q-subzroups are precisely the ideals of R, 
and our earlier theorem implies that 

“In any generalized nilpotent ring (and in particular, in any ni- 
potent associative or Lie ring or algebra) the maximal or minimal condi- 
tion for ideals implies the corresponding condition for modules.” 


THE UNIVERSITY OF BRITISH COLUMBIA 


SUBDIRECT UNIONS IN UNIVERSAL ALGEBRA 
GARRETT BIRKHOFF 


1. Preliminary definitions. By an algebra, we shall mean below any 
collection A of elements, combined by any set of single-valued opera- 
tions f., 


(1) y = fale, cos no): 


The number of distinct operations (that is, the range of the vari- 
able œ) may be infinite, but for our main result (Theorem 2), we shall 
require every n(o) to be finite—that is, it will concern algebras with 
finitary operations. 

The concepts of subalgebra, congruence relation on an algebra, homo- 
morphism of one algebra A onto (or into) another algebra with the 
same operations, and of the direct union A1X - - - XA, of any finite 
or infinite class of algebras with the same operations have been de- 
veloped elsewhere.! More or less trivial arguments establish a many- 
one correspondence between the congruence relations 0; on an algebra 
A and the homomorphic images H,=9;(A) of the algebra (isomorphic 
images being identified); moreover the congruence relations on A 
form a lattice (the siructure lattice of A). In this lattice, the equality 
relation will be denoted 0; all other congruence relations will be called 
proper. 

More or less trivial arguments also show (cf. Lattice theory, Theorem 
3.20) that the isomorphic representations of any algebra A as a sub- 
direct union, or subalgebra SE HiX +--+ XH, of a direct union of 
algebras Hi, correspond essentially one-one to the sets of congruence 
relations 0; on A such that A@;=0. In fact, given such a set of 0;, the 
correspondence 


(2) 6: a [6(a),---,6(c)] = D: k] 


exhibits the desired isomorphism of A with a subalgebra of 
A,X +++ XHn where H,=6,(A). Incidentally, the number of S; can 


Presented to the Society, April 29, 1944, under the title Subdirect products in 
universal algebra; received by the editors March 10, 1944, and, in revised form, June 
5, 1944. ' 

1 On the structure of abstract algebras, Proc. Cambridge Philos. Soc. vol. 31 (1935) 
pp. 433-454, and in the foreword to the author's Lattice theory. The idea of an ab- 
stract congruence relation is also developed in chap. VI, $14, of S. MacLane's and 
the author's Survey of modern algebra. Interesting remarks in this connection may be 
found in J. C. C. McKinsey’s and A. Tarski’s The algebra of topology, Ann. of Math. 
vol. 45 (1944) esp. pp. 190-191. 
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be infinite. What is more important, the oporationg of A need not 
even be finitary.? 

Equally trivial arguments extend a well known theorem of Emmy 
` Noether on commutative rings? to abstract algebras in general. In 
order to state this extension, we first define an algebra A to be sub- 
directly irreducible if in any finite or infinite représentation (2), some 
6; is itself an isomorphism. This means that the meet 6* of all proper 
congruence relations on A is itself a proper congruence relation. In 
lattice-theoretic language, it means that the structure lattice L(A) 
of A contains a point 0* 0 such that 070 implies 6=6*. Hence if A 
is subdirectly irreducible, 0/10' =0 in L(A) implies 0 —0 or 6’=0;such 
an A we shall call weakly irreducible. If L(A) satisfies the descending 
chain condition, and A is weakly irreducible, then it is evidently also 
subdirectly irreducible in the strong sense. ' 

If L(A) satisfies the ascending chain condition, then it is evi- 
dent by induction? that there exists a representation of 0 as the meet 
0-28, = - 6. of a finite number of irreducible elements. This yields 
_the following easy generalization of Emmy Noether’s theorem on 
commutative rings. 


THEOREM 1. Any algebra A whose structure lattice satisfies the as- 
cending chain condition ts isomorphic with a subdirect union of a finite 
number of weakly irreducible algedras. 


For this result, we ssi do not need to assume that A has finitary 
operations. 


2. Main theorem. Our principal result is the partial extension of 
Theorem 1 to algebras without chain condition. As will be seen in §3, 
this result will contain as ear cases many known theorems and 
some new theorems. 


THEOREM 2. Any algebra A with finttary operations ts isomorphic with 
a subdtrect union of subdirectly irreducible algebras. 


Proor. For any axb of A, consider the set S(a, b) of all congru- 
ence relations @ on A, such that'aséb (mod 0).-If T is any linearly . 
ordered subset of S(a, b), the union 7 of the 0ET is defined by the rule 


(3) æ = y (mod 7) means æ = y (mod 6) for some 8 € T, 
It is evident that a 4b (mod 7), and that if A has finitary operations, 


2 This is observed in N. H. McCoy and Deane Montgomery, A representation of 
generalized. Boolean rings, Duke Math. J. vol. 3 (1937) p. 46, line 12. 

* Cf. van der Waerden, Moderne Algeora, first ed., vol. 2, p. 36. The unicity theo- 
rem on p. 40 does not apply to abstract algebras in general, however. 
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then r is a congruence relation. Hence, in the structure lattice L(A) 
of A, the union of any linearly ordered subset of S(a, b) exists and is 
in S(a, b). But this is the hypothesis of the “first form” of Zorn’s 
Lemma.‘ The conclusion is that S(a, b) contains a maximal element, 

ba». We next consider Ha,» the homomorphic image of A, mod Da,» 
' Every proper congruence relation 070 corresponds to a 0' 7 0,,,; 
and since ĝa,» is maximal in S(a, b), this implies a =b (mod 6’). Hence 
the meet 0* of the 070 in Ha,» defined by 


(4) x = y (mod 6*) means x = y (mod 0) for all 0 > 0, 


will satisfy a=b (mod 6*), and hence 0*0. Hence (cf. $1) Ha,» is 
' gubdirectly irreducible. 

Finally, the meet of all ĝa,» is 0, since we have identically zzÉy 
(mod 6,,). Hence, by the theorem cited in $1, paragraph 3, A is 
isomorphic with a subdirect union of the (subdirectly irreducible) 
Aa,t, q.e.d. 


3. Applications. Theorem 2 has importance mainly because sub- 
` directly irreducible algebras may be specifically described in so many 
cases. 


LEMMA 1. A weakly irreducible distributive lattice or Boolean algebra 
must consist of 0 and I-alone. 


PROOF FOR DISTRIBUTIVE LATTICES. For any a, the endomorphisms 
0,:x—12a and 04 :x—xNa have the property? that 0.107 —0, and 
neither defines the equality relation unless a —0 or a —1. 


PROOF FOR BOOLEAN ALGEBRAS. Let x= (mod ba) mean |x—y| sa 
(symmetric difference notation); then 06,/10, —0, and neither defines 
the equality relation unless a —0 or a’=0 (a — I). 


CoROLLARY 1. Any disirtbutive lattice is tsomorphic with a ring of 
seis." 


COROLLARY 2. Any Boolean algebra ts isomorphic with a field of sets." 


4 Cf. J. W. Tukey, Convergence and uniformity in topology, Princeton, 1940, p. 7. 

5 We omit discussing the obvious isomorphism between L(Ha,») and the sublattice 
of 6’>6.4,, in L(A). i 

* Proor. If xac yc and tOamya, then x&ex( Yx Va) =N a) 
= (AY (x( Ya) 5 (y Vx) (ya) = y Maa) = 9 ya) =y—by the distrib- 
utive laws. 0, and 6,' are endomorphisms. 

1 Corollaries 1-2 are theorems of the author and Stone, respectively. Corollary 3 
below is due to McCoy and Montgomery, op. cit. footnote 2. Corollary 4 is due to 
G. Kothe, Abstrakte Theorie nichthommutative Ringe, Math. Ann. vol. 103 (1930) 
p. 552; N. H. McCoy Subrings of infinite direct sums, Duke Math. J. vol. 4 (1938) 
pp. 486-494, 
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LEMMA 2. A subdirectly irreducible commutative ring R without nil- 
potent elements i ts a field.* 


Proor. As in $1, R will have a unique minimal ideal (that i is, con- 
gruence relation) J. But for any a 740 iri J, since aa 0, aJ 7 0. More- 
over since (¢J)R=a(JR)SaJ, aJ is an ideal, 0 aJ SJ. Conse- 
quently aJ — J—whence J is a field (Huntington's postulates) with 
. unit e. The set 0:e of all xCR such that ex=0 is an ideal, and 
(0:e)(\J=0 by what we have just shown; hence 0:e=0. But for any 
xCR, e(x—ex)-0; hence (x—ex)C0:e-0, and x-—(x—ex)-dex, 
0=ex EJ. We conclude that R — J is a field, q.e.d. 

One might infer that by Theorem 2 any commutative ring with- 
out nilpotent elements was a subdirect product of fields, but this 
reasoning would be invalid. It is not necessarily true that a homo- 
morphic image of rings without nilpotent elements is itself without 
nilpotent elements. 

On the other hand, any homomorphic image of a p-ring (or com- 
mutative ring in which a? =a for some prime p) is itself a p-ring, and 
evidently without nilpotent elements, since a?" =a for all n. Further- 
more, a field in which a? =a can contain only p elements, and must be 
GF(p) (or the “field” 0). 


. COROLLARY 3. Any p-ring ts a subdirect union of GF(p), or consists 
of 0 alone." 


Again, any homomorphic image of a regular ring in the sense of 
von Neumann (or ring in which any a has a “relative inverse" u such 
that aua=a) is itself regular, and evidently without nilpotent ele- 
ments if commutative (since a*“*"!=auau + - - ua =4 #0). 


COROLLARY 4. Any commutative “regular” ring ts a subdtrect union 
; of fields.” 

If one were interested in obtaining corollaries of Theorem 1, one 
might show that even a weakly irreducible p-ring or regular ring was 
a field. Again, one might show (van der Waerden, op. cit. p. 32) 
` that, ina weakly irreducible commutative ring satisfying the chain con- 
dition, every divisor of zero is nilpotent; this would yield E. Noether’s 
theorem that every commutative ring satisfying the chain condition 
was a subdirect union of a finite number of primary rings. 

Similarly, one can show easily that the only weakly irreducible 
vector space over a field F is the one-dimensional vector space V(F; 1) 
(or 0). It follows that any vector space is a subdirect union of one- 


5 This lemma was suggested to the author in conversation by N. H. McCoy. 
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dimensional vector spaces. Actually (due to the existence of bases) 
a stronger result is well known. 


LEMMA 3. The only weakly irreducible commutative groups G are the 
“generalized cyclic” groups: the additive subgroups of the rationals, and 
those of the rattonals mod one. 


We omit the proof, which follows easily from the fact that a com- 
mutative group with two generators is cyclic unless it contains two 
disjoint subgroups (the latter hypothesis would make G weakly re- 
ducible). 


COROLLARY 5. Any commutative group ts a subdtrect union of gen- 
eralized cyclic groups. 


The center of any weakly irreducible hypercentral (alias nilpotent) 
group H is generalized cyclic (the proof is trivial, granted Lemma 3); 
the converse also holds if H is finite? Hence we have the following 
corollary. 


COROLLARY 6. Any hypercentral group is a subdirect union of groups 
with generalized cyclic centers. 


Further, any weakly irreducible commutative Lgroup (lattice- 
ordered group) is known! to be simply ordered. This yes the fol- 
lowing corollary. 


COROLLARY 7. Any commutative l-group ts a subdirect union of sim- 
ply ordered 1-groups. 


One can easily show (although we omit the proof) that any closed 
element in a closure algebra (in the sense of McKinsey and Tarski") 
determines a congruence relation, essentially through relativization 
with respect to the complementary open set. Then from the definition 
of well-connectedness one obtains the following corollary. 


COROLLARY 8. Any “closure algebra? is a subdirect union of *wel]- 
connected” closure algebras. 


HARVARD UNIVERSITY 


°? Theorems of Burnside (cf. H. Zassenhaus, Gruppentheorie, Teubner, 1937, p. 
107, Satz. 11) and P. Hall, A contribution to the theory of groups of prime-power orders, 
Proc. London Math. Soc. vol. 36 (1933) p. 51, Theorem 2.49. 

10 Cf. the author's Lattice-ordered groups, Ann. of Math. vol. 43 (1942) p. 319. 

X The algebra of topology, Ann. of Math. vol. 45 (1944) pp. 141-191. The definition 
of well-connectedness is on p. 147; the concept of relativization is developed on p. 151. 


SIMPLE QUASIGROUPS 


R. H: BRUCK 


Introduction. A. A. Albert [1, II]! has conjectured that there exist 
simple loops of every finite order except order 4. This conjecture is estab- 
lished in §1 by the construction of what we call hyperabelian loops.? In 
§2 other simple loops are constructed, in particular, loops of order 
2f--1 with subloops of order f. The concluding section of the paper is 
devoted to an investigation of the relationship between non-simple 
quasigroups (of finite or infinite order) and the loops isotopic to them 
(Theorem V). Theorems I and V of the paper have elsewhere been 
announced without proof by the author [2, §10]. For the purposes of 
881 and 2 none of the refinements of the extension theory for loops 
and quasigroups will be needed [1, 2, 4] and we shall be content in 
this introductory section with a few remarks sufficient for the proof 
of Lemma 1 below. 

A non-empty set Q of elements a, b, - » - is said to be a quasigroup 
if (1) to every ordered pair a, b CQ there corresponds an element ab =cCQ 
and (II) when any two of the symbols x, y,-8 of the equation xy =z are 
assigned as elements of Q the third is uniquely determined as an element 
of'Q. In particular a quasigroup is called a loop if it possesses a 
(unique) unit element. Obviously every group is a loop. The order 
of a quasigroup is, by definition, its cardinal number, finite or trans- 
finite. 

If a.quasigroup Q is homomorphic to a quasigroup R we may speak 
of Rasa proper homomorph of Q if (i) R is not isomorphic to Q, (ii) R 4s 
not a group of order one. Correspondingly a quasigroup is simple if 
it has no proper homomorphs. This definition of simplicity is equiva- 
lent to the usual one in the case of groups, as well as to that used for 
finite quasigroups by G. N. Garrison [4] and to that employed by 
Albert [1, II] for arbitrary loops. 

If a non-simple quasigroup Q has a proper homomorph R we may 
designate by H, the set of elements of Q which map into the element 
p of R under a given homomorphism of Q upon R. Obviously H, and 
H, have common elements if and only if p=g. If pq=r, let x, y, s 
designate arbitrary elements of the set H,, H,, H, respectively. Then, 


Presented to the Society, April 29, 1944; received by the editors April 3, 1944. 
1 Numbers in brackets refer to the references cited at the end of the paper. 
2 The name hyperabelian loop was suggested by the fact that the multiplication 
table for such a loop Fg is built upon that of a commutatiye (or abelian) loop. When 
- Gis a cyclic group we call Fe hypercyclic. _ 
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whenever two of x, y, are assigned in their respective sets, the third 
element may be uniquely determined from the equation 


(1) xy = 8 


as an element of its particular set. If we keep z fixed in (1), we derive 
a biunique correspondence xy between the elements of H, and Me 
from which it follows that each set H, has the same cardinal number. 
The equation (1) is equivalent to 


(2) i Hy Hy = Hg 


where, às usual, the-product on the left of (2) designates the set con- 
sisting of all xy with xCH,, y C.H,. 

If Q is a loop with unit element e, then R is a loop with a unit 
element 1. In this case H=Hj is seen from (2) to be a subloop of Q; 
in fact a proper subloop, since Hz (e), Q. Moreover if x CH, then 
H,-—xH. In the light of these remarks the truth of parts (a) and (b) 
of the following lemma is evident. 


LEMMA I. (a) If, for every proper subloop H of a loop Q, there exist 
at least two non-identical cosets xH, yH with common elements then Q 
ts simple. 

(b) If aloop has no proper subloops ii is simple. 

(c) Let G be a loop of finite order g, with a subloop F of order f, where f, 
g are relatively prime. If every proper subloop of G is a subloop of F 
then G ts stmple. 


Part (c) of the lemma requires some additional proof. If G is homo- 
morphic to a proper homomorph R then H=Hy, is a proper subloop 
of G, HCF. Moreover if H has order h, h| g, since tlie disjoint sets 
H, exhaust G. Again, F is homomorphic to some loop SCR, HCF 
consists of all elements of F which map into the identity of S, and so 
5 h| f. Thus 5 divides (f, gọ)=1. It follows that k=1, G is isomorphic to 
R, in contradiction to the hypothesis that R is a proper homomorph 
of G. Therefore G is simple. 

Whether Q is a loop or not we may designate any fixed set H, as H 
and put each set H, in the form Hp =u: H. Here uCH,, where t is the 
unique element of R such that p =tg. This is the point of view taken 
by Garrison [4] and later by the author [2]. 


1. Hyperabelian logps: In this section we shall prove the following 
theorem. 


THEOREM I. Let F be an arbitrary loop of finite order f Z2. Let G 
be a commutative loop of finite order gz3. Then there exists a loop 
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H — Fa of order fg with the following properties: (i) Every proper subloop 
of H is a subloop of F; (ii) H ts simple. If g=2, H can be constructed 
with property (i) but not with property (ii). 

. COROLLARY. There exist simple loops of every finite order except 
order 4. 


The loop Fg of the theorem we call a hyperabekian loop. 

The corollary follows from Theorem I, in view of the facts that 
every group of prime order is simple (by Lemma I(b) !) and that the 
only loops of order 4 are the (non-simple) groups. 

"Before proceeding to the construction of the general loop Fg it 
will be advantageous to consider the example given by (3) below. 


3 4|5 6]|7 














ES 4 
2 5 
E 6 
4 7 
(3) Hes 3 
6 3 
E 2/3 4/5 6 
8 114 516 7 
E PQR 
“E|E PQ R 
, P|PQ RE 
(4) ite G: 
i QÍQ REP 
R|R E P Q 


Here F=(1, 2) is the cyclic group of order 2, and G is the cyclic 
group of order 4 given by (4). Thus f=2, g=4. If r>f is an element 
of H=Fg, then any loop L containing r must contain the unit ele- 
ment 1. But it may be verified from (3), where (-) designates multi- 
plication in H, that 


` (A) tf r-s=1 for r, sf then either s-r=2 or r-r=2. 


Thus if L contains r>f we see from (3) that L contains all elements 
ICH with £f. It then follows chat LDF, L=H. Thus, in this case, 
the only proper subloop of H is F itself. But 3- F contains the ele- 


3 See the previous footnote. 
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ments 3, 4 and 4- F contains the elements 4, 5. Hence H is simple, 
by virtue of Lemma I(a). : 

In the general case, if »>4 is a composite integer, then m has at 
least one representation of the form n=fg with f=2, gz3. Let G 
be any arbitrary commutative loop of order g, with elements 
E,P,Q,---, where E is the unit element, and construct the multi- 
plication table for G, as for example in (4). The Cayley square wh:ch 
is formed by deleting the sideline and headline of the multiplicat-on 
table for G we shall call the G-square. Let F be an arbitrary loop of 
order f (not necessarily commutative), and designate the elements of 
Fby1,2,---,f, where 1 is the unit element of F. Finally, let zhe 
elements 1,2, - - - , f, f -1, - - - , n designate the elements of the pro- 
posed quasigroup H= Fa, where 1 is the unit element. In the sideline 
and headline of the multiplication table for G replace E by a column 
and row consisting of the numbers 1, 2, - - - , f, similarly P by zhe 
numbers f+i, f4-2,---, 2f, and so on, so that the numbers 
1,2,:--:,m are now written in order in sideline and headline. 

We shall first give a very simple construction of the multiplication 
table for H=Fg (in terms of the multiplication for G, modified as 
above) and then indicate possible generalizations. In the G-square 
replace that. element E which stands in the first row and column of 

*"the G-square by the F-square. Thus, as illustrated by (3), the upper 

left hand corner of the partially constructed multiplication table for 

H gives the table for F. Now replace each of the remaining elements 

P, Q,- -- of the first column of the G-square by a square (not a 

Cayley square) of f rows and columnam in the following manner: Think 

79 of the column formed by P, Q, +-+- as a rectangle consisting of f 

~ columns and m-—f i rows; in the ist column write the. elements 

foi ft2,-:-,nin order, and repeat these numbers, in cyclic per- 

mutation, in "Cách successive column. (Thus the ith column, 2 Si Sf, 
consists of the elements f+i—1, Jti- n, f, f+1,--+-,f+s—-2 

written in`that order.) Next, replace the element P, er it ap- 

~ pears in the G-square, by the square which has replaced P in the first 

column of the G-square, and do the same for Q, and so on, but not 

for E. 

At this stage of the construction it should be clear that 1 has b2en 
made the unit element of Z and, moreover, that no row or column 
of the H-square contains the same number more than once. (The sec- 
ond fact has been ensured by use of the Cayley square of a loop G.) 
Again, if the element E appears below the main diagonal in place 
(6 D,1€«j«1, dude E by any Cayley square C;,; of order f, formed 
from the elements 1, 2,---, f (for example, by the F-square itself). 
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Since G is commutative, E must also appear above the main diagonal, 
in place (j, 4); and this time we replace E by the Cayley square Cz, 
derived from C;,; by interchanging the numbers 1 and 2. We have thus 
partially assured the condition (A); in fact if r-s=1 with r>f, sf, 
and if r, s differ by at least f, then s-r=2. Finally, suppose that E 
appears on the main diagonal of the G-square, in place (4, 4) with 
i1, as will happen when G has an element of order two; in this 
case, FED E by a Cayley square C;,;, formed from the elements 
1, 2, - - - , f, such that 2 appears $n every place on the main, diagonal, 
of Ci, y Thus £f r-s=1 with r>f,s>f, and if r, s differ by. less than f, 
then r-r=2. The multiplication table of H is now complete, and satis- 
fies condition (A); moreover the H-square is a Cayley square, in that 
each of the numbers 1, 2, - ~» , n appears exactly once in each row and 
column. f 

In view of condition (A), any subloop S of H which contains an 
element r>f must contain the element 2. Also, by construction, 
n-2=f+1 and s-2=s+1 for f «s «n; or (to say the least!) 


(B) the NODE r—r-2 (for f<r <n) is a permutation of the eleien 
f+1, -- -yn which maps no element into itself. 


It follows that S contains all the elements f--1, - - - , n and hence 
every element of H. This much is true even in the excluded case g —2, 
2 hence the constructed H = Fe has property (i) of Theorem I for 
To A. A. Albert has shown (1, II], every loop of order 1 —2f (f>1) 
which contains a subloop of order f is non-simple. Thus once more we 
assume g 23. What we have to say here depends essentially upon the 
construction of the first f columns of the H-square; so we note that 


(C) assuming f «r €f(g— 1), the first f elements of the rth row of the 
H-square are, $n order, r, r1, - - - , rf —1. 
Although we gave the construction by columns, the truth of (C) i8 
readily verified. Now let L be a proper subloop of H, so that LCF, 
L has order. Sf. Then, using (C), we see that the coset (f+1)-L 
contains the element f4-1 and, in addition, 14—181 of the elements 
f+2, :--, 2f. Let r be the greatest of the elements contained in 
(f-1): L; hence f--1 «r S2f Sf(g — 1). Then, using (C) again, we see 
that r- L contains r and other elements 77 r, but not the element f-+1. - 
Thus (f4-1)- L and r- L are distinct cosets with the common element r. 
, By reference to Lemma I(a) we verify that H is a simple loop. 


* Any Cayley (or latin) square, formed from the elements 1, 2, - - -, ff can be 
converted into a Cayley square with 2 down the main diagonal by suitable permuta- 
tions of the rows. 
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Before attempting to generalize the construction of the loop H = Fe 
we should realize that properties (i) and (ii) of Theorem IJ contain 
the essential features of the construction. For (i) we used conditions 
(A) and (B), and for (ii), condition (C). Now the only important fact 
about the element 2 used in (A) and (B) is that it is an element of F 
but not the identity; but to replace 2 by another element would not 
effect the construction in an essential manner. If 1 is to be the unit 
element of H we must have 1-¢=4-1=+ for all ¢ of H, but, aside from 
this restriction, condition (C) may be relaxed as regards the order in 
which the first f elements of the rth row appear. Then, if the first f 
columns of H have been completely filled in, and if the various E's 
have been replaced by Cayley squares as described above, the rest 
of the H-square may be filled in any manner, subject only to the obvi- 
ous restrictions that 1 be the unit element of Z and that each of -he 
numbers 1, 2, - - - , n appear exactly once in each row and column of 
the H-square. 

Taking the case that F is the cyclic group of order f=3 and that G 
is the four-group (g=4) we give below two simple hypercyclic loops 
H= Fg. That given by (5) was constructed according to the first, or 
simpler, method, and that given by (6), with the conditions relaxed.’ 
When f and g are both fairly large, considerably more freedom of 
construction is of course possible, without destroying the essential 
features (i) and (ii) of the hyerabelian loops. : 


1 2 3 5 6 10 11 12 
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2 3 
1 2 
3 1 
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* Note that the differences between (5) and (6) appear in the second and third 
rows and in the blocks of elements down the main diagonal. 
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2. Other simple loops. Elsewhere [3, p. 38] the author has an- 
nounced without proof the following result. 


LEMMA II. Let n be any positive integer. Then an upper bound for the 
order of any proper sub-quasigroup is [n/2] (the greatest integer in 
n/2). This bound is attained jor, every n. 


A. A. Albert [1, II] has published a proof of the first statement of 
this lemma, and has shown moreover that if a quasigroup Q of even 
order 1 —2m has a sub-quasigroup of'order m then Q is non-simple. 
We shall now construct the most general Joop G of odd order 
n=2m-+1 which has a subloop F of order m>1. (In case m —1, G is 
the cyclic group of order 3.) 


THEOREM II. Lei F be an arbitrary loop of finite order m 1, consist- 
ing of the elements 1, 2, > - - , m, with unit element 1. Let G be a system 
of order n=2m-+-1, consisting of the elements 1,2, » - - , n, closed under 
a single-valued multiplication, and containing the loop F as a multiplica- 
tive subsystem of order m. Let the multiplication table for G be gtven by 


A Bi 


(7) C, Di 


where it is understood that the sideline and headline each contain the 
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numbers 1,2, ---,m, m-F1, - - - n written in natural order. If A ce- 
notes the Cayley square for F then the following conditions are necessary 
and sufficient in order that G be a loop: 

(i) Bı must be obtainable by deleting the last row of a Cayley square B 
on the elements m+, * a. n, of which the first row consists of these 

‘elements in natural aen 

(ii) Ci must be obtainable by deleting the last column of a Cayley 
square C on the elements m+1,---, n, of which the first column can- 
sists of those elements in natural order. 

(iii) Di must be obtainable from a Cayley square D on the elements 
0, 1, 2, * * -, m, tn the following manner. Each of the elements 
1, 2,- - -, m occupies the same position in Di as in D. The latter is 
partially determined by B and C, in that if i (for m+1SiSn) appecrs 
in the row numbered r, of the last column of C and in the column nun- 
bered c; of the last row of B (1 Sri, c Sm-+1) then 0 must appear at the 
tnterseciton of the rh row and cth column of D. Moreover + must ap- 
pear at the intersection of the rith row and ch column of D. 


COROLLARY. For every integer m>1, there exists a loop G of order 
n=2m-+1, with the following properties: (a) G contains an arbitrary 
loop F of order m. (b) Every proper subloop of G is a subloop of F. (By 
Lemma I(c), G ts simple.) 


With a few fairly obvious changes Theorem II can be altered to 
give the construction of the most general quasigroup of orcer 
n=2m-+1 with an arbitrary sub-quasigroup of order m. 

 Pngoor or THEOREM II. Since G is to be a loop with subloop F, 
the unit element of G must coincide with 1, the unit of F. Hence the 
first row of Bı (first column of Ci) must consist of the elements 
m+1, ---, nin natural order. Since A is a Cayley square on the 
elements 1, 2, - - - , m, none of these elements can appear in any row 
or column of Bi or of Cy. In particular Bı consists of m rows and 
m-+1 columns formed from the m+1 elements m+1, - - - , n. In view 
of the fact that G is to be a loop, there can be no repetitions in any 
` row or column of Bi; hence each column of B, lacks exactly one of 
the elements m+1, - - * , n, clearly a different one for each column. 
Thus the missing elements form a uniquely determined final rcw, 
which, when added to Bi, yields a Cayley square B on the elements 
m-1,---,mn,the first row of which contains the elements in natu-al 
order. Thus condition (i) is necessary in order that G be a loop, and 
similar considerations show the necessity of (ii). Now if the element 4 
(m+1SiSn) is missing from the r;th column of By, or appears in 


L 
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the corresponding column of the last row of B, then + must appear 
somewhere in the r,th column of D;. Similarly if the same £ is missing 
from the c,th row of C;, it must appear in the cith row of Di. Finally, 
since this $ can appear at most once in.each row and column of Ci, 
it must, appear at the intersection of the r,th row and c;th column 
-of Dı, and nowhere else in Dı. Moreover, since the elements 
1, 2,-- + +, m appear nowhere in B and C, each must appear exactly 
once in each row and column of Dı. Thus if D be obtained from Di 
by replacing each 4» m by 0, D must be a Cayley square; it follows 
that (iii) is necessary in order that.G be a loop. 

Conversely, let B, C be Cayley squares with first row and final 
column respectively consisting of the elements m+1, - > - , n in natu- 
ral order, let D be a Cayley square on the elements 0, 1, 2, -- -,m 
with 0 appearing in the places prescribed by (iii), and let Bi, Ci, D: be 
derived from B, C, D as described in the theorem. Then, in the inside 
of the multiplication table (7), each of the elements 1, 2, - - - , n will 
appear exactly once in each row and column, inasmuch as A is the 
_ given Cayley square for F. Thus G will be'a quasigroup, and, in fact, 
a loop, since it will have unit element 1. Thus the conditions (i), (ii) 
(iii) are sufficient. 

When it comes to the actual problem of constructing G we find it 
necessary to give further consideration to the relationships between 
the Cayley squares B, C and D. If B and.C are given, subject to the 
mild restrictions of (i) and (ii), then the positions of the element 0 in D 
are fixed. But if D” is an arbitrary Cayley square on 0, 1, ^ - *, m 
we may-permute the rows and columns of D' in order to bring 0 into 
the prescribed places, and hence there is no difficulty about construct- 
ing D. Suppose, on the other hand, that D and B are given arbitrarily. 
Since D is given, the, positions of 0 are fixed in D. Since the last row 
of B is given, the positions of the elements m+1,---, in D; are 
fixed, and hence the last column of C is fixed. Thus the first and last 
columns of C are fixed, and we are faced with the problem of con- 
structing a Cayley square of order m+123 with two given columns. 
When m=2 the remaining column of C is uniquely determined, but 
whether the construction is always possible for m>2 is not obvious. 

There is nd difficulty in constructing a loop G with the properties 
- of the corollary. For example, let B be the symmetric Cayley square 
in which succesgive rows are obtained by cyclic permutations of the 
first row, and let C bé identical with B. Then D will have 0 down the 
main diagonal, and D, will have down the main diagonal the elements 
n, m+1, m+2, -- :, n—1 in that order. If ¿>m is any element of G 
not in F, the elements 49=#, =i- i, 44 — 4-4 «c +) f= tm ty will ~ 
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. comprise all elements of G which are not in F, and the subloop gea- 
erated by ¢ will coincide with G. This establishes the corollary. If F 
- is commutative, the G so constructed will be commutative if and only 
if D is commutative; but D can be commutative [5, p. 728, or 3, 
pp. 35-36] if and only if its order m+1 is even, or if m is odd, m=2k 
+1>1. Hence we have obtained the following result. 


THEOREM III. Let k be any positive integer, and let F be an arbtirary 
commutative loop of order 2k+1. Then there exists a simple commutative 
loop G of order 4k+-3, with the property that every proper subloop of G 
ts a subloop of F. (In particular F ts a subloop of G of maximum possible 
order.) à 


It should be noted conversely that if the G of Theorem II is com- 
mutative then C must be the transpose of B, and hence D must bea 
symmetric Cayley square of order m+123 with 0 down the main 
diagonal. But this can only happen for m =2k+1 23, and so Theorem 
III gives a *best possible" result of its kind. 

We conclude this section with a result due to H. Griffin [5, p. 731]. 


THEOREM IV. Let I, designate a commutative loop of order n1, 
which contains no proper subloops. Then 

(i) Iam does not exist for m1; 

Gi) Is, Is and I; are cyclic groups; 

(iii) a non-assoctative I, exists for every odd integer n» 5. 


COROLLARY. When I, exists, it is simple. 


For the proof of Theorem IV we refer the reader to Miss Griffin’s 
paper, which also contains many other useful constructions. The 
corollary follows from Lemma I(b). 


3. The extension theory for quasigroups. In another paper [2, $10] 
we have defined the extension P = (H, Q) of a set H by a quasigroup Q. 
It will be convenient to repeat the definition. If H is a set of order m 
and Q a quasigroup of order n» (m, n being finite or transfinite) then 
P is constructed so as to be a quasigroup of order mn. We suppcse 
that to every pair p, g of elements of Q there has been defined a 
quasigroup H,,, consisting of the elements of H. No connection is 


* There seems to bea slight slip in the third sentence of Miss Griffin’s construction, 
' which could be corrected by replacing her sentence by these: “Now interchange the 
elements of the last row, except for the last element, with the principal diagonal ele- 
ments immediately above them, and alter the last column correspondingly to preserve 
commutativity. Also change the headline and sideline of the multiplication table to 
agree respectively with the first row and column of the table.” 
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postulated between the ordered products of a, b in the various A,,,, 
and we denote this product in Hp, by’ $,,(a, b). 

We define P=(H, Q) to be the set product of H and Q, namely 
the set of all couples (a, p) with aCA, pCQ, where (a, 5) —(b, q) 
if and only if a=b,.p=g. The ordered product of x=(a, p) and 

— (b, q) is given-by x-y=s=(c, r) with 
= pq. 


(8) € = $s(a, b), MADE EE £c 


^ 


There is now no difficulty in verifying that P is a quasigroup. More- 
over, if we designate by H, the set of all (a, p) with a C.H, then 


z (9) Hp- H = H po 


whence it follows that the set Q of all sets H, forms a quasigroup iso- 
morphic to Q, and P 4s homomorphic to Q. If, conversely, a quasigroup 
P is homomorphic to a quasigroup 5S, it is proved in [2] that P is iso- 
morphic to an extension (H, Q) with Q isomorphic to S. Finally, an 
extension (H, Q) is a loop with unii element (e, 1) if and only if: (i) Q is 
a loop with unit 1; (ii) His ts a loop with unit e; (iii) e ts a left unit for 
every Hi, and a right unit for every H,4. Condition (iii) clearly im- 
plies (ii). In case P is a loop, A. A. Albert calls Hi; a normal divisor, 
and H may be taken to be identical with A). 

It is our purpose in this section to supply a proof of the following 
theorern, previously announced in [2]. 


‘THEOREM V. Let P —(H, Q) be a quasigroup extension of a set H by a 
quasigroup Q. Then every loop isotopic to P is isomorphic to some ex- 
tension Po=(Ho, Qo) where Qo is a loop isotopic to Q and Hy ts a set 
(which may be taken to be a loop) of the same order as H. 

COROLLARY. Every isotope of a simple loop is simple. 


Proor. If f, g are fixed and x, y arbitrary elements of P, consider 
the system Po with multiplication 
a0  — .- sop—zR,-yLy. 


Here the operators LFR? designate respectively thei inverses of the 
one-to-one mappings 


aD $— xg = &R;, yfy-»L, 
of P upon itself. It is known [1, 3] that Po is a loop and has unit ele- 


™ The only difficulties to be found in the proof of Theorem V of this section are 

' those of notation, It has been found advantageous in this instance to replace certain 
notations previously used by the author’ [2, 3] by those recently adopted by Albert 
I]. - 
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ment f-g (this much may be verified without difficulty from (10) and 
the definition of a loop), and, moreover, that every loop isotopic to P 
is isomorphic to a loop Po defined for some f and g of P. Hence our 
proof will consist merely in relating (10) to the fact that P=(H, Q^. 

If f, q are any elements of Q we define the one-to-one mappings 
R, Ly of Q upon itself by 
(12) £9 = pR, = qL,. 
Similarly, if a, b are any elements of H we define one-to-one mappings 
R", L5^ of the quasigroup H,,, upon itself by 
(13) by.c(@, D) = aRy = bb. . 

Assuming that 
(14) f-(ew) g-(B9), zs=(a p), y=(,9), 
we now may show that ' 

; -1 -1 B -1 -1 A 

(15) £R, = (V3, pR.), yL = (QU, La) 
where Vp, U, are one-to-one mappings of H upon itself, defined by 


V,- RP p'=pR, 
16 at x. 
(9) U, = LES , g = ql, . 


In fact, where g, x are given by (14), the definition of product in 
P — (H, Q) yields +R, =x-g=($p,0(a, B), pv) = (aR$”, PR»). The in-. 
verse mapping R;* is uniquely defined; hence if we take it to be given 
by (15.1) then x 2xR,R;,! —(aRP", pbRJ)R,! — (aRP"- Vy, p). It fcl- 
lows that R;! has been correctly defined if and only if 


Ypo = Rs ^ 
In this last relation we replace p by pR,'=p’ and obtain (16.1). 
Similarly we may verify that Lyt is correctly given by (15.2) if ard 
only if U, is given by (16.2). 
Before proceeding, let us note that V, depends not only upon p but 
upon the fixed element g — (B, v). A similar remark holds for U,. 
By use of (10), (8), (15) and (16), a direct calculation gives 


(17) zoy = (bs. (a, 9), pog) 
where ! / 


(18) pog = pR, Lu 
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and a , z " 
(19) ~ pala, B= by (OV, BU; ). 


Now (18) defines a loop Qo, isotopic to Q, and with unit element 
1:721. (Compare the corresponding remarks above about (10) and 
P:) Moreover, for each fixed pair p, q of elements of Qo, (19) defines 
a quasigroup H$, consisting of the elements of H under the multi- 
plication $2,(a, b); in fact if p, q are given then p’, g"' are determined 
by (16), and the equation ¢),,(a, b) =c, or 


—1 M. 
bp ar (aV, , bU, ) = 6, 


enables us to determine any one of a, b, c uniquely once the other two 
are given. It is indeed evident that each quasigroup H5, is isotopic 
to the corresponding quasigroup Hy. Since the Hp, are quasigroups 
we see from (17) that P, is an extension (Ho, Qo) of the set HoH 
by the loop Qo. But Po is itself a loop, and hence the proof of Theo- 
rem V is complete. 

In view of (10) we know that the unit emeni of Po is 


(20) . (e; 1) = JE =, (a, )(B, v) = (bu, s(a, B), wn). 


It would seem of interest to give a direct proof of the facts that Hj, 
is a loop with unit element e, and that e is a left unit for every Hy 
and a right unit for every Hı. Now, from (16), 1' 2uv- R7? —v and 
1" —ups-Lz;!—v. Moreover eVi!—4.,.(a, 8): [R5"] =a and eUT! 
=¢u,+(a, B) [Lz*]-1 —8. Hence, by (19), (16) and (13), 


diale, b) = duela BU) = BU, Lu. = 
and í 
bp.1(3; 6) = ép. (eV B) = aV, Re = 
for all a, b. In particular we also have ¢{,(a, €) =¢{a(e, a) =a. 
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UNIVERSITY OF WISCONSIN 


AN APPLICATION OF LATTICE THEORY TO QUASIGROUFS 
M. F. SMILEY 


'The purpose of this note is to show that O. Ore's general formula- 
tion of the Jordan-Hólder theorems in partially ordered sets! [3] 
yields the Jordan-Hólder theorems for loops [1] which have recent y 
been obtained by A. A. Albert [2]. We shall assume that the reader is 
familiar with the papers [1, 2, 3] of O. Ore and of A. A. Albert. 

We begin with an examination of certain congruence relations n 
loops. We are led to characterize the normal divisors of A. A. Albet 
as those subloops which commute and associate with the elements of 
the loop. Our proof of the fundamental quadrilateral condition bf 
O. Ore [3] is then based on this characterization. 

A loop © is a quasigroup with an identity element e. For each non- 
null subset $C we define a relation H, on GG as follows: 


(1) If x, y E ©, then xH,y in case y C x. 


THEOREM 1. The relation H, is a congruence relation for the loop Gf 
and only tf 


(i) 2E (ah) 6, (ii) (x$)09) C (xy) H 
for every x, y G and heo. 


Proor. Let E, be a congruence relation for ©. For each x c 9 and 
hE® we have xH,(xh) by the definition of H,. Since H, is symmetric 4 ha 
we have (xh) H,x, x € (xh) 9. If also y, € 9, then yH, (hý, amd ` 

since H, preserves multiplication we obtain (xy) H,(xh) (Ay), (xh) (yF 1) 

C (xy) $. Conversely, let $ satisfy (i) and (ii). If x C, choose heo 

i and we have x C (xh) Cx by (i) and (ii). Thus H, is reflexive. If also + 

y€6 and «H,y, we have y —xhi, and (i) yields x€(xh)$- yD, yx. 

Thus H, is symmetric. If also c 9 and yH,z, we have z—35J4 

= GERD by (i). Thus H, is transitive and is an equivalence 

relation. The relations xH,y, zH,w yield (xz)H,(yw) by (ii) and we 
conclude that H, is a congruence relation for ©. 

Remark 1. If R isa congruence relation for a loop @. then the sub- 
set R= [x; xRe] isa subloop of O. For clearly eC $t and R is closed with 


Presented to the Society, April 29, 1944; received by the editors April 8, 1924. 
The opinions and assertions contained in this paper are the private ones of the autEor 
and are not to be construed as official or reflecting the views of Lie United States Nevy 
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respect to multiplication. If we have rix —fs, then eRri, xRx give 
xR(rix), «Rr, rsRe, x Re, x C 8t. Similarly xri—r: implies x Ct and R 
is a subloop of ©. With R=H,, we obtain 9t — $ and thus (i) and (ii) 
imply that $ is a subloop of ©. (For groups G, every congruence rela- 
tion R is of the form H, for suitable §CG.) : 
Remark 2. We note the following consequences of (i) and (ii): 


(2). (yO) C (x3)$, 
(3) (48)» C (#9)9, 
(4 z($) C (x3), 
(5) | De. -< 7 


For finite $ each of these e inequalities? i is an equality. To see this for 
" (2), note that for fixed x, y y € @ we have a single-valued mapping h—A* 
defined by x(yh) — (xy)h*. This mapping is one-to-one since x(yh:) 
—x(yh) implies hı=ha. For a finite Ø, we conclude that the set of 
images [h*]— $, and consequently that (xy)O —x(y$). The same 
reasoning applies to the inequalities (3), (4), and (5). It is now easy 
to see that if © is a finite subloop of &, then H, is a congruence rela- 
tion for © if and only if the set $ commutes and associates with the 
elements of @ in the sense that i 


` 


(6) l uf d xý = Ox, 
(0) (ag) = 20) (5y = (Gy), (Gy = Q(xy) 
for every x, y c G. 


THEOREM 2. A subloop Q of a loop © satisfies (6) and (7) if and only 
if © is a normal divisor of © $n ihe sense of 4. A. Alberi. 


Pnoor. Consider a subloop $ of a loop © which satisfies (6) and (7). 
The permutation group $, generated by the right multiplication of © 
gives rise to the cosets x, of Albert. We first show that the cosets 
"*x9,-x$. Clearly x$,2x$. The elements of $, are finite products 
of permutations of the form R, and Ry for h€ Q. If y —xRi'!, then 
yh =x, y 5 y(hhi) = (yh)ha — xha, y —xRa, It follows that each element 
of x$, may be written in the form xh Ex. We next note that | 


(8) (2H) (9) = (x9 
is an immediate consequence of (6) and (7). To see that the cosets x$ 


form a loop we now consider the equations 


3 This result is due to G. N. Garrison. See §4 of his fundamental paper, Quast- 
, groups, Ann. of Math. vol. 41 (1940) pp. 474-487. 
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(9) («G)(w$) = »9, — (H) (aH) = 79.. 


Solutions of (9) are provided by the solutions of xw--y and zx — y for 
w and z. The uniqueness of the solutions wH and z§ of (9) is readily 
verified. We have proved that G/$ is a loop and hence that $ isa 
normal divisor of © in the sense of A. A. Albert. 

To prove the converse it suffices to use the representation 6=eI 
furnished by Albert's Theorem 3 [1]. Using this theorem, the verifica- 
tions of (6) and (7) are quite simple and we shall omit them. 

Remark 3. The equations (6) and (7) may be replaced by 


(10) (29) = 20$), 
1) (xy) = s(y$) 
for every x, yC@. To see this, set x —e in (10) to obtain (6).^, 


THEOREM 3. The intersection $ of a system (Ga; aC Q) of normal 
divisors-of a loop ‘© is a normal divisor of G. 


Proor. Clearly $ is a subloop of ©. We shall prove $«Cx® for 
every LEO. If hE 9, aC Q, we have kx—xh, for some h, C Hq. The 
left cancellation law then shows that the set [h.; a€ Q] is singular. 
and its sole, member is an element of Q. The remainder of the proof 
consists in a repetition of this argument which proves (6) and (7). 


COROLLARY. The sel of all normal divisors of a loop ©, when ordered 
by set inclusion, forms a complete lattice. 


Proor. It suffices to remark that © is a normal divisor of ©. We 
shall use U and AN to denote the lattice operations of this lattice. 


THEOREM 4. If § and f are normal divisors of a loop O, then EK 
ts a normal divisor of © and HK=HUR. ^ 


Proor. Clearly eC Qf? and ft is closed with respect to multiplica- 
tion. Now if x(hk) — hi, we use (7) to get (xh)ki— hib. Two applica- 
. tions of (i) and use of (6) and (7) then give x= hb; We compute 
(HK) = (x9) = (Gx) 2 H(xK) = G(fex) = (68)x. Thus HR is a sub- 
loop of © satisfying (6). We omit the simple verification of (7). Since 
every normal divisor of © which contains $ and ft must contain Of, 
we conclude that HR=GHUR. 


COROLLARY. The lattice of normal divisors of a loop © is modular. 
E i 


THEOREM 5 (QUADRILATERAL CONDITION). If Q and & are maximal 
normal divisors of a loop (9, then SOL is a maximal normal divisor 
of the loop $, and ©/RLG/SNE. 


s 


< 


1944] AN APPLICATION OF LATTICE THEORY TO QUASIGROUPS 785 


Proor. Suppose on the contrary that £ is a normal divisor of the 
loop $ such that S>L>HAEK. We shall prove that 8 is a normal 
divisor of ©. We note that 8— di and to verify (10) we consider 
the equation 


[(4R) (haki) JU s) = (M) [0&5 (habs) ] 
which we may write, using (8), (i), and (7) for &, as 
(12) (hh) ha = [h(hahs) ] ke- 


Now if 5; C£, we may usé (10) for L to get h(hal) = [b(hahs) ks. We now 
use (7) for f$, cancel k, use (7) for ft again and cancel fe to obtain 
I— hys. It follows that bC $, and hence that C (Me C$. Conse- 
quently h;C& and we have proved [x(2R) ly Cx [y(8$£) ] for every x, 

y€@. On the other hand, if hE, we may use. (10) for € to get 
(hs) ha [(2)h.]k,. We now use (6) and (7) for £ and cancel hs, 
use (6) and (7) for ft and cancel h to obtain 7 — Ib from which 4, C 
follows as before. This completes the verification of (10). We apply 

.the same reasoning to verify (11). We write 


[39 0 Us) = (hk) [Un (habs) | 


as (hhi)ha= [h(hiha) Jka. Then if J4€ €, we have h(hil) =h [(hhs)ks] and 
we easily obtain C. Also, if C$, we have (hh)h — (hh:) (lks), 
ha — by, ha EL. Thus (11) holds for fe. To show that 2£ is a subloop of 
Git now suffices to note that eC&fe, (VM) (LR) = LM, and to prove that 
if (hk) (lk:) A ks, then & C8. But we may write this equation as hl, =hky 
and get h— (hls) = (hl) —Isks. As before, C$, hEL. We have 
proved that 2@ is a normal divisor of G. Note also that 8» 8f» g, 
since if C and h does not belong to 2, then kk — Ibi implies h=lks, 
KCL, h C£, a contradiction, and l> QAR. Our assumption of the 
existence of a normal divisor £ of $ satisfying Q7» HN has led 
to a contradiction of the assumption that ft is a maximal normal di- 
visor of ©. We conclude that $1 is a maximal normal divisor of $. 
To establish the isomorphism we map the cosets x& of 8/f onto 
the cosets (GNR) of H/HAK.-This mapping exhausts the set 
$/$/^8 and is one-to-one. For, if (GOR) 2y(9/£), then xk —yu 
gives x= (yu)kı=yks, uks— ks, “ER, RCY, and symmetry yields 
xf&—yft. That this mapping preserves multiplication in the two loops 
©/ and $/GN is evident. The proof is complete. 
Theorem 5 is the main tool which is needed to apply Ore's result 
[B ] to the partially ordered set of subloops of a loop ©. which occur 
in some composition series of (S. 


i 


-786 A. A. ALBERT [Octo'ser 


REFERENCES 


1. A. A. Albert, Quasigroups. I, Trans. Amer. Math. Soc. vol. 54 (1943) pp. 5C7- 
519. 

2. 3 Quasigroups. IT, Trans. Amer. Math. Soc. vol. 55 (1944) pp. 401—4-9. 

3. O. Ore, Chains in partially ordered sets, Bull. Amer. Math. Soc. vol. 49 (19-3) 
pp. 558-566. 1 





UNITED SrATES NAVAL ACADEMY, POSTGRADUATE SCHOOL 


TWO ELEMENT GENERATION OF A SEPARABLE ALGEBEA 
A. A. ALBERT 


The minimum rank of an algebra A over a field F is defined to be 
the least number r=r(A) of elements xi, - - - , x, suca that A is the 
set of all polynomials in zi, * - * , x, with coefficients in F. In wFat 
follows we shall assume that A is an associative algebra of finite order 
over an $nfinite field F. 

It is well known that r(.A) =1 if A is a separable field over F and 
that r(4) —2 if A is a total matric! algebra over F. Over fourteen 
years ago I obtained but did not publish the result that r(4) —2 if A 
is a central division algebra over F. The purpose of this note is to 
provide a brief proof of the generalization which states that if A is 
any separable algebra over F then r(A)=1 or 2 according as A is or 
is not commutative. . 

We observe first that a commutative separable? algebra Z is a di- 
rect sum of separable fields and that there exists a scalar extens.on 


K over F such that Zg has a basis €, * - - , e, over F for pairwise 
orthogonal idempotents e;. If 144, - - - , v, is a basis cf Z over F end 
x= -- + Fann the powers x! have the form 

at = J bau; (ti=1,--+,%), 

" fal 
where the determinant 
dan +++, an) = | Bal 

is a polynomial in the parameters a1, * - - , Gn. If C1, +--+, Cn are Eny 


Received by the editors April 13, 1944. > 
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X 
, distinct elements of K the quantity xp=cye:+ - + - -Fc,e, is known! 
to generate the diagonal algebra Zx, that is Zx= F[x;] has a basis 
Xor Xo * +, xo If we express the quantities en -- - , e, linearly in 
terms of 14, * - - , Un we see that xo is a value of x for values ay of 
the a; in K. The linear independence of xo, x3, - - - , x2 implies that 
d(dio, * * +, Gro) £0. Then d(ms, - - +, as) is not identically zero and 
thus there exists a quantity x in Z such that Z has a basis x, x?, - - - , x* 


over F, Z= F(x),r(Z) —1. 

An algebra A is called a separable? algebra if A is a direct sum of 
simple components A, such that the center of every A, is a separable 
field over F. If x and y are in A we define 


` F[z, y] 
to mean the set of all polynomials 


žel,- a ` 

2 Gijxiyi ' (a in F). 
i=l,- m 

Only a finite number of the power products x*y/ are linearly inde- 

pendent and each F[x, y] is a linear subspace of A, m and q may be 

be selected so that Fle, y] has order mq over F. 

A separable algebra has a unity quantity e and if 4 — F[x] then A 
has a basis x? —e, x, + - +, x"! over.F, A = F[x, e]. Also A is commu- 
tative. If A is not commutative and A — Fx, y] then e=x[f(x, y) ly 
and thus x and y must be nonsingular. Note then that A has a basis of 
power products x‘yi where i=0, ---,m—1andj=0;---,q—1. We 
use these results in the proof of our principal 


THEOREM. If A ts a separable algebra which ts not commutative then 
r(A)=2, A— F[x, y] for nonsingular elements x and y such that F[x] 
is separable. 


We first study the case where A is the direct product of a total 
matric algebra M of degree g aad a division algebra D of degrees s 
over a ‘separable center C'over F. It is well known? that D contains 
a maximal separable subfield W= C Te] of degree s over C and that 
W= F[xo]. The algebra Q= (eu, * + - , eg), whose basis consists of a 
set of primitive idempotents of M whos sum is its unity element e, 
has the property that Z»*QX W is separable and commutative, and 
so Z= F[x]. If K is a scalar splitting field over C of D the algebra Zxr 
contains n — gs primitive pairwise orthogonal idempotents whose sum 


3 See Theorem 4.18 of my Structure of algebrcs, Amer. Math. Soc. Colloquium 
Publications, vol. 24, New York, 1939. 
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is the unity element e of the total matric algebra Ax of degree n 
over K. Also Z=C[x], Zx — K [x] and it is known! that there exists 
a quantity yo in Ax such that 


Ax = K[x, yi], 


that is, the power products x'yj taken for 4, 21, * - - , n are linearly 
independent in K. If p=n? and u, » + + , up are a basis of A over C 
we may write y=a%,-+ ++ * +āptp and express the powers x*y! in 
the form 
ae = xiyi = D> bau 
hel 


(R=ittjn—n;5i,7=1,---,*), 


for by, in F. The determinant d(a,, - ++, @p)=|bsa| is a polynomial 
ina - > + , Gp with coefficients in C which is not identically zero since 
it is not zero for values aio, - ^* , aj which define yo. It follows that 
A — C[x, y]. But C[x]  F[x] so that A = F[z, y]. 

We finally consider a separable algebra A which is the direct sum 
of simple components A1, +--+, A,. By the proofs above every com- 
ponent 4,7 F[x,, yx], where y, is the unity quantity ex of A, wken 
A; is commutative, Zy- F[x;] is separable. The algebra Z which is 
the direct sum of Zi, - + + , Z; is a commutative separable algebra and 
so Z= F[x]. Let y 5yi4- * - - +y. Since F[x] contains every x, the 
linear space F[x, y] contains xiy/—xiyl. For xi—xie& and ey’ 
= (ey) — yl. It follows that F[x, y] contains every A, and that 
F|x, y]=A. 


THE UNIVERSITY OF CHICAGO 


LIMITS FOR THE CHARACTERISTIC ROOTS OF A MATRIX! 
^ A. B. FARNELL 


Let A be a square matrix of order » with complex numbers as ele- 
ments. The equation |AI—A | =0 is called the characteristic equation 
` of the matrix A, and the roots A; the characteristic roots of the 
matrix A. Although it is not possible to make any definite statements 
regarding the nature of the characteristic roots for the general matrix, 
several authors have given upper limits to the roots. In 1900, Bendix- 
son [1]* obtained upper limits for the real and imaginary parts of 
the characteristic roots of a real matrix. In 1902, Hirsch [5] extended 
these results to matrices with complex numbers as elements. A limit 
was also given by Bromwich [2] in 1904. These limits were further 
refined by Browne [3] in 1930, and by Parker [7] in 1937. 

In 1918, Toeplitz [8], using the results of Bendixson and Hirsch, 
‘studied the algebraic form (Ax| x) =) + edret,#, corresponding to the 
matrix A, where by hypothesis the algebraic form (x| x) =) axe. 
has the value unity. By using the fact that 4 may be decomposed 
uniquely in the form 4 —B-F-£C, where B and C are Hermitian, he 
showed that the totality of values which the algebraic form assumes 
lie within a rectangle with sides parallel to the real and imaginary 
axes. He further showed that this field of values is bounded by a 
convex curve. Hausdorff [4] showed that the field of values is con- 
nected, bounded, closed, and convex. In 1932, Murnaghan [6], using 
the fact that (Ax|x) has values invariant under unitary transforma- 
tions of A, showed that for normal matrices (that is, matrices which 
can be transformed unitarily into diagonal form) the field of values 
is a convex polygon. For non-normal matrices, he showed that in the 
general case the characteristic roots of the matrix are the foci of the 
curve bounding the field of values. Wintner had previously remarked 
that for 1 —2 the curve is an ellipse. The first three theorems below 
give radii of circles within which not merely the characteristic roots 
but also the entire field of values lies. 

Let A’ and 4 denote the transpose and conjugate, respectively, of 
the matrix 4, and write 


B=(A+4)/2, C=(4—-A9/24 


Received by the editors March 10, 1944, and, in revised form, April 10, 1944. 
1 Partially extracted from a dissertation, University of California, 1944. 
1 Numbers in brackets refer to the Bibliography at the end of the paper. 


789 


790 ` A. B. FARNELL [October 


It is evident that B and C are Hermitian. The theorem given by 
Parker may be stated as follows: 


PARKER'S THEOREM. If A ts any square matrix, and tf 2Sr, 2S'r, 
2S''r are the sums of the absolute values of the elements tn the rth row 
and the absolute values of the elements in the rth column of A, B, and C, 
respectively, and 4f S, S', S” are the greatest of the Sr, S'r, S''r, respec- 
tively, then for any characteristic root, \=a+4B, of A, we have 


lass) hebes spes" 
If A —a-4-18 is a characteristic root of a matrix A = (drs) of order n, 
there exists a set of numbers (xi, %2, - - * , x4) such that 
> arf = 1, 
rel 


which satisfy the relations 
(1) Nate = D> Grads (r= 1,2,-++,). 


If we multiply the rth equation in (1) by 2,, and sum as to r, we ob- 
tain 
(2) A = Y aan. 

The numbers > an. x,, where ? x,£, has the value unity, comprise 
the field of values of A. Hence (2) shows that the characteristic roots 
lie within the field of values. In the following, A will be considered to 
be any value in this field, the conclusions holding a fortiori where \ is 
a characteristic root. ; 

Taking conjugates of both sides of (2), and interchanging sub- 
scripts, we have 


(3) LS > 5n. 


r,s 


From (2) and (3), by addition and subtraction; it follows that 


a= Dy bufro 
4 Ta 
( ) B x > Cra ty Xs. 


From the relations (2) and (4), upper limits for |^], lel, and |£] 
may be obtained. Since these relations are identical in form, it is suffi- 
cient to carry through the computations for one of them. Further- 


1944] LIMITS FOR THE CHARACTERISTIC ROOTS OF A MATRIX 791 


more, the theorems will be stated briefly since the context will be 
evident. i 

Several results will now be established. The best upper limit may 
be given by one in some cases, by another in others. ` 


THEOREM 1. Le R, =9 | an| ia =) Grel , R=max (Ry), 
T=max (T,). Then 


|x| s (RT)™. 
Let & = | x,| , so that 
Seat. 
If we take the absolute value of (2), we have 
(5) Is Xl ar | Et. 


. Rewriting |an] ££, as | arl UE. |an! 1, and applying Schwarz's in- 
equality, it follows that 


als (Elele) Xie 


a 1/2 2 1/2 
= ( 25 RE) ( 2 r£) 
4 112 2 1/2 
s (ax:e) (£E) 
= (RT)ih. 
THEOREM 2. If ^ lies in the field of values of A, then, 
1/2 
2 


[ns (Zl I) 


Rewriting | aral ££, in (5) as [as] - E£&, and applying Schwarz's in- 
equality, we have : 


lals ( | Gra "m x e) 


Quer (2 


- (Zl 
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THEOREM 3. If \ lies in the field of values of A, then || SM, where 
M is defined by (7) below. 
From (2), 


sixlbei -EE (| al- 


a rcs 


arog 


. ree 


== Elet EE Eda] lap eR 


. Ges 1) ia 


d Cry 


s ree 1 


h= 





E-A 


Oss 








(6) 





5 Dl eel + ZEEE ol- lol) 
(| el | ath 


by Schwarz’ s inequality, and the fact that $`, — 1. That is, I| sM, 
where 





[Ele [e-2ZXdel-lsb 


8 r«s 
n(n — 1) : 
HEEE (altl oD], 


For n=2, M is the maximum value of the right-hand side of (6), 
and hence the minimum for this type of upper limit: For n>2, the 
form of the maximum for the right-hand side of (6) is too compli- 
cated for practical use. 


THEOREM 4. Let U,- a4] Vs= Erlan? Then || 
S (OU. V,)us)us, 
From (1), 


(7) 


Aa. = 5 Grades 


Multiplying each by X, and replacing Ax, from (1), we have 


- A a | x 
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Mac ax (03s + anta + ++ + inte) RÀ 
+ Gin(Gnits + Gate + +++ + Onna), 


Ma, = altt + 01332 + +++ + Ginta) H 
+ Gan(Gni%1 + duas + +++ F das). 

Multiplying the rth equation by £,, adding the » equations, and tak- 
ing the absolute value of both sides, we get . 
M E (| an] & 1I anl] ite +| 251] &Xl an| & + | asl Es 

ees H| aia Ea) ce + (| aan] Er H | aanl Ea + 

+ | awn | EC ani | 1 + | ans | a +--+ | ann | En) 

E: > (U,V), - - 


since, by Schwarz’s inequality, Erat S OLA) WAS £2) 03 (D2) Na, 
THEOREM 5. For n=2, |A| S (RT), where RT=max (R,T,). 
From (8), l , 

ws an| &- | G1: | FAA] an| f+ | an | £a) 

+ (| aie] & + | om] EDC o | Er + | ons | £2). 


Here, for example, RaT: S R:T3 implies |a Sau]. Then since 
ġia 51/2, (9) gives, 


(8) 


(9) 


M SRT 


The probability of the truth of this theorem was suggested to me 

by W. V. Parker. Although no contradictions have been found, no 
method of proof has been discovered for n>2. 
." The effectiveness of the above theorems can sometimes be im- 
^ proved by using the fact that if each diagonal element of a matrix A- 
is increased by a, the numbers À comprising the field of values of the 
matrix will be increased. by a. 

Let L denote the best upper limit obtained for the absolute value 
of ^. 


THEOREM 6. Let a represent the absolute value of the determinant of A. 
Then 
asl, — 
This fellows directly from the fact that a= [As + + = Anl. 
It is interesting to note that this result is frequently better than 
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the well known upper bound given by Hadamard: “If the elements of 
the matrix (Gr) with r, sn satisfy the condition la. SB, then the 
following inequality holds: 


| det [a,.]| € Brm*/2.” 
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UNITED States MILITARY ACADEMY 


HADAMARD’S THREE CIRCLES THEOREM 
RAPHAEL M. ROBINSON ` 


Hadamard’s theorem is concerned with the relation between the 
maximum absolute values of an analytic function on three concen- 
tric circles.! If we put 


M(r) = mex |f) |, 


then the theorem states that log M(r) is a convex function of log r for 
r' «r «r', if f(s) is regular for r' «|z| <r”. This is an immediate 
consequence of the fact that if 1f()] SA | z| ^on two circles about the 
origin, then it is also true between the circles; and this in turn is 
seen by applying the principle of maximum to f(z)/z*. The bound is 
attainable within the ring only for f(z)=as\ with |a| =A. Notice 
that this function is single-valued only if \ is an integer, so that 
Hadamard’s bound is not in general sharp for single-valued functions. 
(It is the sharp bound for the class of many-valued functions, any 
branch of which is regular in the ring, and for which | HOJ is single- 
valued.) 

We shall consider only single-valued functions. The problem of 
finding the sharp bound in Hadamard’s theorem is formulated as 
Problem A below. (It is no essential restriction to suppose that the 
radius of the outer circle is 1, and that the given bound on this circle 
is 1.) Problems B and C raise the same question for more special 
classes of functions. - 


PROBLEM A. Suppose 0<q<Q<1 and p>0. Consider the class of 
functions satisfying the following conditions: f(z) is regular for 
q&x|s| x1, : 


[/89|s1 for |s|-1 |s¢@|Sp for |s|-q4. 


An address delivered before the Berkeley meeting of the Society on April 29, 
1944, by invitation of the Program Committee; received by the editors May 6, 1944. 

1 The theorem was stated (without proof) in Hadamard’s note, Sur les fonctions 
entières, Bull. Soc. Math. France vol. 24 (1896? pp. 186-187. His proof was apparently 
first published in 1912; it may be found in foctnote 2, p. 94, of Selecta: Jubilé Scien- 
Hfique de M. Jacques Hadamard, Paris, 1935. Ia the meantime, proofs (of a less simple 
nature) had been given by O. Blumenthal and by G. Faber. See Blumenthal, Über 
ganze transzendente Funktionen, Jber. Deutschen Math. Verein. vol. 16 (1907) pp. 97— 
109, and Sur le mode de croissance des fonctions entières, Bull. Soc. Math. France vol. 
35 (1907) pp. 213-232; Faber, Uber das Anwachsen analytischer Funktionen, Math. 
Ann. vol. 63 (1907) pp. 549-551. 
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Let P be the largest value of | f(Q)| for any function of the given class. 
How much ts P, and for what functions is 41 attained? 


PnoBLEM B. The same as Problem A, with the additional hypothesis 
that the coefficients of the Laurent series for f(z) are positive or zero. 


PROBLEM C. The same as Problem A, with the additional hypotheses 
that p «1 and that f(z) ts regular also for |s | <q (hence for |z <1). 


REMARKS. From any function f(s) with |f(Q)| =P we can obtain 
a function H(z) with H(Q) =P, by putting H(z) = Pf(z)/f(Q). The 
name extremal function will be applied only to an admissible function 
with H(Q) =P. 

We may determine a real à such that g^ — p. If À is an integer, then 
H(z) =2 is the extremal function for all three problems; but if X is 
not an integer, then 2^ is not an admissible function. We may restrict 
ourselves to the latter case, and shall use z to denote the integer 
such that n —1 <) «n. 

If we indicate the dependence of the extremal function on p by 
using the notation H(z, p), then it is clear that for the first two prob- 
lems we have 


H(z, p9*) = s*H(s, p) 


for any integer k, since a power of z times an admissible function is 
admissible; but for Problem C no such relation is to be expected. 
Consequently, there is no loss of generality in supposing q «p «1 
(that is, 1 —1) when studying Problems A and B. 


Summary of results.? We state here some of the principal results 
that are known concerning the three problems. For each of the prob- 
lems, the extremal function H(s) exists and is unique, and is real for 
real z. It is univalent if g <p «1. In Problems A and B, H(s) is inde- 
pendent of Q; and the same is true in Problem C at least if q « p «1. 
We tabulate some additional results in the three cases for comparison. 


PROBLEM Á. 
£H' (z)/ H(z) is an elliptic function of log z. 


2 Problem A was first solved by O. Teichmüller, Eine Verschärfung des Drei- 
kreisesaises, Deutsche Mathematik vol. 4 (1939) pp. 16-22. But we shall follow here 
the solution given by the author in Analytic functions in circular rings, Duke Mach. J. 
vol. 10 (1943) pp. 341-354. Problem B was solved by F. Carlson, Sur le module 
maximum d'une fonction analytique uniforme, Arkiv fór Mathematik, Astronomi, och 
Fysik vol. 26A (1938). Problem C is studied by M. H. Heins in a paper, On a problem 
of Walsh concerning the Hadamard three circles theorem, Trans. Amer. Math. Soc. 
vol. 55 (1944) pp. 349-372, which I had the privilege of reading before publicetion. 
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H(z)| = for |z| =q. 
| ie w= H(z) maps a«|s| «1on | w| <1 omitting an arc of 
w| =p. 


A(s)| =1 for 1 z1. 








PROBLEM B. 
H(z) is an average of "7! and 2". 
H(z)| <1 for |z| —1 except at z=1. 
H(z)| <p for |z| =g except at 2 =q. 
If q<p «1, w=H(2) is a contraction with 1 as fixed point. 
PROBLEM C. 
H(z) is a rational function of the mth degree. 
A(s)| =1 for |z| =1. 
H(z)| <p for |z| =q except at n points. 








If qc p«1, w=H(s) maps the unit circle onto itself. 


Study of Problem A. We suppose q « ? «1. It may be seen from 
general mapping theorems that there exists a function H(z) which 
maps the ring a « |sl «1 on | w| <1 omitting an arc of | w| =p. We 
may suppose that p is the midpoint of the omitted arc. The function 
H(z) is regular on the boundaries of the ring, and we have 


[zig] -1 for |s|21 |a@)|=~ fo |2| =¢. 


If f(z) is any admissible function, then | f(z/H (z)| $1 on both bound- 
aries of the ring. We could apply the principle of maximum to con- 
clude that | f(QH (Q)| <1, were it not for the fact that H(z) has a 
zero in the ring, so that f(z)/ H(z; has a pole. The fundamental lemma 
of the author’s paper provides an extension of this principle which 
enables the conclusion to be drawn nevertheless. The lemma states 
that tf a function is regular tn a circular ring except for one simple 
pole, and does not exceed 1 in absclute value on the boundartes, then it ts 
less than 1 on the radius opposite the pole. Applying this lemma, we 
verify that H(z) is the desired extremal function. 

By applying Schwarz's reflection principle, we can continue H(z) 
to the whole plane excluding 0 and «. The reflections on the outer 
and inner boundaries give the relations 


H(1/s =1/H(z), . H(qi/sz) = p*/H(2), 
if we use the fact that H(s) is realfor real z. From these it follows that 
H(z) = H(z), 


and hence 
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q'sH'(q*z)/ H(g^s) = sH'(s)/B(9). 


Thus zH'(s)/H(s) is an elliptic function of log with the periods 
2 log q and 2z*. i 
It is not difficult to obtain the explicit formula 


H(z) = 26(qs/p)/6(p2/9) 


where 
(i) = 5 gst. 
hm 


This enables easy calculation of the extremal function. 


Study of Problem B. Here 


o 


f(s) = Do a 


b——e 

with c z0, hence M(r) =f(r). Evidently 

M"(r) à 0, 
the equality holding only if M(r) =coter. If q« p «1, we can deter- 
mine positive cy and c so that M(1) 21, M(q) =p; that is, so that 

cota =i, Co + cig = f. 
With this determination of co and ci, the extremal function is 
A(z) = co + css. 


This result of Carlson, which concerns a special class of functions, 
has an interesting application to the more general class previously 
considered. In fact, if we no longer suppose that f(z) has positive 
` coefficients, we have nevertheless that the average of | f(z)|*on |s| =r 
is 


o 
2) |o, 
ko. 


which is a power series in r? with positive coefficients, so that Carl- 
son’s result may be applied. If we suppose given that the average of 
[f(z)|? on |s| =1 does not exceed 1, and that the average on |z| ^q 
does not exceed p? (¢<p<1), then the function H(z) having the 
largest quadratic mean on |z| =Q is of the form 


A(z) = co + ess, 
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where co and ci are subject to the conditions 
[cofP+ alt= 1, [altl afe = p. 


Some lemmas. We consider now some results that are used in the 
study of Problem C. The results concern functions constant in abso- 
lute value on a circle, and interpolation by bounded functions. 

In the first place, an equality such as l F(2)| =1 either holds identi- 
cally on |z| =1 or at but a finite number. of points, provided F(z) is 
regular on |z| =1. For on the circle, | F(z)| =1 is equivalent to 


F(s)F(1/z) = 1. 


Since the left side is regular on the circle, the result follows. 

Suppose now that F(z) is regular for |z| $1 and that | F(s)| =1 for 
|| =1. Let ai, as, - - - , a4 be the zeros of F(z) in |z| <1. Then we find 
that 


Z — Ob 





P cal (le| - 1 


ki d — dis 

by applying the principle of maximum and minimum to F(z) divided 
by the product on the right. The zeros and poles of F(z) are inverse 
with respect to the given circle |z| =1. A similar result holds for any 
other circle. Tf | F(z)| were constant on two circles about the origin, 
F(z) being regular within the larger circle, then the zeros and poles 
would have to be inverse with respect to both circles, that is, the 
zeros at 0 and the poles at œ, and hence F(z) =az*. 

Concerning interpolation by bounded functions, we need the fol- 
lowing theorem. Let £1, 23, - * * , Zn, €ben-+1 distinct points in |z] <1, 
and let wi, Wa, +++, Wa, o be any n-+1 points in | w| <1. Consider the 
class of functions F(z) regular for |z] «1 and with | F(z) S1 there. The 
number of such functions satisfying the interpolating conditions 

F(zy) = wn (k = 1,2,--+,m) 
may be 0, 1, or œ. If there is just one such function, then it is rational 
of less than the nth degree, and satisfies | F(z)| =1 for |z| =1. If there 
are infinttely many such functions, then the possible values of F(Y) fill 
a closed circle; the additional condition 

Fi) =a 


will determine the function uniquely if and only tf w ts on the boundary 
of that circle. 
The proof is by induction. Consider first the case 520. The num- 
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ber of functions is infinite. The possible values of F(f) fill the circle 
e | Te The condition F(f) =w determines F(z) uniquely, if and orly 
if |o! =1. 

Suppose now that »>0. In case |w.| —1, if there is any solution 
it is F(z) =w,, which is a rational function of the zeroth degree and 
satisfies | F(z)| ^1 for |s| =1. In case | w,| <1, we establish a one-co- 
one correspondence between the given functions and those satisfying 
certain interpolating conditions at the points $1, * * +, 2,1 by means 
of the equation 


F(z) — ws S — Zn 

1— DF) 1-—Ààs 

The various desired conclusions about F(z) follow easily from the 
corresponding conclusions about G(z). 


G(s) = 





Study of Problem C. Here the case q <p «1 has a very simple sclu- 
tion (but the general case cannot be reduced to it). For if the condi- 
tion |f(z)| Sp for |z| =g is replaced by the weaker condition | f) 
Sp, then it follows (using Schwarz's lemma) that the maximum pos- 
sible value of | f (Q)| is attained by the linear function H(z) which 
maps the unit circle onto itself, with +1 as fixed points, and H(q) =p. 
But this function clearly satisfies | (2) Sp for | | =q (under the 
hypothesis g <p <1), and hence is the required extremal function. 

For the general case, Heins reaches his results by a rather indirect 
method. It will be convenient to modify the statement of Problem C 
by supposing that f(z) is regular for |s| <1 rather than for |s| $1. 
The condition HO <1 for E =1 may be replaced by HOJ <1 for 
| s| <1. With this modification, the existence of an extremal function 
H(z) is clear from the theory of normal families. It will be shown later 
a na function is unique, regular for |z] =1, and that | H(s)| =1 
for || «1. ! 

As a first step, we show that if H(s) is regular for |z] =1, then 
| H(s)| =1 there. Otherwise, | H(z)| =1 at only a finite number of 

‘points on |s| =1, and hence we can find a small arc AB of |z| =1, 
near 1, where | H(z)| <1. Choose K>1 so that K|H()| <1 on this 
arc. Now it is easy to construct a function g(s), regular for |z| s1 
except at A and B, with constant absolute values en every circular 
arc joining A and B, thesė values varying from K on the given arc AB 
to 1 on the complementary arc of the unit circle. Since |H (z) g(s)| Z1 
for |z] =1, except at A and B, and | H(z)g(z)| <1 near these points, 
it follows that | H(z)g(z) | <1 for || <i. The function H(z)g(z) may 
fail to be an admissible f(z) by being too large on |s] =q. However, 
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g(s) is larger at Q than on || =q, so that if we divide H(z)g(s) by 
the maximum of g(z) on |s| =q, we have a function f(z) which is ad- 
missible and for which |f(Q)| >|H(Q)|, which is impossible. 

Next we see that | H(z)| =p has only a finite number of roots on 
|| =q. For otherwise it would be an identity, and H(z) would be ra- 
tional. But then H(z) would also be regular for lz] =1, and hence 
| H(z)| =1 there. From the fact that | H(z)| is constant on two circles, 
we should conclude that H(z) =z", and hence p — q^, which is the case 

we have excluded. 
' We shall now show that in the hypothesis that | HOJ Sp for 
|s| =g, only a finite number of points on |z| =q have any weight. 


Let H(z) be an extremal function, and let z;, 32, - - - , z; be the points 
on E =q where |H(g)| =p. Then if | F(z)| «1 for |z| «1, and 
| Fle) Sp (k=1, 2,---,2, we can conclude that | F(Q)| <P (that 





is, we obtain the same bound for | F(Q)| as if we had supposed that 
F(z)| Sp for |z| =q). For if there were such a function with 
F(Q)| >P, then we could also find a function with | PCs») | <p and 
F(Q) » P. But then we see that 


J(e) = (1 — 9H(9 + FF) 
is admissible (if e is sufficiently small), and that f(Q) >P. - 

The next step is to see that H(z) can be determined by interpola- 
tion. We shall show that if | F(s)| <1 for B <1, if F(z) =H(2) 
(k=1, 2,--+, D, and if F(Q)=HA(Q), then F(2)=H(2) identically. 
Consider first the interpolating problem defined by F(z)) =H (s+). The 
possible values of F(Q) are restricted to a circle including P. If P were 
not on the boundary, then F(Q) >P would be possible. Thus P is on 
the boundary, and the additional condition F(Q) =P serves to deter- 
mine F(z) uniquely. ; 

Thus H(z) is a rational function of at most the Ith degree, with 
|a (2)| =1 for |z] —1. From this the uniqueness of H(z) follows at 
once. For if both Hi(z) and.A3(s) were extremal, then so also would 
be their average. This average must also satisfy the condition 

H(2)| = 1° for |z| xi, which is possible only. if Hi(s)=A:(z) on 
z| —1 and hence identically. Furthermore, if H(z) is extremal, so 
also is H(z); hence H(z) =H(z), or H(z) is real for real z. 

Now consider the degree of H(z). In the first place, |E (2) | =p hasl 
different roots on |z| =q, and these are all of even order, since 
|a (2) | Spon |z| =q. In other words, the equation 


H(g) H(q*/) = p° 
has at least 2} roots, so that H(s) cannot be of less than the /th de- 
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gree. Thus H(z) is exactly of the /th degree, and the roots of the dis- 
played equation all lie on |z] =q, and are double roots. .' 

As in the introduction, let n be the integer such that n—1 «A <n. 
We shall give a sketch of the proof that 1 —s. 

In the first place, it is not difficult to show that P is a continuous 
function of q, p, Q; and using this fact, it may be shown that (for 
|s] <1) H(z) depends continuously on these parameters. 

Next we notice that } is a function of s only. For as long as we 
exclude the case in which X is an integer, / is the number of double 
roots of H(s)H(q*/s) —p? on |a] =q. Since this function is regular and 
depends continuously on the parameters for g?< | z] <1, and has roots 
only on |z| =q, it cannot gain or lose a root. 

Recalling that the degree of H(z) is equal to the number of zeros 
in |z| <1, it is easy to see that the degree is a lower semi-continucus 
function of the parameters. Since the degree is n when \=n, it can- 
not be less than n when ^ is slightly less than 5. Combined with the 
preceding result, this shows that 1 zm. 

Finally, by an ingenious method which we cannot consider here, 
Heins finds (for any given n) some cases in which it can be shown 
that the degree of H(z) does not exceed n. This completes the proof 
that H(s) is of exactly the nth degree when 5 —1« <n, and that 
| H(z)| =p has exactly » different roots on |s| =q. 
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Vazsonyi, J. H. Van Vleck, Abraham Wald, G. L. Walker, R. M. Walter, S. E. 
Warschawski, A. H. Wheeler, M. E. White, W. F. Whitmore, Hassler Whitney, D. V. 
Widder, V. A. Widder, E. W. Wilson, Jacob Wolfowitz, H. A. Wood, M. M. Young, 
S. D. Zeldin, J. A. Zilber, M. F. Zucker, Antoni Zygmund. 


The Colloquium Lectures on the subject Selected topics in the theary 
of semi-groups were delivered by Professor Einar Hille of Yale Uni- 
versity on Sunday and Monday mornings and afternoons. President 
M. H. Stone, Professor G. D. Birkhoff, Professor C. C. MacDuffee 
and Professor J. D. Tamarkin presided at the lectures. 

On Sunday at 3:15 P.M., Professor C. C. MacDuffee gave an ad- 
dress entitled On ihe composition of algebraic forms of higher degree. 
Professor T. H. Hildebrandt presided. 

Presiding officers at the sessions for contributed papers were: 
Probability and Statistics, Sunday morning, Professor B. H. Camp; 
Analysis, Sunday morning, Professor R. P. Agnew; General Session, 
Monday morning, Professor M. R. Hestenes; Algebra and Applied 
Mathematics, Monday afternoon, Professor Gordon Pall and Dean 
R. G. D. Richardson; Geometry and Topology, Monday afternoon, 
Professor A. W. Tucker and Professor P. R. Halmos. 

Headquarters for the meeting were in Tower Court. Rooms in the 
dormitory were made available for those attending the meeting. 

On Saturday evening, Wellesley College received the mathemati- 
cians and their guests in the Recreation Building. 

Tea was served Saturday and Monday afternoons in the Great 
Hall of Tower Court. | 

A photograph was taken on Sunday at 1:15 P.M. 

On Sunday evening there was a dinner for members of the Society, 
Association, and Institute and their guests. Professor D. V. Widder 
was toastmaster. Miss Mildred McAfee, President of Wellesley Ccl- 
lege and Captain, United States Naval Reserve, welcomed the guests. 
Professor M. H. Stone spoke on American mathematics in the present 
war. Professor J. S. Frame presented a resolution of thanks to Presi- 
dent McAfee, the local committee and all who assisted them for their 
excellent arrangements and cordial hospitality. Following the dinne-, 
Professor David Barnett of Wellesley College gave a piano recital. 

The Council met at 9:20 P.M. on August 13, 1944, in Great Ha, 
Tower Court. 

The Secretary announced the election of the following nineteen per- 
sons to membership in the Society (the address given is that of the 
member at the time of his application): 


Dr. Louise Belai, Our Lady of Cincinnati College; 
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Mr. John Valentine Breakwell, Tufts College; 

Mr. Richard Harland Brown, United States Navy Department; 

Mr. Paul D'Arco, DePaul University; 

Mr. Edward William Hazleton, Illinois Institute of Technology; 

Mr. Russell Frederick Heckman, Ingwersen Manufacturing Company, Inc., Denver, 
Colo.; 

Major William Hodgkinson, Jr., Army Air Forces, Washington, D. C.; 

Mr. James Mann Hurt, University of Texas; 

Mr: Phillip Sanford Jones, University of Michigan; 

Miss Margaret Elizabeth Kellar, American Mathematical Society, New York, N. Y.; 

Professor Rafael Laguardia, Instituto de Matematicas de la Facultad de Ingenieria, 
Montevideo, Uruguay; 

Mr. Paul Ellis Meadows, Cranbrook School, Bloomfield Hills, Mich.; 

Miss Alice E. Andrews Priestley, Lafayette College, Easton, Pa.; 

Ida Roettinger (Mrs. Wilfred Kaplan), University of Michigan; 

Professor Helen Adams Rouce, Langston University, Langston, Okla.; 

Mr. John Lawson Senior, Jr., Glenn L. Martin Co., Middle River, Md.; 

Mr. Jules H. Sreb, Johns Hopkins University; 

Dr. Andrew Vazsonyi, Graduate School of Engineering, Harvard University; 

Professor Shu-Chi Wu, National Hunan University, China; 

Rev. Alfred John Zanolar, St. Joseph’s College, Collegeville, Ind.; 

Sister M. Claudia Zeller, College of St. Francis, Joliet, IIl. 


It was reported that the following had been elected as nominees 
on the Institutional Membership of the institution indicated: 


California Institute of Technology: Messrs, Robert Francis Koeber Benton and 
Albert George Wilson. 


The following appointments by President M. H. Stone were re- 
ported: as representative of the Society at the inauguration of Harry 
S. Devore as President of Central College (Fayette, Missouri) on 
May 25, 1944, Professor G. E. Wahlin; as a Committee on Arrange- 
ments for the 1944 Annual Meeting in Chicago on November 24-25, 
Professors L. R. Ford (Chairman), T. R. Hollcroft, A. S. Householder, 
B. W. Jones, R. G. Sanger, and H. S. Wall; as a committee to study 
certain problems in connection with the future of Mathematical Re- 
views, Professors Oswald Veblen (Chairman), G. D. Birkhoff, Dr. 
Warren Weaver, and Secretary J. R. Kline (ex officio); as a com- 
mittee to study the role of the Society in the publication of mathe- 
matical research, Professors R. L. Wilder (Chairman), Garrett Birk- 
hoff, R. E. Langer, J. D. Tamarkin, A. E. Taylor, Oscar Zariski and 
Secretary J. R. Kline (ex officio). 

Times and places of meetings during 1945 were set as follows: 
February 24 in New York City; April 27-28 in New York City; 
April 27-28 in Chicago; April 28 in Stanford University; October 27 
in New York City. 
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Certain invitations to give hour addresses were announced: Pro- 
fessor S. M. Ulam for the April, 1945, meeting in Chicago; Professor 
Gabor Szegó and Dr. František Wolf for the November, 1944, meet- 
ing in Los Ángeles. 

'The Council adopted the following resolution on the death of Pro- 
fessor David Eugene Smith: 

David Eugene Smith, professor emeritus of mathematics at Teachers College in 
Columbia University, died on 29 July, 1944, aged 84 years. Probably no other member 
of the Society had as many friends in this country and where he had personally visited 
in almost every country of the world. His special studies were in the fields of Pedagogy 
and History of Mathematics, and his attractive personality, coupled with exceptional 
gifts of facile and interesting exposition, made him an ideal lecturer. The special 
Library which he accumulated contains books, pamphlets, scores of medals and 
medallions, and thousands of portraits of mathematicians, as well as thousands of 
manuscripts and tablets, and it will long be a source for research. He was a prolific 
and popular writer, and mathematical editor of many encyclopedias. Millions of 
copies of his books were sold. 

The Society is indebted to him for service as a member of the Editorial Committee 
of its Bulletin, and for the extraordinary development of its Library while Librarian 
during a period of nineteen years. He was also one of our Vice Presidents. We salute 
the memory of one with whom contact always left a beautiful memory. Resolved that 
this minute be spread on the records and that a copy be sent to his family. 


President Stone, as Chairman of the War Policy Committee, pre- 
sented a report on the activities of his Committee as prepared for the 
Rockefeller Foundation. Ás announced previously, the Rockefeller 
Foundation made a grant of $2,500 to the War Policy Committee 
for its activities during the period August 5, 1943, to August 1, 1944. 
Of this amount, $1,500 has been contributed to the support of the 
Office of Scientific Personnel in Washington. This Office, which is 
subsidized by several leading scientific societies, has been of great 
aid to the mathematicians in a number of problems, including those of 
deferment. The War Policy Committee now has three subcommittees: 
Committee on Available Teachers of Collegiate Mathematics; a Sub- 
committee on War Training Programs; a Subcommittee to advise the 
Examinations Staff of the United States Ármed Forces Institute. 

Since the inauguration of the War Policy Committee, the office of 
the Secretary of the Society has continued its policy of supplying to 
chairmen of departments of mathematics throughout the country, 
as quickly as possible, certain information regarding the proper use 
of mathematicians in the war effort and of regulations from Selective 
Service affecting the mathematicians. In this connection, nine mem- 
oranda have been distributed to some three hundred fifty chair- 
men of departments of mathematics. It is hoped that the information, 
has helped chairmen in the solution of their personnel problems and 
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has contributed to'the most effective use of mathematicians in the 
war effort. 

The Committee on Available Teachers of Collegiate Mathematics, 
with headquarters in the Secretary's office, was appointed in order 
to aid department chairmen in securing teachers for the Ármy and 
Navy programs. Since the inauguration of the Committee's work in 
April, 1943, two hundred seventy-four persons have registered. The 
Committee has answered requests from one hundred four different 
institutions. It is hoped that this Committee has been providing a 
worth while service in connection with the problem of the proper 
allocation of teachers of mathematics. Until the curtailment of the 
Army Specialized Training Program, there was an acute shortage 
of teachers of mathematics and department chairmen have taken 
advantage of the service and have found it valuable. This Committee 
will also be of service in aiding department chairmen in the solution 
of their postwar problems. 

At the request of Dr. Ralph W. Tyler, Chief of the Examinations 
Staff of the Armed Forces Institute, a subcommittee of the War 
Policy Committee was appointed in June, 1944, to advise Dr. Tyler’s 
staff. Members of this Committee are: Professors W. T. Reid (Chair- 
man), Ralph Beatley, L. L. Dines, W. L. Hart, and C. C. MacDuffee. 
As colleges and universities will face the problem, after the war, of the 
proper credit to be assigned to courses taken under the auspices of the 
Armed Forces Institute, this subcommittee will perform a vital serv- 
ice to mathematicians in this connection. 

The Subcommittee on War Training Programs has prepared care- 
ful analyses of the mathematical portions of the various service pro- 
grams, including the College Training Program (Aircrew) of the Army 
Air Forces, the Army Specialized Training Program, the Navy Col- 
lege Training Program. Copies of the latter two reports were dis- 
tributed by the Secretary’s office to chairmen of departments of 
mathematics and a selected list of other interested persons. The Navy 
Program report contained some specific recommendations which, it is 
hoped, will be of aid in making certain improvements in the Program. 

Titles and cross references to the abstracts of papers read are given 
below. The papers were read as follows: papers 1—6 in the section for 
Probability and Statistics, Sunday morning; papers 7-11 in the sec- 
tion for Analysis, Sunday morning; papers 12-16 in the general ses- 
sion, Monday morning; papers 17—22 in the session for Algebra and 
Applied Mathematics, Monday afternoon; papers 23-27 in the sec- 
tion for Geometry and Topology, Monday afternoon; and papers 28- 
77, whose abstract numbers are followed by the letter /, were read 
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by title. Professor P. L. Hsu was introduced by Professor Will Feller, 
Mr. Hsiung by Professor J. A. Shohat, Sister Ingonda von Mezynski 
by Professor H. P. Pettit. Paper 1 was read by Dr. Wolfowitz, paper 
4 by Professor Feller, paper 6 by Mr. Churchman, paper 8 by Pro- 
fessor Cameron, paper 19 by Dr. Sherman, paper 22 by Dr. Pate, 
paper 24 by Professor Eilenberg. 

1. Abraham Wald and Jacob Wolfowitz: Statistical tests based on 
permutations of the observations. (Abstract 50-9-253.) 

2. F. E. Satterthwaite: Error control in matrix calculation. (Ab- 
stract 50-9-251.) 

3. Abraham Wald: On cumulative sums of random variables. (Ab- 
stract 50-9-252.) 

4. P. L. Hsu: The approximate distribution of the mean and of the 
variance of independent variates. (Abstract 50-9-250.) 

5. E. J. Gumbel: Ranges and midranges. (Abstract 50-9-249.) 

6. C. W. Churchman and Benjamin Epstein: Statistics of sensitivity 

data. II. Preliminary report. (Abstract 50-9-248.) . 
|. 5. P. C. Rosenbloom: Interpolation and extremal problems for ab- 
solutely monotonic functions. (Abstract 50-9-224.) 

8. R. H. Cameron and W. T. Martin: Evaluation of vartous Wiener 
integrals by use of certain Sturm-Liouville differential equations. (Ab- 
stract 50-9-212.) 

9. Otto Szász: On the generalized jump of a ; function and Gibbs’ phe- 
nomenon. (Abstract 50-9-225.) 

10. B. M. Ingersoll: On singularities of solutions of linear partial 
differential equations. II. (Abstract 50-9-217.) 

11. Harry Pollard: One-sided boundedness as a condition for the 
unique solution of certain heat equations. (Abstract 50-9-223.) 

12. A. W. Tucker: Antipodal-point theorems proved by an elementary 
lemma. (Abstract 50-9-259.) 

13. R. P. Agnew: Convergence fields of methods of summability. (Ab- 
stract 50-7-180.) 

14. W. J. Trjitzinsky: Singular elliptic and hyperbolic partial dif- 
ferential equations. (Abstract 50-9-226.) 

15. Gordon Pall: Note on factorization in quadratic fields. (Abstract 
50-9-205.) 

16. C. N. Moore: Convergence factors in general analysts. I. (Ab- 
stract 50-9-221. ) 

17. Andrew Vazsonyi: An existence theorem in the theory of com- 
pressible fluids. Preliminary report. (Abstract 50-9-234.) 

18. R. R. Stoll: Primitive semigroups. (Abstract 50-9-206.) 
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19. Seymour Sherman, Jane DiPaola, and H. F. Frissel: Routh’s 
discriminant, flutter, and ground resonance. Preliminary report. (Ab- 
stract 50-7-190.) 

20. B. W. Jones: A canonical quadratic form for the ring of 2-adic 
integers. (Abstract 50-9-203.) 

21. Eric Reissner: On the theory of bending of elastic plates. (Ab- 
stract 50-9-232.) . 

22. R. J. Duffin and R. S. Pate: Structure elements of quasigroups. 
III. (Abstract 50-7-175.) - 

23. W. H. Gottschalk: Totaly disconnected sets and almost periodic 
properties. (Abstract 50-9-257.) 

24. Samuel Eilenberg and N. E. Steenrod: Axtomatic approach to 
homology. (Abstract 50-9-254.) 

25. A. H. Wheeler: One-sided polyhedra from the five regular solids. 
(Abstract 50-7-193.) 

. 26. Abraham Seidenberg: Valuation ideals in polynomial rings. 
(Abstract 50-7-192.) 

27. Warren Ambrose: Structure theorems for a special class of 
normed rings. (Abstract 50-9-198.) 

28. R. P. Agnew: A family of bounded sequences summable M. (Ab- 
stract 50-7-179-1.) 

29. R. P. Agnew: A genesis for Cesàro methods. (Abstract 50-9- 
208-1.) 

30. R. P. Agnew: Criteria for completeness of orthonormal seis and 
summability of Fourier series. (Abstract 50-9-209-4.) 

31. R. P. Agnew: Abel transforms of Taubertan series. (Abstract 
50-9-207-1.) ` 

32. E. F. Beckenbach and R. H. Bing: Concerning the vertex mean- 
value property of harmonic polynomials. (Abstract 50-9-210-1.) 

33. E. T. Bell: Separable diophantine equations. (Abstract 50-9- 
199-1.) 

34. Stefan Bergman: A class of nonlinear partial differential equa- 
tions and their properties. (Abstract 50-9-211-2.) 

35. L. M. Blumenthal: Note concerning an extension of the notion of 
mairix rank. (Abstract 50-9-200-4.) 

36. Herbert Busemann: Local metric geometry. (Abstract 50-9-235- 
i) ' ! 

37. R. H. Cameron and W. T. Martin: The Wiener measure of 
Hilbert neighborhoods in the space of real continuous functions. (Ab- 
stract 50-9- 213- t.) 

38. Claude Chevalley: Intersections of algebraic and oigebrotd varie- 
ties. (Abstract 50-9-236-1.) 
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` 89. Nathaniel Coburn: The Kdrmdn-Tsien pressure-volume relation 
in the two-dimensional supersonic flow of compressible fluids. (A>d- 
stract 50-9-229-t.) 

40. A. J. Coleman: Phase space in Eddington's theory. (Abstract 
50-9-230-L.) _ 

41. A. J. Coleman: Red-shtft in the sun. (Abstract 50-9-231-2.) 

42. John DeCicco: Conformal maps with isothermal systems of sca:e 
curves. (Abstract 50-0-237-1.) 

43. J. J. Dennis: Some points in the iheory of positive definite J-frac- 
tions. (Abstract 50-9-214-7.) 

44. R. J. Duffin and R. S. Pate: Structure elements of quastgroups. 
II. (Abstract 50-7-174-2.) 

45. Nelson Dunford and Einar Hille: The differentiability and 
uniqueness of continuous solutions of addition formulas. dr 50- 
9-215-1.) 

. 46. H. W. Eves: Applications of some new matrix produce to geome- 
try. (Abstract 50-0-238-1.) 

47. H. W. Eves: Skew curves setting sp a null system 4n space. (Ab- 
stract 50-9-239-1.) 

48. H. W. Eves: Some associated theorems on matrices and determi- 
nants, (Abstract 50-9-201-1.) 

49. Mariano Garcia: aa PONEN and component orbits. (Ab- 
stract 50-9-255-t.) 

50. W. H. Gottschalk: A note on poiniwise nonwandering mappings. 
(Abstract 50-9-256-1.) 

51. W. H. Gottschalk: Orbii-closure decompositions and almost peri- 
odic properties. (Abstract 50-7-195-1.) 

52. C. C. Hsiung: A study on the theory of conjugate nets. (Abstract 
50-9-240-1.) 

53. C. C. Hsiung: The contact of conics and quadrics with two sur- 
faces in space of n dimensions. (Abstract 50-9-242-1.) 

54. W. H. Ingram: On the integral equations of continuous inamica 
systems. (Abstract 50-9-218-i.) 

. 55. Nathan Jacobson: Structure theory of simple rings without 
finiteness assumptions. (Abstract 50-9-202-1.) 

56. Edward Kasner: Conformal symmetry and. satellite theory for al- 
gebrasc curves. (Abstract 50-9-243-1.) 

57. R. E. Lane: The convergence and values of pertodic continued 
fractions. (Abstract 50-11-273-1.) 

58. A. N. Lowan and H. E. Salzer: Formulas for complex interpola- 
tion. (Abstract 50-7-187-1.) i 

59. Sister Ingonda von Mezynski: Projective desctipnon of some 
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plane sextic curves derived from conics as base curves. (Abstract 50-9- 
244-1.) 

60. D. S. Miller: Some properties of Carathéodory linearly measur- 
able plane point sets. (Abstract 50-9-220-1.) 

61. S. B. Myers: Arcs and. geodesics $n metric spaces. (Abstract 50- 
9-258-1.) 

62. E. N. Nilson and J. L. Walsh: On functions analytic in a region: 
approximation in the sense of least pth powers. (Abstract 50-9-222-1.) 

63. Moses Richardson: The pressure distribution on a body in shear 
flow. (Abstract 50-9-233-1.) 

64. H. E. Salzer: Coefficients for mid-tnterval numerical integration 
with central differences. (Abstract 50-7-188-1.) 

65. H. E. Salzer: Table of coeffictents for differences in terms of the 
derivatives. (Abstract 50-7-189-1.) 

66. Peter Scherk: On the number of certain singularities of difer- 
enitable curves of order n+1 in real projective n-space. (Abstract 50-9- 
245-1.) 

67. O. F. G. Schilling: Automorphisms of fields of formal power se- 
ries. (Abstract 50-7-176-t.) 

68. O. F. G. Schilling: Noncommutative valuations. (Abstract 50-7- 
177-1.) 

. 69. A. R. Schweitzer: On functional equations with solutions con- 
taining arbitrary functions. VI. (Abstract 50-7-183-t.) 

70. A. R. Schweitzer: On functional equations representing abstract 
groups. (Abstract 50-7-184-1.) 

71. A. R. Schweitzer: Functional relations valid in the domains of 
abstract groups and Grassmann's space analysts. (Abstract 50-7-185-1.) 

72. W. J. Thron: A family of simple convergence regions for con- 
tinued fractions. (Abstract 50-7-186-i.) 

73. S. M. Ulam and C. J. Everett; On ordered groups. (Abstract 
50-7-178-2.) 

74. H. S. Wall: Note on the expansion of a power series nio a con- 
tinued fraction. (Abstract 50-9-227-t.) 

75.-P. A. White: On additive properites of compact sets. (Abstract 
50-7-196-t.) 

76. Y. C. Wong: Family of totally umbilical hypersurfaces $n Einstein 
4-space. (Abstract 50-9-246-1.) : 

77. Y. C. Wong: Quast-orthogonal ennuple of congruences in Rie- 
mannian space. (Abstract 50-9-247-1.) 

T. R. HorrcRorr, 
Associate Secretary 
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The death of Harris Hancock on March 16, 1944, at Charlottes- 
ville, Virginia, constituted a notable loss, both to the University of 
Cincinnati and to American mathematics. During his active career 
in Cincinnati, Hancock had always been a stout champion of scholar- 
ship -at the highest possible level. After his retirement in 1937 he 
- continued, in his letters to his friends and colleagues, his service in 
the good cause. In the last letter from him received by the writer 
of the present notice, written two days prior to his death, he expressed 
his great interest in our coming mathematical symposium and in ad- 
dition made certain cogent suggestions as to the development and 
improvement of mathematical scholarship at our institution. 

In choosing mathematics for a career Harris Hancock was motiv- 
ated by an interest in the subject that was genuinely enthusiastic. 
'This interest he succeeded in communicating to all his more able 
students and to many of his friends who were not professional mathe- 
maticians. He was at all times thoroughly convinced of the major im- 
portance of mathematics, both as a fundamental and virtually 
indispensable discipline in education at the secondary and collegiate 
level, and as a most powerful aid in mankind's unceasing quest to 
understand himself and the universe in which he lives. Hancock's 
constant stress on the human interest of mathematics bore sub- 
stantial fruit in the inclusion of mathematics as one of eight de- 
partments of the University of Cincinnati to be aided by the Charles 
Phelps Taft Memorial Fund, a fund explicitly designated as being 
created in support of the humanities. . 

In his recent obituary notice on William Fogg Osgood, published 
in this Bulletin, Professor Koopman ventured the opinion that 
Osgood's excellent sense of balance in scientific fields was due in no 
small measure to his early training in the classics. Ás a former stu- 
dent under Hancock and Osgood and as one who has likewise profited 
by his own study of the classics, I wish to record here my concurrence 
in Professor Koopman’s opinion and my further belief that a similar 
educational background had much to do with the broad and bal- 
anced viewpoint manifested by Harris Hancock in his approach to 
scientific and educational questions. Like Osgood, Hancock had re- 
ceived a thorough classical training in his early years. Later both 
men received the inspiration to be found at the great mathematical 
centers of Europe in the late eighties and the early nineties. Finally 
they both returned to this country imbued with a desire to gradually 
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raise mathematical scholarship here to a level comparable with that 
of the leading European nations. Harris Hancock, in his own environ- 
ment and in such larger circles to which the influence of his environ- 
ment could extend, made notable contributions in this direction. 

To properly evaluate the importance of his contribution one must 
take account of the fact that some strong educational trends of his 
time were of a type distinctly hostile to his scientific and educational 
ideals. To have breasted adverse tides that would have swept a 
weaker individual off his feet and to have made excellent progress 
in spite of such handicaps was a notable achievement. 

Early in the century Hancock recognized the fact that there were 
developing certain pathological conditions in our educational sys- 
tem, for which the center of infection could be found in some of our 
colleges for teachers. Realizing that such conditions were a grave 
menace to the advancement of mathematical scholarship, he took 
time from the more congenial task of mathematical research and 
mathematical exposition to write a number of articles for the educa- 
tional journals which dealt with the field of secondary education. The 
title of two of these: The defective scholarship of our public schools— 
The pernicious influence of the colleges for teachers, I and II (School 
and Society vol. 9 (1919) pp. 552-556; vol. 10 (1919) pp. 336-343) 
indicates clearly his readiness to take a courageous stand in matters 
of genuine importance. It should be recalled, in this connection, that 
at the time these articles were written a College for Teachers at the 
University of Cincinnati had been in existence for some thirteen years. 
In the face of strong administrative disapproval, Hancock had op- 
posed this form of expansion, urging instead that there be created a 
Department of Pedagogy in the College of Liberal Arts. 

In spite of the strong protests made by Hancock and some other 
mathematicians who shared his views, the general level of mathe- 
matical education in our secondary schools continued to fall through- 
out the period between World War I and World War II. The grave 
disadvantage which this state of affairs recently imposed on those 
charged with the responsibility for training officers for the Navy was 
clearly indicated in a letter from Admiral C. W. Nimitz (Mathe- 
matics Teacher vol. 35 (1942) pp. 88-89). Naturally, our deficiencies 
show up more clearly in time of war. However, they exist just as 
well in time of peace, since national efficiency depends to an impor- 
tant extent on mathematical education. 

From the year 1919 on Harris Hancock could only rely on the Col- 
lege of Liberal Arts and the relatively small Graduate School of Arts 
and Sciences for the promotion of mathematical scholarship in ac- 
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cordance with his ideals, inasmuch as the teaching staff in the College 
of Engineering and Commerce was made a separate unit at that time. 
Since, when he first came to the University of Cincinnati in Septem- 
ber, 1900, the entire mathematics staff consisted of himself, an assist- 
ant professor, and an instructor, one can readily see that he made 
notable progress in the face of many discouraging handicaps. 

In spite of the time and effort spent on the development of his de- 
partment and on the promotion of mathematical education at all 
levels, Hancock’s unflagging industry and systematic methods of 
work enabled him to complete an impressive amount of published 
work during his mathematical career. This work included eight books, 
four of which were very extensive and authoritative treatises on the 
theories involved, thirty-three research papers, and seven papers on 
various educational questions. The books and research papers deal 
with a rather wide range of subjects in the fields of Analysis, Algebra, 
and the Theory of Numbers. Hancock’s initial interest in these vari- 
ous topics had been enlisted during his period of European study, but 
he continued to work at them during his entire scientific career. His 
published works thus constitute the ripe harvest of many years of 
devoted labor. 

Hancock's first books subsequent to his Berlin thesis (Maxima and 
minima of functions of several variables, 1903; Lectures on the calculus 
of variations, 1904) were published by the University of Cincinnati, 
which at that period had a press of its own. They were the outgrowth 
of a careful study of the profound work of Weierstrass and first hand 
contact with Weierstrass’ disciple, H. A. Schwarz. 

Beginning with the Theory of elliptic functions (John Wiley and 
Sons, 1910), we find the development of the theory showing the in- 
fluence of much independent work by Hancock and his students. The 
same is characteristic of his Elliptic integrals (John Wiley and Sons, 
1917), and in increasing measure of his Foundations of the theory of 
algebraic numbers, vols. I and II (Macmillan, 1931, 1932) and his 
Development of the Minkowski geomeiry of numbers (Macmillan, 1939). 
The date of publication of the last named work shows how the 
author continued his scientific labors, even after his retirement. 

Most of Hancock’s research papers were concerned with the same 
general fields treated in his books. As indicated above, some of this 
research, as well as other investigations, was later incorporated in his 
books. Other portions of it, however, are only available in the origi- 
nal papers. Space is lacking for a complete bibliography, but since 
the papers were published in well known journals, the interested stu- 
dent will have no difficulty in finding them. 
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In the case of one important activity of the American Mathemati- 
. cal Society, Hancock was in advance of his colleagues in other institu- 
tions. Shortly after the end of the first World War he urged strongly 
that an abstract journal, edited, managed, and financed in this coun- 
try should be inaugurated. At that time there was little support for 
his idea. Many prominent mathematicians took the stand that the 
work of reviewing would take up so much time on the part of our 
younger American mathematicians that their own research would 
suffer. I think that experience in connection with Mathematical Re- 
views has shown that Hancock was right and that those who advo- 
cated the contrary view were wrong. 

Hancock's efforts ‘in behalf of better secondary school education 
brought about one important improvement in that field as far as the 
city of Cincinnati was concerned. A local committee, formed by his 
efforts, recommended strongly that one high school, devoted to col- 
lege preparation, should be organized as part of our city school sys- 
tem. This recommendation was favorably acted upon by the local 
School Board, and from about 1920 on the Walnut Hills Classical 
High School, beginning college preparation in the 7th grade and con- 
tinuing it through the 12th grade, was operated as an integral part 
of the Cincinnati Public Schools. The existence and success of such a 
,8chool has undoubtedly raised the tome of education at the secondary 
level in the city of Cincinnati. 

A certain number of Hancock's colleagues at the University of Cin- 
cinnati were in complete sympathy with his high scholarly ideals and 
his devoted efforts to raise the level of scholarship throughout our 
entire educational system. Others, however, seemed to think that his 
ambitions were too lofty for the institution in which he worked and 
that his efforts to improve scholarship in the secondary schools were 
foredoomed to frustration. It seems a pity that he could not have 
enlisted wider support for his eminently sane viewpoint. For under 
such circumstances there seems little doubt that his already impres- 
sive achievements would have been notably increased. However, his 
former students and that wider group of his friends and admirers, of 
which the first mentioned class constitutes a subgroup, may well find 
consolation in those'immortal lines from Lowell's poem, The preseni 
crisis: ; 

“Count me o’er earth’s chosen heroes,— 
_ they were souls that stood alone, 
While the men they agonized for hurled 
. the contumelious stone.” 
CHARLES N. MOORE 


AID TO LIBRARIES IN WAR AREAS 


Up to the end of 1943, more than $160,000 has been spent for sub- 
scriptions to 325 scholarly and scientific journals, to be stored in this 
country, for distribution after the war to libraries in war areas. The 
money is provided by a grant from the Rockefeller Foundation, which 
has allotted from $50,000 to $70,000 annually for this purpose, since 
1941, 

Several factors influence orders placed for each title: the journal’s- 
foreign circulation before the war; the ratio of foreign circulation to 
total circulation; the number of free or exchange subscriptions; the 
number of copies available through gifts from subscribers in this 
country; and the relative importance of the journal to research. 

In no case have purchases equalled more than half the number of 
paid institutional subscriptions in Europe and Asia discontinued be- 
cause of the war. No funds are available for purchasing periodicals 
from individuals nor for the acquisition of volumes issued before 1939. 

The funds from the Rockefeller Foundation are administered by 
the Committee on Aid to Libraries in War Areas of the American 
Library Association. The committee’s periodical purchases are sup- 
plemented by gifts. In this way current issues and back files of im- 
portant periodicals have been secured for use in restocking libraries 
that have been damaged or destroyed. Anyone wishing to contribute 
mathematical journals for this purpose should address inquiries to 
Miss Edith A. Wright, Committee on Aid to Libraries in War Areas, 
Library of Congress Annex, Study 251, Washington, D. C. Prospec- 
tive donors are asked to report titles and dates of the journals avail- 
able to the office of the committee. Shipping instructions will then be 
issued, indicating where and how shipment should be made. 


816 


NOTES 

Dean T. M. Focke of the Case School of Applied Science has 
retired with the title emeritus. 

Professor Solomon Lefschetz of Princeton University has been 
elected an honorary member of the Mexican Mathematical Society. 

Professor I. F. Neff of Drake University has retired with the title 
emeritus. 

Dr. O. S. Adams of the United States Coast and Geodetic Survey 
has retired. 

Associate Professor Reinhold Baer of the University of Illinois 
has been promoted to a professorship. 


Dr. T. A. Bancroft of Iowa State College has been promoted to an 
assistant professorship. 


Dr. F. C. Biesele of the University of Utah has been promoted to 
an assistant professorship. 


Associate Professor N. R. Bryan of the University of Maine has 
been promoted to a professorship. 1 


Dr. R. E. Byrne has been appointed to an assistant professorship 
at the University of California at Los Angeles. 


Dr. R. H. Cole of the University of Western Ontario has been 
promoted to an assistant professorship. 


Assistant Professor Mary E. Decherd of the University of Texas 
has retired. ' 


Assistant Professor H. L. Dorwart of Washington and Jefferson 
College has been promoted to an associate professorship. 


Dr. C. J. Everett of the University of Wisconsin has been pro- 
moted to an assistant professorship. 


Associate Professor W. M. Ewing of Lehigh University has been 
appointed to an associate professorship of geology at Columbia Uni- 
versity. 

Dr. Hans Fried of Swarthmore College has been appointed lec- 
turer. 


Associate Professor M. O. Gonzalez-Rodriguez of the University 
of Havana has been promoted to a professorship. 
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Mr. E. S. Grable of the University of Richmond has been pro- 
moted to an assistant professorship. 


Dr. Mary C. Graustein has been appointed to an assistant pro- 
fessorship at Tufts College. 


Associate Professor E. A. Hedberg of Baylor University, Waco, 
Texas, has been appointed visiting associate professor in electrical 
communications at Massachusetts Institute of Technology. 


Dr. Olaf Helmer of the College of the City of New York has been 
appointed lecturer at the New School for Social Research, New York 
City. 

Assistant Professor J. T. Hurt of the Agricultural and Mechani- 
cal College of Texas has been promoted to an associate professorship. 


Associate Professor A. E. Johns of McMaster University has been 
promoted to a professorship. 


Dr. R. E. Johnson has been appointed to an assistant professor- 
ship at Mount Holyoke College. 


Assistant Professor Roberta F. Johnson of Wilson College, 
Chambersburg, Pennsylvania, has been promoted to an associate 
professorship. ' 


Assistant Professor H. L. Krall of Pennsylvania State College has 
been promoted to an associate professorship. 


Dr. P. E. Lewis of Oklahoma Agricultural and Mechanical College - 
has been promoted to an assistant professorship. 


Mr. H. W. Linscheid of the University of Nebraska has been ap- 
pointed to an assistant professorship at Eastern New Mexico College. 


Assistant Professor A. T. Lonseth of Iowa State College has been 
appointed to an assistant professorship at Northwestern University. 


Dr. R. R. R. Luckey of Houghton College has been promoted to 
an associate professorship. 


Dr. Leonard McFadden of Virginia Polytechnic Institute has been 
promoted to an associate professorship. 


Professor E. L. Mackie of the University of North Carolina has 
been appointed Dean of Men. 
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Dr. E. J. Mickle of Ohio State University has been promoted to an 
assistant professorship. 


Dr. C. G. A. Nordling of the University of Connecticut has been 
promoted to an assistant professorship. 


Miss Elizabeth A., Oliphant of Texas College of Arts and Indus- 
tries, Kingsville, Texas, has been promoted to an assistant professor- 
ship. 

Assistant Professor T. S. Peterson of the University of Oregon has 
been promoted to an associate professorship. 


Reverend J. H. Ràymond of St. Martin's College, Lacey, Wash- 
ington, has been promoted to an assistant professorship. 


Dr. I. F. Ritter of New York University has been promoted to an 
assistant professorship. 

Professor J. B. Rosenbach of the Carnegie Institute of Technology 
has been named secretary of the Division of Humanistic and Social 
Studies. 

Dr. E. H. Rothe has been appointed to an assistant professorship 
at the University of Michigan. 


Assistant Professor P. A. Samuelson of Massachusetts Institute of 
Technology has been promoted to an associate professorship. 


Assistant Professor Edith R. Schneckenburger of Michigan State 
Normal College, Ypsilanti, Michigan, has been promoted to an asso- 
ciate professorship. 

Dr. Abraham Schwartz of Pennsylvania State College has been 
promoted to an assistant professorship. 


Associate Professor D. V. Steed of the University of Southern 
California has been promoted to a professorship. 


Dr. B. M. Stewart has been appointed to an assistant professor- 
ship at Michigan State College. 


Assistant Professor A. E. Taylor of the University of California at 
Los Angeles has been promoted to an associate professorship. 


Dr. G. B. Thomas of Massachusetts Institute of Technology has 
been promoted to an assistant professorship. 


Assistant Professor Abraham Wald of Columbia University has 
been promoted to an associate professorship. 
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Assistant Professor S. E. Warschawski of Washington University 
has been promoted to an associate professorship. 


Associate Professor Ántoni Zygmund of Mount Holyoke College 
has been promoted to a professorship. 


The following appointments to instructorships have been an- 
nounced: University of California: Dr. S. A. Schaaf; University of 
Chicago: Dr. R. M. Martin; Connecticut College: Dr. Josephine M. 
Mitchell; Cornell University: Dr. G. K. Kalisch; Drew University, 
Madison, New Jersey: Mr. Bernard Greenspan; University of Michi- 
gan: Dr. A. A. Grau; Northwestern University: Mr. Neil Lockwood; 
Ohio State University: Mr. P. S. Jones; Pennsylvania State College: 
Dr. L. P. Hutchison; Princeton University: Mr. Abraham Hillman; 
Smith College: Miss Aida Kalish; Sweet Briar College: Miss Helen S. 
Pollock; Wilson College, Chambersburg, Pennsylvania: Miss Alice 
E. A. Priestly. f 


Professor Ralph Fowler of the University of Cambridge died 
July 3, 1944, at the age of fifty-five years. 


Professor P. M. Merino of the University of Havana died April 3, 
1944, 


Professor M. L. Drum of Bucknell University died July 2, 1944. 
He had been a member of the Society since 1933. 


ABSTRACTS OF PAPERS 


SUBMITTED FOR PRESENTATION TO THE SOCIETY 


The following papers have been submitted to the Secretary and 
the Associate Secretaries of the Society for presentation at meetings 
of the Society. They are numbered serially throughout this volume. 
Cross references to them in the reports of the meetings will give the 
number of this volume, the number of this issue, and the serial num- 
ber of the abstract. 


ALGEBRA AND THEORY OF NUMBERS 


260. R. A. Beaumont: Groups with isomorphic proper subgroups. 


A completely reducible group is a group which is the direct product of groups of 
rank 1, Necessary and sufficient conditions that a completely reducible group have an 
isomorphic proper subgroup are found. If G is a completely reducible abelian group 
without elements of infinite order, then G has an isomorphic proper subgroup if, 
and only if, G is of infinite rank. If G is a completely reducible abelian group without 
elements of finite order, then G has an isomorphic proper subgroup if, and only if, 
either G has a direct factor which is essentially a proper subgroup of the additive 
group of all rational numbers or G is of infinite rank. (Received September 29, 1944.) 


261. R. H. Bruck: Quasigroup theory. II. The lower central series. 
Preliminary report. 


This abstract is a continuation of abstract 50-5-107. Let G be a loop with unit 1, 
€ be the group consisting of all products of a finite number of permutations Rs, Ly, 
R and Ly, where xy=xR,=yL,. R. Baer has posed the problem of determining 
an “inner mapping group? QC. O with the property that a subloop HCG is normal if 
and only if invariant under 3. It is shown here that $ is generated by the set of all 
permutations Rey™ReR,Rsy, Mz, R,L,Rz,; moreover UCO is in 9 if and only 
if 1U =1. If His any subloop of Gand M any set of mappings of G which map H into 
itself, the H-subloop H(M) generated by all elements xA4L; with xC H, ACM is 
mapped into itself by M. In particular if H is a normal subloop of G then H(Sy) is 
normal both in G and in H, and H/H(9) is an abelian group. The lower central 
series of G may be defined by Hy-G, Hi-G'- H9), Hae Hi(S), +++, and the 
notions of solubility and class are immediate. 9% is a group of automorphisms of G 
only in special cases, as for example in the (non-trivial) case of a commutative Mou- 
fang loop. (Received August 21, 1944). 


262. R. H. Bruck: Quastgroup theory. III. Finite p-loops. Prelim- 
inary report. - 

In this study a finite loop G is called a p-loop if and only if the associated group @ 
is a p-group. Also if H is a normal subloop of G then by definition (H, G) = H(9). (For 
explanation of these notations see abstract 50-11-261.) Finally a loop is said to be 
abelian if and only if it is a commutative group. It is then shown that many of the 
elementary theorems for #-groups, and even some of the proofs, remain valid when 
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the word "group" is replaced throughout by “loop.” For example, P. Hall's proof of 
the Burnside basis theorem survives without further change; the essential underlying 
theorems are valid but require new proofs. Again, the upper and lower central series 
exist and have equal length c, the class of the p-loop. However, as shown by construc- 
tion, there exist metabelian p-loops of order p, for p an odd prime, in contrast with 
the case for groups. It is to be noted that although every p-loop has prime-power or- 
der, the converse is false; nevertheless every p-group is also a p-loop in the present 
sense, (Received September 21, 1944.) 


263. A. L. Foster: The idempotent elements of a commutative ring 
form a Boolean algebra; application to principal ideal rings; ring duality 
and general transformation theory. 


In a previous communicatign ([1] Foster and Bernstein, Duke Math. J. vol. 11 
(1944) pp. 603-616), it was shown that the classical symmetry and duality of Boolean 
algebra is merely an instance of a symmetry-duality theory inherent in the general 
concept of ring. The present paper is mainly concerned with (a) an application of this 
theory to yield the extension of Stone's theorem mentioned in the title; (b) a special- 
ization of this extension to the factor rings of principal ideal rings; (c) a remark on 
Boolean-like rings (a certain generalization of Boolean rings in which the ring addi- 
tion has the same formal definition as in ordinary Boolean rings); (d) a preliminary 
location of the ring-duality theory of [1] within the framework of a more general 
transformation theory. (Received September 11, 1944.) 


264. L. K. Hua: On the distribution of quadratic non-residues and 
the Euclidean algorithm in real quadratic fields. 1. 


This paper determines conditions under which the Euclidean algorithm cannot 
hold in a real quadratic field, by first obtaining an upper bound for the least quadratic 
non-residue qı of a given prime p. Let p2e™, and let gi, qs, and gs be the three least 
prime quadratic non-residues mod p. Then q: is at most (6051/2)91$, while qa and qs 
have similar, bounds with the coefficient 60 replaced by 240 and 720, respectively. 
"These results are established by appeal to certain lemmas of Rosser (Amer. J. Math. 
vol. 63 (1941) pp. 211—232). Actually, similar results could be obtained under the 
weaker hypothesis p ze*, but the proof would be much more complicated. Using 
these inequalities it is proved that there is no Euclidean algorithm in the real quadratic 
field R(d!/*) when d is square-free and greater than e*®°, This extends results of Rédei 
and A. Brauer. (Received November 3, 1944.) 


265. L. K. Hua and S. H. Min: On the distribution of quadratic 
non-residues and the Euclidean algorithm $n real quadratic fields. II. 

The problem of the existence of the Euclidean algorithm in quadratic fields 
R(m!?) is still unsolved only in the case that m= is a prime of form 854-1. In this 
paper it is proved that the algorithm does not exist if 5137 is a prime of form 24” 
+17. (Received September 9, 1944.) 


266. Nathan Jacobson: A definition of the radical for an arbitrary 
ring. 


If A is an arbitrary ring with an identity, the radical N is defined to be the totality 
of elements s such that 1 -+a has a right inverse for every a in A. If A does not have an 
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identity, the radical is defined by using the concept of a quasi-inverse due to Perlis, 
It is shown that N is a two-sided ideal and it coincides with the left radical, defined in 
a similar manner. If A has an identity, N is the intersection of the maximal right (left) 
ideals of A. The results of Stone and of McCoy are a consequence of this theorem. The 
author has also investigated the radical of an arbitrary algebra and of a normed 
ring and in the latter case has obtained the criterion: s C N if and only if (sa)*—0 for 
every a in A. (Received August 30, 1944.) 


267. Jakob Levitzki: Cha$n-conditions and nilpotency. 


Let S be an arbitrary ring. Denote by N,, N, and Ny the sum of all nilpotent, semi- 
nilpotent and nil-ideals of S, respectively. R. Brauer (Bull. Amer. Math. Soc. vol. 48 
(1942) pp. 752-758) by a simple argument proved that if the minimal condition holds 
for the ideals of S contained in N,, then N, is nilpotent. By a similar argument the 
author derived a characteristic condition for the nilpotency of N, (Duke Math. J. 
vol. 11 (1944) pp. 367—368). In the present note, characteristic minimal and maximal 
conditions are derived for the nilpotency of N,, Nand Ny. These results are corollaries 
of the following theorems: Denote by Ri, Rs +++ resp. by Ly, Le, * -- infinite se- 
quences of right resp. left-ideals of a nil-subring T of S, then T is nilpotent if and only 
if: I, Each descending chain of the form SL;)SI,L¢) --- and of the form R,S 
RRS --- is finite. II. Each ascending chain of the form (0: Li), C(O: LLa), and 
of the form (0:R\):C(O:R:Ri):C +--+ is finite. These theorems yield as a conse- 
quence various characteristic conditions for the semi-primarity of a ring, (Received 
September 7, 1944.) 


ANALYSIS 


268. R. P. Agnew: A simple and natural notation for the theory of 
summability of series and sequences. 


It is proposed that methods of summability be regarded as operators, and that the 
operational (that is, functional) notation be employed in the theory of summability. 
Thus the statement that a given sequence so, $1, Sa, - * * or {sa} is summable to ø by 
a given method 4 is represented by oA fso Stt ] or om Å {sa}. The statement 
that a series to--4-l- +++ or 2,14. is summable B to e is abbreviated to o=B{ tt 
++ +++} or o=B{ > u}. Discussions and examples are given to illustrate the 
notation which, the author believes, should have been universally adopted many 
years ago. (Received September 28, 1944.) 


269. R. P. Agnew: Spans in Lebesgue and untform spaces of trans- 
lations of step functions. 

It is shown that, for each p>1, the closure in the Lebesgue space Lp of the linear 
manifold determined by the translations of a given simple step function is the whole 
space L,. An explicit formula is given for the approximation of one simple step func- 
tion by linear combinations of translations of another. (Received September 23, 1944.) 


270. E. F. Beckenbach: Concerning the definition of harmonic func- 
tions. 
The following result, which may be compared with the Looman-Menchoff theorem 
concerning the Cauchy-Riemann first order partial differential equations, is estab- 
lished: If the real function u(x, y) and its first order partial derivatives are continuous 
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in the finite domain D, and if the second order partial derivatives 01u/0x? and 014/051 
exist at all points of D except at most at the points of a denumerable set of points in 
D, are Lebesgue integrable in D, and satisfy the Laplace equation almost everywhere 
in D, then u(x, y) is harmonic in D. (Received October 2, 1944.) 


271. R. P. Boas and Harry Pollard: Completeness of sets of func- 
tions. I. The Legendre functions on (—1,1). Preliminary report. 


The authors discuss the completeness of sets of Legendre functions Pj4(x) for 
values of the subscripts which are not necessarily integral. By use of Abel's integral 
equation and Young's inequality it is shown that these functions are complete 
L*(—1,1) if the functions (cos Mx} are complete L*(0,x) and only if {sin ME ie 
complete L,(0,r). Further generalizations are obtained. (Received September 30, 
1944.) 


272. B. M. Ingersoll: On singularities of solutions of linear partial 
differential equations. III. 


It is a well known result for second order linear partial differential equations of 
hyperbolic type, (1) #ay+a(x, y)sad-b(x, y)uy--c(x, y)u-Fd(x, y) ^0, that if a, b, c, d 
are continuous, a unique solution u(x, y) of (1) is determined by the prescription of 
u(x, 0), #(0, y), if u(x, 0) add «(0, y) are both of class C™ arid s(x, 0) ,—o m (0, Y)y=o 
This paper contains a generalization of this classic boundary value problem. It is 
shown that if a, b, c, d are of class C99 and if three determinants, the elements of 
which consist of linear combinations of the coefficients a, b, c, d and their derivatives 
evaluated at the origin, are not zero, then a unique solution u(x, y) of (1) over a cer- 
tain rectangular domain is determined by the prescription of (d*u(x, y)/dy")y—0 —- f(x) 
and (d4u(x, y)/3x*), 2 - g(y), where f(x) and g(y) are subject to the conditions that 
they both be of class C9 and that f 9 (0) =g®(0). (Received September 28, 1944.) 


273. R. E. Lane: The convergence and values of periodic continued 
fractions. 


Two elementary results from the theory of linear fractional transformations are 
used to provide a simple, concise proof of a theorem (originally presented by Otto 
Stolz in a different form) which gives conditions necessary and sufficient for the con- 
vergence of the periodic continued fraction. (Received August 13, 1944.) 


274. Raphael Salem: On power series with integral coeficients. 


The paper contains results on the behavior of power series with integral coefficients 
and their connections with certain classes of algebraic integers. A new proof is given 
of the closure of the set of algebraic integers whose conjugates lie all inside the unit 
circle (see Duke Math. J. vol. 11 (1944) p. 103). It is proved that a power series with 
integral coefficients converging in the unit circle takes values arbitrarily close to any 
given number, unless it represents a rational function. This theorem is extended in 
various ways, in particular to monomorphic functions. Also a power series with inte- 
gral coefficients can not be schlicht in the unit circle unless it isa rational function. The 
paper gives some properties of the class of algebraic integers having one conjugate 
inside the unit circle, and all others on the unit circle. The distribution of these num- 
bers is studied, as well as their connection with power series with integral coefficients. 
(Received September 23, 1944.) 
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275. Otto Szász: On Lebesgue summability and tts generalization to 
integrals. 

Hardy and Littlewood proved that (C, —a) summability for some positive a <1 im- 
plies Lebesgue summability. The author proves the following generalization: if a series 
is summable (C, 1—a) and the absolute values of the (C, —a) means are bounded 
(C, 1), then the series is Lebesgue summable. This summation method is then general- 
ized to integrals and to a general class of trigonometric series. (Received September 
29, 1944.) 


APPLIED MATHEMATICS 


276. Stefan Bergman: Representation of potentials of electric charge 
distributions. 

The author investigates the harmonic functions V(x4), k «1, 2, 3, obtained as po- 
tentials of charges of the linear density F(t) along curves [x*=&(t), k=1, 2, 3, fo 
StS], where F and the & are rational functions of t. V(to, $1; xx) is a hyperelliptic 
integral, JEFO) [LT —a)] dt, where the a, are algebraic functions of the x». 
Generalizing his previous considerations (see Math. Ann. vol. 101 (1929) p. 534 and 
Bull. Amer. Math. Soc. vol. 49 (1943) p. 163) and using classical results, the author 
studies the V(fo, £1; x) considered as functions of the xx. Every V can be represented 
as a sum of the integrals of the first, second and third kind. The periods wag(xs) of the 
integrals of the first kind are entire functions of the ay. The periods of the integrals of 
the second and third kinds can be expressed in a closed form using 6-functions in terms 
of the eos(x1). Every V(to, f; xa) can be expressed in a closed form using 6-functions in 
terms of the vag(xx) and the integrals of the first kind. Analogous results are obtained 
for the potentials V considered as functions of the x, and some additional parameters 
Ya, say the coefficients of the function &([). (Received September 29, 1944.) 


277. H. W. Eves: Calculating machine computation forms for the 
three-point problem on a rectangular coordinate system. 


The three-point problem of surveying has been solved by plane table methods, 
mechanical methods, trigonometrical methods, geometrical construction methods, 
and coordinate geometry methods. In view of the general trend to tie surveys into 
the various state plane coordinate systems, and because of the increasing adoption 
by engineering concerns of calculating machine procedures to replace the former 
logarithmic ones, the last, or coordinate geometry methods, are considered the most 
important. In this paper four different geometrical construction solutions are utilized 
in building up four corresponding calculating machine forms for finding the coordi- 
nates of the observation point in terms of the coordinates of the three observed points 
and the two observed angles. These forms do not exhibit any very great differences in 
length or simplicity, running from one of forty entries to one of fifty-six entries, and 
involving more or less the same combinations of the given elements. One of the forms 
is essentially that developed and used by the Tennessee Valley Authority. The others 
` are believed to.be new. (Received September 11, 1944.) 


278. I. J. Schoenberg: An interpolation formula derived from heal- 
flow. I. 


, Let {fa} (— 9 «n < œ) be a real sequence. Consider the function F(x, 0) whose 
graph is the polygonal line of vertices (#, fa) as a temperature distribution along the 


826 ABSTRACTS OF PAPERS [November 


x-axis at the time 4-0. Let F(x, f) denote the resulting temperature distribution at 
the time £70 according to the equation 40 F/0I  01F/0x3. For a fixed t, say t= 1/2, 
F(x, t) depending linearly on the parameters { fat is now used as a family of inter- 
polating functions. Indeed, for a given sequence of equidistant ordinates {y,} 
(— 9 «n « œ), the interpolation problem F(s, t) 2 y4 (— © <n < ©) admits the fol- 
lowing explicit solution: (1) F(x, f) = DN (an, t). Here N(x, #) = (1/22) 
- f [9 (0/6) ]cos ux du where ¥(u)=(sin 27u/27w)9 exp(—i(2714)], (u) 
=P ww +20k). For £0, M(x, 0)-1—|x| (18x81), N(x, 0) -0 (x21 or 
x< —1), and (1) reduces to the linear interpolation of the ordinates {ya}. For to, 
N(x, ©) =sin xx/xx and (1) reduces to the cardinal interpolation series (2) F(x, œ) 
= Yarn {sin x(x—n)/x(x—n)}. For a fixed finite t, such as #=1/2, formula (1) com- 
bines the smooth character of (2) (¢= ©) with the computational advantages of linear 
interpolation (#=0). The computational advantage of a finite # arises from the ex- 
ponential damping of N(x, /) as compared with the slow damping of sin «x/vx. (Re- 
ceived October 2, 1944.) 


279. I. J. Schoenberg: On smoothing and subtabulation of empirical 
functions by means of heat-flow. II, 


Given a sequence of ordinates to be smoothed and subtabulated; the parameters 
{fn} of the interpolating function F(x, /) of the previous paper are now determined 
so as to minimize S22 ^» — { F(n, t) —yn} +2 nnay)? where e is a positive 
smoothing parameter. For 6=0 the previous interpolation problem results. For «= ©, 
fa 4 and F(x, #) is the smoothed version by heat-flow of the polygonal line F(x, 0) 
of vertices (n, y«). A compromise between strict interpolation (e=0) and pure smooth- 
ing («= œ) gives the explicit solution (1) F(x, £, €) =n nV (x—n, t, e) where 
NG, t, e) = Qv) 1/7, { (+-6(u))/(e+4*(u)) ] (s) cos ux du, Clearly N(x, t, 0) is 
identical with N(x, #) of the previous paper. Eight-place tables have just been com- 
puted on punched card machines for the function N(x, #, e) and its derivatives 
Ni (x, t, €, Nz(x, t, e) for t—1/2, e=0, 0.1, 0.2, -*, 0.9, 1.0 and the range 
—18.53x:318.5 (step 0.1) outside of which these functions vanish to 8 places. On 
increasing the smoothing parameter e, the approximation (1) becomes smoother in the 
following sense: If 2 /y« < « all integrals f^. ( F(x, t, €) J'dx (k=O, 1, 2, + - - ) exist 
and each is a monotone decreasing function of «in the range 0S e« œ. This procedure 
is being applied to certain empirical functions for which very smooth tables are re- 
quired. (Received October 2, 1944.) 


280. Alexander Weinstein and J. R. Pounder: On two elementary 
problems of mechanics and electromagnetsc theory. 

It is shown that the problem of the motion of a heavy particle on a rotating earth 
and the problem of the motion of a point charge in uniform electric and magnetic 


fields are mathematically equivalent, except for a change of axes; whereas they are 
usually treated by different methods. (Received September 29, 1944.) 


GEOMETRY 
281. J. E. Wilkins: A spectal class of surfaces in projective differen- 
tial geometry. II. 


In this paper, which is a sequel to one appearing under the same title (Duke 
Math. J. vol. 10 (1943) pp. 667—675), a more intensive study is made of surfaces in 
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three-dimensional-projective space which satisfy the condition 8/3 —y4$3 20. The sub- 
class of these surfaces which also satisfy the condition @yk?=96y with a constant k 
plays an important role. Applications are made to conjugal quadrics, D, quadrics and 
curves, asymptotic section quadrics, chord section quadrics, the Segre-Darboux con- 
jugate nets, deformable curves, projective curves, axial quadrics, and other projective 
differential concepts. (Received September 29, 1944.) 


LOGIC AND FOUNDATIONS 


282. A. E. Meder and Elizabeth Hallett: The equspollence of two 
systems of axtoms. 


It is proved that axioms 1—5 of the set given by Weisner (Trans. Amer. Math. Soc. 
vol. 38 (1935) pp. 474-484) for a “hierarchy” and the set of axioms given by Klein- 
Barmen (Math. Ann. vol. 111 (1935) pp. 596-621) for a “Verband” are equipollent, 
and that Weisner's axiom 6 is not derivable from Klein’s axioms. (Received September 
30, 1944.) 


STATISTICS AND PROBABILITY 


283. L. A. Aroian: The frequency function of the product of two 
normally distributed variables. 


Let z=xy/o102, x and y normally distributed, the means be denoted by X, Y, stand- 
ard deviations by o1, os, coefficient of correlation by rzy, and m=X/n, p Y/ox C. C. 
Craig (Annals of Mathematical Statistics vol. 7 (1936) pp. 1-15) has obtained the 
probability function of the product as the difference of two integrals and also as the 
sum of an infinite series of Bessel functions of the second kind. The author proves 
that as pı and p approach infinity in any manner the distribution of z approaches 
normality, —1 Sr £1. The theorem holds in addition under the circumstances pi— c, 
p1-32— 9; pj— — 90, p €; pyj—— &, py— €; with —1«r «1. The distribution of z 
approaches normality, further, if p; is constant, p— , —1 Sr S1; and the same 
variations in p; and ps apply as in the previous theorem. The special case r=0 is dis- 
cussed in some detail. When p; and ps are small, the Gram-Charlier Type A series and 
the Pearson Type III function are excellent approximations in the proper regions. To 
determine the numerical values of the exact probability function of z, the author uses 
mechanical quadrature to evaluate the two integrals, since the series development 
converges very slowly even for values of p; and ps as small as 2. (Received September 
25, 1944.) 

TOPOLOGY 


284. R. F. Arens: Topologies for the class of continuous functionals 
on a completely regular space. 


Among the topologies that can be introduced into a class C of continuous mappings 
of one topological space A into another, B, those which are “admissible” are of especial 
interest. A topology for C is admissible if the expression f(x), where f is an element of 
C and x is a point in 4, depends continuously on f and x simultaneously (cf. abstract 
49-1-89). The paper contains a proof that a weakest admissible topology for C always 
exists when A is completely regular and locally bicompact. (One topology is weaker 
than another if the open sets of the former are included among the open sets of the 
latter.) On the other hand, if 4 is completely regular and B contains a simple arc 
(in particular, if B is a real interval) and C is known to have a weakest admissible 
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topology, it follows that A is locally bicompact. This result is interesting because it 
was once conjectured that a weakest admissible topology would always exist whether 
A were locally bicompact or not, and because it provides a new characterization for 
locally bicompact spaces. (Received August 28, 1944.) 


285. P. J. Kelly: Some properties of a certain interchange type of 
self-4someiry. 


An isometric mapping of a set on itself, not the identity, which leaves each ele- 
ment invariant or else interchanges it with another is defined as a self-isometry of 
order two. It is shown that if each of two finite, isometric sets has the above type of 
self-isometry, and if the non-smaller of the two subsets left respectively invariant 
does not have this type of self-isometry, then there is an isometry of the original sets 
which maps one invariant subset on the other. This result is applied to prove that 
if the cartesian product sets Æ? and F? are formed from finite metric sets E and F, 
and are metrized by one of a certain class of functions, then Æ? isometric to F? implies 
E isometric to F provided that one of the diagonal sets of E! and F fails to have a self- 
isometry of order two. (Received September 20, 1944.) 


286. A. H. Stone: On the normality of product spaces. Preliminary 
report. 


It is proved that a necessary and sufficient condition for a product of separable 
metric spaces to be normal is that all but a countable number (at most) of the factor 
spaces be compact. (Received August 7, 1944.) 


287. P. A. White: On regular transformations. 


A transformation T(K) = K’, where K is a compact metric space and T is continu- 
ous and single-valued, is called n-regular if for any sequence of points (y,) of K’ con- 
verging to y, one has (J—*(y;)) —T3(y), r-regularly for all r Sn. (For definitions of 
r-regular convergence see G. T. Whyburn, On sequences and limiting sels, Fund. Math. 
vol. 25 (1935).) It is shown that if T is »-regular, then the n-dimensional Betti group 
of K is the direct sum of two groups, one of which is isomorphic with the n-dimensional 
Betti group of K’, while the other is isomorphic with the n-dimensional Betti group of 
T—(y) relative to K for any point y€ K'. It is also shown that the property of being 
an ke” (locally connected for all dimensions not greater than 5) is invariant under an 
(n —1)-regular transformation, and that this property is invariant under the inverse 
of an n-regular transformation. Finally it is shown that under n-regular transforma- 
tions the property of being an n-dimensional closed Cantorian manifold is invariant 
provided the dimension is not increased and that the transform contains more than 
one point. (Received September 23, 1944.) 


288. G. W. Whitehead: On products in homotopy groups. 


This paper is devoted to an investigation of the multiplication in homotopy 
groups defined by J. H. C. Whitehead (Ann. of Math. vol. 42 (1941) p. 411). The 
principal tool is a new product, depending on four elements aCcx,(X), 8C x,(X), 
$C x, a(F), and y€zs, a(F^)), where Fand F are certain function spaces over X de- 
pending on e and f, and rp denotes the pth homotopy group. The generalized products 
of J. H. C. Whitehead are characterized in terms of the ordinary products and certain 
isomorphisms between the homotopy groups of X and F. As a corollary to a general 
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theorem on the structure of the function space X" it is shown that the "Einhüngung? 
(Freudenthal, Compositio Math. vol. 5 (1937) pp. 299-314) of a product is always in- 
essential. Finally it is shown that if a is an element of a certain subgroup of rp49-1(5?) 
(the whole group if g S$), and B, 8' are elements of x, (X), then (84-8)a — [B», 8'5] +a 
+-6’a, where y and é are elements of z, (S?) and x(S?) depending only on a. (Received 
August 23, 1944.) 


NEW PUBLICATIONS 


Baraz, J. See SzAsz, O. 

Brar, M. M. Elementary statistics with general applications. New York, Holt, 1944. 
14--690 pp. $3.50. 

CuUncH, A. Introduction to mathematical logic. Part I. Annals of Mathematics 
Studies, no. 13.) Princeton University Press, 1944. 6118 pp. $1.75. 

MORGENSTERN, O. See voN NEUMANN, J. 

von NEUMANN, J., and MORGENSTERN, O. Theory of games and economic behavior. 
Princeton University Press, 1944. 184-625 pp. $10.00. 

Surrg, T. L. See STERNBERG, W. J. 

STERNBERG, W. J., and Sarn, T. L. The theory of potential and spherical harmonics. 
(Mathematical Expositions, no. 3.) University of Toronto Press, 1944. 12-4312 
pp. $3.35. . 

Szász, O. Introduction to the theory of divergent series. Lectures by O. Szász, written 
by J. Barlaz, University of Cincinnati, 1944. vi 4-72 pp. $1.25. 
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ORGANIZATIONS COÓPERATING AS NON MEMBERS 


Lehigh University, Bethlehem, Pa. 

National Research Council, Washington 25, D.C. 
Princeton University, Princeton, N.J. 
Rockefeller Foundation, New York, N.Y. 
University of Wisconsin, Madison 6, Wis. 


MEMBERS OF THE SOCIETY 
November 1, 1944 


The following list includes the name of every person who is a member of the Society 
as of November 1, 1944. 

So far as information is available the listings are made up as follows: (a) Surname. 
A dagger before a surname indicates life membership. (b) Initials, or the given name 
when there is but one, except that the first given name of every woman member is 
given in full. Parentheses enclosing an of a name indicate that that part is not 
generally used in correspondence. (c) cial title or position. (d) Name and address 
of institution or organization with which item (c) is associated. (e) The address to be 
used for mail if this is different from (d). The name of the city and postal district 
number, where necessary, are not repeated if they are the same as in (d). (f) Follow- 
ing the regular listing, information re military service or temporary appointments is 
given in italic type. This is as brief as possible in general. However, if this italic por- 
tion is complete as to city and state, this is the address to which mail should be sent. 


Ablow, C. M. 1943 N. Van Ness Ave., Los Angeles 28, Calif. Lt., U.S.N.R. 

Abramowitz, Milton. Asso. Math., Math. Tables Project, National Bur. of Standards, 
Dept. of Commerce, 150 Nassau St., New York 7, N.Y. 832 Ocean Ave., 
Brooklyn 7, N.Y. 

Adams, C. R. Prof., Brown Univ., Providence 12, R. I. 60 Intervale Rd., Providence 6. 

Adams, E. P. Prof. Emeritus, Princeton Univ., Princeton, N.J. Edgerstoune Rd. 

Adams, G. J. Junior Civil Eng., State Highway Dept., Linden, Ala. 2411 14th Ave., 
Sheffield, Ala. 

Adams, Louise. Asst. Prof., High Point Coll., High Point, N.C. 

Adams, Dr. Rachel B. (Mrs. C. R.). 60 Intervale Rd., Providence 6, R.I. 

Ader, Dr. O. B. Instr., Univ. of Arizona, Tucson, Ariz. 908 E. 4th St. 

Adkisson. V. W. Prof., Univ. of Arkansas, Fayetteville, Ark. 236 Buchanan St. 

Adler, Claire F. (Mrs. E. H.). Asst. Prof., New York Univ., New York, N.Y. 
189—21 Tioga Dr., St. Albans, N.Y. : 

Adler, F. T. Visiting Asst. Prof., Physics Dept., Univ. of Wisconsin, Madison 6, Wis, 
Consultant, Naitonal Research Council of Canada. 

Adshead, J. G. Asso. Prof., Dalhousie Univ., Halifax, N.S., Canada. 

Agard, H. L. Prof., Williams Coll., Williamstown, Mass. Box 49. 

Agnew, Dr. Jeanne L. (Mrs. Lee). Junior Research Physicist, National Research 
Council of Canada. 4860 Queen Mary Rd., Montreal, gu Canada. 

ew, R. P. Prof., Cornell Univ., Ithaca, N.Y. 112 White à 
towicz, E. J. Teaching Fellow, Harvard Univ., Cambridge 38, Mass. Lowell G12. 
Alaoglu, Dr. Leonidas. Instr., Purdue Univ., Lafayette, Ind. 419 N. 4th St. 
eee U. eae h Math., N.A.C.A. 66 Hancock Lane, Berea Homes, R.F.D. 2, 
erea, Ohio. 

Albert, A. A. Prof., Univ. of Chi , Chicago 37, Ill. Senior Research Math., N.D.R.C. 

Albert, G. E. Asst. Prof., Ohio State Univ., Columbus 10, Ohio. Research Math., 
Lukas- Harold Corp., Indianapolis 6, Ind. Box 988. 

Albert, O. W. Prof., Univ. of Redlands, Redlands, Calif. 629 Buena Vista St. 

Alder, H. L. Asso., Univ. of California, Berkeley 4, Calif, 854 Santa Barbara Rd., 
Berkeley 1. Private, U.S.A. 

Hexander, J. W. Prof., Inst. for Advanced Study, Princeton, N.J. 29 Cleveland 


ne. 

Alger, P. L. Staff Asst. to Vice Pres., General Elec. Co., Schenectady 5, N.Y. 1758 
Wendell Ave., Schenectady 8. Consultant, N.D.R.C. 

Alfieri, F. A. Private, U.S.A. No address. 

Allen, E. B. Prof., Rensselaer Polytech. Inst., Troy, N.Y. 4 Sheldon Ave. Research 
Math., Watervliet Arsenal. 

Allen, E. S. Prof., Iowa State Coll. of Agric. and Mech. Arts, Ames, Iowa. 

Allen, te ee E. Instr., Univ. of Wisconsin, Madison 6, Wis. 219 Lathrop St., 

adison 5. 

Allen, Harriet W. Asso. Prof., Hollins Coll., Hollins College, Va. 

Allen, W. R. 2d Lt., A.U.S. 1261 Air Force Base Unit, N.A.F.D., Air Transport 
Command, A.P.O. 396, New York, N. Y. 
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Allendoerfer, C. B. Asso. Prof., Haverford Coll., Haverford, Pa. Consultant, O.S.R.D. 

Allison, R. E. Dean, Northwest Nazarene Coll., Nampa; Idaho. 

Alsberg, Julius. Chemical Eng., Office of Chief of Chemical Warfare Service, War 

t., Washington, DE R.F.D. 2, Peekskill, N.Y. 

Alton, T. P. Lt. (j.g.), U.S.N.R: Midshipmen s School, Columbia Univ., New York 27, 
N.Y. 185 Claremont Ave. 

Ambrose, Warren. Asst. Prof., Univ. of Michigan, Ann Arbor, Mich. 

Ames, D. B. Asso. Prof., Rensselaer Polyt Inst. Troy, N.Y. 33 Kinloch Ave. 
Consultant, Watervliet Arsenal. . 

Ames, L. D. Prof., Univ. of Southern California, Los Angeles 7, Calif. 

Amundson, N. R. Asst. Prof., Univ. of Minnesota, Minneapolis 14, Minn. Fellow, 
Brown Univ., Providence 12, R.I. The Cabinet. 

Ananda-Rau, K. Prof., Presidency Coll., Madras, India. 

Anastasia Maria, Sister. Registrar, Immaculata Coll., Immaculata, Pa. 

Andersen, C. C. 1917 Warren Blvd., Chicago 12, Ill. 1s¢ Li., U.S.A. 

Anderson, E. W. Asso. Prof., Iowa State Coll. of Agric. and Mech. Arts, Ames, Iowa. 

Anderson, Mae R. Prof., Concordia Coll., Moorhead, Minn. 507 10th St. S. 

Anderson, Dr. P. H. Stat. Analyst, Distribution Div., Bur. of Foreign and Domestic 
Commerce, Dept. of Commerce, Washington 25, D.C. 

Anderson, R. Lucile. Asst. Prof., Hunter Coll., New York 21, N.Y. 

Anderson, T. W. Research Math., Princeton Univ., Princeton, N.J. Fine Hall. 

Anderson, W. E. Prof., Miami Univ., Oxford, Ohio. 112 E. Walnut St. 

Andree, R. V. Grad. Asst., Univ. of Wisconsin, Madison 6, Wis. North Hall. 

Andre T. B. Junior Instr., Johns Hopkins Univ., Baltimore 18, Md. Math., 

.A.C.A. 78 Elizabeth Rd., Hampion, Va. 
Annenberg, Lawrence. Private, U.S.A. Co. A, 43 Bin., A.P.O. 711, San Francisco, 
sf. . 


Anthony, Lucius. Woodinville, Wash. U.S.A. 
Apostle, H. G. Asst. Prof., Univ. of Rochester, Rochester 3, N.Y. 
Archibald, H. F. Prof., Keuka Coll., Keuka Park, N.Y. 
Archibald, R. C. Prof. Emeritus, Brown Univ., Providence 12, R.I. 
ibald, R. G. Asso. Prof., Queens Coll., Flushing, N. Y. 
Arens, qun Teaching Fellow, Harvard Univ., Cambridge 38, Mass. 12a Shaler 


e. 
Arms, R. A. Prof., Gettysburg Coll., Gettysburg, Pa. 59 W. Lincoln Ave. 
Armstrong, Dr. Beulah M. Asso., Univ. of Illinois, Urbana, Ill. 364 Math. Bldg. 
Arnold, Dr. B. H. Maj Aerodynamicist, Boeing Aircraft Co., Seattle, Wash. 4337 
hinney Ave., Seattle 3. 

Arnold, Dr. H. A. Lt., U.S.N.R. 105 Irving St., Cambridge 38, Mass. 
Arnold, H. E. Asso. Prof., Wesleyan Univ., Middletown, Conn. 
fAmold, J. W. 37 Washington Sq., New York 11, N.Y. Li. Col., U.S.A. 

old, Dr. K. J. Senior Math. Stat., N.D.R.C. 401 W. 118th St., New York 27, N.Y. 
Arnoldy, Sister M. Nicholas. Head, Math. Dept., Marymount Coll., Salina, Kan. 
Arojan, Dr. L. A. Instr., Hunter Coll., New York 21, N.Y. 247 Wadsworth Ave., 

New York 33. 

Arrow, K. J. 749 West End Ave., New York 25, N.Y. Isi Lt., A.U.S. 
Artin, Emil. Prof., Indiana Univ., Bloomington, Ind. 715 S. Fess Ave. 
Ascher, R. N. 310 W. 79th St., New York 24, N.Y. 
Ashman, E. T. Head, Math. Dept., Darien High School, Darien, Conn. 11 Fairview 


Ave, 

Askovitz, S. L Instr., Univ. of Pennsylvania, Philadelphia 4, Pa. 932 N. Franklin St., 
Philadelphia 23. Private, A.U.S. 

Asprey, Winifred A. Asst., State Univ. of Iowa, Iowa City, Iowa. 316B Physics Bldg. 

Assadourian, -Dr. Fred. Research Eng., Westinghouse Elec. and Mfg. Co., East 
Pittsburgh 30, Pa. 3 

Astrachan, Max. Asso. Prof., Antioch Coll., Yellow Springs, Ohio. Stat., U.S.A. | 

Atanasoff, J. V. Prof., Iowa State Coll. of Agric. and Mech. Arts, Ames, Iowa. Official 
Investigator, N.D.R.C. 

AA. Dr; W. F. Smithfield, Ky. Ens., U.S.N.R. 

Atkins, P, Instr., Univ. of Rochester, Rochester 3, N.Y. 

Avann, Dr. 8. P. Instr., Oregon State Coll., Corvallis, Ore. 

Avramy, Dr. Melvin. Instr., Physics Dept., Columbia Univ., New York 27, N.Y. 

pin Hall. Consultant, O.S.R.D. 
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Ayres, Frank. Prof., Dickinson Coll., Carlisle, Pa. 426 S. Pitt St. 
Ayres, we p Prof., Purdue Univ., Lafayette, Ind. 126 W. Lutz Ave. Consultant, 


Babcock, R. W. Dean, School of Arts and Sciences, Kansas State Coll. of Agric. and 

Applied Science, Manhattan, Kan. 

Babcock, Wealthy. Asso. Prof., Univ. of Kansas, Lawrence, Kan. 

TERED, Clara L. Prof. Emeritus, Goucher Coll., Baltimore 18, Md. 2316 N. Calvert 
t 


Ba H. M. Asso. Prof., Stanford Univ., Stanford University, Calif. Box 1144. 

Baer, Reinhold. Prof., Univ. of Illinois, Urbana, Ill. 

Baez, A. V. Acting Instr., Physics Dept., Stanford Univ., Stanford University, Calif. 

Bagby, L. C. Educational Consultant, Jam Handy Organization, 2821 E. Grand 

.  Blvd., Detroit, Mich. 62 Glendale, Detroit 2. 
mihl, Frederick. Instr., Univ. of Rochester, Rochester 3, N.Y. 
daff, B. I. Prof., Univ. of Buenos Aires, Buenos Aires, Argentina. Av. de Mayo 

560. 

Bailey, E. A. Dean, Registrar, and Prof., LaGrange Coll., LaGrange, Ga. 

Bailey, H. W. Asso. Prof. and Dir., Personnel Bur., Univ. of Illinois, Urbana, Ill. 

Bailey, R. P. Asst. Prof., Lafayette Coll, Easton, Pa. Lt. (j.g.), U.S.N.R. Room 
103A, Bldg. 3, Naval Training Staison, Great Lakes, Ill. 

Baker, E. G. Asso. Prof., Newark Coll. of Eng., Newark 2, N.J. 41 Yantacaw Pl., 
Nutley 10, N.J. Member of Tech. Staff, American Bur. of Shipping. 

Baker, Frances E. Asso. Prof., Vassar Coll., Poughkeepsie, N.Y. 

Baker, G. A. Asst. Prof. and Asst. Stat., Coll. oL Agric. Univ. of California, Davis, 

Pee K. Columbia Univ., New York 27, N.Y. 500 Riverside Dr. 

B tine, Dr. Constance R. (Mrs. J. P.). Asso., Univ. of Washington, Seattle 5, 
Wash. 1802 Ravenna Blvd. 

Ballantine, J. P. Prof., Univ. of Washington, Seattle 5, Wash. 1802 Ravenna Blvd. 

Ballard, Dr. Ruth M. (Mrs. F. K.). 636 Wellington Ave., Chi 14, Ill. 

Ballou, D. H. Asst. Prof., Middlebury Coll, Middlebury, Vt. 18 S. Pleasant St. 

Bamforth, F. R. Asso. Prof., Ohio State Univ., Columbus 10, Ohio. 

Bancroft, T. A. Asst. Prof., Iowa State Coll. of Agric. and Mech. Arts, Ames, 


Iowa. 

Bankier, Dr. J. D. 241 Albert St., Belleville, Ont., Canada. 

Banks, G. B. Prof., Niagara Univ., Nia Univetsity, N.Y. 

Bafios, Alfredo. Prof., Univ. of Mexico, Mexico, D.F., Mexico. 

B E. W. Physicist, Radiation Lab., Univ. of California, Berkeley 4, Calif, 
2540 Le Conte Ave. . i 

Barber, Dr. S. F. Lt. (y.g.), U.S. N.R. U.S. Naval Acad., Annapolis, Md. 

Bardell, R. H. Acting Dir., Univ. of Wisconsin in Milwaukee, Milwaukee 3, Wis. 

Barels, Grace M. Asst., Prof., Ohio State Univ., Columbus 10, Ohio. 164 13th Ave., 
Columbus 1. 

Bargmann, Dr. Valentine, Asst., Inst. for Advanced Study, Princeton, N.J. Research 
Matk., O.S.R.D. : 

Bari, Ruth (Mrs.). Bell Telephone Labs., 180 Varick St., New York 14, N.Y. Room 
1024 


Barker, C. B. Asst. Prof., Univ. of New Mexico, Albuquerque, N.M. 

Barker, i; E. Math., Naval Proving Ground, Dahlgren, Va. 

Barlaz, Joshua. 3564 Wilson Ave., Cincinnati 29, Ohio. 

Barnard, R. W. Asso. Prof., Univ. of Chicago, Chicago 37, Ill. 

Barnes, Dr. J. L. Member of Tech. Staff, Bell Telephone Labs., 463 West St., New 
York 14, N.Y. 19 E. River Rd., Rumson, N.J. 

Barnett, I. A. Asso. Prof., Univ. of Cincinnati, Cincinnati 21, Ohio. 

Barnett Joseph. Asst. Prof., Oklahoma Agric. and Mech. Coll., Stillwater, Okla. 

: 20 Maple Ave. 

Baron, Louis. 2d Lt., U.S.A. ky General Hospital, White Springs, W. Va. 

Barr, W. J. Math., Naval Research Lab., North Beach, Md. 

Barral-Souto, José. Dir., Inst. of Biometrics, and Prof., Univ. of Buenos Aires, 
Buenos Aires, Argentina. Córdoba 1459. 

Pee J. J. Fellow, Brown Univ., Providence 12, R. I. 17 Everett Ave., Provi- 

ence 6. 
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Barrow, D. F. Prof., Univ. of Georgia, Athens, Ga. 260 Cherokee Ave. 

Bartels, Dr. R. C. F. Instr., Univ. of Michigan, Ann Arbor, Mich. Sentor Eng., Struc- 
tures Branch, Bur. of Aeronautics, Navy Dept., Washington 25, D.C. 

Parka He J. Inspector, Navy Yard, Washington, D.C. 5402 N. Worthington Dr., 

ashington 16. 

Bartholomay, A. F. Instr., Brown Univ., Providence 12, R.I. 

Bartky, Noe Asso. Dean of Physical Sciences and Prof., Univ. of Chicago, Chicago 
37, IIl. 

Bartleson, E. L. Asst. Actuary, Prudential Ins. Co. of America, 763 Broad St., 
Newark 1, N.J. 

Basch, A. E. Asst. Prof., Rensselaer Polytech. Inst., Troy, N.Y. 143 12th St. 

Basoco, M.A. Prof., Univ. of Nebraska, Lincoln 8, Neb. 

Bassford, H. R. Vice Pres. and Actuary, Metropolitan Life Ins. Co., 1 Madison Ave., 
New York 10, N.Y. 

Baston, C. E. Instr., Hillyer Junior Coll, Hartford 7, Conn. W. Main St., Stafford 
Springs, Conn. 

Basye, Dr. R. E. 5529 Brooklyn Ave., Kansas City 4, Mo. Lt., U.S. N.R. 

Batchelder, P. Me Asso. Prof., Univ, of Texas, Austin 12, Tex. 910 W. 22d St., 
Austin 21. 

Bateman, Harry. Prof., California Inst. of Tech., Pasadena 4, Calif. 

Bateman, P. T. Instr., Hillyer Junior Coll., Hartford 6, Conn. 421 Lawnton Rd., 
Willow Grove, Pa. 

Bates, D. M. Instr., Univ. of Delaware, Newark, Del. 303 University Hall. 

Bates, O. K. Prof., St. Lawrence Univ., Canton, N.Y. 

{Battig, Leon. Instr., Univ. of Wisconsin in Milwaukee, Milwaukee 3, Wis. 2535 
Elizabeth St., Sheboygan, Wis. 

Bauer, P. 8. Vice Pres., North Shore News Co., 50 Exchange St., Lynn, Mass. 

peumgurs Ji K. 1441 S. 13th Ave., Maywood, Il. 2d Lt., A.U.S. 

Beach, J. W. Instr., Iowa State Coll. of Agric. and Mech. Arts, Ames, Iowa. 

Beal, kw. Prof., Univ. of Pennsylvania, Philadelphia 4, Pa. Bennett Hall. 

Beale, F. S. Asst. Prof., Lehigh Univ., Bethlehem, Pa. 316 W. Packer Ave. 

Beamish, Sister M. Amator. Prof., Immaculata Coll., Immaculata, Pa. 

Beard, Helen P. Asst. Prof., Newcomb Coll., Tulane Univ., New Orleans 18, La. 

Beard, R. H. Service Eng., New York Telephone Co., 140 West St., New York 7, N.Y. 
20 Carlton Pl., Staten Island 4, N.Y. 

Bomoa J. E. Care of H. Nisselson, 455 Crescent St., Brooklyn 8, N.Y. Corporal, 


S.A. 
Beatley, Bape. Asso. Prof., Grad. School of Education, Harvard Univ., Cambridge 
, Mass. 
Beatty, Samuel. Dean, Faculty of Arts, Univ. of Toronto, Toronto 5, Ont., Canada. 
Beaty, Dr. Marjorie H. (Mrs. D. W.). 314 Canby St., Vermillion, S.D. 
Beaumont, R. A. Asst. Prof., Univ. of Washington, Seattle 5, Wash. 


Becker, Dr. Miriam F. Care of Capt. A. Mazur, 1641 Rickenbacker Rd., Baltimore 


21, Md. 

Beckwith, aa dane R. (Mrs. W. E.). Prof., Milwaukee-Downer Coll., Milwaukee 
11, Wis. : 

Bedrick, Dr. Theodore. Instr., Univ. of Illinois, Urbana, Ill. 407 E. Stoughton, 

hampaign, Ill. 

Beegle, B. L. Dean and Prof., Seattle Pacific Coll., Seattle 99, Wash. 

Beeman, W. E. Instr., North Texas State Teachers Coll., Denton, Tex. 5613 Teachers 

Coll Station. 

Beenken, May M. Prof., State Teachers Coll., Oshkosh, Wis. 

Beesley, E. M. Asso. Prof., Univ. of Nevada, Reno, Nev. 

Begle, E. G. Asst. Prof., Yale Univ., New Haven, Conn. 324 Harkness Hall. 

Beinert, R. L. Teaching Asst., Cornell Univ., Ithaca, N.Y. White Hall. 

Belai, Dr. Louise. Our Lady of Cincinnati Coll., Cincinnati 6, Ohio. 102 Milville 
Ave., Hamilton, Ohio. z 

Belcher, Dr. D. R. Treas., American Telephone and Telegraph Co., 195 Broadway, 
New York 7, N.Y. i 
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Bell, Clifford. Asso. Prof., Univ. of California at Los Angeles, Los Angeles 24, Calif. 
$ 10514 Rochester Ave. 
Bell, E. T, Prof., California Inst. of Teck., Pasadena 4, Calif. 
Bell, Dr. Des Research Eng., Battelle Memorial Inst., 505 W. King Ave., Columbus 
1, Ohio. 
Bell, Dr. J. H. Pilot Officer, R.C.A.F. Field Station, Billings Bridge, Ont., Canada. 
Bell, P. O. Asso. Prof., Univ. of Kansas, Lawrence, Kan. 2112 Vermont St. 
Bellamy, B. C. Civil Eng., Lamont, Wyo. 
Bellman, Hewes: Asst. Math. Physicist, N.D.R.C. 1337 8th Ave., San Diego 1, 
Benac, Dr. T. J. Instr., U. S. Naval Acad., Annapolis, Md. 
Benjamin, Dr. Isaiah. 105 Querbes Ave., Outremont, Montreal, Que., Canada. 
tBennett, A. A. Prof., Brown Univ., Providence 12, R. I. Maj., A. U.S. 
Bennett, B. M. Asso. Math., National Bur. of Standards, Dept. of Commerce, Wash- 
ington, D.C. 1410 M St., Washington 5. 
Bennett, C. A. 237 W. Tennessee Ave., Oak Ridge, Tenn. 
Bennett, Theodore. Prof., Marietta Coll., Marietta, Ohio. 
Benscoter, S. U. Asso. Aero. Eng., Bur. of Aeronautics, Navy Dept. Washington, 
D.C. A-12 Madison Bldg. Presidential Gardens, Alexandria, Va. 
Bentley, Dr. A. F. R.F.D 2, Paoli, Ind. 
Benton, R. F. K. Teaching Fellow, California Inst. of Tech., Pasadena 4, Calif. 1721 
live St., Santa Barbara, Calif. Seaman First Class U.S.N.R. 
Berg, Dr. W. D. 1285 N. Cleveland Ave., St. Paul 8, Minn., 
Bergman, Dr. Stefan. School of Mech., Brown Univ., Providence 12, R. I. : 
Bergmann, P. G. Asst. Prof., Lehi h Univ., Bethlehem, Pa. Member of Sctentific 
Staff, N.D.R.C. 50th Floor, 350 5th Ave., New York 1, N.Y. 
Bernard, R. R. 705 Prince Edward St., Fredericksburg, Va. Lt. (j.g.), U.S.N.R. 
Bernstein, B. A. Prof., Univ. of California, Berkeley 4, Calif. 
Bernstein, Dr. Dorothy L. Instr., Univ. of Rochester, Rochester 3, N.Y. 
Bernstein, Felix. Prof. Emeritus, New York Univ., New York, N.Y. 949 Broadway, 
New York 10. 
Bernstorf, Ella E. Dean, State Teachers Coll., California, Pa. E 
Berry, A. C. Prof., Lawrence Coll, Appleton, Wis. Expert Consultant, Operations 
Analysis Section, U.S.A. 
Berry, W. J. Retired. 224 St. Johns PI., Brooklyn 17, N.Y. 
Bers, Dr. Lipman. Senior Research Math., Brown Univ., Providence 12, R.I. 
Besancon, R. M. Asso., Univ. of Illinois, 808 S. Wood St., Chicago 12, Ill. Capt., 
U.S.A. Air Field, Childress, Tex. 
Beth, R. A. Asso. Prof., Michigan State Coll, East Lansing, Mich. Consultant, 
N.D.R.C. Palmer Physical Lab., Princeton Univ., Princeton, N.J. 
Betz, Dr. E. E. Instr., U.S. Naval Acad., Annapolis, Md. 631 Chase Ave. Lt., U.S. N.R. 
Betz, Herman. Asso. Prof., Univ. of Missouri, Columbia, Mo. 
Betz, Dr. Willam. Math. Specialist, Public Schools of Rochester, Rochester, N.Y. 
652 Melville St. 
Beveridge, H. R. Prof., Monmouth Coll., Monmouth, Ill. 1043 E. Detroit Ave. 
Bibb, S. F. Asso. Prof., Illinois Inst. of Tech., Chicago 16, Ill. 
Biesele, F. C. Asst. Prof., Univ. of Utah, Salt Lake City 1, Utah. 
Bigelow, J. H. Asso. Dir., N.D.R.C. 531 W. 122d St., New York 27, N.Y. 
Bilgery, Conrad. Prof., Regis Coll., Denver 11, Colo. 
Bing, R. H. Instr., Univ. of Texas, Austin 12, Tex. Waggener Hall 15. 
Biot, M. A. Asst. Prof., Physics Dept., Columbia Univ., New York 27, N.Y. 
Birchby, W. N. Asst. Prof., California Inst. of Tech., Pasadena 4, Calif. 
Birchen Harry. Prof., New York State Coll. for Teachers, Albany 3, N.Y. 
Bird, M. T. . Prof., Utah State Agric. Coll., Logon, Utah. 
Birkhoff, Garrett. Asso. Prof., Harvard Univ., Cambridge 38, Mass. 45 Fayerweather 
St. Consultant, O.S. R.D. . 
Birkhoff, G. D. Prof., Harvard Univ., Cambridge 38, Mass. 987 Memorial Dr. 
Birnbaum, Z. W. Asst. Prof., Univ. of Washington, Seattle 5, Wash. : 
Bisshopp, K. E. Armour Research Foundation, Illinois Inst. of Tech., Chicago 16, Ill. 
Bissinger, Dr. B. H. Instr., Michigan State Coll., East Lansing, Mich. 962 Main St., 
Leominster, Mass. Asst. Research Math., N.D.R.C. 
Bitterli, C. V. Junior Instr., Johns Hopkins Univ., Baltimore 18, Md, Math., 
N.A.C.A. 78 Elizabeth Rd. Hampton, Va. 
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Black, A. H. Prof., Lebanon Valley Coll., Annville, Pa. 485 Maple St. 

Black, Florence. Asso. Prof., Univ. of Kansas, Lawrence, Kan. 

Black, H. L. Prof., Westminster Coll., New Wilmington, Pa. 200 High St. 

Blackall, Dr. C. J. North Baltimore, Ohio. Js Lt., A.U.S. 

Blackwell, Dr. David. Howard Univ., Washington 1, D.C. 

Blake, Dr. Archie. Eng., National Inventors Council, Dept. of Commerce, Washing- 
ton, D.C. 2812 Cathedral Ave. N.W., Washington 8. 

Blake, Dr. E. M. Box 210, Mt. Kisco, N.Y. 

Blake, R. G. Instr., Univ. of Florida, Gainesville, Fla. Hibiscus Park. 

Blanc, E harien, Prof., Univ. of Lausanne, Lausanne, Switzerland. Ch. de Monto- 
ivet 28. 

Blanch, Dr. Gertrude. Asso. Math., Math. Tables Project, National Bur. of Stand- 
ards, Dept. of Commerce, 150 Nassau St., New Vork 7, N.Y. 4823 Clarendon 
Rd., Brooklyn 3, N.Y. 

Blanche, Dr. E. E.. Prin. Stat., Foreign Economic Admin., 515 22d St. N.W., Wash- 

ington, D.C. 3228 Martha Custis Dr., Alexandria, Va. 

Blankinship, W. A. Ens., U.S.N.R. Naval.Training Station, Hollywood, Fla. 

Blaquier, Juan. Prof., Univ. of Buenos Aires, Buenos Aires, Argentina. Arroyo 1000. 

Blau, J. H. 200 W. 108th St., New York 25, N.Y. Aviation Cadet, A. U.S. 

Bleick, DAE Prof., U. S. Naval Acad., Annapolis, Md. 8 Taney Ave. Lf. Com., 

Blichfeldt, H. F. Prof. Emeritus, Stanford Univ., Stanford University, Calif. 520 W. 
Crescent Dr., Palo Alto, if. 

Bliss, G. A. Prof. Emeritus, Univ. of Chicago, Chicago 37, Il]. Flossmoor, Ill. 
lumberg, Henry. Prof., Ohio State Univ., Columbus 10, Ohio. 76 E. Blake Ave., 

Columbus 2. 

Blumenthal, L. M. Prof., Univ. of Missouri, Columbia, Mo. 

Boas, Mary L. (Mrs. R. P.). Instr., Tufts Coll., Medford 55, Mass. 21 Chauncy St., 
Cambridge 38, Mass. 

Boas, Dr. R. P. Visiting Lect., Harvard Univ., Cambridge 38, Mass. 21 Chauncy St. 

Bobonis, Augusto. Prof., Univ. of Puerto Rico, Rio Piedras, Puerto Rico. 

Bochner, Salomon. Asso. Prof., Princeton Univ., Princeton, N.J. Fine Hall. 

Bode, Dr. H. W. Research Math., Bell Telephone Labs., Summit, N.J. 

Bodnar, John. Instr., Junior Coll. of Connecticut, Bridgeport, Conn. 85 Summerfield 
Ave., Bridgeport 8. Senior Test Eng., Chance Vought Aircraft. 

Boeder, Dr. Paul. Dir., Bur. of Visual Science, American Optical Co., Southbridge, 


Mass. 

Boehm, Frank. Manager, Life Ins. Dept., 80 Maiden Lane, New York 7, N.Y. 

Boeker, Mary L D. y .). Instr., Brooklyn Coll., Brooklyn 10, N.Y. 37 Washington 
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BY-LAWS OF THE 
AMERICAN MATHEMATICAL SOCIETY 


ARTICLE I 


OFFICERS 

Section 1. There shall be a President, three Vice Presidents, a Secretary, four 
Associate Secretaries, a Treasurer, and a Librarian. 

Section 2. It shall be a duty of the President to deliver an address before the 
Society at the close of his term of office or within one year thereafter. 

Section 3. The Librarian shall have charge of arrangements for the exchange of 
the Society's publications. 

` ARTICLE II 


BOARD OF TRUSTEES 


Section 1. There shall be a Board of Trustees consisting of five trustees elected 
by the Society, in accordance with Article V. 

Section 2. The function of the Board of Trustees shall be to receive and ad- 
minister the funds of the Society, to have full legal control of its investments and 
properties, to make contracts and, in general, to conduct all business affairs of the 
Society. 

Section 3. The Board of Trustees shall have the power to appoint a manager and 
such assistants and agents as may be necessary or convenient to facilitate the con- 
duct of the affairs of the Society, and to fix the terms and conditions of their em- 
ployment. The Board may delegate to the officers of the Society duties and powers 
normally inhering in their respective corporative offices, subject to supervision by 
the Board. The Board of Trustees may appoint committees to facilitate the conduct 
of the business of the Society and delegate to such committees such powers as may 
be necessary or convenient for the proper exercise of those powers. Agents appointed, 
or members of committees designated, by the Board of Trustees need not be mem- 
bers of the Board. 

Nothing herein contained shall be construed to empower the Board of Trustees 
to divest itself of responsibility for, or legal control of, the investments, proper- 
ties and contracts of the Society. 


ARTICLE III 


EDITORIAL COMMITTEES 

Section 1. There shall be six Editorial Committees—one of four members for 
the Bulletin, one of three members for the Transactions, one of three members for 
the Mathematical Reviews, one of three members for the Colloquium Publications, one 
of three members for the Mathematical Surveys, and one consisting of three repre- 
sentatives of the Society on the Board of Editors of the American Journal of Mathe- 
matics. 

ARTICLE IV 


= COUNCIL 
Section 1. The Council shall consist of fifteen members at large, and the follow- 
ing ex oficio members: the officers of the Society specified in Article I, the members 
of the Editorial Committees, ex-secretaries who have served as secretaries for ten 
years or more, and ex-presidents for a period of six years after the completion of their 
respective presidential terms. 


90 


BY-LAWS OF THE AMERICAN MATHEMATICAL SOCIETY 91 


Section 2. The Council shall formulate and administer the scientific policies of 
the Society and shall act in an advisory capacity to the Board of Trustees. 

Section 3. All members of the Council shall be entitled to be present at any 
meeting of the Council and to take part in the discussion at that meeting. 

Section 4. In the absence of the Secretary from any meeting of the Council, one 
of the Associate Secretaries present may be designated as Acting Secretary for the 
meeting, either by written authorization of the Secretary, or, failing that, by majority 
' agreement among the Associate Secretaries present. 

Section 5. The voting members at any meeting of the Council shall be the fol- 
lowing: the members at large of the Council; the President; the Vice Presidents; the 
Secretary; the Acting Secretary for the meeting, if one is designated in the absence 
of the Secretary; the Treasurer; and a member of each Editorial Committee chosen 
annually by the committee, provided that if such voting member is absent at any 
meeting of the Council an alternate designated by him from among the membership 
of the committee shall have the power to vote. 

Section 6. The method for settling matters before the Council at any meeting 
shall be by majority vote of the voting members present. If the result of such a vote 
is challenged at the time by any member of the Council, it shall be the duty of the 
Secretary—or of the Acting Secretary for the meeting—or of a member present who 

shall be designated by the Council for that purpose—to prepare a list of the voting 
members present, on the basis of which the presiding officer shall determine the true 
vote by a'roll call. . 

Section 7. A quorum for the transaction of bies at any meeting of the Coun- 
cil shall consist of five voting members as defined in Section 5 of this Article. 

Section 8. Between meetings of the'Council, business may be transacted by a 
mail vote. Voting members for this purpose shall be the members at large of the 
Council, the President, the Vice Presidents, the Secretary, the Treasurer, and the 
voting member of each Editorial Committee as designated in Section 5. An affirma- 
tive vote on any proposal by mail shall require at least a majority of the voting 
members, and at least three-quarters of the total number of votes transmitted to 
the Secretary before the time announced for the closing of the polls, If two or more 
voting members request postponement at the time of voting, action on the matter 
at issue shall be postponed until the next meeting of the Council, unless at the dis- 
cretion of the Secretary the question is made the subject of a second vote by mail, 
in connection with which brief statements of reasons, for and against, are circulated. 


ARTICLE V* 
ELECTIONS AND TERMS OF OFFICERS 


Section,1. The term of office shall be two years in the càse of thé trustees, the 
President, the Vice Presidents, the Secretary, the Associate Secretaries, and the 
Treasurer; three years in the case of the Librarian and the members of the Editorial 
Committees. The term of office for members at large of the Council shall be three 
years, five of the members at large retiring annually. In every case, however, the offi- 
cials specified in Articles I, IT, III, and IV shall continue to serve until their successors 
have been duly elected and qualified.  . 

Section 2. The President and Vice Presidents shall not be eligible for immediate 
re-election to their respective offices. A member at large or an ex officio member of 
the Council shall not be eligible for immediate election (or re-election) as a member 
at large of the Council. , 
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Section 3. Election of officers specified in Article I, trustees, members of Edi- 
torial Committees, and members at large of the Council shall be by ballot at the 
Annual Meeting. An official ballot shall be sent to each member by the Secretary 
at least one month before the Annual Meeting, and such ballots, if returned to the 
Secretary in envelopes bearing the name of the voter and received prior to, the 
closing of the polls, shall be counted at the Annual Meeting. Each ballot shall con- 
tain one or more names proposed by the Council for each office to be filled, with 
blank spaces in which the voter may substitute other names. A plurality of all votes 
cast, whether cast in person or by mail, shall be necessary for election. In case of 
failure to secure a plurality for any office, the members present at the Annual Meet- 
ing shall choose by ballot between the two having the highest number of votes. 

Section 4. If the President of the Society die or resign before the expiration of his 
term of office, the Council, may, with the approval of the trustees, designate one of 
the Vice Presidents to serve as President until the next Annual Meeting, when the 
Society shall elect a President for a two-year term. Such vacancies as may occur at 
any time in the group consisting of the Vice Presidents, the Secretary, the Associate 
Secretaries, the Treasurer, the Librarian, and the members of the Editorial Com- 
mittees may be filled by the Council with the approval of the trustees. 

Section 5. If any trustee die or resign during his tenure of office, the vacancy 
thus created shall be filled for his unexpired term by the Board of Trustees, 

Section 6. If any member at large of the Council die or resign more than one 
year before the expiration of his term, the vacancy for the unexpired term shall be 
filled by the Society at the next Annual Meeting. 


ARTICLE VI 
ELECTION OF MEMBERS 


Section 1. Election of members shall be by vote of the Council. 

Section 2. There shall be four classes of members, ordinary, contributing, in- 
stitutional contributing, and sustaining. is 

Section 3. A firm, corporation, institution, association or individual interested 
in the support of mathematics, may be elected to sustaining membership. A sus- 
taining member shall receive the Bulletin, the Transactions, and Mathematical Re- 
views (see Article IX), and shall have the privilege of nominating one or more persons 
for election by the Council to ordinary membership in the Society, the number to 
be determined by the Council. Such nominations shall not be acted upon until at 
least thirty days after their presentation to the Council (at a meeting or by mail). 

Section 4. A firm, corporation, institution, or association interested in the sup- 
port of mathematics may be elected to institutional contributing membership. An 
institutional contributing member shall receive the Bulletin or have the privilege, for 
each twenty-five dollars contributed, of nominating one person to ordinary member- 
ship in the Society. Such nominations shall not be acted upon until at least thirty 
days after their presentation to the Council (at a meeting or by mail). 

Section 5. Except in the case of nominees of sustaining members and of institu- 
tional contributing members, application for admission to ordinary membership shall 
be made by the applicant, on a blank provided by the Secretary, and shall be ap- , 
proved by two members of the Society. Such applications shall not be acted upon 
until at least thirty days after their presentation to the Council (at a meeting or by 
mail), except in the case of members of other societies entering under special action 
of the Council. 

Section 6. An ordinary member may become a contributing member by paying 
the dues for such membership. (See Article VII, Section 4.) 
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Section 7. An ordinary member or a contributing member shall receive the 
Bulletin, except in the case of members whose dues are remitted under Article VII, 
Section 10. 


ARTICLE VII 


Durs 


Section 1. Persons elected to ordinary membership in the Society by the Coun- 
cil, under the provisions of Article VI, Section 5, shall be admitted to membership 
upon the payment, within sixty days of the date of their election, of an initiation fee 
of five dollars. 

Section 2. The annual dues of persons elected by the Council to ordinary mem- 
bership under the provisions of Article VI, Section 5, shall be eight dollars, with the 
following exceptions: (1) during the first three years of membership, the annual dues 
shall be six dollars; a person shall be considered to have completed bis first year of 
membership on January 1 following his election; (2) the amount of dues may be al- 
tered by reciprocity agreements with other societies; (3) the Council may make special 
rulings in exceptional cases, with the approval of the Board of Trustees. Each new 
member shall pay in proportion to the unexpired fraction of the year at the time of 
his election. 

Section 3. Four dollars and fifty cents of the annual dues of those members 
who receive the Bulletin under the provisions of Article VI shall be allocated in pay- 
ment therefor. 

Section 4. The minimum dues for a contributing member shall be fifteen dollars 
per year. Members may, upon their own initiative, pay larger dues. 

Section 5. The dues for an institutional contributing member for any year shall 
not be less than twenty-five dollars. Institutions may pay larger dues. 

Section 6. The dues of a susteining member for any year shall not be less than 
one hundred dollars. A sustaining member who contributes annually at least five 
hundred dollars shall be designated as a Patron of the Society. 

Section 7. Persons elected to ordinary membership as nominees of sustaining 
members or institutional contributing members under the provisions of Article VI, 
Sections 3-4, shall not be required to pay an initiation fee. They shall not be required 
to pay dues, so long as it is agreed that they are designated by the sustaining member 
or institutional contributing memter under these provisions. If a nominee of a sus- 
taining member or an institutional contributing member later becomes a dues-paying 
member, he shall pay dues at the rate of six dollars a year for the remainder (if any) 
of his first three years of membership, and eight dollars a year thereafter. 

Section 8. If the annual dues of any member remain unpaid beyond a reason- 
able time, the Board of Trustees shall remove his name from the list of members, 
after due notice. 

‘Section 9. Any member not ia arrears of dues may become a life member on 
the payment of a sum to be determined in accordance with actuarial principles. A 
life member shall have for lfe the status and privileges of an ordinary member, with- 
out further payment of dues. After October 25, 1941, no additional applications for 
life memberships will be accepted. 

Section 10. After retirement from active service on account of age, any member 
who is not in arrears of dues and with membership extending over at least twenty 
years may—by giving proper notification to the Secretary—have his dues remitted, 
on the understanding that he will thereafter receive the programs of the meetings, 
but not the Bulletin. 
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ARTICLE VIII 
MEETINGS 


Section 1. The Annual Meeting of the Society shall be held between the fifteenth 
of December and the fifteenth of January next following. Notice of the time and 
place of this meeting shall be mailed by the Secretary or an Associate Secretary to 
the last known post office address of each member of the Society. The times and 
places of the Annual and other meetings of the Society shall be designated by the 
Council. No matter of general business shall be considered at any meeting of the 
Society except the Annual Meeting, without the recommendation of the Council. 

Section 2. The President may call a meeting of the Council whenever the af- 
fairs of the Society make it desirable; he shall call a meeting of the Council on written 
request of five of its members. 

Section 3. The Board of Trustees shall have its regular Annual Meeting on the 
first day of the Annual Meeting of the Society. Special meetings of the Board of 
Trustees may be called by the Chairman of the Board upon three days’ notice of such 
meeting mailed to the last known post office address of each trustee. He shall call a 
meeting upon the receipt of a written request of two of the trustees. Meetings for the 
transaction of business may also be held by common consent of all the trustees. 

Section 4. Papers intended for presentation at any meeting of the Society shall 
be passed upon in advance by a program committee appointed by or under the au- 
thority of the Council; and only such papers shall be presented as shall have been 
approved by such committee. Papers in form unsuitable for publication, if accepted 
for presentation, shall be referred to on the program as preliminary communications 
or reports. 

ARTICLE IX 
PUBLICATIONS 


Section 1. The Society shall publish an official organ called the Bulletin of ihe 
American Mathematical Society. It shall publish a journal called the Transactions of 
the American Mathematical Socisty, the object of which shall be to'make known im- 
portant researches presented at meetings of the Society. It shall publish a periodical 
called Mathematical Reviews containing abstracts or reviews of current mathematical 
literature. It shall publish a series of volumes called Colloquium Publications which 
shall embody in book form new mathematical developments. It shall publish a series 
of monographs called Mathematical Surveys which shall furnish expositions of the 
principal methods and results of particular fields of mathematical research. It shall 
also cooperate in the conduct of the American Journal of Mathematics. 

Section 2. The editorial management of the Bulletin, Transactions, Mathemati- 
cal Reviews, Colloquium Publications, and Mathematical Surveys, and the participa- 
tion of the Society in the management of the American Journal of Mathematics shall 
be in charge of the respective Editorial Committees as provided in Article III, Sec- 
tion 1. 

ARTICLE X 
AMENDMENTS 

These By-Laws may be amended or suspended at any meeting of the Society on 

recommendation of the Council and by a two-thirds vote of the members present, pro- 


vided notice of such proposed action and of its general nature shall have been given 
in the call for such meeting. 
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AN ELEMENTARY PROOF OF THE STRONG 
FORM OF THE CAUCHY THEOREM 


LYNN H. LOOMIS 


A difficult step in the derivation of the strong forms of the Cauchy 
theorem, Green’s lemma, and related theorems from the correspond- 
ing weak forms.is the construction, for a given rectifiable Jordan 
curve J, of a sequence of Jordana polygons lying interior to J, converg- 
ing to J,and having uniformly bounded lengths. This note presents 
what the author believes to be a simpler elementary construction of 
this sequence than any hitherto available (see [1, 2]! and the bib- 
liographies at the ends of these papers). We shall illustrate its use by 
proving the strong Cauchy theorem. 

We assume the Jordan separation theorem together with its ele- 
mentary consequences, as is usual in proofs of this kind, and we as- 
sume the weak form of the Cauchy theorem (/f»f(s)dz—0 if f(s) is 
analytic in a region containing P and its interior) for Jordan polygons 
P whose edges lie on lines of the form x=m2-", y —n2-", where 
m, n=0, £1,---. The polygon P and its interior is of course the 
sum of a finite number of squares of the network of closed squares 
(with sides 2-*) into which these lines cut up the plane, so that we 
need to assume the weak Cauchy theorem only for single squares. 

Let X be a fixed interior point of the given rectifiable Jordan 
curve J with coordinates not of the form m2-”, and let C be a fixed 
closed square lying interior to .’, containing X and having sides paral- 
lel to the axes. Let I be the set of squares of the above network lying 
interior to J; for sufficiently large N every square of I which contains 
a point of C lies interior to J. The vertical ray from X cuts a first 
edge }, of a square not in J. We form a polygon P by proceeding to the 
left along h from its right-hand end point po, and at any vertex pn 
choosing as 4,41 from the three remaining edges the counter-clockwise- 
most one which has a square of I on its left and a square not in I 
(and so containing a point of J) on its right. We shall call the latter 
square Say. The reader will find the following argument trivial if he 
will sketch the four possible ccnfigurations at p,. In tracing P a first 
vertex 5, must be repeated, 5, =f}. If 520, then J, and a+r ap- 
proach p, from opposite directions, 5,41 = S444, and the Jordan poly- 
gon la} to I4, separates Sayı from Sa and so separates points of J, 
an impossibility. Thus 5 —0, px =o and P is a Jordan polygon. Note 
—————— 


Received by the editors May 5, 1944. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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that P depends on N, although it is not explicit in the notation. 

Let g, be a point of J in S, nearest to /,, and let gafa be the per- 
pendicular dropped from q, to /, (tn on 1,). Because of the definition 
of the q’s no two distinct segments gafa and gmfm Can intersect except 
possibly in a common end point; in particular, the order of the 4, on P 
is the same as that of the g, on J. 

As a general remark, the squares touching any S, have a total of 
24 edges, so that, for some k S24, S,,4 does not touch S, and the 
length of the arc q.gq.,4 of J is at least 2-N. Thus if indices 7, are 
chosen so that 24 &n;,4,—5, «48for$—0,-.., K—1and lao = ng = Éo, 
then the length of the arc ga ga; of J is at least 2-¥ and the length 
of the arc tata of P is at most 48/27. If C; is the Jordan curve 
consisting of these two arcs and the two segments gaban Q«, lai p WE 
have that L(C;) $51-L(qn,@n,4,), and 


Y LC) s SLL). 
t-0 


We can now apply the device of Newman [3, p. 156] to prove the 
strong Cauchy theorem. 


THEOREM. If f(s) is analytic interior to J and continuous on J plus 
its interior, then f;f(z)dz —0. 


The distance from ga, to q,,,, is for every 4 at most 50/2F, and 
since J is rectifiable it follows that given 6 there is an N such that 
for every ¢ one of the two arcs determined on J by gn, and ga has 
length at most à. But this must be the arc we have, called q,,q.,,, 
(containing q; for n, Sj Snip); for the length of its complementary 
arc on J is at least 1/48th of the length of the major arc of the points 
fn, and fn; on P, and since the square.C lies interior to P this length 
is bounded below by one-half the length of the perimeter of. C. 
Thus the maximum diameter of, the curves C, approaches 0 as IN. — œ 
and since f(z) is uniformly continuous on J plus its interior, there 
exists for every e an N such that |f(z)—f(t,,)| <e for all z on C.. 
Now /;f(z)dz 5 %-'/c,f(s)dz, for the difference between these two 
integrals consists of fp, which is 0 by hypothesis, and the integrals 
over the segments $,,4,,, which are traced once in each direction and 
so cancel. Since fo, f(t )ds —f(t,;) fc,dz — 0, this implies that 


| J teas 


for every e; thus Jfsf(s)dz — 0. 








X—1 
> | CO —f))dz| S €-51LV) 
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ON A CERTAIN TYPE OF NONLINEAR 
INTEGRAL EQUATIONS 


MARE. LOTKIN 


1. Introduction. The object of this paper is to prove that the non- 
linear integral equation 


m b b 
«9 [nme X fe CE 
(1) tml a a 
di ix Bod, eon s 


has at least one eigenvalue, provided the functionals 


Q) G,(x, v) = fL OE fe $5 777,5) 
-F,(s1, sce, Si, v(51), DEC v(ss))ds1 see dsi 


are fully continuous, and the F; satisfy a certain linear integrodiffer- 
ential equation. The solution of (1) is shown to be equivalent to that 
of a variational problem containing infinitely many parameters. The 
latter problem, however, can be solved easily by the method of Ray- 
leigh-Ritz, which consists in approaching the solution of the varia- 
tional problem by a sequence of variational problems containing only 
a finite number of parameters. The convergence of this procedure is 
assured by a convergence theorem of Friedrich Riesz. 


2. Preparatory remarks. Let I be the closed interval a Sx <b, and 
I? the class of all functions heving Lebesgue integrable squares on I 
with a norm not larger than N*. Let, further, [os (x) } (n=1,2,3,---) 


* Received by the editors May 18, 1944. 
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be a set of functions in L? and (x) a function such that! 
(3) lim `| 0,(%)w(x)dx = TEOLO 


for any arbitrary w of integrable square on J or, what is equivalent, 
for any arbitrary wCL?; that is, we assume the weak convergence 
of {on} , in the following denoted by W-lim,..9,=%. We next show 
that 5€L*. Since the right-hand side of (3) i8 assumed to exist for 
every wC L5, it follows by a known result (see, for example, Kaczmarz- 
Steinhaus, Theorie der Orihogonalrethen) that ð is of neous square 
over I. Hence, if w=, (3) becomes 


. f Pdz = tim f n(aa(nen, 
- and since by Schwarz'e inequality 
| f se aitadée |S y? | f made, 
we obtain, as claimed, 
(4) f 99 SN, 


We now assume that the functional G,(x, v) be fully continuous, that 
is, that 


(5) lim G;(zx, Un) = G,(2, ?), i= Ly 2p es ; M, 
forany {xn} EI and v, CL? for which lim;..,.x, = Zand W-lim, sv, = 8. 


The introduction of a closed orthonormal system of functions 
{w,(x) } EZ? associates with each v, an infinite sequence of numbers 


Cap = f cas y-1,2,:, 
such that 
2: Chr = IE sz N? 
Fux] 
for every n & 1. The class Z? of functions v then corresponds to a class 
$? of vectors v= (cı, Ca, +--+) with c, = fv(x)w,(x)dx. The transition 


1 All integrations are to be extended over the interval I. 
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from L? to $? implies the substitution in Gi(xs, tn) of v.(x) by its 
equivalent v(x)- 3 7 ,c,,w,(x), and’ (5) now changes to 


lim Gs, Un) z Gi(2, v) a Pi, Či, 63, * ^ * ) 


for any Íz.] el and fon} E5? for which lim,.4x4 2 £4 and lima.aCn» 
=é, v=1, 2, . From the full continuity of the G; thus follows 
the full Conus: (Vollstetighkest)? of the P;. It is just as easily seen 
that the converse also holds true. 


3. Construction of a solution of the integral equation. In the G, we 
now admit as d cy v. only aggregates of the form 9,(x) 
=)" cww,(x) with ? 3, d, = N for every fixed n. The functional 


(6) T(t.) = 2 [ f nons f Gila, sod | 


—here the e; denote finite numbers to be determined later—is now a 
continuous function of the c,, and so has at least one minimum. Let 
Car 7s, (»1,2, - - - , n) be the minimal coordinates: 


(D) minJ(m)-d,— J()), Qala) = X aou). x Bn 


As a consequence of (7) we have? 


à 1 a a 
@ [se +—(w- Ea) =0, v=1,2;:--,m 
O65, An "e 


H-1 


However, 


20 a| fmt ef] - 
f Ki (>. = :) dads,-++ as. 


We must now make the following assumption: The F, satisfy the linear 
integrodifferential equations 


» ff Selma 


"See D. Hilbert D. Hilbert, Grundzgge einer allgemeinen Theoris der linearen Integralglei- 
chungen, 1912; p. 177. A fully continuous function P(x, c1, Cs, * - - ), where x GJ and 
$e RUM, is bounded. 

? [n (8), 1744 denotes Lagrange's multiplier for the extremum problem under con- 
sideration. As will be shown subsequently, An 70 for every n. 








EE (1 m euP] dxdsı - e ds; =0 
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for all arguments v, =). (Carty, identically in the Cu». 
In this case we obtain 


are) =2| [(r+ E f fatus], 


and (8) leads to 





(10) Ons = me f 6t $4) w,dx, »y212,^,n 
' with 
Glam bn) = f XE S o fitim 


-F,(s1, ttj Si, $«(51), M $«(s;))dsi eee dsi. 


On account of a,,=/¢,w,dx the relations (10) may be written as 


(11) fo — G(x, on)) wx = 0 for» = 1,2,- , A. 
Equations (10) show that the |A,| have a common positive lower 
bound: multiplication of (10) by a,, and summation fory=1,---,n 
result in E i 

(12) N = me f 6t Gn) bad X. 


But since G(x, $,) is a fully continuous function of the a,, for xcI 
and ¢, CH? it is bounded: there exists a 6>0 such that 


| G(x, on) | < N/(b — a)!!6. for every n. 


z | f G'(s, ode] | f us] s N/a, 


whence EA! 2=6>0 for every n. ; 

Now the f$zdx all have the same value N?. This property of the 
sequence {¢,} guarantees the existence of a $(x)—defined almost 
everywhere in J and possessing a Lebesgue integrable square—which 
is the W-lim of a suitably chosen subsequence {da} of {dn} ,4 


* Friedrich Riesz, Untersuchungen über Systeme integrierbarer Funktionen, Math. 
Ann. vol. 69 (1910) p. 467. The sequence {7} is determined by Hilbert's diagonal 
method (see, for example, Hellinger-Toeplitz, Encyklop&die der mathematischen 
Wissenschaften vol. II C 13, p. 1405). 


Therefore 





I 
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(13) W-lim és(z)  3(2); 

fre . 
because the system {w,} is closed $ is determined uniquely almost 


everywhere in J. On account of (4), fé*(x)dx SN? 
We are now going to show that 


(14) lim f G(a, da)oade = f G(x, Bade. 
Since 


|f «e $)ódx — Jo $5)ósdx <| fee &)(6 — é3dx 








a | fd - 66 ions 





and the first expression on the right hand side—by (13)—may be 
made as small as desired by taking # sufficiently large, only the second 
term remains to be considered. Now 


| f 669 9 - Gle, omis 





s v[ fec o - ec ees]. 


and so (14) will be proved if we can show that lima..f(G(x, $) 
— G(x, $«))*dx —0. This, however, follows immediately from the con- 
vergence theorem of Lebesgue.’ The sequence La (G(x,9) —G(x, $4))? 
obviously satisfies the conditions of that theorem: (a) La is Lebesgue ~ 
integrable; (b) Since | G(x, v)| & N/(b —a)938, | L4| S4.N2/(b.—a) ô? for 
every A; (c) Because of the full continuity of G(x, v), lims..(G(x, $) 
— G(x, $4)) =0. Therefore Z —0, which proves (14). 
We must now distinguish between these two cases: 


I. There exists a 0^ » 0 such that | /G(x, $)$dx| zNUM; 
II. fG(x, $)$dx —0. 
Case I. By (12), Ma = N?/ [G(x, pa)padx, so that by (14) 
i s 
( ) 8o N JG(a, pjd 
exists; because of I, |X| S à'. 
5 [f a sequence of Lebesgue integrable functions L,(x) possessing a common bound 


has a limit function L(x), then Z, too, is Lebesgue integrable and limn..fLa(x)dx 
= [L(x)dx. 
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If we now apply equations (11) to indices # only and then take the 
lima. we obtain 


f (Bla) — Cla, ))w (ds = 0 ET eee 


Since the system of the {w,} is closed we may deduce 6—XG(x, 9) —0,- 
that is, 


z(a) -i[xo+¥ f EU 5j 
Fi(siy * 77,55 B(S), * M , $(5))dsi - ne as: | 


almost everywhere in J. We have thus obtained a solution G(x) of (1) 
belonging to the finite eigenvalue À. 

The previously derived relationship JS#*(x)dx € N? may now be im- 
proved: replacing G(x, $) in (15) by its equal (1/ À)$ leads to 
[81 (x)dx = N*. - 


CasE II. We write equations (10) for indices s only: 
t i; 
G(x, ydx = — , = 1,2,--+-,4, 
ICI 


and increasing # beyond any bound we obtain, since lima.4À4 = © 
and E SN, 


f G(x, dade = 0, p=1,2,++:, 


In this case G(x) may be considered a solution of (1) belonging to 
A= o, 


4. The variational problem. .We see, then, that ¢ is always a solu- 
tion of (1). This function possesses another important property: If 
$ denotes the class of all v(x) &-? ; oc, w,(x) with >> = N°, and 


D(x) ~ X ä,w,(x) with d, = f B(x) w,(x)dx, 


then § minimizes J(v). . 
To prove this we notice first that J(»,) results from J(v,41) if 
' we put c,41—0. Let d, be the minimum of J(b,) in $?*. Then obvi- 
ously d,2¢,4:. Let, further, d be the minimum of J(») for vE’; 
then d,2d for every n. Therefore, if d=lims..da=J(8), we get d zd 
or d=d+7 with 720. We shall show that 7 —0. 
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Since d is the lower bound of J(») in $* there exists a p(x) 
~Y mpwa) in $3 so that J(p) 2d—05 with 0<0 <1. If, now, e>0 
` be chosen as small as desired, there is, because of the full continuity 
of J(p), a 670 and an index r such that | J(b) —J(p)| <e for every 
rE SG, so long as le—?| «06orp»21,2,---,r. We take.e-05 and 
choose r'z;r large enough to have > 7 pi — N'3» N?- N*/(N 4- 8)*. 
Then the vector 8(x) =>_7_,3,w,(x) with P, 2 (N/N ?)» belongs to $: 
and since N' > N*/(N-F9), 


|B — 5| hl QN > 1) S N(N/N' — 1) «5 


for y=1, 2,---,7’. We may, therefore, conclude,that | J(8) —J(p) | 
«63 or J(8) « J(p) --05 —d. But d € J($), and so d, «d. 

By now choosing ñ, #2r’, such that da Sd» we get d, € d, a rela- 
tion which contradicts the fact that the sequence d4 converges to d 
from above. Thus we see that 7=0 or d — J ($). 








5. Solution of the integrodifferential equation. It is easy to verify 
that equations (9) are fulfilled if we put ¢,=1/(#+1), Ks continuous 
and 

Ko ny 35b » $i) = K,(Sr sp: 7%, 75° » Si), 


\ 
= 1,2,---,4, 
Fy(S1, ++ + y Sio May 7^ * 4 14) = Gitta tt te 


‘fori=1, 2,°°°,m. 
It remains to be shown that functionals of the type 


te 2) = f fee rni ds 


are fully continuous for x CI and v CL*. Let us, therefore, assume that 
{xa} EI, (v. ] CL, lim,.2x, = 2, and W-lim,...0, = 5. Then 


| OCE, 8) — Olen m) | S| OCE, 9 — OCE, o9 | + | OCE, v.) — Qe, 20) | 
=| f seis f 5e n , $i) [G(s1) ++ + 9(s) . 


— mhs) ^-- vs) ldsi + -> äs: 


dh pesfita eso 


— K (En $5 °° + 1 Si) Jon(sx) + + + vw (5)ds1- ++ dsi 





^ 
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Because of the continuity of K the second term on the right-hand side 
may be made arbitrarily small by choosing sufficiently large. In 
order to show that the same applies also to the first term we continue 
as follows: 


| f zm f siio t B(S) — vs) +++ a(S.) ldsi © © + ds; 











= | f see uk Da) +++ (sxx) [6(sx) — v2] 
On(Sky1) © * © DaS )ds1 + + - ds, 
s xf " f Cf st — sass) dss) 





(51) © + © (su i)ve (S341) * * * ve (si)dsi - - - ds; 


xif ee f Cf sto — o2 lan) 


1/3 
[desse dsy 1dSy41 tee asi} .NO1, 


lv 


Since W-lim,..0,=%, lims.o(/K[8(s,) —0,(ss) lds) =0, and since 
|/K(a, $5 775, Si) laisa) —v«(51) ]ds;| S2N(b-—a). -max| X], we see 
that the sequence of Lebesgue integrable functions (/K(2, s1, © - +, si) 
- [5(s+) ^v. (s) ]Gs)? has a common bound and the limit function 
zero. By Lebesgue's convergence theorem we may conclude that 


lim f ee f ( f K[s(s)) m9 Jsa} dsa ++ + driadeia + d5,=0 


for &—1, 2, - - -, 4, so that the proof of the full continuity of Q(x, v) 
is now complete. 


6. A special case. The SEHE Hans of $4 are therefore applicable 
to the integral equation 


458 [r +Lof uae f 5e —€— 
(5) +++ é(s)ds +++ as]. 


$ 
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If we assume that a4, =1, a;=0 for $—1,2, - - - , m—1, that is, if we 
consider 


66a) exo f n f Enla sue s) 
-ó(si) US $(ss)dsi à $4 is. |, 


we know that it has at least one solution, and that this solution may 
belong to a finite or an infinite eigenvalue. The homogeneous equation 


(x) T rf ip: f Katee $1, ttt; Sm) (51) i b(Sm)ds51 °° © dSm, 


however, has always at least one finite eigenvalue. In this case namely 
(see (6)) 
J(o,) = 2e, | Gale Dn) Dn (x) ax, 
so that 
2 
m+1 





= —f Ga(x, dn) On(x) dx X A 


or 
An'da = (2/(m + 1) N*. 
But since the functional 
Kz (2, $3, 77, Sm) 
a Ones: 
fe Mm) -0(51) ++ + v(su)dxdsi - * * dss, 
K4,5x50, vC H?, certainly has a minimum d differing from zero, 


eae 2N* 
E d(m + 1) 
is finite. 


CARLRTON COLLEGE 


THE SOLUTION OF THE DIFFERENTIAL EQUATION 
(a* 01/0 —A)(6?/d# —A)u — f(x, y, z, t) 
BY HADAMARD'S METHOD 


J. P. KORMES 


1. Introduction. Hadamard [1]! generalized and extended Rie- 
mann's [2] method of solution of the initial value problem to any 
hyperbolic linear differential equation of the second order in any num- 
ber of variables. The essential part.of Hadamard's work is his dis- 
covery of the significance of an elementary solution which is a 
function of the geodetic distance determined by the characteristic 
manifold of the differential equation. Given the differential equation 
L{u] =f and the initial data on a manifold C, let T —0 be the equation 
of the characteristic manifold of the differential equation and M[u] 
the adjoint expression of L[u]. The first step is the determination 
of an elementary solution V, thet is, a solution of M[V]=0 which is 
singular on T « 0. To obtain the solution of the initial value problem, 
Hadamard considers the domain bounded by the characteristic 
“conoid” through a point P, and the initial manifold C=0. Since 
the elementary solution is singular on the characteristic conoid, in 
order to apply Green's formula Hadamard uses an interior domain 
G.,s which approaches the original domain as e—0 and 6-0. For a 
fixed 6 each term of Green's formula has then the following form: 


Be) = b + (1/6013) (by + bie + - + + beoe 7791) + (9, 


where (e) tends to zero as e—0 and the.b; are independent of e. The 
term b, the "finite part" of the integral, has the property to remain in- 
. variant under all transformations of the parameter e. It follows from 
Green's formula that the sum of all such “finite parts" is equal to 
zero, which gives a relation for the function u. As we let the parameter 
ô approach zero we obtain the desired expression for u(P). Hadamard, 
and independently Friedrichs [3], showed that in the case of an even 
number of variables each term of Green's formula will have an ele- 
ment containing log e. The coefficients of log e have the property to re- 
main invariant under all transformations of the parameter e and it 
follows from Green's formula that the sum of all coefficients of log e is 
equal to zero, which gives the desired relation for the function s. 


Received by the editors March 29, 1944. 
1 Numbers in brackets refer to the Bibliography at the end of the paper. 
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The purpose of this paper is to show by a significant example that 
this method can be extended to problems of a more complex type. 

I wish to express my appreciation to Professor R. Courant who sug- 
gested the subject and the method of attack, as well as to Dr. C. De 
Prima and Dr. B. Friedman for their generous assistance. 


2. Elementary solution, Green’s formula and domain of integra- 
tion. We consider the initial value problem: 


L[u] = (a%d*/at* — A)(6?/d# — A)u = f(x, Y, 2, 2; a>; 


(2.1) 
u(x, y, 2,0) = (x, y, z, 0) = uu(z, y, z, 0) 


Hila, Yi 2, 0) = 0, 


where A is the Laplace operator: A =0?/0x?+-0?/dy?+-0?/dz*, and the 
function f(x, y, z, t) is assumed to have continuous derivatives up to 
thé fourth order. The characteristic manifold is given by: 


[(r — #2 — 7?]-[(r — 22/a3 — 0] = 0, 


where r!— (£—2)*-- (n —yyt--(t—2). We introduce the functions T' 
and I": 
T-5(r—):—:5; I"—(r—120/aà — rt. 

The characteristic manifold consists of two conical sheets, the ex- 
teror: I' «0, and the interior: I’ =0. 

As the elementary solution V of the self-adjoint equation L[V]=0 
we take: 

1 -1)- — i)/a — 

(2.2) IU PE ath Eos 4 . eo 
2r (r-—f +r 2r (r—A/at+r 


In order to obtain Green’s formula for equation (2.1) we consider: 
Q[u, y] = a^uuVu — at? UV i — P» Vut + 2 Uri V xk 
+ i 2 tk 


(i,k = x, y, 23). 


The integration of Q[v, V] over a four-dimensional domain G gives 
rise to two types of integrals: 


@ ffff wo adsiyiedt and (b) ff ff i dad dad 


(i, k= a, y, 2, 8). 


Integrating by parts and collecting the results we obtain the follow- 
ing Green’s formula: 
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fff firm ae ffr 





2.3 
e aM [V] aV ðu 
— 4——— — N [u] — + M [V] — do, 
ðS OSg 051 
where: 
M = a°0?/df — A; N = 03/0# — A 
and where 
0/0s; = 4,3/dt — z,9/0x — y,0/0y — 2,0/d2 

'and 


ð/ðsı = at,0/dt — x,0/0x — y,0/0y — z,0/0z 


are the transversal differentiations, x,, y,, Z, 4, being the direction 
coefficients of the outward normal to S. If in Q[u, V] we interchange 
u and V we obtain a second form of Green’s formula: 


fff fiia - rna - fff {7 


aN [V] aV ðu 
bac. 





(2.4) 


Dom ou MuR. 


For the elementary solution V (2.2) we find readily: 
(2.5 M[V] = 2(a — 1)(r — #/T?; NIV] = 2(a* — 1)(r — 2/a3. 


We consider the domain G bounded by the hyperplane #=0 and tke 
exterior sheet T 20 through a point P(£, n, £, r). The domain G is 
characterized by the inequalities: T20; 0r. In accordance with 
Hadamard's method we truncate the domain G by a plane t=r—ô 
and obtain the domain Gs for which T=0, 0:x7— 6, 670. 

Since T” vanishes in the interior of Gs the elementary solution has 
there a singularity. In order to enable us to apply Green’s formula, 
we subdivide G; into the following domains: 

(a) the conical ring Ghe: 


OsSisr-—5; 
(l-—a)'(r7-#)?-972>0; O<a<1-1/a, 
(1/a + e)'(r—2)*—-r «0; O<a<1— t/a, 
(b) the truncated interior cone G2,: 
Ci gtG= ioi Geeti 
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The ring domain is bounded by the volume B1, the lateral surfaces 
Li, and Li, and the volume Dl. Similarly the domain G1, is 
bounded by the sphere B}, the lateral surface L2, and the sphere 

Dis (see diagram). 


P(E, m, $, 1) 


* Bá xyz 





3. Integration over the domain Gies. In Gis where (r—#) >r and ~ 
(r —i)/a <r, the elementary solution is: 


1 ((—0)-r. a r — (r — ))/a 
— 4+ — og — -> 
2r (r—H+r 2r r+ (7 — À/a 
Since L[V] =0, Green's formula (2.3) may be written 


SM me ST me fon 
where 2 E +f ff p, 400 = 0 


A = VƏN [u]/às — udM[V]/ds, — N[u]OV/ds2 + M [V Jou/dsi. 


(3 


The last integral of (3.1) vanishes due to initial conditions and in 
order to express the remaining integrals as functions of e and ô we 
introduce new coordinates, c, u; a, B, y by the transformation 


x= +oe(1— ua,  y-mc-cc(-— B, 


(3.2) í 
z =¢ + e(1 — uy, t=T, 


where a, B, y are parameters on the unit sphere o*--8?--y? —1. The 
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domain Gis is then determined by the inequalities 6SoSr and 
& pu &1-—1/a-—«6, and in the new coordinates: 


r=o(1—p); dadydsdt = e*(1 — u)dudede [dw = (1/7) dads], 
T = o%n(2 — p); I" = o*[1/a* — (1 — pn)? ]. 


We are interested only in the coefficients of log e; of each integral 
which we shall indicate by placing bent bars with the index ¢: (s) in 
front of the integral sign. 

For the first term of (3.1) we obtain the resolution 


wo ffff, o 
m MU n i 


(3.3) 1o 1—,&-— 1/4 
E m 981 — t tol" 


om ZS et ffia, »f a — u) log u 


— a(1 — p) log (1 — u — 1/a)] fdu, 


\ fe*(1 — u)*dudedo 


where p is the surface of the intersection of the conical ring Gl; 
with the plane e ^r —1. It can be readily seen that upon y-integration 
the coefficients of log €: and log ez will have e: and & respectively as 
factors and will therefore tend to zero as & and & approach zero. 
Therefore, 


GD. im (- ü, 5 f f f f... via) - 0. 


On Diii, 71, x,2y,—2,-0 and the second term of (3.1) can be 
written: : 


TIT. lev T B SUI 


(3.5) 
— aN [u] P + MI[V] ea 
ðt ài 
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We consider each of the four integrals of (3.5) separately. The first 
integral contains V and a resolution similar to that of (3.3) shows that 
the coefficients of log e: and log & tend to zero as e and e approach 
zero. Observing that M[V]=2(a?—1)(r—2)/T?, the second- integral 
of (3.5) is: 


fff. m 
E u 
d Dhet 
81—17)* 2 
— (a? — 1) fff JL — Z) dd yd 
Xe dim ^m 
8(1— u)? 2 — p)? 
-w-o fff, fa (1 — p) (1— u) DB dud 
Dues’ Ven Q — p)? — ef (2 — i 
We note that only terms containing 1/u will give terms involving 
log e; after integration. We develop u into a Taylor series in terms of 
£, that is, the value of u on the boundary of Di». Since the distance 
of a point (c, u, e, B, y) from thé corresponding boundary point 
(c, a, o, B, y) isc(1— PUN —o(1—u)=0(u— 4), we LAB el UN cü, 
+otlp— a)? /2)ðn— ++ + =a—optl,+(o%p?/2)%,— - - - +(e), where 
(e) denotes terms which tend to zero with e; and #, — odu/dx-+80u/39 
-+yðu/ðz. Since the fourth and higher terms in the Taylor develop- 
ment of u contain o%u?, the difference of u and the first three terms 


of its development will not give any coefficient of log e;. For the pur- 
pose of determining coefficients of log e; we may write therefore 


— (1, 2) pe u T dadyds 


1—1/a— e 8(1 z= u) 2(1 = u)? 
bass cad 


£o-»[f f ao (1,2) jf eee Ser de 
zr pesa fr (cir tcm 


The coefficient of log e is zero in the first integral above, 1 in the 





dxdyda 
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second and —1/2 in the third. Since the i integration does not yielc 
log & we have: 


dm (= qs » fff, «— ot Lad vas) 
-e-»off pc a do. 


1 1 l 
dw = Q = — Aud d d. , 
[f m m Eff ann 


where the last integral is an infinitesimal of the order ô? when 5 ap . 
proaches zero. We find therefore 


; i aM [V] 
(3.6) lim lim {- (1, » fff u dzäyds} = 0. 
B40 «0, 4,70 Dus ðt 
The third integral of (3.5) is 


=A Je] dads 
— & fff. vl Md - posses 


s J J Saa! Died loos EEr 


and as we let ø = 0 approach zero, this integral vanishes. 
The fourth integral of (3.5) is 


(1, » fff... M [V jid xd ydz 
; = (a? — 1) (1) SSS...“ nr D odas 


= (a? — 1) (1) f f fe B UN 
= (a? — 1) f f tdo (1) f. T A dy. 


Tf e 





But 





y 





1944] THE SOLUTION OF A DIFFERENTIAL EQUATION 849 


Whence 


Ce ees 20 f f f jc M [u]  aadyash 


/ = 2x(a! — 1)ui(E, m, t, 7). 


On the lateral surface Lls, u is constant and since M[V] and 
ðM[V]/ðsı contain no logarithms, we need only consider 


«sta - e fff. 47 LE» i Ms ji 
«bf fl eae a 


1—u—1 oN aV 
tuer [e] - nb) — pae. 
2o(1 — u) 1— u+ 1/al 9s; 054 
On the lateral surface (8 V/0s))do = [(1 —&)a* V, —a V, —8V,—*V.] 
-(1—«)%e0%dodw. Since V, 21/T —1/I", it does not contribute any 
coefficient of log «1, 
aa jt — p — 1/6 


a p 
— lo ee — e ——————— 
2e*(1 — u)? B 2—p 2e(1-— Tr ei — p+ 1/a 


where the dots indicate terms which do not contain logarithms. 
Therefore 


aV 1 
1) — do = (1)} -——————— (at + 6? 1 — ej)e!dedo 
(1) dom a| e een ja c ed ete 
= — dodw/2. 
Thus the coefficient of log e for the lateral surface Li: as «—0 is 


lim ((1)S4,) = — SSS, [- ae — x [v] n Me 
In the limit 6-0, we obtain 


lim | (0844 


- Af], E ate 


? Since 0(1/r)/dss is not defined at the point P(E, n, t, 7), this integral is to be taken 
in the limiting sense. 


(3.8) 
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Similarly on the lateral surface L? s we need only consider 


(sla = o fff. {pet Niu] Ta, 


We have (2) V=a/2r; (2) ð V/ðsı= (a/2)8(1/r)/ðsz. Therefore the co- 
efficient of log es for the lateral surface 72, is, when &—>0, 


wast = LPS md a 


In the limit 6-0, we cbtain: 


(9 im tim (529 SSS {2 2209. — wpa 19/2, 


Summarizing the results obtained by the use of the first form of 
Green’s formula (2.3), we have the equation 


EG — iu (P) -7 -f f f T £ arl — N [v] 2] log & 
[ELSI SE vata =o 


Since e; and & are independent, the coefficients of log e: and log e; must 
vanish, which gives the following relations: 


(8.10) 2r(a? — 1)u(P) = ipf [- TE — N [u] n bo 


(3.11) SH. {— rte - xj] 523a, 0; 


4. Application of the second form of Green's formula and integra- 
tion over the domain Gj. In a manner quite analogous to that in the 
preceding section we perform the integration of the second form of 
Green's formula (2.4) over the domains Gi,,: and G2, and obtain the 
following additional relations: 


(4.1) SSE f ael M [u] n bae = 0, 


2xa(a? — 1)u,(P) 


a naf- ya 








1944] THE SOLUTION OF A DIFFERENTIAL EQUATION 851 


Subtracting (4.2) from (3.10) we obtain an. expression for u: 
2«(1 — a)(a? — 1)wCP) 


(4.3) -S fff = we] na 


» a a cud e 


5. Transformation o? lateral surface integrals into volume inte- 
grals. Let us consider the self-adjoint expression M [u] 5 23025/88 —Au. 
Green's formula for this expression of the second order is 


ff ff, {vu [u] — uM [V]}ag 
Iu ate 


where S is the three-dimensional boundary of G. If we put V=1/r 
and u=N [u], we cannot apply (5.1) over the interior of the surface 
T =0 because V has a singularity on the line r —0. To overcome this 
difficulty we again truncate the cone T 20 by the plane /—7— ô and 
remove the line r=0 by cutting out a small cone e?(r—/)?—r? —0. 
Over this new domain, which we denote by Gis, we apply formula 
(5.1): 


fff f, Come mew ja 
- [ff me 


Since M[1/r] «0 and, by (2.1), MUN [u]] -f(s, y, z, t), we have 


SSS tiem fff, (8 matt 
+ JS ff ew Pa 
DU CE 
“Jf Mon P 








(5. 1) 

















(5.2) 











852 J. P. KORMES [December 


The last integral of (5.2) vanishes because oh initial conditions. Since 


JEE- em pom 
fff, os a 


the integral over Dl, vanishes in the limit e—>0, c —6—20. In order to 
find the limiting value of the integral over La, we make the following 
transformation of the coordinates: 





x= E- eva, y = n + ef, z = ġ¢ + ey, t=r-—o, 
In the new coordinates: 
r — es, do = e'g?(1-]- e)!?dede, |. 0(1/r)/0s, = — 1/r1(1 + et)!/, 


and we obtain: 


fi Nia] d(1/r) 
SILA lero e 


SS a e Sena ame 


In the limit e—0, 6-0 we obtain 


Jim {ff ae fne) -— i f ntes 


Therefore as we let e and ô approach zero, (5.2) gives 


fff f rm SILAGE ere} 
-af N [u] 


Interchanging N [u] with M[u] we obtain a similar expression, but, 
since by (4.1) the integral over L! vanishes, we have the relation 


(5.4) ff ff +r- — tx f nae 


The same procedure applied to the domain G? consisting of the 
interior of the surface I" —0 yields the following relations: 














(5.3) 
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te ue ana ja 
-tf M [u|dt 
(5.6) ff ffi om - — 4s f vie 


6. Solution of the initial value problem. The relations of the pre- 
ceding section enable us to obtain the solution of the initial value 
problem (2.1). Combining (5.3) and (5.6) we obtain 


FLA Ene 
HL i SSS to 


and combining (5.4) and (5.5) gives the relation 


ae 
“SS em FE o 


Substitution of the expressions (6.1) and (6.2) for the lateral surface 
integrals in (4.3) gives 


delta = Dai P) ex (1-58) fff: S ug 
-a-offff >t 
or í 


(6.3) 4r(a? — 1)u(P) = SISS er- SSS orm 


Therefore the solution of the initial value problem (2.1) is 


we- uent d= fff J ~ si 
(6.4) ° 
SIE 





(6.1) 
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In order to show that the right-hand side of (6.4) has the required 
derivatives we apply thereto transformation (3.2) and obtain 


If f fima — p)dodpdw 
B MET 


Because.of our assumptions concerning the function f both integrands 
are regular and our proof is complete. 


7. The limiting case a —1. In order to determine what happens ` 
when a —1, we observe that the solution (6.4) for a>1 can be written 
in the form 


4x(a? — 1)u(P) = f di SII = > DAC hdyds 
-f a : ~ fandyds 


= F(1) — F(a). 


Therefore 4x(a+-1)u(P) = —[F(1)—F(a)]/(1—a) and in the limit 
a=1, 8ru(P) 5 — F'(1). But differentiation of F(a) with respect to 


a gives ! 
PO = — Í a fff Seisi 
F'(1) — -f aff outs 


and the solution of the iterated wave equation is 


(7.1) eu) a f f f EN 


8. Nonhomogeneous initial conditions. We consider now equation 
(2.1) with the following nonhomogeneous initial conditions: 


whence 


u(x, 2,2, 0) = polz, y, 3), au(x, Y: Z, 0) z o1(2, F: 2), 


(8.1) 
uult, Y, 8, 0) = $s(x, » 2), tux, Y, Z, 0) a a(x, » z). 


The introduction of the initial conditions (8.1) does not present any- 
thing new with regard to our method and we content ourselves in 
writing the solution which satisfies such conditions: 
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4r(a? y 1)u(é, 1, $, T) 


-f f f f = e Br e Maydsdi.- 
-f f f f.— : LM paved 
- ff f . TN (a? + 1)A¢:] 


+ [a*63 — (a3 + 1)Ado] > dxd ydz 


(8.2) c f f f. e — ar) [a%s — (a? + 16i] 


+ [a*6s — (a? + DAé«] }dzdyds 


ai a 
— A == A d 
+ OS an  — ff f. aes 
a? ‘1 
+ Eff (Le) 
a 1 
-Eff ENS 
T Tær ja T 


In the limiting case a=1, the above result reduces to 
Brul, 7, 5 7) 


- Tiles Hf (nm a) 
+SS (s+ 4 T L^ BE Abs) ds 
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ON UNIFORM CONVERGENCE OF TRIGONOMETRIC SERIES 


OTTO SZÁSZ 


1. Introduction. The following theorems have been proved previ- 
ously.! 


THEOREM I. If the function (t) ts throughout continuous, periodic of 
period 2r, (i) =$(—#) - $2 4-2), 


(1.1) $0 7 375 cos ni, 
1 

and sf 

(1.2) fd. > — K, 


for some constant K, and all n, then the series (1.1) is uniformly conver- 
gent (on the reat axis). 


THEOREM II. If f(t) ts everywhere continuous, periodic of period 2r’ 
fi) - —f(—5, 


(1.3) f(t) ^ dX b, sin nt, 
g 1 
and if 
(1.4) nb, — K, m21,2,3,-+:. 


then the series (1.3) is uniformly convergent. 


THEOREM III (CHAUNDY AND JOLLIFFE). The Fourier series (1.3) 
ts uniformly convergent, 1f 


(1.5) bn Z Bair 0, andif nb, 0. 
Note that here no explicit assumption is made on f(t). 
THEOREM IV. If $() is continuous at t=0, and tf 


An 
(1.6) lim lim sup > (ja |- a) = 0, 
ali 4€ * 


then the series (1.1) ts uniformly convergent at t=0. (That ts, s(1,)s 
whenever t,—0.) 


Presented to the Society, April 29, 1944; received by the editors April 18, 1944. 
1 Cf. [2] and the references given there; numbers in brackets refer to the literature 
cited at the end of this paper. 
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M 


THEOREM V. If f(t) ts continuous at t=0, and tf 





An 
(1.7) lim lim sup >> (| 8,| — b) = 0, 
Ali sos "m 
then > vb, 5 o(n), and the series (1.3) is uniformly convergent at t=0. 


Some more general results are given in the present paper. In par- 
ticular: 


THEOREM 1. Under the assumptions of Theorem IV the series (1.1) 
converges uniformly ai each point of continuity of o(#). 


THEOREM 2. Under the assumptions of Theorem V the series (1.3) con- 
verges untformly at each point of continuity of f(t). 


Clearly Theorems 1 and 2 include Theorems I and II respectively. 
Either of the following two theorems includes Theorem III. 


THEOREM 3. Suppose that 


2n 
(1.8) Elb, — bar | -0(v3) as no, 
and that 
(1.9) (1—r) >i adr 30 as ril; 
1 


then the trigonometric series Xb, sin nt is uniformly convergent. 
Note that the assumptions refer solely to the coefficients Dy. 
THEOREM 4. Suppose, for some constants p20, qz 0, 


(1.10) tib, + $ = B, 2 0, 
that 
(1.11) Bari S (1+ mg)B. for all large n, 


and that (1.9) holds. Then nb,—0 and the trigonometric series 9 b, sin nt 
ts uniformly convergent. 


We also give (in $85 and 6) analogous -theorems for cosine series; 
here the partial sums ? 1a, —5, play a similar role as the sequence 
{nba} for the sine series. However convergence of the series ? a, does 
not carry as far as existence of the limit lim nba. It is for this reason 
that no such theorems have been established hitherto for cosine se- 
ries. For details see $85, 6 and 7. 
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2. Proof of Theorems 1 and:2. We have proyed [2] that under the 
assumptions of Theorem IV 


(2.1) eae Ela = o. 


>n 


If $ (t) is continuous at to, then the Fourier series 


plt + 8) + lto — 0) S decal Pd 
Eb toC ORT deor SERM IE QUE 0 , 


2 
t 6) — lt — 0 
BOGOTA es Stns 


satisfy the assumptions of Theorems IV and V respectively, hence are 
uniformly convergent at 0 —0. This proves Theorem 1. The proof of 
Theorem 2 follows on quite similar lines, since it has been proved [2] 
that 


` 


(2.2) lim lim sup XI =o. 
It is clear from our proof that the assumptions of our theorems can be 
replaced ‘by the sole assumptions (2.1) and (2.2) respectively. 

We remark that in Theorems IV and V the assumptions (1.6) and 
(1.7) cannot be replaced by is 


in 
|e] =O) and >> a, converges, 


X b| 2 O(1) and X — o(n), 


respectively. We give an example, suggested by a construction due 
to Fejér [1]. 

Let P,(z) -Yrue/Q-) -J r TOEN, then | P, (z)| <6 for 
|a| S1. Let p, —27*, x, —2^ 0*7, n—1, 2, 3, - - - , and consider the 
polynomial series >) n-—?2^^P, (zeil"). This series is clearly uniformly 
convergent for | z| S1, the degree of the nth term is 2x, + ua — 1 < usu, 
hence writing out the polynomials successively we get a power-series, 
convergent for |z| <1:>0%c,8" = F(z), and F(e**) is the Fourier power 
series of a continuous function. The structure of P, easily yields 

x c,| — (1). It can be proved, as in Fejér's example, that the se- 
ries ? ,c,ef^! converges for each £, uniformly in eSt 2r —e, e»0; but 
neither component converges uniformly at #=0. The same is true for 
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the series >a, cos nt, ? a, sin nt, where a4 = R(c,); ? a4 converges, so 
that J va, —o(n). Again, using Fejér's device, and replacing e*/* by 
ett», where the sequence TA.: is everywhere dense in (0, 27), we get a 
continuous function with a Fourier series and its conjugate nonuni- 
formly convergent everywhere, while |c,| is the same as before. 


3. Proof of Theorem 3. It follows from (1.8) that lim 5, exists, and 
now from (1.9)-that lim 6,=0. Furthermore 


gn 


2. 


1 





; al get 1 
b — bul s > 2 [5 — bail = >> 5, €(D = 01), 
nal 5 





hence 
(3.1) |b — bas] < œ. 
1 
Moreover 
ð c 101 
Ds — baal s 2. | by — bi] 
(3.2) * cm n-2 
. 1 1 1 
-o(a -0(2) 
n 2* n 
hence 
(3.3) nb, = n», (b, — ba) = O(1). 


It was proved by Littlewood that boundedness of a sequence and 
Abel summability imply (C, 1) summability; if we apply this to the 
sequence (n5, ] it follows from (1.9) and (3.3) that 


(8.4) > vb, = o(n). 


1 


Next, from Abel’s formula 
m m—i 
(3.5) J b, sin rt = D> (b, — ba) TÐ + baT nl) — b,TA st, 


where 
Ea cos 1/2 — = (n + 1/2 , 
: 2 sin 1/2 


hence in any interval eSiS2r—e. 
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È b sin ot] <tr S|, — bal + 2eiz(l b, | +: 5, |). 





Thus the series È b, sin i is uniformly convergent in eS? 2s — s, 
e» 0. Let 


> bn sin nt = f(i); 
1 
we shall prove next that f(/) —0 as t} 0. We write 


f( - (= + x» sin vt = Ui(t) + Ult), 


n+l 
say, where s — [e-1t1]. Now, employing (3.2), (3.3) and (3.5) 
| Uae) | < Pe ( DI b, — ba +| 2) 


atl 


= t0(n-) = eO(1). 


(3.6) 


As to Ui(t), we have 














n j i a—l 1 nt 
Me su = Dowd gr e , 
1 p 1 
where 
oe jog ee, Ee 
L n ati 
. We have 
t t 
a= f (A cos nada = R ff z"(1— z)dz, s = e", 
0 0 
hence 
t . 
Ia « f |1—sz|az «t 
0 
and 
PORTAN 4 t| »,| 
(3.7) : 


zn Y vào rts) 0 
1 


as | 0, by (3.4). 
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Now (3.6) and (3.7) yield 
i lim sup | f@)| < €; 
Ho . 


€ being arbitrary, we get f(/) 5.0 as (0. In view of (3.3) uniform con- 
vergence now follows from Theorem II. 

We remark that under the assumptions of Theorem 3 the sequence 
{nb,} need not have a limit. This is seen from the example 


nb, = 1 for »= 2°, »=0,1,2,---, ba = 0 otherwise. 


Moreover in this case b, 20 and Db, is convergent. 

On the other hand for the example ? ;?( — 1)" sin (2n —1)t/n log n, 
nb,—0, > b, converges, yet the series is divergent for t=r/2. Of 
course (1.8) is not satisfied, but "| 6,| =O(1/log n). 


4. Proof of Theorem 4. We shall employ the following lemma. 
LEMMA 1. Suppose that B,=0, that for some q=0 
(4.1) Baa S (1+ g/n)B., n= 1,2,3, 
and that the sequence {B,} is Abel summable to B; then B,—B. 


This is Lemma 5 of my paper [2]. Note that the inequalities B, 20 
and (4.1) need only be satisfied for all large n, n z no, say. For the se- 
quence BY =B,,, n—1,2, - - -, no, BJ — B,, n» no, satisfies the as- 
sumptions of the lemma, hence lim B, —lim B, exists. 

Now for nb, +2 — B,, from (1.9) 


(4.2) (1—759»55B,^p as rîl; 

from (1.10) and (1.11) 

(4.3) , 0 S B, S (1+ ¢/n)Ba, for all large n. 
Lemma 1 now yields 

(4.4) B,— p, thatis mb,— 0. 

From (4.3) 

(4.5) (Basi — Bn) S w-qB,, for n = no say. 


Write $2 (B,,1 —B,) 3 4-9", where >.’ is the sum of the positive 
terms, and ? /" the rest. From (4.4) and (4.5), >,’ =O(1) ; furthermore 


Bayi — Be = D+ DO" = =| "1, 


hence ee] — B,— Bm1 +2’ =0(1). It now follows that 
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ZEE ba = 0M); 


this and (4.4) vield (1.8). Our theorem now follows from Theorem 3. 
If we replace (1.9) by the assumption (A) lim nb, =p, then the trig- 
onometric series 
Y (b. — pn) sin n = >. B, sin nt 
satisfies the assumptions of Theorem 4, hence it is uniformly conver- 
gent, dnd we get »b,—p, and 


(4.6) . È bn sin nt—> wp/2 as 10. 





2a 
>| Bat 


n 


Combined with Theorem 3 of our paper [2] we get the theorem. 


THEOREM 5. If (4.2) holds then a necessary and sufficient condition 
that (4.6) holds is nb,—p. i 


For 5, positive and decreasing, p -0,.the result is due to Chaundy 
and Jolliffe, for p0 to Hardy. For references see [2]. 


5. The cosine series. We shall next prove the theorem: 
THEOREM 6. Suppose thai 


(5.1) Ela — on: | = 0679, 


and that >a, is Abel summable, then ? a4 cos nt is uniformly convergent. 
Using Abel's formula 
m m—1 
(5.2) $3 a, cos vt = D> (a, — arp) Y(t) + amynt) — asy, 
where 
sin (n + 1/2) 
2 sin (1/2) 


As in $3 it follows from (5.1) that lim a, existe, and now Abel sum- ' 
mability of ><a, implies that a4—0. Furthermore 


vw) = 


6.9 Ela anl <o, Dla ons] = OW), na = 00). - 


Hence, by a theorem of Littlewood, ? as converges. 
Now (5.2) yields uniform convergence of $a. cos nt in ez IST, 
e>0. Let 
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>, as cos nt = (t), O<itSr. 
We write i 
by a, COS v] = > + by = Vi(f) + Vað, 
1 1 arl 
say, where n= [e-1t-1]. Now from (5.2) 
Volt) = 22 (e — a4)m() — axes (o, 


nl 
hence 


EXYIPIZS (I sudes sl) 
? . nl 


= t10(n-!) = eO(1). 


(5.4) 


To estimate Vi put ya =f,, then ri; 5, and 


Vi = s cost — fap cos nt + 25 r, sin (1/2) sin (v + 1/2)4 
2 
hence 


| Vi(t) — s cos t| S | ran] d das] 
(5.5) EN 
s | AN + et >| r| = eto(1) 


as 10. From (5.4) and (5.5) lim sup:~o |@(#)—s| Se, € being arbi- 
trary, we get 9 (/) 5, as £0. Our theorem now follows from Theorem 
` I. The example 7 ,27* cos 2^t shows that na, need not have a limit. 
Here is an alternative proof for the continuity of ¢(¢) at £—0: 
From (5.2) 


of) =- a1/2 + 2719, (a, — Gnt1) cos nt 
1 ` 

detis (1/2) X5 (a. — Bn yc 

: UU sn (2) ' 
clearly >> (a4 —a444) cos n: is uniformly convergent. Furthermore 
sin si e sin ni 


= al H 
n 


n 1 








X. — G441) Sin né = X (Gn — a+) 


where 
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af = nlos — on), Si] of | =00), by (5-1. 


Now 3a; =) Mis — (n+ 1)an41; 3a. being convergent, it follows 
that 1-1» fva, —0, and Jas is (C, 1) summable to s, hence by Theo- , 
rem 4 of our paper [3] : 





ze sin ni = 
> a — >a,=s5, as 10. 
1 ni 1 


Thus ¢(#) is continuous at ¢=0. 
Theorems 3 and 6 combined yield the theorem: 
THEOREM 7. Suppose that 


in 


= 





6 — Cna —O(n-) as no o, 


and that 9 ,c, is Abel summable; then the power series > c,s^ is uni- 
formly convergent in the circle |z] s1. ' 


It suffices to consider the circle |z| =1; suppose first that the Cn 
are real. The uniform convergence of ? c, cos ni follows from Theo- 
rem 6; it also follows that n7!» rc, —0, and Theorem 3 now yields the 
uniform convergence of ?^c, sin nt. If the c, are complex, En — a4 1-55, 
then apply the result just obtained to »/a,z^, > baz". This proves 
Theorem 7. 


6. Further theorems on cosine series. Our next theorem is: 


THEOREM 8. Suppose that for some constants p20 and q2 0 
(6.1) OS (n + Ds. — ns + p S (1+ g/n) [nsn — (n — 1)5,-1+ 2], 


$4 =) 4a, and that Danis Abel summabsle; then na,—0, and >a. cos nt 
ts uniformly convergent. 


Put ms.— (n — 1)Snatp = ôn = ss 4- (n— 1)an+ p, s;—0, then 
$385- n(sn+p)20, s,Z —p, hence by a well known theorem 
of Tauberian type ? a, is (C, 1) summable, thus the sequence {n} 
is (C, 2) summable. This and 0 S 5,41 € (1 +g/n)ôn imply by Lemma 1 
that lim 6, exists, 5,6, say. It follows that 1-15 78, — s, -- 68, or 
$40 — f =s, and now ' 


(6.2) On = Ôn — Sn F Gn — $ 0. 
Next from (6.1) 
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(6.3) Ont a Ön E (g/n)à., 
furthermore 

2a 
(6.4) Da = $5 (841 — 5) —.0s1 — ôn = O(1). 


Write D,— D'--D'', where D’ denotes the sum of positive terms, 
D"=D,—D". From (6.3) 


2n 
0x D'zg,v^5, = O(1), 
and now from (6.4), | D" =0(1), hence 
2n 
> | 841 — ô| = O(1). 


Also 6,41—6, = (v+1)(a,41—¢,)+2a,, thus 
an 


3 | a4: — «| S00) + 23-| a. 


n 


But from (6.2), >-*|a,| =O(1), hence 

25 

VM 0,41 — a| = O(n). 
Our theorem now follows from Theorem 6. 


We next prove the following analogue to Lemma 1: 

LEMMA 2. Suppose that B,=0 for n>, that for some q>0 
(6.5) Basi 2 (1 > q/n)B., n> Mo, 
: and that (A) lim B,— B; then B,—8B. 
We may assume that q/n «1 for n>m; then from (6.5) 


Fp, = BEU ga asia (1- (1 — g/n)*), n> No, 





hence 


Bs s L (Bare d Ba) {1 un (1 eS q/n) 3-1, where 
(6.6) 


n 


B, = >, B,. 


1 
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Choose x= [ôn], where 5>0; from Abel summability and from B,20, 
it follows that n—1B,->B. Now from (6.6) 


. qôB 
lim sup B, S ————————— ; 
1 — exp (— gò) 
letting 6 | 0, we get 
lim sup B, S B. 


Similarly for n — x» tto 


S Bess Y (1- 1 Jj 
ral i y=0 
q 





n— K 


n—RK d q —(cr1) 
SOSRUS eec)" wh 
q f—k n —x 
hence 


B, = (g/(n — k — 9)(B; — Byer) {(1 — a/(n — x)“ — 1]. 
Let now x= [n5], 0 «8 «1, then 











da f qó ( gi y 
N E A AO; SEE 
pag S 


and 6| 0 yields lim inf B, 2B. This proves the lemma. 
THEOREM 9. Suppose thai for some constants p=0, q 20, 
(n + 1)5n41 — ns. + P 
2 (1— g/n)[ns, — (n — Osa + 2] 2 0, 


and that (A) lim s, —s exists. Then na,—0 and ? Ja, cos ni is untformly 
convergent. 


As in the proof of Theorem 8, s,2 —p, hence Ya. is (C, 1) sum- 
mable; then by Lemma 2, 0,—0, na,—90. Next from (6.7) 


(6.7) 


ba41 — Ôn 2 — qn bn, and 


0:8) D, = Y (85.1 x 6,) a San41 — Ön = O(1). 


Write D,—D'-4-D'', where D’ denotes the sum of negative terms, 
D''—D,—D'. From (68),0z D'z —q2 25y-18,, hence D' 2 O(1), and 
D'' =O(1); hence 20 8,41— 6,| =O(1). The remaining part is the 
same as in the proof of Theorem 8. 
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7. Closing remarks. The assumption of Lemma 1 can be writ- 
ten as 0S Bar S (n + Q)/nB,, or 0S (T(n + g/T(n)B.a 
S (T(n--q--1)/T (n--1)) B,, that is, P(») B./T (24-9) is decreasing. A 
.similar lemma was proved by Hardy; for reference see [2]. Again in 
Lemma 2 the assumption is Bay 2 (n—49)/5B4 20, or 


T(n — q)/T(n)) Bai = (T(n — a + 1)/T(» + 1), z 0, 


that is, (7) B,/T (n —g) is increasing. The larger g the more general 
is the condition. 

The differences (n4-1)s,41 — 15, — 7,41 are the (C, —1) means of the 
series > Gq, that is, s, — 5-1? fr, (r1—5:). The condition (6.1) may be 
written as 


— (Ta + 2) S Tn — m3 (q/n) (Ta + 2). 


If it holds for some f, then it clearly holds for any ?'» p. Similarly 
(6.7) becomes 


Tat+1 7 Tn =- (g/n)(r« + 2) z— (Ta + 2) 


and here too p may be replaced by any p’>p. Clearly summability 
(C, —1) of the series ? ^a, is equivalent to convergence together with 
na,—0. 

We have seen that the first inequality of (6.1) and Abel summabil- 
ity of ? ^a, imply (C, 2) summability of the sequence fra} ; it follows 
from a theorem of Tauberian type that ? Zan converges. It is an open 
question whether this and 7,2 —p, n—1, 2, 3, - - - , imply uniform 
convergence of ? a, cos ni at £—0. Theorem IV asserts that this is 
the case if $a, cos nt is the Fourier series of a function continuous 
at £=0. However it is doubtful whether even (C, —1) summability 
of ? a, itself implies uniform convergence of Ža, cos nt, or continuity 
of the corresponding function at £—0. 
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UNIVERSITY OF CINCINNATI 


A GENERALIZATION OF CONTINUED FRACTIONS! 


B. H. BISSINGER 


1. Introduction.? The generalizations and analogues of regular con- 
tinued fractions due to Pierce [8], Lehmer [£], and Leighton [6] 
concern the iteration of rational functions to obtain rational approxi- 
mations to à real number. The present generalization proceeds from 
the fact that the continued fraction 


(1.1) 


can be written in the form 
(1.2) flat f(as 4- 


where f(/) — 1/t. This suggests the possibility of using functions other 
than 1/¢ to obtain generalizations of (1.1). In $2 a class F of functions 
which includes 1/t is defined and in $3 meaning is given to (1.2) for 
each f € F and each sequence a1, as, ds, * - - of positive integers. An 
algorithm is given for obtaining for a fixed fE F an expression of the 
- form (1.2) corresponding to each number x in the interval 0 «x «1; 
this expression is then, called the f-expansion of x. The analogue of 
the nth convergent of a simple continued fraction is defined, and its 
behavior with respect to x is noted. In $4 the form (1.2) is called an 
f-expanston when JEF and ai, G2, a, - - - is 2 sequence of positive 
integers. The convergence and some idea of the rapidity of conver- 
gence of an f-expansion are established. The one-to-one correspond- 
ence between f-expansions and f-expansions of numbers x, 0 «x «1, 
is given in $5 by Theorem 5. In $6 statistical independence of the a; 
of an f-expansion is defined in the customary way and a subclass F, 
of F for which the a; are statistically independent is considered. Vari- 
ous sets of numbers x whose f-expansions are restricted by conditions 
on the a; are considered and the linear Lebesgue measures of these 
sets are given. In $7, when f € F,, certain sets of numbers x which 
have been stüdied for f(t) =1/t by Borel [2] and F. Bernstein [1] are 
shown to be of measure zero. 
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2. The class F. Let F denote the class of real functions f(t) defined 
for £z 1 and having the following properties: 


(2.1) fH=1; , 

(2.2) ft) > f(s) > 0, 1si<h; 
(2.3) lim f) = 0; 

(2.4) |I) — | <|- hl, 1Sh«h 
there is a constant such that O<A «1 and 

(2.5) |f — ft) |< la hl, 1+f2)<i<h 


3. The f-expansions of numbers. Let f(/) C F and x be a fixed num- 
ber, 0 «x «1. Let zo be defined by x—f(zo) and let the sequences 


2,25, °° * , 01, Oo, © + + , and Gi, Ga, - - - be defined by the relations 
(3.1) a, = [za], On = En-1 — da, 6, = S (en); 
forn=1,2,---.If 0,70 for n « k while 0,0, we shall say the ex- 
pansion terminates and that the f-expanston of x is? 

(3.2) ovt faa + +++ + fla). 

In this case it is easy to see that ¢,22 and that the f-expansion of x 
is equal to x. If 0,740 for n=1, 2, - - - , then the expansion will not 
terminate and we shall call 

(3.3) flat flat- 


the f-expanston of x. 
By analogy with simple continued fractions we define 


(8.4) tn = f(ai + f(t + +--+ + flan) 
and call the elements of the sequence xı, xs, * - - the convergents of x. 
The integers 41, Gz, -- - and the convergents xi, Xs, - - - are uniquely 


determined by x for almost all x, 0x «1. When we wish to em- 
phasize this functional dependence we shall write them in the form 
a(x), as(x), -> and x(x), x(x), PRU: A 

To facilitate notation we introduce the function ¢,(#) defined when 
SCF and ai, 85: -+ is a sequence of positive integers by 


(3.5) ont) = flit flat t + f(as H, t 2 0. 


A simple induction proves the following lemma. 


3 In (3.2) and similar, expressions we shall use a single parenthesis on the right. 
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LEMMA 1. The function q(t) is a decreasing (increasing) function of 1 
when n is odd (even). 


THEOREM 1. If f C F and 0<x <1, then the odd (even) convergents of 
the f-expanston of x form a decreasing (increasing) sequence bounded be- 
low (above) by x; thus 


(3.6) 0czx.zx xs cmncmst 


When 4$4(£) is defined by (3.5), we have x, —4$4(0), x 2$4(0,), and 
Xnti=Ga(f(Gay1)). Since f(a441) z0,7 0, we can apply Lemma 1 to 
obtain x,2»xzx441 when n is odd and x, «x €x,,1 when n is even. 
Since f(as41--f(a412)) 2 0 and xq13$«.(f(a4414-f(8543))), we similarly 
have x42 x443 when # is odd and x, «x443 when is even. These in- 
equalities establish Theorem 1. 


COROLLARY. If lim, x» exists, then limno £n =x. 


4. Convergence of f-expansions. If f C F we shall mean by an f-ex- 
pansion either a finite expansion f(aitf(a2:+ - - - J-f(ax) in which 
the a; are positive integers and a4Z2, or an infinite expansion 
S(atf(aa+ - -+ in which the a; are positive integers. It is to be 
proved later that each f-expansion is generated by a unique x; mean- 
while this is not assumed. 


THEOREM 2. Let f C F. If sequences x, and y, are defined in terms of 
an f-expansion b the formulas 


(4.1) Tn = f(ai + f(aa + > +- + flan), 

(4.2) Ya = flit Kas + - - - + flan 471), 

then 

(4.3) .' Ocxczx«:cncmwnusi 

and 

(4.4) Enyi € I(01, 05, *  * , On), 

where I(as, 03, ` >- , Ga) ts the closed interval with end points at x, 
and yn. 


Proof of (4.3) is identical with a part of the proof of (3.6). The con- 
clusion (4.4) follows from Lemma 1 since x, =¢,(0), 


WaL1C— $«(/(8411)); yn = é.(1), and -0< flan) S 1. 
Lemma 2.* Let f C F. For a fixed positive integer n, the least upper 


* We use the symbol || to denote the linear Lebesgue measure of a set E. 
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bound of |Z (01, 05, ^ ^ ^ , Gs) | for all sequences of positive integers a; $5 
less than \*-? where 4s the constant in (2.5); that ts, if f C F and 


(4.5) A, = ` Lub. [fim Toc fs 1) — at rd a) l, 





where ai, da, - ` > , Ga assume independently all positive integral values, 
then 
(4.6) A, S A3, n-—-1,2,-:-. 

For 5 Z1, we can write 

I(a xev a 
Antz = o Lub. ICH | Ilas, 8544) | 
a angèl | Hans +++ nga) | 
<A, Lub. Jlo + f(as + u) fet fete 
yg > 1; 0 A ""-—v 


from which we obtain 


Asa XA. Lub Ka+ f(as +w) — Ka + fla 9) 
in nbi = An a dy 215 O<U<PSI [ex + f(a: + u)|— [a + f(as + 1) | 


"u—v 


If a4 —1, then a1t+f(a2+u) 7 a1--f(a44-) 21+/(2) when a is a posi- 
tive integer and 0 <u «»€1, so that by (2.5) and (2.4) the first and 
second factors of the product of which the least upper bound is taken 
in (4.7) are less than À* and 1, respectively. If 52:27 1 --f(2), then 
the first and second factors are less than 1 and A3, respectively. So 
we have Anp SMA,, n=1, 2, |- +. Since 4:541<1, the statement 
(4.6) follows easily by mathematical induction. 











THEOREM 3. If f CF, then each infinite f-expansion converges to a 
number x $n the interval 0 <x <1; moreover 


(4.8) |x, — «| S7, n=1,2,---, 
where ^ 4s the constant in (2.5). 


From Theorem 2 and Lemma 2 we conclude that [xa — zn] aan? 
forn21,2,--- and since 0< «1, x, converges toa number x which 
by (4.3) lies in each of the intervals from x, to £441. This proves (4.8). 


THEOREM 4. If f CF and 0 «x «1, the f-expanston of x converges to x. 


In the terminating case the f-expansion of x obviously equals x 
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and in this sense converges to x. In the non-terminating case the con- 
clusion follows directly from Theorem 3 and the corollary to Theo- 
rem 1. 

Henceforth we shall use the notation x =f(a,;+f(ag+ - - - to mean 
that the f-expansion on the right side converges to x. 

When f(t) —1/1, the least upper bound of |f(x) —f(y)|/|x—y| for 
3/2 <x <y is (2/3)*, and so we may take \=2/3. It follows from (4.8) 
that 


(4.9) | z(a) — a| x (2/3), m=1,2,-+-. 
From the theory of simple continued fractions we know [7, 4] that 
(4.10) | x(x) — | S 271, n=1,2,---, 


where g= (3 —51/2)/2. Comparison of (4.9) and (4.10) shows that our 
method of obtaining estimates of the rapidity of uniform convergence 
of f-expansions gives, when applied to f(/) =1/t, an estimate which is 
similar in form to the stronger estimate of (4.10). 


5. Uniqueness. In this section we establish a one-to-one corre-, 
spondence between f-expansions and f-expansions of numbers x, 
0 «x «1. We note, as in simple continued fractions [7, p. 22], the 
following lemma. 


Lemma 3. If f C F, then any two of the three equations 


(5.1) z= f(n + flante, 
(5.2) > y = f(a. + flami tH, 
(5.3) % = fait flas + -e + flani + y) 


implies the third, the f-expansions in (5.1) and (5.2) being infinite. 
The proof of Lemma 3 is straightforward. ' 


THEOREM 5. If f C F and 0<x<1, then an f-expanston which con- 
verges to x and the f-expanston of x are identical. 


If the twoinfinite f-expansionsf(ait+-f(aa-+ - - -andf(d:4f(bat = - - 
converge to the same x, then by successively applying Lemma 3 we 
obtain a4,=b,,n=1,2,---.A similar argument proves that an in- 
finite f-expansion and a finite f-expansion or two different finite f-ex- 
pansions do not converge to the same x. Theorem 4 completes the 
proof. 


6. Statistical independence. From (3.6) and (4.4) we see that 
Iler, G2, + + + , ci) except for at most its end points is identical with the 
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set of x, 0<x <1, for which aj(x) 2c5 j7=1, 2,+-+,4. More exactly 
we have 


E[o,() = 637 =1,2,---, 4] 

= Ilen 6 ***,6) — flat f(es - --- - fie 0] 
unless 421 and c,—1 in which case ` 
(6.2) E[ai(z) = 1] = 1(2) — ((0] — 00]. 


Lemma 4. If f CF and a, cs, > s s, Ca Gnd ci, cd, >>>, Cx are two 
sets of positive integers such that for at least one j, 1 Sj Sn, cj»écj , then 
the intervals I(cy, C2, © - - , c4) and I(cl, cl, -- +, c4) have at most an 
end point in common. ve 

The proof of this lemma follows from (6.1) and (6.2) and from the 
fact that the sets Ela,(x)=c,;; j=1, 2, * - - , n] and Ela<x) =c} ; 
j=1,2, +++, n] are mutually exclusive by Theorem 5. 

COROLLARY. If f CF, then 


NIAI o Dass e po Teo dé us 
fol 


(6.1) 


If yi ys, - - - isa decreasing sequence of positive numbers such that 
yı=1 and y,—0 and f(t) is the function whose graph is the polygon 
joining in order the points (s, Y»), 21,2, - - - , then f(E) EF. Let Fp 
be the class of all such polygonal functions. | 


THEOREM 6. If f C F,, then for any positive integers $ and k 
| Elada) = k] |= (9 — Kk + 0. 


By (6.1) and (6.2) we have | E[ax(x) 2&]] =| I(E)| «f(&) —f(R+1). 
For any ERN integer m, it follows from (6.1) and Lemma 4 that 
|E[ amx) =k J| =) | Ibn ba, ^ >, bms k)| where >, is to be taken in- 
dependently over all positive m values of bi, bs, +++, dm. By 
the mean value theorem we have 


| E[ensi(x) = &]| 

= Xf: fT -fb6 c IO 

= | fo) — fb: +1 ||fGt--+ /G- 2 -—f0 iK 
= (3/03 — fbr + D|) OZ Gs p bm 9D) 

= E| Ibn- >, bm 8| = | Elo«(2 = £I. 


5 The symbol E[:--] shall denote the set of x satisfying the proposition in 
brackets. 
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An induction completes the proof. 


The functions a,(x), £—1, 2, - - - , are said to be statistically inde- 
pendent [4] if for each set of positive integers m «na « -- - «n, and 
each set of positive integers c1, C2, * - * , Cm 


(6.3) | Ela,,(x) = cij =1,2,-++,m]| = III Elos (3) = cil]. 
121 
THEOREM 7. If f C F,, then the functions a;(x), i=1, 2, - - - , are 
statistically independent. 


The equation (6.3) is trivial for m=1. By (6.1) and Lemma 4 we 
have 


| Elen, (2) = 69 = 1, 2,°°° m] | 


= 2 Ib, etg bea, Gb i1 er., ntt, Ca) | 
where >.’ is to be taken independently over all positive integral values 
of b; for all indices ¢ from one to mm excepting £—f, na, - - , Tm By 


an argument similar to that used in the proof of Theorem 6 we obtain 
| Elan (3) = 653 = 1,2,---, mJ | 
= E| fbx) — fOr + 0| | 10s +++, bmi ery + + em) | 
= 27 Ib bus C1) °° 09] PR 
= aa T (61, b * 5 Gm) | 
=| fe) = fa 2| Q7 TO msn ++ em) 
= | Elon (2) = a]| + | Elan (a) = 65i = 2,---, m] | 
and again an induction completes the proof. 


COROLLARY. If fCF,, then for each set of positive integers 
fan X. «n4 and each set of positive integers Cu, Ca, > >, Cms 
di, ds, -- - , du such that c;Sd;,j7=1,2,---,m, we have 


| Ele; S as (2) S daj = 1,2,-+-,m]| = JI] Ele S a(x) S d;]| 
j=l 


- Trj) — f(a) + 0. 
j=l 


7. Sets of measure zero.’ The results of $6 will now be used in order 
to prove a few measuretheoretical facts concerning f-expansions 
under the assumption that fE F,. 


* Theorems, similar to those in this section, applying to the simple continued frac- 
tion have been proved by Borel [2] and Bernstein [1]; for expositions see [3]. 
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THEOREM 8. If f C F,, then the set of x, 0<x<1, for which the se- 
quence a(x), as(x), - - - ts bounded, has measure zero. 


Let the set E[a,(x) Sk; i=1, 2, - - - , m] be denoted by GT. In the 
corollary to Theorem 7 we set n;—7, c;—1, dj=k and obtain 


lez| = IL (1-762) = (1-764 0)". 


fal 

If we let G.=E |[a;(x) $k; 4=1, 2, -- - |, then GEGT, m=1,2,---, 

and so |G] —0. The set of x, 0<x<1, for which the sequence 

a(x), as(x), ~- - is bounded is G=) G, and consequently Kl =0, 
Similarly the set of x, 0 «x <1, for which a,(x) >k,¢=1,2,---,m, 


has measure {f(k+1)}™. An argument similar to that used in the 
proof of Theorem 8 proves the following theorem. 


THEOREM 9. If f C Fp, then the set of x, 0<x<1, for which a,(x)>1, 
1=1,2,---, has measure zero. 


THEOREM 10. If f C F, and $(1), (2), - - - ts a sequence of positive 
integers for which 


(7.1) D f(6(9 +1) 


is divergent, then the set of x, O«x«1, for which a,(x)S¢(n), 
n=1,2, - - - , has measure zero. 


Let H4, = E[a.(x) Sġ(i);i=1, 2, - - - , m]. By an argument similar 
to the one used in proving Theorem 8 we have 


(7.2) | Hm| = IL (1 7 f + D). 
Since 0 «f($(2) +1) <1 for $21, 2, * - - , the divergence of the series 
(7.1) is equivalent to the limit as m— œ of the product in (7.2) being 
zero. If we let H= E|a.(x) &6(2; $—1, 2, - - - J, then since HEH, 
for every positive integer m, it follows that | H| =0. 

'The last three theorems can be generalized to infinite subsequences 
of the sequence ai(x), as(x), ==». 
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CORNELL UNIVERSITY 


:COMMENT ON THE REAL LINE 


PAUL R. HALMOS 


Is it possible to topologize the additive group of the real line so 
that it becomes a compact topological group? It is the purpose of 
this note to establish the affirmative answer to this question. While 
the fact is not deep and the proof not difficult, they are presented 
here mainly to call attention to the almost completely unsolved prob- 
lem of algebraic:characterization of those abstract abelian groups 
which can be compact. 

(1) If G is any additively written abelian group and m is any posi- 
tive integer, consider the subgroups G4 and G4' defined as follows. 
G4 is the set of all x's in G for which nx —0; G4 is the set of all x's 
which have the form x — 5y for some y in G. These two subgroups are 
dual in the sense that if G is a locally compact abelian group and T is 
its character group, then the annihilator of Gw is Ty’ and (conse- 
quently) the annihilator of Gy’ is I’. (The first statement implies 
that the annihilator of TZ’ is G4 ; the second statement follows from 
this by interchanging the roles of G and I.) To prove this let £= £(x) 
be any element of T, and consider the identity (mx) —n£(x). Since 
£(nx) vanishes identically if and only if £ belongs to the annihilator 
of GJ’, and n(x) vanishes identically if and only if ET% , the as- 
serted duality follows. It follows also that a locally compact abelian 
group G is divisible if and only if its character group T is torsion free, 
and therefore that G has both properties if and only if T has. 

(2) In a torsion free abelian group the division of an element by 
an integer is unique (if at all possible). Therefore a torsion free group 
in which division is always possible admits the additive group of ra- 
tionals as operators. Consequently such a group is a vector space over 
the rationals and its algebraic structure is uniquely characterized by 
its vector dimension, that is by the cardinal number « of elements in 
a Hamel basis. For the additive group of the real line « is the power 
of the continuum. The assertion of this note can be proved therefore 
by exhibiting a compact group G which is both torsion free and divisi- 
ble and in which there is a Hamel basis havirig the power of the con- 
tinuum. 

(3) Let I' be the discrete group of rationals and G its compact 
character group. It follows from (1) that G is divisible and torsion 
free. The elements x€G may be thought of as functions x(£) from 
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T to the unit interval modulo 1. If the elements «,---, x, are 
rationally dependent then there exist also integers ki, -> +, ka such 
that k(t) - ++ - -F Ex, (£) 80 (mod 1) for all ECT and therefore 
in particular bixi(1) d- - + - +4,x,(1)=0 (mod 1). Since the mapping 
x—x(1) is an onto homomorphism from G to the unit interval modulo 
1, the existence in G of a Hamel basis with power smaller than that 
of the continuum leads to a contradiction. For then every subset of G 
with the power of the continuum would contain a rationally depend- 
ent finite set and consequently every subset of the unit interval 
modulo 1 with the power of the continuum would contain a finite 
set which is integrally dependent modulo 1. Since this last possibility 
is absurd, and since the power of G itself is that of the continuum, it 
follows that a Hamel basis in G has exactly the power of the con- 
tinuum. The affirmative answer to the question of this note is thus 
completely established. 


SYRACUSE UNIVERSITY 


ON CERTAIN SYSTEMS WHICH ARE ALMOST GROUPS 
HENRY B. MANN 


We consider systems © of elements A, B, - - - satisfying the follow- 
ing postulates. 

I. To every pair of elements A, B in € there exists a uniquely de- 
termined product A -B in ©. 

II. (AB)C=A(BC). - 

III. There exists in © an element E such that EA =A for every A. 

IV. To every A in € there exists an A’ in © such that AA’ =E. 

The system € differs from a group only in that it contains a left 
unit and right inverse instead of a right unit and right inverse. We 
shall call such a system a left right system, abbreviated (J, r) system. 


DEFINITION 1. An element F is called an idempotent if F? =F. 
PROPOSITION 1. If F is idempotent then FE =E. 

Proor. From FF =F we have FFF 2 FF-!, hence FE =E. 
PROPOSITION 2. If FE =E then F is idempotent. 

For FF=FEF=EF=F. i 


PROPOSITION 3. The idempotents of a (l, r) system form a (l, r) 
system. 


Proor. If F and. F are idempotent then by Proposition 1 
FF'E = FE = E, 


hence FF’ is idempotent and postulate I is fulfilled. Postulate II is 
fulfilled since it is fulfilled in ©. E itself is idempotent and is by 
Proposition 1 a right inverse to every idempotent. Hence all the post- 
ulates of a (J, r) system are fulfilled. 


PROPOSITION 4. If F 4s idempotent and A is any element then FA =A, 
For FA=FEA=EA=A. 


DEFINITION 2. A (I, r) system which contains only idempotents will 
be called an idempotent (l, r) system. 


From Proposition 4 we see that in every idempotent (J, r) system 
every product is equal to-its last factor. On the other hand it is easy . 
to verify that every system of elements in which every product is 
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equal to its last factor is an idempotent (/, r) system since every ele- 
ment of such a system can be considered the unit element and is then 
inverse to all elements. From the foregoing we have the following 
theorem. 


THEOREM 1. There exists one and only one idempotent (J, r) system of 
order n (n=1, 2, - - - ad inf.). It consists of the elements Ai, Ás, - - - , A, 
with the law of composition A:A;= Aj. 


Remark. Similarly one and only one idempotent (J, r) system exists 
for every cardinal number. 


PROPOSITION 5. The elements of any (l, r) system which are of the 
form AF where F is a fixed idempotent form a group. 


Proor. (A F)(BF)=A(FB)F=ABF by Proposition 4. The com- 
position is by hypothesis associative, Fis a right unit and 4-1Fa right 
inverse. Since the system forms a group we must have A-1FA F= F., 

Let J=(Z, F&---) be an idempotent (J, r) system, © 
—(E, As, - - - ) a group. We forma system © in the following way: 

© consists of all pairs A,F; with the following rule of combination: 


AF AP, = AAP 
It is easy to verify that © is a (J, r) system. 


DEFINITION 3. The system © defined in the preseding paragraph is 
called the direct product of X and ©. 


PROPOSITION 6. Every element of a (l, r) system may be written in the 
form (AE)F where F is idempoient. 


Proor, We have (4-14)(4714) 2 A-(44731)4 = A-(EA) = A714, 
Hence 4-714 is idempotent. But A —44-14 = A(EA-14) —AE(A-1A). 


PROPOSITION 7. If AEF=BEF' where F and F' are idempotents then 
AE-BE and F=F'. 


Proor. From AEF — BEF' we have AEFE — BEF'E. Hence on ac- 
count of Proposition 1, AE — BE. Since the elements of the form AE 
form a group, A~!E is a left inverse of AE and F= F' follows. 

From Propositions 5, 6 and 7 we have the following theorem. 


THEOREM 2. Every (1, r) system is the direct product of an tdempotent 
(l, r) system and a group. 


PROPOSITION 8. Every idempotent F of a (l, r) system € is a unit 
element of €. 
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For by Proposition 4, FA =A for every A and A(A“1F) - EF =F. 

Let Sı, - -- , S, be n statements. Let A; be the statement: “All 
the preceding statements are annulled but S, is true." It is interesting 
to note that the statements A; form an idempotent (l, r) system. 


Ouro STATE UNIVERSITY i 


A CONJECTURE IN ELEMENTARY NUMBER THEORY 


LEON ALAOGLU AND PAUL ERDÓS 


A well known conjecture of Catalan states that if f(n) is the sum 
of all divisors of n except n, then the sequence of iterates of f(n) is either 
eventually periodic or ends at 1. It not only seems impossible to prove 
this, but it is also very difficult to verify.) 

Another conjecture of Poulet,? which appears equally difficult to 
prove, has the doubtful merit that it is easy to verify. Let o(n) be 
the sum of all divisors of n, and let $(») be Euler's function. Then 
for any integer n the sequence 


fon) =", fanla) = o(fra(m)), faln) en) 


is eventually periodic. ; 

We have verified this conjecture to 5210000 (extending Poulet's 
verification) by using Glaisher's tables.) The checking was facilitated 
by the following observation: if the conjecture is to be checked for 
all n «x, itis enough to find a member of the sequence other than the 
first which is less than x. 

The longest cycle found was in the sequence f,(9216). It starts with 
fe(9216), and is: 34560, 122640, 27648, 81800, 30976, 67963, 54432, 
183456, 48384, 163520, 55296, 163800, 34560. However our method of 
checking does not show that this is the largest cycle up to 10000, and 
in fact Poulet found that f,(1800) has the same length 12. 

As a rule $(c(n)) is less than n. In fact, it can be shown that for 
every €»0, ó(o(n)) <en, except for a set of density 0. The proof follows 
from the following two observations: 


~ 
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(1) For a given prime p, the set of all n such that e(n) =0 (mod p) is of 
densily 1. 


The set of all integers not divisible by any prime q of the form 
fx —1 is of density zero, since ?^,1/q diverges. Hence the set of all 
integers divisible by a prime q> N of this type is of density 1. But the 
set of all integers divisible by g*, g>WN, is of density less than 

' onvi/q!-—o(1). Therefore, if x is large, the number of « less than 
x such that o(m) &0 (mod p) exceeds (1— e)x. 


(2) Except for ex integers n less than x, a(n) <c(e)n. 


This follows from the fact that $^, o (n) ~r°n?/12. 

Choose p so that J [esp (1—1/4) <8/c(€). Then, if x is sufficiently 
large, all except nx-+ex integers s less than x have a(n) <c(e)n, 
` o(n)=0 (mod g) for all qf. But, with these exceptions, $ [e (n) ] < ôn, 
which completes the proof, since 7 and e are arbitrary. 

In much the same way it can be shown that for every c>0, c [$(n)] 
2 cn except for a set of density zero. 

Actually, much more can be shown. Except for a set of denstty zero, 
er [o(n)] log log log n~o(n), and e-ta[6(n) |/log log log n~¢(n), . 
where y is Euler's constant. The proof is suppressed, but it might be 
noted that the reason for this result is that, for almost all s, ¢(n) 
and c(n) are both divisible by all primes less than (log log ):-*, and 
by relatively few primes greater than (log log n)1**. 

There exist numbers for which $(e(n)) =n. Up to 2500 these num- 
bers are 1, 2, 8, 12, 128, 240, 720; while two further solutions are 215 
and 2*1, Poulet gives many others; we do not know whether there are 
infinitely many solutions. 

We state two further conjectures: 

(a) Form the sequence a(n), o(a(n)), (o(o(n))), o(b(o(o(n)))) in 
which the functions are successively applied in the order c, c, 9, 
0,0,0,0,0, $, - - - . This sequence seems to tend to infinity if n is 
large enough. 

(b) On the other hand, the sequence $(»), 6 (6(1)), ellin), - - -, 
in which the order is $, 6, 0, $, $, 0, $, $, 0, - - - , seems to converge 
to 1, for all n. 

Obviously many more such conjectures can be formulated. 


PURDUE UNIVERSITY 


CONGRUENCES INVOLVING THE PARTITION FUNCTION p(n) 
WILLIAM H. SIMONS 


1. Introduction. The purpose of this note is to give certain congru- 
ence properties of p(n), the partition function, for moduli 13 and 17, 
analogous to those obtained by Ramanujan for moduli 5, 7 and 11. 
The method and notation employed are essentially those of Ramanu- 
jan in [1].! Let : 
nam 





P=P(2) =1- 2» 


a1 1 — x” 


H 


Byn 





I 


0 = Oa) =14+ 2405; 





1 — x” 

eo n5x^ 
R= R(x) 251—504»; , 
nl 1 — x^ 


f(a) = IIa — sw). 
Then it is known that 
fe) =1—2-24 x54 a7 - et 


To 
= 3 (= f)nanan-nn, 


fuc—o00 


(1) 


(2) Q? — R? = 1728x[f(x) ]**. 


Furthermore, let ©,,.(*) = > x. mo, ,(n)x", where e(n) denotes the 
sum of the kth powers of the divisors of n. In particular 





oo nix eo 
uz) = 3; —— = È alna, 
nml 1 — x nol 


so that 
P=1— 246 ,1(2), 


Q —1 + 240% ,3(x), 
R = 1 — 5046,4(z). 
Then in terms of the functions >-,,.(#), defined by 


n 


Dira(m) = 22 e(m)o(n — m), 


mal 
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the main result for modulus 13 is given by the congruence (10) of $2, 
(10  p(13n — 7) — p(13n — 176) — =-= = — 22«4 (130) (mod 13), 
and for modulus 17 by the congruence (14) of $3, 

(14) (175 — 12), — p(17m — 301) — -- - = Es (17n) (mod 17). 


Another interesting congruence for modulus 13 is found in (12) of $2, 
namely 


n— m 


(12) (13n — 7) = — 2 r(m)p =A (mod 13), 


where T(m) is the Ramanujan function defined by 


oo 


(3) 25 rma” = elfa], 


n=l 
that is, r(m) is the coefficient of x* in the expansion of x[f(x) ]™. 


2. Congruence properties, modulus 13. We let 7 denote a power 
series in x with integral coefficients. Now ®,,.(x)=3°@o,._,(x), 
where S=xd/dx. Also IP=—24@,:(x), 30=2404,,(x), and SR 
= —5046, «(x). Then from Tables I, II and III of [2] we may form the 
following tables for expressing ®,,,(x) in terms of P, Q, and R. Each 
entry has been reduced modulo 13 so that to each must be added 137. 
Use has also been made of the relations 


(4) Q? = 3R? — 2 + 131,. 
(5) ÆR = P+ 131. 
TABLE I 


Qoa (zx) = — 6P + 6 

$5; (x) = — 20 + 2 

o,s (x) = —4R+4 

or (x) = —Q?+1 . 
D, s (x) = 30R — 3 

$i. (x) = 6P? — 60 

$i. (x) = 5R — 5PQ 

Bia (x) = — 2PR +20! 

is (x) = — 5PQ?+50R 

tiul) = —4POR + R243 
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TABLE II 
$4; (x) = P! — 3PQ +- 2R 
$15 (2) = — P'O + 2PR — Qt 
$5, (x) = P*R — 2PQ* + OR 
P1, (x) = GP3Q1 + POR + AR? - 2 
u(x) = SPOR + 4P J-4PR? 
Ba, (x) = — 3P4+ 5P*Q + 2PR — 40? 
Ps, (x) = 6P'Q — 5P?R + 5PQ? — 6QR 
®3,5 (x) = 5P*R — 2PQ! + 2POR+ 3R? 4- 5 
®:,10(x) = 5P3Q! — 2P*OR — 3PR? 
®3,19(x) = 5PQR — 6P* + 6P?R? + 40R? + 40 
a, (x) = — P5 — 3P3Q + 6P*R + 2PQ! — 4QR 
$,; (x) = — 3PQ — P!R — 5P*Q? — POR— 3 
Pao (x) = — 6PR — 2P0! + 3P!'OR — 4PR? — 4P 
Paur) = — 3PQ! — P'OR + P3R$ + 6P? — 30R? 
5,6 (x) = 5P* + 3P*Q + 5P*R — AP1Q3 + 3POR — 4R? +4 5 


Now let A - (Q! — R?). Then by the use of (4) and (5) we may ex- 
press A’ in terms of P, Q, and R as follows: 


AT = — 5P8 — 2P*0 + 6P'R — 6P*Q* 
— 6PQR — 2R? + 2 + 137. 
Then, making use of Tables I and II, 
AT = — 5,9(x) + 49,5(x) + 38sx) 
— 682,9(%) + 361,10(4%) — 3Bo,5(x) 
+ 2[6o,5(x) ] + 137. - 


But since 


oo 


Bos(x) = Dy es(n)a^, 


no] 


we have 2 . 
[eso] =| È n || 22m] 


© n—l 


> = 25 es(m)os(n — m) x", 


n=? mel 
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and then 
AT = — Bs elx) + 4B, 7(x) + 3B 9(x) 
(6) T ee + 36 10(x) = 3 Bo,5(x) 
+25) (Zís(0))a^ + 131, 
where? ' ; 
Zis (n) = > os(m)os(n — m). 


Instead of equation (6) we may obtain a slightly different form 
for A’ by introducing Ramanujan's function r(»), defined by equa- 
tion (3). Then 


Q? — R? = (3R? — 2 — R3) + 131 = 2(R? — 1) + 13I 


and 
| = —3Xlr9)an +137, 
so that n=l 
A= — $s (2) + 4&,,(x) + 3&s,5(x) 
(7) — TM + 361,10(2) 
— 355 r(m)x* + 131. 
Now, by (2), M . 
AT = (Qv — R3! = {1728x[f(x) ]4]" 
= — 24 @)/fla) + 131. 
But by (1), 
CO PM TNR " : 
fo eX 1)*a16n 227 HL Xo ! 


e 


D {p(n — 7) — p(n — 176) — p(n — 345) +--+ Sa, 


nm 


where the numbers 7, 176, 345, - - - , are alternately of the form 
(13m —2) (39m — 7)/2 and (13m+2)(39m+7)/2. We therefore have 


2 Ramanujan defines 2,,.(#) =, _gor(m)o(n—m) so that Zss(n)— Zion) 
+4205(0)o5(2), o5(0) 27(—5)/2 = —1/504. 
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eo 


(8 | A'—-— XL (s(n—7)—5(n—176) — p(n—345)+ - - - ] an 131. 


a 
Comparing coefficients of x* in (6) and (8) we obtain 
p(s — 7) — p(n — 176) — p(n — 345) + -> 
= + nbo,(n) — 4n*os(n) — 3ntes(m) 
+ 6n'os(n) — 3nos(n) + 3os(n) 
— 2%5,5(") (mod 13). 


(9) 


If we replace n by 13n we get 
p(13n — 7) — p(13n — 176) — 
(10) = 3eg(135) — 2Xs,4(13n) (mod 13) 
= — 235,5(13) (mod 13). 
In a similar fashion, from (7) and (8) we obtain 
(11)  2(13m — 7) — p(13% — 176) — +--+ = 3r(13n) (mod 13). 


We next wish to compare this result with that obtained by Zucker- 
man [3]. For this we rewrite (11) as follows 


> p(13n — 7)gi* 2 (-d)eginsaurnn = 3 = r(13n) x18" + 131. 
n=l 


Therefore 


13I 





X 2(13n — 7) zit = sEm — 
= 3 Èra KX i + 13I, 


(13n — 7) & 3 Y v(13m)p (=A (mod 13). 
But since i 
v(sp) = r(p)r(sp-!) — pUr(sp*), | (5-1 


we have 
7(13m) = r(13*m^), (m, 13) = 1, 


= 7(13)r(1327m^) (mod 13) 
= — 5r(m) (mod 13), 


and so 
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(12 p(13n — 7) = — 23° «(m)o =A (mod 13). 
mæl 

Zuckerman's result gives 

f(a") 

l J(=) 

_ from which equation (11) may also be obtained. 





X p(13n + 6)” = — 2 + 13I 
ne 


3. Congruence properties, modulus 17. Let J again denote a power 
series in x with integral coefficients. As before we express each d, (x) 
in terms of P, Q and R. To each entry must be added 177. 


TABLE III 
o (x) = —5P4- 5 


o,s (x) = — 80 + 8 

o,s (x) = 3R — 3 

Po,7 (x) = — 407+ 4 
Bos (x) = — 20R + 2 
Poul) = 803 + 6R? + 3 
Bou(*) = — SPR + 5 


$15 (x) = P—Q 

1,4 (x) = 3PQ — 3R 

1,5 (2) = — IPR + 70? 

1,2 (x) = 3PQ! — 30R 

$1,10(%) = 4POR + Q! — 5R? . 
O,n(x) = 8P@ + 6PR? + 3Q1R 
$;u(x) = — 3PQ?R + 80R? — 5 


$2.3 (x) = 3P? + 8PỌ + 6R 

$2,5 (x) = — 3P90 + 6PR — 30? 

$,,; (x) = 3P*R — 6PQ3 + 30R 

$2.9 (zx) = — 2P?0? + 4POR — 3Q* + R? 
$2,11(x) = — 2P'QR — PQ? + 5PR1 — 203R 
$3,13(4) = 3P'Q! — 2P?R? — 2PO*R + 80R*— 7 
$,1u(x)-— — 8PQ'R + 3POR?+ 5P 
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$,4 (x) = 5P4 + 4P90 + 6PR + 20? 

Bae (x) = TPO — AP3R + APQ1 — 70R 

B:s (x) = 2P*R — 6P*0? + 6POR — Q3 — R? 

Ps (x) = 4P°9? + 5P*OR + PO? — 6PR? — 4Q*R 

®1,n(2) = — 2P'QR + 7PXQ9! — PPR? — 6PQIR + 70K? — 5 

sula) = — 5PIQ! — 8P3R? -+ PIOR + 1P — 6PQR? — 6Q*R 
&s10(x) = — SPIQIR + 6PIQR? + 8P? + APOR — PR -+ Q + 402R? 


Bas (x) = — 4P* + 6P!Q + 5P!R — 8PQ* + OR 

Ba, (x) = — 3P*Q > 5P*R — P'Q* — 5PQR + 608 + 88? 

$4, (x) = — 7P*R — 6P3Q? — 8P!QR — 3PQ! — 3PR3 — 7Q?R 
dul) = — 2PQ3  8P'QR — PQ! + 6P?R? + 8POR — OR? — 1 


ys (2) = 4P* + 8P^Q + 7P*R + 7P*Q* — 6PQR + 3Q* — 6R? 
dy. (x) = — 2PIQ — 7PAR — 3P3Q* + 3PIQR + 3PQ! + APR3 + 20°R 
Bs10(x) = — 3P*R — 2P40? + AP!QR — 2P3Q* — 2P!R* + 2PQ*R 

+ 2QR! +1 


$,,; (x) = 2P! — 8P'Q + 4P4R — 6P*Q! — 2P!OR + 2PQ! — 4PR? 
6,9 (x) = 7.P*Q — 8P5R + 3P*Q? — 4P!QR — 6P*0* — 8P!R* 
— 8PQ*R — 40R* — 6 
7,3 (x) = 4P8 + 7P'Q + 6P5R — 7P*Q? — SPQR — Dx + 2P'R 
+ 5PQ?R + 5QR! 4 1 
In the reduction of the powers of Q and R in the expansion of 
(Q3 — R13) we have made use of the relations ' 
Qt = 3QR? — 2 + 171, R? = 40°R — 3P + 171, 
together with combinations of these to form ' 
OR = 1PQ — 6R + 171, 
QR* = 8PQ — IR + 171, 
Q3R = 4PỌR? — 5PQ + 2R + 171, 
O5R4 = 5P301 + 5POR + 8R* + 171, 
QR* = 60°R* — 4P90 — PR + 171. 
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We obtain 


A! = (Œ — R29 — P8 — AP'Q + 6P5R + 3P«Q! 
+ AP!QR + 6P*Q! — 3P3R* + 2PQ!R 


+ 6OR? — 2 + 17I. 


Making use of the relations in Table III we have 


All = 44, s(x) —— 7. s (x) + 245, 10(x) + 69, (x) 
T 45 is(x) + 2B¢,13(x) = 89, (x) + 3 PER? 


+ 200R? — 5 4 171. 
But ^ 


3P*R? + 20R? — 5 = 665,:(x) Bo,5(x) + 69, (x) Po, s(x) + P2,172) 
— 24, (x) + c, (x) + 5 Bo,5(x) + 171. 


Therefore 


Al = 4, slr) = Tos, (x) + 2B5,10(%) + 684 (x) = 44, (x) 
+ 28,13(x) + 791,42) + Ba,2(x) + Bol) + 59o,5(2) 
+ 6 &2,7(x) do, (x) + 66. olx) Bo,s(x) + 17I. 


Now we also know that 
A = — 4a? [f(a) ]9/f(2) + 171 


and therefore 


= — 4x2 f (9289) /f(2) + 171, 


acl*f( 238°) / f(x) = — rsl) + 6Ps (x) + 8Ps 0x) + 78i u(x) 


(13) 


+ Daile) + 860,13(%) — 691, ulr) + 462,7(2) 


+ 4 Bo 9(x) + 3Bo,5(x) + 7B 3,7(x) Bo,5(x) 
+ 78o,9(%) Bo,5(x) + 17I. 
Equating the coefficients of x* on both sides of (13) we obtain 


p(n — 12) — p(n — 301) —--- = — 


noi(n) + 6n8o3(n) + 8n*os(n) 


+ 7n^os(n) + moln) + 82%11(2) — 6nojs(n) + 4n%o5(n) 


4 Aag(n) + 30e(n) £7 0 m*os(m)os(n — m) 


2—1 


+7 >> os(m)es(n — m) (mod 17), 


where the numbers 12, 301,--- 


are alternately of the form 
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(17n —3)(515 —8)/2 and (17n+3)(51n+8)/2. Now replacing s by 
17n we get 


(Tn — 12) — g(17n — 301) — - - - = 4os(17n) + 3os(17n) 
1T5—1 172—1 


+7 > miss(m)es(17n — m) +7 >> es(m)es(17n — m) (mod 17). 


In order to further simplify this result we note that 
P s (x) $4 s (x) = 4[ 1 ,6(x) }2 = 344, (x) + 3o,5(x) Bo ,9(x) = 8 Bo (x) 
= 6Bo,5(x) + 171 
and therefore 


n—1 


Po mos(m)os(n — my = 4 m(n — m)os(m)os(n — m) — 3n'es(n) 


+ 33 AA — m) — 8os(n) — 605(n) (mod 17). 
But 
Y m(n — m)es(m)oes(n — m) =n X medendi — m) 
— Site) — m) 
and = 


SDOT E E were > Sila 


so that finally 


17n—1 1759—1 
>> mies(m)es(175 — m) = 4 >> cs(m)es(17n — m) 
mal mal 


= Ses(17n) = 805(172) (mod 17). 
Therefore 


175—1 


p(17n — 12) — p(17m — 301) — +--+ = J, os(m)ov(17n — m) 


+ 309(17") — 205(17%) (mod 17), 
(14) p(17m — 12) — p(n — 301) — - - -= Zea (175) (mod 17). 
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AUTOMORPHISMS OF FIELDS OF FORMAL POWER SERIES 


O. F. G. SCHILLING 


We propose to discuss in this note on power series fields in one 
variable the special automorphisms which do not alter the fields of 
coefficients. It will be proved that the pseudo-ramification groups in- 
troduced by MacLane are universal ramification groups, in the sense 
that a special ramification group must always be a subgroup of a well 
determined pseudo-ramification group. Finally we interpret the auto- 
morphism group of the field as an automorphism group of an infinite 
Lie ring. 

Let Q be an arbitrary field of characteristic x. In the sequel we shall 
consider the field F of all formal power series a? «w; where 
the w, are in Q and £ is a transcendental element over Q.! The field F 
is complete with respect to the rank one valuation V defined by 
Va-m where m is the smallest subscript j for which w,740. Let © 
be the valuation ring of all holomorphic series and $ —(/) the prin- 
cipal prime ideal of ©. 

Suppose that S is an automorphism of F. We show that 4 is also 
a valuation ring of F. For the proof? let a, b be any two nonzero ele- 
ments of F. We must show that at least one of the quotients a/b, b/a 
lies in OS. By assumption on S there exist unique elements c, d with 
cS=a, d8 =b. Now observe that at least one of the quotiehts c/d or 
d/c lies in © for © is a valuation ring. Therefore at least one of the 


Presented to the Society, August 14, 1944; received by the editors May 29, 1944. 

1 For the basic properties of valuations see [1, 4, 5, 10]. Numbers in brackets refer 
to the bibliography at the end of the paper. 

See [4, p. 165]. 
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elements (c/d)5 —a/b or (d/c)3 —b/a lies in O%. Furthermore we ob- 
serve that the ideal theory of © is carried over isomorphically to $55. 
Thus $3 defines a rank one valuation V3 on F. 


DEFINITION 1.3 An automorphism S of F is called analytic if Va < Vb 
is equivalent to VSa5 S VSb3 for each pair of elements a, b in F. 


Lemma 1. Each automorphism of F is analytic. 


Proor. We shall prove that F is complete with respect to the valua- 
tion V8, Let a,—a4 1 (mod ($%)*) be an infinite consistent system 
of congruences with respect to V?. There exist uniquely determined 
elements c, with cS=a, and we have c, 2c, 4 (mod $*). Hence there 
exists an element x in F with x2c, (mod $°), for Fis complete with 
respect to V. Applying S to x we have x8=cSea, (mod (95)»). 
Hence F is complete with respect to V5. Consequently F would be 
multiply complete if V and V8 were distinct valuations. Thus it 
would follow* that F is algebraically closed, in contradiction to the 
construction of F. Hence V and V5 are equivalent valuations, that 
is, S is analytic. 

Suppose that s is an automorphism of Q. If we observe the rules for 
the addition and multiplication of elements in F, the correspondence 
2 S o0,» 5. -ewt = (95... .01)5 defines an automorphism of F. 
These automorphisms of F determine a subgroup of the automor- 
phism group A of F which is isomorphic with the automorphism 
group of Q. A simple computation shows that this subgroup is not 
normal if and only if it is not the trivial group consisting of the iden- 
tity. Now let T be an arbitrary automorphism of F. The element T' 
either induces an automorphism on QC F or it maps Q into an iso- 
morphic subfield QTC F. We shall consider only those automorphisms 
of F for whtch all the elements of Q are invariant. These automorphisms 
form a subgroup G of A. This group G corresponds to the inertial 
group considered in the theory of normal algebraic extensions of fields 
with valuations. l 


LEMMA 2. A field F which is complete with respect to a rank one valua- 
tion has no immediate extensions.® 


ProoF. Suppose that K is an immediate extension of F. Let A be 
an element of K. We shall show that A must lie in F. By assumption 
the value of A is the value of an element a in F. Thus 4/a is a unit 


* See [5, footnote on p. 373; 12]. 
* See [12]. 
* See [4, p. 191]. 
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and therefore A/a=wo (mod $x), where Px is the prime ideal of K 
and «y is in Q. Next there is at least one element a; in F with 
A/a — «2a, (mod PX), where m= V(A/a—wo). By complete induc- 


tion there exists a sequence of elements awo, Gotaa, * * * , Wo 
+ eee +aa, 0,104,777 such that A ™aoo+ "P +aa, -© ¢ 03 
(mod $E) with m=m-+ --- +n, for »— o. This sequence has 


a limit b in F and A —b has value œ in K. Hence A =b in FS 

Suppose that S1 is an automorphism of F with w=w§ for all w 
in Q. Then #8+#, for £—18 implies a=a for every a in F. Hence each 
Sz1 determines by #=tu(S) an element u(S) of the unit group U 
of F. 


THEOREM 1. The groups G and U are $n one-to-one correspondence 
as sets. 


Proor. As seen above each automorphism S determines relative to 
the prime element £ a unit (S). For the converse we shall show that 
the mapping /—1* = iu determines, for given v in U, an automorphism 
of F. We associate to an arbitrary element a =} A- .w,/ the quantity 
a*=) ^5. «v;(I*). The elements a* form by definition a subfield F* 
of F which is isomorphic to F. By construction the valuation V of F 
induces a valuation V* on the complete field F* with V*7*— Vt* = Vt 
so that F and F* have the same residue class field. Therefore F is 
an immediate extension of F* and hence F= F* by Lemma 2. Conse- 
quently the mapping a—a* is an automorphism of F. We remark that 
the identity elements of G and U correspond to each other. 

We next give a definition and a set of formulas which can be used 
to compute explicitly the coefficients of a* relative to the prime ele- 
ment 4. We define the derivative Da of a=) w, as X jw,t?! and 
Di — (1/4!) (G/dt)*. Then? 


Dila + b) = Dia + Dib, Di -C,4, 820, 
Di(wa) = «D:a, w in 9, 
DW(ab = YjDraDib; 120, 20+ Ss. 
$ 


As in the calculus the inversion formula of Lagrange holds, 
LR NS with M= [DI(Du*- (¢/t*) 4} Jo 750. Hence # lies in 
F* and thus F* — F. Using the Taylor developments of the elements 
a* =) w, (t*) - 3 Di{a*} mott it follows that each unit w deter- 
mines by :—1*-íu an automorphism of F. Letting b* =)>p,(t*)! 
=) \D1(b*) oti we have, by the rules on the derivatives Dj, 


* For another proof see [5, pp. 379-380]. 
1 See [2]. 
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(a + b)* = D> (Di(a* + 5) c 
= X {Dict} cu! -- E (Db*] cu! = ot + 0%, 
(ab)* = 55 (Di(a*b*)] cu 
= 2 E {Dia} [DP] t ^ — at, 


where 7:20, 7220, j+ja=j, and similarly (aw)* =a*w. 

Now let S, T be two automorphisms of G. On applying ST to the 
prime element ¢ we find 487 = (/7)5 = (tu(T))8 =#8u(T)§ =iu(S)u(T)® 
=tu(ST) where the u's are the units corresponding to the automor- 
phisms. Thus the mapping S—x(.S) gives rise to a crossed representa- 
tion? of the automorphism group G in the unit group U, for u(ST) 
=(S)u(T)%. The latter relation may be viewed as a new multiplica- 
tion X between the elements of U. We define s Xue to be uiui" where 
W =S(u) is the automorphism which corresponds to # by virtue of 
Theorem 1. The associativity of the group G implies that U is a group 
with respect to the operation X. 

We now proceed to a different interpretation of this operation. Let 
Q, be the set of all formal power series ? /o0,x, where'x is an inde- 
terminate over 2: 


DEFINITION 2. If A=} ax' and B=B,x' then define AG B as 
35484 ,04x1)* if and only tf ao=0. 


From the definition of Q, we observe that Q, may be considered 
as an infinite vector space over Q with restricted multiplication.? The 
element x plays the role of a left and right unit on the subset U of 
all elements without constant terms. The set U is a group, as may be 
verified.by using Taylor expansions with respect to x. Obviously the 
product of elements corresponds to the operation of taking the func- 
tion of a function. It is now easy to set up a relation between U with 
X as operation and U. If u=} jowt, w00, is given then we take 
for the corresponding element u =} /2o9x7*!. The product t Xs of 
two elements 14, uain U is then determined as { (u Duae} z-: Where 
the factor x~! is to indicate a scalar division of 4:84 by x. In the 
sequel it will- be useful to use the representation of the elements S 
in G by means of the elements in U; Se2u(.S)=2u(S). We shall use the 
symbol S ambiguously for the automorphism S and the representa- 
tion a(S). , 

Suppose now that i, us are two nonzero elements of Q. These ele- 
ments determine, by tu; automorphisms S(u;) in G, $—1, 2. The 

3 See [7, p. 313]. 

° See [8, 9]. 
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multiplication rule of U shows S(m)S(u:) = (xui xu) = S(piuz) 
= S(p) = (xus xui) = S(p) S(p). Hence the multiplicative group 
Q* of Q has an isomorphic image in G. 

The group G contains an infinite series of subsets G; defined by the 
elements S;—x- P Rix”. 


THEOREM 2. The sets G; are invariant subgroups of G, their intersec- 
tion NG; ts the identity and each factor group Gi/ Go ts isomorphic to 
the additive group Q. The factor group G/G4 ts isomorphic to the multi- 
plicative group Q*. 


Proor. Let S=x+tanxit+ +--+, T=x+twxit--- be two ele- 
ments of Gi. Then, by definition of the product in U, 


SeTesc(nJde)r-4, 
(*) TOS = x+ lwat oprit., 
S = g+ (~ oprit. 


Thus G; is a group. To show that G; is an invariant subgroup of G 
let W=aox-+ayx?-+ -- + be an arbitrary element of G. The inversion 
formula for power series implies W-!-—aeg!x--(—o/od)x*4- ---. 
Consequently, by direct computation, W@S@W=x+as ax 
Sos lies also in G;. Definition of the G; implies GDG,D -- + and 
fG, =x, the identity of G. The relations (*) imply that G,/G;, is 
isomorphic to the additive group Q. Now let S(œo) be determined by 
the element W=agrtamw?+.---. Then S(a1) @®W=adlar)x 
+ on (ag))x? + cee Sx + (o1/ao)x* + SyS lies in G. Hence 
G=} acoS(a)Gı and therefore G/G:20". . 
COROLLARY 1. The group G is a group extension of Gi by Q* with fac- 
tor set unity. 


Proor. As seen before the elements S(u), p in Q*, form a sub- 
group of G. The elements .S(u) =p% induce automorphisms on the 
group G1 (xcix? + Qe0cbeuti- ... bs The associated com- 
binations are determined by 
zu @ (s+ o? t bens) = xac xvi. cc 

potum i db ss, 
(z+ eit be cbe bee) @ ap = apt wow + --- 


+t eu, 
whence 


zu @ (x + eid t onat H oo) O (x)? 
= g+ tow t o + awut H ee F 
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Since (S(u), nC Q*] is a subgroup the factor set of Q* with respect 
to G is the unit factor set. 


COROLLARY 2. The group Gi ts a complete metric group; if the field 
Q £s finite then Gi ts compact. 


Proor. The system of normal subgroups G; defines a topology in 
G;. The group G is complete with respect to this topology for Gi 


contains all elements x+ayx?+ --- +wx" t! + --- with arbitrary 
coefficients w,. We next define a metric in ‘G, which is consistent with 
the system of defining neighborhoods G;, $—1, 2, -- -. Suppose 


S = x + art e taiwan t+ ---,T=x+Bwi+---: 
+6,-10"+8,0"t1-4 +--+ are two arbitrary elements of Gi. We define 
6(S, T) to be e-* if and only if o; —; for all ¿<n and anba. Then 
8(S, T) 28(T, S), &(S, T) »0 for Sz T, 6(S, T) Smax[8(S, R), 
&(T, R)]. Moreover G, consists of all elements S in G1 which have 
distance 6(1, S) Se~”. Thus Gi is a 0-dimensional metric group. The 
factor groups G/G, contain nontrivial elements of finite order if and 
only if x< œ holds for the characteristic of 2. If x< © the elements 
of Gi/G, have at most order x^-!. Hence lim-o g*' —1 for each ele- 
meht g of Gi, thus G; is a generalized x-adic group.!? In particular, 
G; is compact if Q is finite. In this case G4/G4,1:5Q, and thus Gi is 
isomorphic to the inverse limit lim,... G1/G4 where the factor groups 
G4/G, are all finite. 


DEFINITION 3. The totality of elements S in Gs with a82a (mod $”) 
for each a in © ts called the nth pseudo-ramification group Rn of F.” 


THEOREM 3. The groups G, and R, coincide. 


Proor. We first remark that the first pseudo-ramification group Ai 
coincides with Gi, for the general element x+w.x?+ : -- of Gi in- 
duces the identity mapping on the residue class field Q of F. Suppose 
now that g—x--P,.uc,x' is an arbitrary element of Ga.. Let 
a=antatt -- + Hanit! tat" + ---. Then 


eo eo *—1 
a = aod e (s Xr) (++ Xn) 


te (1+ Xen) sss 


10 A topological group G is called x-adic, if lima..g*"=1 for each g in G, x< e, in 
a sense of the topology of G. Examples of x-adic groups are the additive subgroup of 
the x-adic number field and multiplicative groups in x-adic algebras. 

I See [6, p. 438]. 
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= ao + at + e, cu? t+ + + dail + analna — 1) fos 


Tee + ant? + Nee + aani” twn + RS 
= as + ot +--+: + ov af (mod $”), 


whence G,CR,. Conversely, let gCR, and # 2£4-fi-- - - - FB" 
+6,i"ti+ + -+ +. We compute 


a? = ag + alt H Bi + o Beat? + Bum + +++) 
Host ee 4 esa E BP )me 
= ay + at + efi? + v5 +H al + 2o3if? + °°: + rris 


+ tgif? es 
= ao + ait + ag? d- + au (mod P»). 


Reducing this congruencè successively mod 8, Pè, - - - , B*-! we ob- 
tain Bi= - * ; =ba-2=0, whence G.2 Ra 

REMARE. As in the ordinary Hilbert theory it follows that R, is an 
invariant subgroup of Gi. This furnishes a new proof for the invari- 
ance of the groups Ga. 


THEOREM 4. Suppose that H is a finite subgroup of G1 and let K be 
the associated. subfield of F. The ramification groups Hi of F/K are 
equal to GH. 


Proor. Let Vx be the valuation which is induced by V on the sub- 
field K. Suppose that I'(F) and T(K) are the value groups associated 
to V and Vx, respectively. We first observe that © is contained in Æ 
for HCG. Let K be the completion of K with respect. to Vx, then 
KCKCF for the fundamental sequences in K are special fundamen- 
tal sequences in F by the definition of Vx. Next observe that Vx has 
only V for its prolongation to F. Remark that all prolongations of Vr 
are given as V*, h in H; thus, by Lemma 1, V*= V. Combining these 
facts, we find [F:K]=[T(F):T(K)]= [T(): T(K)]- [F: K]. Con- 
sequently K — K, that is, K is a complete field and H is the decom- 
position and inertial group for F/K. Now let H; be the ith ramifica- 
tion group of F/K. Then H,CR,=G, by the proof of Theorem 3. 
Thus H,C Ri(/AH. Conversely, let S be an element of R,OH. Then 
asma (mod P) by definition of R;. Hence S lies in H;. Therefore 

A,= Ri( MH as asserted. 

Let K be an arbitrary subfield of F such that QCK and [F:K] 
< œ. The field K is then complete with respect to the valuation Vx 
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induced by V. For the proof we observe that the valuation V has a 
unique prolongation to the norma! closure of F over K, for the latter 
is complete since it is a finite extension of F. The ramification theory 
implies, as at the beginning of the proof for Theorem 4, that K is 
complete. Now let x(F) be any prime element of F, that is Vr(F) =1, 
F- Qiv(F) n Then Nr;xr(F) is a prime element v(K) for K because 
Vz(K) — [F:K] and Q(v(K)] =K by Lemma 2 applied to the chain 
Q(v(K) } CEKCF. We have «(K) =} 5.o,r(F)7**, where [F:K]=n 
and «9750. Applying an automorphism S of G to v(F) we obtain a 
field K5— Q(«(K)5] which is isomorphic to K and K = K? if and only 
if S is an automorphism of F/K. The group SHS“ is the full auto- 
morphism group of F/K? if H is the automorphism group of F/K. 
We apply these results to prove the following theorem. 


THEOREM 5. The automorphism group G of F contains elements of 
finite order. 


Proor. We first observe that F always has normal completely 
ramified extensions M. The existence of such extensions depends on 
the nature of the residue class field ©.1? In case that s is an integer 
prime to the characteristic x and Q contains a primitive nth root of 
unity the field F surely has at least one cyclic completely ramified 
extension of degree n. For example, there is surely such a quadratic 
extension if (x, 2)=1 or x= œ. If x is finite then Q contains some field 
of (x* — 1)th roots of unity, mz 1, and any n| (x"—1) may be used. 
For finite x there are infinitely many cyclic completely ramified ex- 
tensions of degree x over F.!3 Hence we know that completely rami- 
fied normal extensions M/F exist. Since M is completely ramified, 
say of degree n, we have v(F) =) oom (M), «99740, for a prime 
element «(M) of M. By the structure theory of fields of power series 
the fields M and F are isomorphic. Suppose that ¢ is a realization 
of the isomorphism M&F, that is, M? = F. We apply ¢ to the equation 
for +(F) and obtain «(F)* =) zow, [r(M)*]***. Then v(F)* deter- 
mines by Qv a subfield K of F so that the Galois groups of 
, M/F and F/ Q{x(F)*} are isomorphic. Observing that the Galois 

group of M/F is isomorphic to a finite subgroup of G, the assertion 
of the theorem follows. ; 

As a special case we consider cyclic subgroups H of order n in G 
‘for which (n, x) 21. Let K be the field of invariants for H. We have 

1* See PA 14]. 

3 See [14]. 

u See [1, 6, 13, 14]. 
15 See [3, p. 890]. 
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K=Q{ut"} where u is a unit of F. Then «=v where w0 lies in Q 
and v=1 (mod P). We have K=Q{vt"}, for K is an immediate exten- 
sion of Qfor}. -Since (n, x)=1 there exists! a unit v of F with 
y=1 (mod P), y* —v. Therefore K = Q{ (y#)"}. Since O{yt}=Of} =F 
we obtain H=SH,S—! where S is the automorphism of Gy with /8 — yt 
and M, is the finite subgroup of G generated by the element (x, f a 
primitive nth root of unity. Finally K — Q^] if and only if SH,S1 
= Hi, that is, Sinduces an automorphism on’ Ho. Expressing K = Q { t^) 
in terms of the prime elements we have (yt)^/t" — 7 lies in Qt]. 
Consequently y” must be a power series 1+) j=1a;(t*)!. Conversely 
each unit y with y^ in Q{t"} gives rise to K=Q{t}. Since there 
are always elements y for which y” does not lie in Q(1^] and y^ —1-Fot 
+--++, 0970, we have the existence of automorphisms S with 
SHS- Hy and Q( nat (yt)*} = Q, as can be shown by comparing 
the series of the fields. This shows that the set of normal subfields K 
with [F:K] « o, ([F:K], x)=1 is not a lattice. We remark that 
conditions on may be derived to describe af (yt)?} =Q ie) for s| n. 

The group G can be interpreted as a group of automorphisms of 
an infinite Lie ring Oz over Q. We define Oz as the ring ©, considered 
as an infinite vector space over Q, in which a product [f, g] is defined 
as follows. We set [f, g] = (dg/d#)f — (df/dt)g. The rules of differentia- 
tion imply that [f, g] obeys the rules of the Jacobi bracket. For a 
basis of $9; we may take the elements e; 275, += —1,0, 1, - - - and 
[es ej] - G — ei. By actual computation it can be shown that the 
mapping 


(**) |. f KAN 


is an automorphism of $97. Moreover, distinct elements of G give 
rise to distinct automorphisms in the automorphism group A(x) 
of Oz. 


THEOREM 6. The groups G and A(SOr) coincide tf x — o. 


Proor. Suppose that È isan automorphism of Or. Leti?— (i). We 
shall show that there exists an automorphism S in G so that È is 
determined by the formula (**) applied to 7, that is, /? —15/(dt5/dt). 
Such an element S determines then the automorphism 2 on all of 
Oz because the elements t+! form a basis of Or. To determine S it 
suffices to find a unique element $(/) —oit-l-ost*d- - - - , 01750, for 
which 7-—4()-f[e(0]/(do/d?). By formal integration we find 


15 See [10, p. 561; 11, p. 441]. 
1! Compare [15, pp. 37-47 ]. 
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$(t) = =exp [/ &-1(f)di] where [-1(#)dt is the formal indefinite integral 
without a constant of integration. We observe that all formal opera- 

‘tions involved can be carried out because they are determined in ©. 

The automorphism S is given by ¢(x) using the representation of G 

by U. In concluding we remark that GCCA(O;) for x< o. The in- 

` equality may be explained by the fact that t" is never the derivative 

of an element in F if n=0 (mod x). 
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THE UNIVERSITY OF CHICAGO 


THE EQUATION x’=xd—dx=b 
N. JACOBSON 


Let A be an associative algebra with a possibly infinite basis over 
a field . Then if d is a- fixed element in X, it is well known that the 
mapping x—x’ = [x, d| 2 xd —dx is a derivation! in Y; that is, 


(ety = al ty, (za) = xa, (29) = ay + xy! 


for all x, y in Aand all ain $. The constants relative to such a deriva- 
tion are the elements of A that commute with d. We shall call an ele- 
ment b a d-tntegral if b=a’ for some element a in AÑ, that is, if the 
equation x' —xd —dx =b has a solution in X. Clearly if a is a solution 
of this equation then the totality of solutions is the set {a+c} where 
c ranges over the set of d-constants. In a recent paper appearing in 
this Bulletin, R. E. Johnson obtained a necessary and sufficient con- 
dition that an element b be a d-integral under the assumption that A 
is a separable algebraic division ring.? In this note we allow $1 to be 
an arbitrary algebra but we make the assumption that d is an alge- 
braic element in the sense that it satisfies a polynomial equation with 
coefficients in &. We obtain a necessary condition, which is equiva- 
lent to Johnson's condition when Y is a division ring, that b be a 
d-integral. If the minimum polynomial (N) of d is relatively prime 
to its derivative u'(X), then it is easy to see that the condition is also 
sufficient and one may give an explicit formula for a solution of the 
equation x' —b. If we assume that 3[ is a simple algebra satisfying the 
' descending chain condition for left ideals then we can show that our 
condition is also sufficient when u(X) is a product of distinct irreduci- 
ble factors in [A] and in certain other cases. Here, however, we do 
not display a solution but merely prove its existence. Our results in- 
clude, of course, Johnson's result for algebraic division rings, since 
the minimum polynomial of an element in such a ring is irreducible. 
No assumption about separábility is required. 

In order to obtain a condition for the solvability of the equation 
x'=b we consider the matrices 

d 5 
i 


(1) : 6 ) 
“u = 
0 d’ 
Received by the editors May 19, 1944. 
1 Cf. the author's paper Abstract derivation and Lie algebras, Trans. Amer. Math. 
Soc. vol. 42 (1937) pp. 206—224. 


2 On the equation xo vx --B over an algebraic division ring, Bull. As Math. Soc. 
vol. 50 (1944) pp. 202-208. 
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in the matrix algebra As of two-rowed matrices with elements in W. 
If x is any element in A 


G 2-6) 


and the equation x' =xd —dx =b is equivalent to the matrix equation 


1a\/d0\/12\" — fd b 
o (6 aoa) = loa) 
O0 1/ NO d/ NO 1 0 d 
Thus if b is a d-integral the matrices (1) are similar in 95. We suppose 
now that d is an algebraic element and let 
(3) ` pA EAS bete 


be the minimum polynomial of d over ®. Then it is clear that $(u) — 0. 
Hence a necessary condition that b be a d-integral is that $(v) =0. 


( ) 
v 
0 d 


where B, =) 1-id*bd7-*-!. Hence the condition that $(v) =0 is that 
(4). Ba + aBea ++ ++ + am1Bi = O. 
As we have shown elsewhere? 

B, = Coad $ Cyd! fo OD 
where b® = (6(*-)’. Hence if we define 

PaA) = Cm AT + Cu aao H +s 6 p (A)/Al 

we may write (4) in the more useful form 
(5) $1(d)b + pa(d)b' +--+ + pal = 0. 


We suppose now that ¢:(A)=#’(A) is relatively prime to #(A).‘ 
Then ¢1(d) is a regular element in A. Hence if b is an element such 
that (5) holds, 


b = — pd pdb — ++» — did)“ 6 (d) (n7? = a! 


where 


(6) x = — $i(d)s(d)b — +++ — di(d) ^6 (d)b n7». 


3 Loc. cit. footnote 1, p. 209. 
4 This condition will be satisfied if d generates a separable algebraic field over 4. 
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This proves the following theorem. 


THEOREM 1. Let A be an arbitrary algebra and let d be an algebraic 
element of A having a minimum polynomial pÀ) relatively prime to its 
derivative. Then (5) is a necessary and sufficient condition tn order that 
the element b be a d-integral. When the condition holds, b —x' where x 


ts given by (6). 


We suppose now that Y is a simple algebra with an identity satis- 
fying the descending chain condition for left (right) ideals. Then 
U=D,, a matrix algebra of h rows over the (not necessarily finite) 
division algebra D and conversely any algebra of this form satisfies 
our condition. As before let d be an algebraic element of % and let 
(A) be its minimum polynomial. Let b be an element of Ñ such that 
(5) holds. Then (4) holds and hence the minimum polynomial of v 
as well as of u is @(A). Since d, bC3(—50, the matrices u and vC 
and these may be regarded as the matrices of linear transformations 
in a 2h-dimensional vector space K over D. Let T be the linear trans- 
formation corresponding to v. Then according to the form of v we 
have an k-dimensional subspace © of R invariant under T such that 
the matrix of T in © is d and the matrix of T in the difference space 
9t — € is also d. 

We suppose now that ¢(A) is a product of irreducible factors in 
& [^]. In this case the linear transformation is completely reducible.’ 
Hence there exists a subspace ©’ invariant under T such that 
9t — 6 --€', €/16' 20 and such that the matrix of T in €' is also d. 
Let x --:-, £a, Xat 77 7, Xa, be the original basis of R relative 
to which T has the matrix v so that x1 - - - , xa is a basis for ©, 
Corresponding to the decomposition 9t— € --€' we have the basis 
Hi, +++ Xa, Eht ° + * , Xa The matrix relating this basis to the origi- 

nal one has the form 


G 


where p, q€9, and the matrix of T relative to the basis xy, - ++ , xa, 
Xk+ coca X3 1s u. Hence we have the equation 


S 
od) Noq/ \o d/NO g/ 
This implies that dq — qd and that bq = pd —dp. Since the matrix 


$ See the author's paper Pseudo-linear transformations, Ann. of Math. vol. 38 
(1937) p. 498. 
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is regular, q is regular. and hence we have the relation b —xd—dx 
where x —q 1. 


THEOREM 2. Let UW=D, where D ts a division algebra over È and 
let d be an algebraic element of A. Then tf the minimum polynomial 
Q X of d ts a product of distinct irreducible factors in b [X], the condition 
(5) ts necessary and sufficient in order that the element b of A be a 
d-iniegral. 


We next let Y=%,, the matrix algebra of h rows over 9. Let d 
be a non-derogatory matrix in ®,. Thus d has only one invariant fac- 
tor $(À)z£1 and $(À) is the minimum polynomial of d. Let b be a 
matrix such that (5) holds and consider the matrix v as before. The 
minimum polynomial of v is $(X). If T is the linear transformation in 
the 25-dimensional space over ® associated with the matrix v then R 
contains an invariant subspace © whose matrix is d. Since d is non- 
derogatory, € is a cyclic subspace and its order is the minimum poly- 
nomial of T in R. Now it is known that this implies that 9t 5 € +6", 
€(Y6' —0 where ©’ is also invariant relative to T.* A repetition of 
the argument used to prove Theorem 2 will now yield the following 
theorem. 


THEOREM 3. Let d be a non-derogatory mairix in ihe matrix algebra 
P, and let pA) be tts minimum polynomial. Then the condition (5) is 
necessary and sufficient that the mairix b be a d-integral. 


We give finally an example in which the condition (5) is not suffi- 
cient to insure that an element be a d-integral. Let 


0 10 00 0 
zi 0 o) zc 0 o) 
\o 0 0 001 
Then the minimum polynomial of d is pA) =~. Since bd =db=0, 
b satisfies (5). On the other hand, the.invariant factors of the matrices 


u and v here are respectively M, \?, A, A and A?, A’, A*. It follows that 
these matrices are not similar and hence b is not a d-integral. 


THE Jouus HOPKINS UNIVERSITY 


* See van der Waerden's Moderne Algebra, vol. 2, pp. 129-130. The proof given 
there of this theorem for ordinary finite groups is also valid for vector spaces relative 
to a single linear transformation. 


SYMBOLIC SOLUTION OF CERTAIN PROBLEMS 
IN PERMUTATIONS 


IRVING KAPLANSKY 


1. Introduction. It is our purpose in this paper to show how alge- 
braic symbolism can be applied to the problem of enumerating cer- 
tain types of restricted permutations. The method rests on a sym- 
bolic interpretation of the method of inclusion and exclusion, or 
rather its probability analogue, the formula of Poincaré; the use of 
the terminology of probability is a matter of convenience only, the 
considerations being purely combinatorial. The problems considered 
are of two kinds: those where the restriction of position of elements is 
absolute (§3, “card-matching” problems), and those where elements 
are restricted relative to others (§§5, 6). In §4 approximations to the 
symbolic formulas are obtained. Though these problems are rather 
special in character, the foundations of the method. (§2) are quite 
. general and should find other applications. 


2. Symbolic expressions. Consider n events Ai,:-+, A, and let 
p(Au- ++ Ai) denote the probability of the joint occurrence of 
Aj, +++ Ai The probability that none of £1, - - - , Aa occurs, which 
we shall denote by Po, is given by Poincaré's formula: 


(1) Py =1— } 8A) + 22 pl). 


In the case of complete symmetry, that is, where each P(A;, * + - Ai) 
is a function ¢ of E alone, 


Po = 1 — nói + Cabs — 


By using the displacement operator E defined by E*ó,— 41, we may 
write more compactly Po = (1— E)"$,. 

In the cases which we shall consider, however, this complete sym- 
metry will be lacking and instead we shall have the following partial 
substitute, which we shall call quast-symmetry: p(A4 Ai) is 
either equal to zero or to a function $, of k alone. To evaluate Po for 
such cases a symbolic device of Brea [2]! is helpful; we may 
write (1) in the form : 


(2) Po = (1 — 8A) — pAa)- ++ (1 — 244, 
where the multiplication is symbolic in the sense that p(Ai)p(A;) - - - 


Received by the editors March 9, 1944. 
1 Numbers in brackets refer to the Bibliography at the end of the paper. 
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is interpreted as (A.A; - - - ).* The following rule can then be stated. 

To evaluate (2) in the case of quasi-symmetry, first suppress all prod- 
ucts that vanish; from the remaining expression form a polynomial f(E) 
by replacing each term p(Ai) by E. Then Po will equal f(E)os. 

The advantage of this point of view lies in the fact that in the com- 
putation of f(E) we may resort to all the devices of formal algebra. 
A second advantage, perhaps more important, was pointed out by 
Fréchet [3]. Once f(E) has been found, we have simultaneously 
solved the Previn of finding P,, the probability that exactly r of the 
events Ái, --- , A, occur. For Poincaré's formula gives 


Poe (aeu X E 
kær 


which can be rewritten 


(3) Pe xc 10 Y, C7 3994, «+ A. 


Comparison of (1) and (3) shows that we may use the same polyno- 
mial f(E) to evaluate P, provided we replace op by (—1)Y1C,45; that is, 


P, = f(E)o where ya = (— 1)'4C.4s. 
Moreover, since 
Co — Crit 08 — 55: + (— aC, = (— 1)*LaC,, 


the use of (—1)'& 1C, will give the probability that at most r of the n 
events happen. 


3. Card-matching problems.* A general version of the so-called 
"card-matching? problem can be formulated as follows: in a permuta- 
tion of 1, - - - , n what is the probability that the integer 4 is not in 
the jth place, also k is not /th, and so on? More generally we can ask 
for the probability that these conditions are violated precisely r times. 
For a convenient notation let 5,; denote the probability that ¢ is jth; 
then we are to evaluate a product of the form 


(1— p(l — par) > +> 


We must first observe that the condition of quasi-symmetry is ful- 
filled; in fact the (symbolic) product of k of the p’s is either 0 or 


2 We refrain from introducing a special notation for this symbolic multiplication, 
as it will always be clear from the context when it is intended. 
3 Cf. [1] for an extensive bibliography. 
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(n — k)!/n!. In accordance with our previous notation we shall there- 
fore write 


(4) os = (n m k) \/nl, We = (— 1)nC.n = k) l/n! 


in the remainder of the paper. The question of determining when a 
product of p;,’s vanishes is readily answered; pu prı=0 if s=k orj—: 
and à product of several p's is 0 if and only if it contains such a pair. 
This observation makes it comparatively easy to compute f(E) in 
some famous problems of the card-matching type. 

In each of ihe problems that follows, the solution is provided by finding 
the polynomial F(E) defined in $2; the probability that a permutation vio- 
lates: the conditions r times ts f(E)Wo, with y,— Ehjo given in (4). 

(i) The classical “problème des rencontres" requires merely that « 
shall not be ith. We have to compute (1 —51) - - > (1— Pan). No prod- 
ucts vanish so this is (1—£)*. 

(ii) In a widely known generalization of the preceding problem. 
the n integers are divided into n/a subsets of a each, and every integer 
is forbidden to appear in each of the a places originally occupied by 
the members of its subset. Thus, with a —2, we can suppose the ele- 
ments so numbered that the subsets are (1, 2), (3, 4), - - - , and the 
conditions read: neither 1 nor 2 is 1st or 2nd, neither 3 nor 4 is 3rc 
or 4th, and so on. We find n/2 groups of 4 factors, the first of which is 


(1 — £1)(1 — 212(1 — 232(1 — pes) 
—1—$u-— pis — par — part pipes + pipar 


All vanishing products having now been eliminated, we have the 
answer (1 — 4E --2E?)"/*, For the usual deck of 52 cards a similar cal- 
culation yields 


(1 — 16E + 72E? — 96E? + 24E95, 
and for the 5X5 deck used in telepathic experiments: 
(1 — 25E + 200E* — 600E* + 600E* — 120E)*. 


We can generalize somewhat further by supposing that each of the 
a members of a subset are forbidden to appear in b, rather than a, 
places. We have then to compute 


F(a, b) = JJ (1 — pi) (G=1,---,a;f=1,-++,5) 


(5) = CiCitl(— Bs, 


as follows from a simple combinatorial argument. We can even sup- 
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pose that the subsets are of different sizes a1, as, - - - with the mem- 
bers forbidden bı, bz, - -- places respectively; this generalization 
leads to the polynomial F(a, bi) F(as, ba) - - - . We remark again 


that by applying this operator to Wo, V defined as in (4), we obtain the 
probability that a permutation will violate the stated conditions pre- 
cisely r times. This result was published without proof in [4]. 

(iii) In the “probléme des ménages? the conditions read: 1 shall 
not be 1st or 2nd, 2 shall not be 2nd or 3rd, - - - , n not nth or Ist. 
The product 


(1 — £11 — pis) -- > (1 — $3) — Pm) 


was evaluated in [5] and found to be 
.(6) Un = Y, a aCi2n(— E)*/(2n — k). 
ke 


But we are able further to solve Lucas’ more difficult problem [6, 
p. 491] of finding the number of permutations “discordant” with any 
two given ones.‘ (The problème des ménages is the case where the 
given permutations are 1, 2,---,# and 2, 3, - - - , n, 1.) The solu- 
tion is as follows: considering one of the given permutations to be a 
permutation of the other, represent it as a product of disjoint cycles 
of length a, b, c, - + - . Then the polynomial giving the probability of 
a permutation discordant with both is U UU. - - - , where U, is 
given by (6) for n#1 and U121— E. 

(iv) As a final somewhat more intricate example, suppose 1, - - « , 5 
to be divided again into subsets of a each, and let every integer be 
forbidden to appear in the places occupied by all the other members 
of its subset—its own original position is permitted. The answer, 
which we state without proof, is 


[F(a, a) + aEF(a — 1, a — 1) + .C:E*F(a — 2,0 — 2) +--+ + Ee|n/e, 
F being defined as in (5). 


4. Asymptotic approximations. The symbolic formulas obtained in 
$3 provide the exact answers to the problems in question and are 
readily calculated for small values of n. For large values of n their 
exact evaluation is out of the question, but we can readily find ap- 
proximations. The method is sufficiently well illustrated by a 


* In an article submitted to the American Mathematical Monthly, John Riordan 
gives a detailed investigation of this solution, identifying it with one of Touchard [8], 
and applying it to the enumeration of s by 3 Latin rectangles. 
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consideration of the symbolic expression (1 —GE)*^$», where $, is de- 
fined as in (4) and zn is a positive integer not exceeding t. 


(7) (1 — aE)**¢o = X (— a)*(sn)s/ Rls, 


where ny —5(n —1) - - - (n—k+1). Since 
. (8) (an) z/te = s^ — (kè? — k)(s*1 — g9*)n-1/2 + O(n), 
it is natural to conclude from (7) and (8) that 
(9) (1 — aE) **o = [1 — a*(s — s2)n1/2 + O(n-5)]. 
However, since the error term of (8) involves b, a more detailed in- 
vestigation i8 necessary. 
Let m= [n!/*]. We split the sum (7) into two parts: Si, the sum 


from k=0 to m—1, and Sy, the sum from m to n. In all the applica- 
tions z $1 and we shall treat only that case. Then (zz). S n; and 


(10) | So] s È| aiit = Ol) = 0079. 


To estimate S; the following lemma is convenient. 


LEMMA. Suppose k Sm and let R denote the sum of the absolute values 
of the terms in ny which are of degree not greater than k —2 in n. Then 
R<k'n’-?, - 


Proor. The term in nt is less than 
lb 2 bets ki 1) < nik, 
Now +Sk—2 implies 
i+ (2k — 24-—4)/3S k—2. 


Hence ntk?*2+< bink-? Since R contains k—1 terms all less than 
k*n*-1, we have R « k5nt-2, 
Next we consider the expression 


(11) Q = (sn). — nis* + ni(k? — E)(z*? — z*)n-1/2. 


Since the terms in n* and 5*^ cancel out, we may apply our lemma 
to estimate each of the three terms of Q. Remembering z <1, we find 
|Q| € CE'n*-* where C depends only on z. We next note that 
n"(n —m) "1 as n— «, so that n*(n — k)-* has an upper bound in- 
dependent of # and b. Hence 


| Q/m.| < CE'n-n*(n — E)-* < Cikin, 
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and finally 


(12) X (— a)*Q/ER!ns = O(n-*). 


If we substitute in (12) the expression for Q given by (11) we verify 
that Sı equals the right member of (9). Together with (10) this 
proves (9). 

'The same method, with more elaborate calculation, gives the gen- 
eral result (here again y is defined in (4), and zn is a positive integer 
not exceeding 5) 


(1 — aE + bE}... Jo = e&-**(as)'(rl)-! 
- [1 — (a? + 2b — a3) (r? — r — 2ars + a2?) (20322)? + Oln’) ], 


showing that the distribution of the number of “hits” obtained in the 
card-matching problems approaches the Poisson distribution with pa- 
rameter az. One may of course compute as many more terms of the 
asymptotic expansian as desired. (The author has computed the next 
two terms, but as the result is complicated and unverified, it will not 
be stated.) 

For example, with a deck of s cards divided into 4 suits, we found 
the probability of exactly r matches to be 


(1 — 16E + 72E*-- + )"ys 
= e4 (r) [1 — 21(rt — 9r + 16)/85] + O(n). 
The probability of no matches (r —0) is 
(1— 16E + 7273 - «+ by = e7«(1 — 427) + O(n). 
However the approximation is still too crude for s as small as 52. 


5. The “n-kings problem." There is a second type of restricted 
permutations to which our method can be applied. Let it be required 
to find the probability that, in a permutation of 1, - - - , n, the in- 
teger 4 does not immediately precede j, k does not immediately pre- 
cede Z, and so on. We shall denote the probability that ? immediately 
precedes j by q;;. The expression to be evaluated is then 


(1—49(1—900)-:--. 


The fundamental requirement of quasi-symmetry ($2) is fulfilled; in 
fact, the product of & of the q's is either 0 or the same expression as 
in (4):¢,=(n—k)!/n!. Moreover it is again true that q,,g1; 50 ift=k 
or j=}; this time however we have the further complication gig; —0, 


` 
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94:9;4Q%. = 0, and so on. With this modification, the calculations pro- 
ceed as before. 

The simplest problem of this kind requires merely that ¢ shall never 
precede ¢-+1. We find 


(1 — a3 — gaa) ©- + (1— qa) = (1— E). 


A modification that suggests itself is to require further that ¢+-1 shall 
not precede 4. Or we can reformulate the question as a chess-board 
problem: in how many ways can s kings be placed on an s by n board, 
one on each row and column, so that no two attack each other? We 
recognize'a first cousin (albeit a shabby relative) of the famous “n- 
queens problem.”® n 

We have to evaluate . 


An = (1— m3)(1 — qs) (1 — qu)(1 — qu) +++ (1 — a) (1 — qs). 
Denote by B, the result of deleting from A, the last factor. Then 


(13) A. = B,(1 = Yn.n—1)s 
(14) J B. = A,-1(1 = Q5—1,2)- T N 
Further we find 


(15) A s Ads 1 = By, a(1 = Qn—1,n—2) Jn—1,0 = By apa 
From (14) and (15): 


(16) ' B, = Ava = Bs aq 
On substituting (16) in (13) we get 
(17) i A, = B, — Anilam- 


Now in the product Baga,» it is readily checked that the latter 
factor does not enter into any vanishing products. Its effect therefore 
is simply ‘to multiply the polynomial B, by E. That is to say, 
Baiga, = EB,1, whence we can rewrite (16) as 


(18) B, = Aya — EB. 


Moreover it is clear from symmetry that Ac our 27 À vida a1. From 
(15) and (17) we therefore obtain 

(19) A, = B, — EB, 4. 

Elimination of A from (18) and (19) yields 


* If there were a chess piece **" which combined the moves of rook and king, the 
name *sg.* problem" would be more suitable than s-kings. It might be added that the 
author has failed i in several efforts to solve the s-queens problem by these methods. 
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(20) B, = (1 — E)B, 3 — EB, a. 
The solution of the difference equation (20), with initial values B1 — 1, 
B4-1-— E, is 

B, = (uh — o") /(u — 2) 


where u, v (1 —E-- (1 — 6E--E1)/2)/2. An can be found from (19), 
and A ago is the solution of the n-kings problem. The first 3 terms are: 


A, = 1— (2n — 2)E + (253 — 85-8) ES. . 
Check for n=4: ; 


Bı = wW + wv ut + r = 1-— 5E +4 5E! — E, 
By = u 4 ut h= 1- 3E +4 EB, 
A, = B,— EB; = 1 — 6E + 8E! — 2E, 

Aapo = (4! — 6:31 + 8-21 — 2-11)/4! = 2/4!, 


corresponding to the two permissible arrangements 3142 and 2413. 


6. A problem of Netto. In [7, p. 84], the following problem is pro- 
posed. Let the integers 1, - - - , n be divided into n/a sets of a each. 
What is the probability that in a permutation there are nowhere two 
consecutive elements from the same subset? Thus for a deck of cards 
(a=4), we require the probability of going through the deck and 
never encountering two consecutive cards of the same denomination 
(aces, deuces, and so on). 

If the integers 1, - - - , a are taken to form the first subset, we have 


to compute 
Va = [Ia - ga), 


the product taken over all 4, j Sa with +7; then the answer to Netto’s 
problem will be V7. Let W, denote the result of deleting from Va 
the a—1 factors (1—q4) @=1,---, a). Then 


Va = W.(1 = qia) E (1 = Qa-1,0) = Wa — (a T 1) W «qo. 


Now in the product W.ga-1,a the effect of multiplication by qa—1,a will 
be to delete from Wa the remaining terms of the form g.-1,;and also 
the term ga,.-1. In the product that remains it is now merely a harm- 
less change of notation to replace a by a—1, after which precisely 
Vaı is left. Hence ` 


W aqaa => EV, 


(21) Va = Wa — (a m DEV a. 
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By a repetition of virtually the same argument we can show that 
(22) Wa = Vaa ~ (a — 1)EW, a. 
By eliminating W from (21) and (22), we obtain 

Va = (1+ 2E — 24E)V a1 — (a — 1)(a — 2)EW, s. 


The solution of this difference equation with initial values Vi—1, 
Vi—1-—2E is F(a, a —1) in the notation of (5). Our final answer is 
thus [F(a, a — 1) ]"/«9.. 

With a —4 the result becomes 


(1 — 12E + 36E* — 24E?) "ipy = e + O(n). 


The odds are about 19 to 1, although to the author’s knowledge this 
game has been played at even money! 
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ORBIT-CLOSURE DECOMPOSITIONS AND ALMOST 
PERIODIC PROPERTIES 


W. H.' GOTTSCHALK 


Let X be a metric space with metric p, let f(X) CX be a continu- 
ous mapping, and let &(X) =X be a homeomorphism. For x € X, the 
set >.<" f"(x) is called the semi-orbit of x under f and the set 
n? t *h^(x) is called the orbit of x under h. For x€X, the closure of 
the semi-orbit of x under f is called the semi-orbit-closure of x under f 
and the closure of the orbit of x under h is called the orbit-closure of x 
under £. 

A nonvacuous subset Y of X is ‘said to be semi-msnimal (minimal) 
under f(k) provided that the semi-orbit-closure (orbit-closure) of each 
point of Y is Y. Clearly, any two semi- -minimal (minimal) sets are 
either coincident or disjoint. It is easily proved that a subset Y of X 
is semi-minimal (minimal) under f(k) if and only if Y is nonvacuous, 
closed, f( Y) C Y(B&(Y) = Y), and furthermore Y contains no proper 
subset with these properties. We follow Birkhoff [2, p. 198]! in the 
terminology of *minimal set.? 

A decomposition of X is defined to be a collection of nonvacuous 
closed pairwise disjoint subsets of X which fill up X. We say that the 
mapping f gives a semi-orbit-closure (a semi-minima] sei) decomposi- 
tion provided that the collection of semi-orbit-closures (semi-mini- 
mal sets) is a decomposition of X. Also, it is said that the homeomor- 
phism h gives an orbit-closure (a/minimal-set) decomposition provided 
that the collection of orbit-closures (minimal sets) is a decomposition 
of X. 

A point x of X is said to be almost periodic under f provided that to 
each e» 0 there corresponds a positive integer N with the property 
that in every set of N consecutive positive integers appears an integer 
n such that p(x, f^(x)) « e. The mapping f is said to be pointwise almost 
periodic provided that each point of X is almost periodic under f. 
Itis to be noted that various writers use the above terms in different 
senses and employ other terminologies for these notions. 


Lemma 1. The mapping f (homeomorphism h) gives a semi-orbit- 
. Closure (an orbit-closure) decomposition if and only tf f(h) gives a semi- 
minimal-set (a minimal-set) decomposition; and in esther event, the two 
decompositions coincide. , 


Presented to the Society, August 14, 1944; received by the editors May 15, 1944 
and November 15, 1944. 
1 Numbers in brackets refer to the bibliography at the end of the paper. 
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The proof is easy and will be omitted. 


LEMMA 2. In order that the homeomorphism h give an orbit-closure 
decomposition tt ts sufficient that h give a semi-orbit-closure decompost- 
tion; and in case X is compact, thts condition ts also necessary. In either 
event, the two decompositions coincide. 


Proor. The proof of the sufficiency is easy and will be omitted. 
We establish the necessity. Let C be an orbit-closure. By Lemma 1, 
it is enough to show that C is a semi-minimal set. Let Y be a nonvacu- 
ous closed subset of C such that &(Y) C Y. The proof will be completed 
if we show Y=C. Define Z=[[+.5h4"(Y). Now Z is a nonvacuous 
- closed subset of C such that h(Z)=Z. Since C is a minimal set by 
Lemma 1, Z=C and, hence, Y 4C. 


LEMMA 3. If x C X is almost periodic under f, then the semi-orbit- 
closure C of x is semi-minimal. 


Proor. Suppose C is not semi-minimal. Then there exists a point 
y of C such that the semi-orbit-closure Y of y is not C. Now Y CC. 
Also x& Y, since otherwise CC Y and thus Y — C. Let 2e be the dis- 
tance from x to Y. There exists a positive integer N such that in 
every set of N consecutive positive integers appears an integer * so 
- that p(x, f^(x)) € e. Choose 870 so small that zC X with p(y, s) <6 
implies p(f*(y), f*(z)) <e ($1, 2, - - -, N). Now there exists a non- 
negative integer p such that p(y, f?(x)) <6. Also it is possible to find 
an integer q, 1 Sq SN, so that p(x, f7***(x)) <e. Hence, p(x, f*(y)) «2e 
which is impossible. 


LEMMA 4. If X 4s locally compact and tf the subset Y of X ts semi- 
minimal under f, then each point of Y is almost periodic. 


Proor. Assume some point x of Y is not almost periodic. There 
exists a neighborhood U of x such that U is compact and such that 
for each positive integer z there exists a point x, of U- Y with the 
property that f"(x,)&« U (m=1, 2,---, n). Some subsequence of 
X1, Xa, © - - converges to some point, say y, of U- Y. There exists a 
positive integer M such that f4(y) € U and, hence, there also exists a 
neighborhood V of y such that f4(V) CU. Choose an integer N so 
that NV» M and xy € V. Then, f(xy) C U which is a contradiction. 


THEOREM 1. In order that the mapping f give a sems-orbit-closure 
decomposition, it 4s sufficient that f be potntwise almost periodic; and in 
case X is locally compact, this condition is also necessary. 


The proof follows easily from Lemmas 1, 3 and 4. 
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THEOREM 2. In order that the homeomorphism h give an orbst-closure 
decomposition it is sufficient that h be pointwise almost periodic; and in 
case X is compact, this condition ts also necessary. 


The proof proceeds easily from Theorem 1 and Lemma 2. 
The preceding results are related to certain results of Birkhoff [2, 
'p. 199] and Hall and Kelley [4]. Gottschalk [3] contains a direct 
proof of Theorem 2. 
We pause in our main development to comment on the róle of local 
compactness in the second part of Theorem 1. In this case the semi- 
orbit-closures are actually compact, as the following indicates. 


THEOREM A. If x X is almost periodic under f and if there exists a 
neighborhood U of x whose closure is compact, then the semi-orbit- 
closure of x is itself compact. 


Proof. There exists an integer N and a sequence {n,|4=0, 1,--+} 
of integers such that O=%<m<-++, niai. & N and fs(x) CU 
for all 4. Define K=} Zf (U). Now K is compact. We show the 
semi-orbit of x is contained in K, which completes the proof. Let n 
beany non-negative integer. There exists a non-negative integer i such 


that n; Sn Sni. Hence, f*(x) =fr mfx) Cf" (U)CK. 


THEOREM B. If Y CX ts semi-minimal under f and if Y intersects 
a neighborhood U whose closure is compact ($n particular, if X is locally 
compact), then Y ts itself compact. 


Proof. Let y € Y- U. By the argument used in the proof of Lemma 
4, it can be shown that y is almost periodic. The conclusion now 
follows from Theorem A. (Theorem B is not valid for a minimal set 
as the example of a discrete infinite orbit shows.) 

Besicovitch [1] has constructed an interesting example of a 
homeomorphism of the plane onto itself which possesses some semi- 
orbits dense in the plane and which leaves the origin fixed. He seems 
to remark at the end of his paper (p. 65) that every semi-orbit, ex- 
cluding the origin, is also dense in the plane. Theorem B would indi- 
cate that either this remark or our interpretation of it is in error. 
For, take X= Y to be the plane with the origin deleted. If every 
semi-orbit is dense in the punctured plane, then the punctured plane 
would be compact. Question: In Besicovitch's example [1], is the orbit 
of every point of the plane, excepting the origin, dense in the plane? 
We now continue with the main sequence of theorems. 

Let (X,|n—1, 2, - - - ] bea sequence of subsets of X. The set of 
all points x of X such that each neighborhood of x intersects X, for 
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almost all (infinitely many) positive integers s is denoted by 
lim inf ( X,] (lim sup (X,]). In case lim inf {X,} =lim sup {Xa}, 
we denote this set by lim |.X, }. Of course, for any sequence j X, 
lim inf {X,} Clim sup {Xa}. 

Let D be a decomposition of X. For x € X, let D(x) denote the ele- 
ment of D containing x. The decomposition D is said to be continuous 
provided that xo, x,CC.X (n1, 2, - - - ) with x,—x implies D(xo 
Clim inf (D(x,3] Clim sup {D(x,) } CD(z)). 

Following G. A. Hedlund, we say the mapping fis uniformly point- 
wise almost periodic provided that to each €»0 there corresponds 2 
positive integer JV such that if x CjX, then in every set of N consecu- 
tive positive integers, appears an integer s so that p(x, f"(x)) <e. 
Clearly, if f is uniformly pointwise almost periodic, then fis pointwise 
almost periodic. 


LEMMA 5. For x X, let C(x) denote the semi-orbit-closure of x under f. 
If xo, x.€ X (n=1, 2, - - - ) with x, then C(xo) Clim inf (C(x,)]. 


Proor. Let x € C(x) and let U be any neighborhood of x. For some 
non-negative integer k, f*(xo) CU. By the continuity of f*, f*(x,) CU 
for almost all positive integers n, that is, U intersects C(x,) for almost 
all positive integers s. The conclusion follows. 


THEOREM 3. In order that the mapping f give a continuous semt-orbtt- 
closure decomposition tt ts sufficient that f be uniformly pointwise almost 
periodic; and in case X ts compact, this condition is also necessary. 


Proor. We establish the sufficiency. Let D denote the collection 
of semi-orbit-closures. By Theorem 1, D is a decomposition of X. 
By Lemma 5, it is enough to prove that lim sup { C(%n) } C C(xo) for xo, 
X,C X (n=1,2,- ++) with x,—xo, where C(x) denotes the semi-orbit- 
closure of the point x. Assume this is false. Then there exist points 
Xo, VEX (n=1, 2,+--) such that x,—«xo and lim sup {Elen} 
(C(x). Thus there exist a point x of X, a monotone increasing se- 
quence 1, %, * * - of positive integers, and a sequence t, ma, - - - of 
non-negative integers such that f"(x.)-x and x€C(xo). Hence, 
C(x)- C(xo) =A and xo C(x). Let 2e denote the distance from xe to 
C(x). Since f is uniformly pointwise almost periodic, there exists a 
positive integer k such that for each positive integer ¢ it is possible 
to find an integer k; with the properties that 1Sk;S and 
Plna frt (x.))««. There exists an integer ko such that k,=ko 
for infinitely many positive integers t. Since also x,, x» and f™'t*0(x, ) 
—f^(x), we have p(xo, f^*(x)) Se<2e. Hence, the distance from xo 
to C(x) is less than 2e. This is a contradiction. 
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We establish the necessity. Suppose f is not uniformly pointwise 
almost periodic. Then there exists a positive number e such that for 
each positive integer s it is possible to find a positive integer m, and 
a point x, of X such that N.(x,) > 1. of"^*'(z,) =A, where Ni(y) de- 
notes the 5-neighborhood of the point y. We may suppose that x,» 
and f"*(x,)—x for some points xo, x of X. For all sufficiently large 
positive integers s, JN.(xo)-? tofrt (x,) =A. It follows that 
N.a(xo):C(x) =A and x.€C(x), where C(y) denotes the semi- 
orbit-closure of the point y. Now lim (c(x2] -—C(xo) and C(x) 
' slim (C(f»»(x,))] =lim { C(x,)}. Hence, C(x9) = C(x) and x«C C(x). 
This is a contradiction. i 


THEOREM 4. In order that the homeomorphism h give a continuous 
orbit-closure decomposition tt is sufficient that h be uniformly pointwise 
almost periodic; and in case X is compact, this condition ts also neces- 
sary. . 


The proof follows readily from Theorem 3 and Lemma 2. 

It is worthy of note that if X is compact, then there exists a subset 
Y of X such that f(Y)=Y is uniformly pointwise almost periodic. 
The proof is short. The property P of being a nonvacuous closed sub- 
set Z of X such that f(Z) CZ is easily shown to be inducible. By the 
Brouwer reduction theorem, there exists a subset Y which has prop- 
erty P irreducibly. Then Y is semi-minimal and f(Y) = Y, since f( Y) 
has property P. The conclusion now follows from Theorem 3. 
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ON CONTINUA WHOSE LINKS ARE NON-INTERSECTING 
R GAIL S. YOUNG, JR. l 


There are many examples known of compact continua no two of 
whose simple links intersect, even though uncountably many of the 
links are nondegenerate. On page 346 of his Foundations of point set 
theory [1]," R. L. Moore has given an example of a compact con- 
tinuum which is the sum of an uncountable collection of nondegen- 
erate simple links, only a countable number of which intersect. In 
view of these results it seems natural to inquire whether there is a 
compact continuum which is the sum of an uncountable collection of 
mutually exclusive nondegenerate simple links. Theorem 1 gives a 
negative answer. If we do not require that the continuum be compact, 
but do require that it be a separable locally connected Moore space,? 
then Theorem 7 shows that the answer is again negative. 

References to theorem and page numbers refer to Moore's book, to 
which the reader is directed for definitions not given here. 


THEOREM 1.3 If M ts a compact metric continuum which is nota 
simple link of itself and no two of tts simple links intersect, then un- 
countably many are degenerate, and the set which ts the sum of the non- 
degenerate simple links of M ts the sum of a countable number of closed 
point sets; 4 


LEMMA. Under the hypothesis of T us 1, the simple links of M 
form an upper semi-continuous collection, G, filing up M, such that G ts 


an acyclic continuous curve every interval of which contains a degenerate > 
element of G. 


Proor. By Theorem 93, p. 67, each simple link of M is a con- 
tinuum. Let P be the sequential limiting point of a sequence of points ^ 
of distinct links Li, La, Ls, - - - of M. Let Q be any point of the 
limiting set of Li, Ls, Ls, - - - . Clearly no point separates P from Q 


Presented to theSociety, April 29, 1944; received by the editors February 23, 1944. 

1 Numbers i in brackets refer to the Bibliography at the end of the paper. 

2 A space is said to be a Moore space if it satisfies Axiom 0 and the first three 
parts of Axiom 1 of Moore's book. ' . 

.  %In the terminology of transformations, Theorem 1 is equivalent to the following: 

Let f be a monotone mapping of the compact continuum M into a dendrite N. If for 
each point X of N no point of M separates any two points of f (X) and for each 
two points X and Y of N some point of M separates f (X) from f-!(Y), then for un- 
countably many points X of N the set f (X) is degenerate. 

* The proof of this theorem was altered after refereeing. 
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in M, and since by Theorem 103, p. 71, no point of M is an improper 
point of M, it follows that the collection G is upper semi-continuous. 
By Theorem 23(c), p. 344, G is a dendrite with respect to its elements. 
Suppose that the interval AB of G contains no degenerate element. 
Then the set, K, of all points each of which separates A from B in 
M is countable, for no link can contain more than two points of K, 
and by Theorem 24(a), p. 350, no more than a countable number of 
nondegenerate links can contain cut points of M. However, the col- 
lection, T, of all simple links of M in AB that intersect K is dense ` 
in AB. From Theorem 24, p. 348, we have that G contains an un- 
countable continuous subcollection, C, dense in AB.’ Let P be a point 
of K contained in a link L, and let M’ denote the subcontinuum of M 
consisting of the sum of the elements of AB. Then M’—P is the sum 
of two mutually separated sets, Hı and Hs, containing A and B re- 
spectively; and since L separates AB into two connected sets of ele- 
ments of G, M'—P = Lı+La+(L— P), where Li and Ls are mutually 
separated connected sets not intersecting L. If L — P contains limit 
points of both LZ; and L5, then it intersects both Ki and Ks, which 
contradicts Theorem 98, p. 70. Hence L — P and Hi, say, are mutually 
separated. But since C is dense in AB it follows that there is a se- 
quence Li; Ls Ls, : : - of elements of C whose limiting set (in M) 
is P. Since G is upper semi-continuous, as 5— o , diam L,—0. Let H 
be an element of C, and let d be its diameter. Every open segment of 
AB containing H also contains elements of T, and therefore contains 
elements of C of diameter less than d/2, which contradicts the con- 
tinuity of C. Hence AB contains a degenerate link of M. 

PRooF OF THEOREM 1. By the lemma and Theorem 5.1, p. 131, of 
[4], the collection G’ of all nondegenerate elements of G is semi- 
closed, and each element of G’ is a component of G'*. By Theorem 
5.41, p. 132, of [4], G'* is the sum of a countable number of closed 
point sets. If the degenerate elements of G were countable in num- 
ber, the decomposition space G would be the sum of a countable num- 
ber of closed sets, no one of which contains a domain, which would 
contradict Theorem 15, p. 11. 

A well known example due to Anna M. Mullikin [2], and described 
on p. 366 of Moore's book, of a connected set in the plane which is 
the sum of a countable number of mutually exclusive arcs, can be 
modified by replacing each arc by a simple closed curve to show that 
Theorem 1 is not true if the hypothesis of compactness is replaced by 
separability, even if each link is a compact continuum. 

Another argument for Theorem 1 could be given by proving that 


5 Theorem 24 does not state that C is dense in AB, but this readily follows here. 
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under the hypothesis of Theorem 1 every simple link of M is a set 
M(P).* Then Theorem 1 would follow from Theorem 2, which has 
some interest, due to the connection between dendratomic subsets, 
simple links, and sets M(P) shown by Moore in chap. 5 of his book. 


THEOREM 2. If the compact metric continuum M is not an M(P), 
then uncountably many sets M(P) of M are degenerate. 


Proor. By Theorem 23(a), p. 343, the collection, G, of all sets 
M(P) of M is upper semi-continuous. By Theorem 24(a), p. 350, no 
more than a countable number of nondegenerate elements of G con- 
tain cut points of M. By hypothesis M has uncountably many cut 
points. If the theorem were false some element of G would contain 
uncountably many cut points of M, which contradicts Theorem 
23(b), p. 344. 

Since every simple link is a subset of some set M(P), this theorem 
says that if the simple links are allowed to intersect in certain groups 
so that no two points in any group are separated by more than a 
countable number of points, but so that any two points in different 
groups are separated by uncountably many points, then the con- 
clusion of Theorem 1 still holds. 

Locally connected continua. If to the hypothesis of Theorem 1 we 
add the condition that M be locally connected, our theorem becomes 
trivial, since the nondegenerate simple links of a compact continuous 
curve are its true cyclic elements, and there are only a countable 
number of these. If we’also remove the condition of compactness, 
then the problem becomes more interesting, and indeed the theorem 
would not be true without the assumption of separability. However, 
if M were assumed to be locally connected, separable, and complete, 
the theory of almost cyclic elements developed by F. B. Jones [3] 
would apply and our theorem could readily be proved, in virtue of: 
Theorem 19 of his paper. Failure to assume completeness creates more 

` difficulties, since arcwise connectivity would not be available. The 
theorem remains true, however, and the proof is not difficult. We 
prove first several theorems concerning simple links. 

In the next four theorems, M will denote a locally connected, con- 
nected Moore space. 

THEOREM 3.7 If L is a simple link of M, and R is a connected domain 
intersecting L, then L-R is connected. Hence L ts connected and locally 
connected. l 

* If Pisa point of M, by M(P) is meant the set of all points of M which are not 
separated from P by each of an uncountable set of points. 

7 Cf. Theorem 66, p. 147, of Moore, and Theorems 8 and 20 of Jones’ paper. 
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Pnoor. Suppose that L-R is the sum of two mutually separated 
sets, H and K. Some component, C, of R—R-L has a limit point, P, 
in H, and a limit point, Q, in K, as may be seen with the use of Theo- 
rem 2(b), p. 91. Let X be any point of C. No point of L separates P 
or Q from X in R. But by Theorem 12, p. 97,? some point Y separates 
X froni P --Q in R and is not itself separated from P -- Q by any point. 
Let Z be a proper point of M belonging to L. Some point, W, sepa- 
rates Y from Z in M, and W can be neither P nor Q. But then W can- 
not belong to L, and hence separates P-Q from Y, which is impossi- 
ble. 

If R is taken to be M, it follows that L is connected. 


THEOREM 4.° If M is ihe sum of tis simple links, and no two simple 
links of M intersect, then every improper point belongs to a nondegenerate 
continuum of improper points, no two lying tn the same simple link. 


Proor. Let X be an improper point of M. Let H be a point set 
containing X such that no two points of H belong to the same simple 
link of M or are separated by any point, and which is maximal with 
respect to this property. Since the simple links of M are mutually 
exclusive, H is nondegenerate. Also, every point of H is an improper 
point. Further, H is closed, for if the point Y of M —H is a limit point 
of H, then no point separates Y from any point of H. Hence Y be- 
longs to the same simple link as some point Z of H. But then Z sepa- 
rates Y from H —Z, which is impossible. 

Suppose that H is the sum of two mutually exclusive closed sets, 
Ay and Ay. Paralleling the argument of Theorem 3, we show the exist- 
ence of a point Q of M —H and two points, P, and Ps, belonging to 
Hi and H; respectively, such that no point separates Q from both Pı 
and Ps. Hence no point separates Q from any point of H. Further, Q is 
not in the same simple link as any point of H. Therefore Q belongs to 
H, which is a contradiction, and completes our proof. 


THEOREM 5. If M is the sum of tts simple links and ts not a simple 
link of itself, and the simple links of M are non-intersecting, they form 
an uncountable collection. 


Proor. Suppose that the theorem is false. Then every point of M 
is a proper point of M, for if P were an improper point of M, by 
Theorem 4, P would lie in a nondegenerate continuum H of points, 
no two of which lie in the same simple link of M. But H must be 


3 See remarks on p. 465 of Moore concerning this theorem. 
* 'This theorem should be contrasted with Theorem 99, p. 71. 
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countable, and no nondegenerate countable set is connected.!? Hence, 
' if A and B belong to distinct simple links of M, the set I(A, B) of 
all points separating A from B is non-empty, and indeed any two 
points of I(A, B)+4 +B belonging to distinct links are separated by 
some point. Since no link can contain more than two points separat- 
ing A from B, I(A, B) is countable. It is then easy to construct two 
sequences of points, Pi, P1, Ps, - - - and Qi, Qz, Qs; - - such that (1) 
for each positive integer i, Pa precedes Pi, Qip follows Qi, and P. 
follows Q; in the order from A to B in I(4, B); and (2) for any point 
X of I(A, B) there is an 4 such that X is not between P; and Q,. But 
Pi4-P;--P4-- +--+ cannot then have a limit point in I(A, B), which 
contradicts Theorem 4.2, p. 51, of [4], the proof of which is valid in - 
this space. 

The example given following Theorem 1 shows that this theorem 
is not true without local connectivity. 

The condition that M is the sum of its simple links in the hypothe- 
sis of this theorem is necessary, for there exist non-compact continu- 
ous curves which do not contain any simple links whatsoever. We 
give a rough description of one such : Jones has given on p. 781 of [3] 
an example of a space, Hi, containing a simple closed curve, C, each 
of whose points is an improper point, and each of whose simple links 
is a simple closed curve, Ci,2, having only a point in common with C. 
By applying Jones’ construction to each set C1,4, we can construct a 
space Hz in which every point of Hi is an improper point, and whose 
simple links are simple closed curves, Cs,2, having only one point in 
common with Hi. Repeating Jones’ construction again on the sets 
Cz,2, we obtain a space H; in which every point of Hg is an improper 
point. Continue this process indefinitely. The space H which is the 
limit of Hi, Ha, Hs, - -- is such that every point is an improper 
point, and hence H has no simple links at all. 


THEOREM 6. If M is separable, the nondegenerqte simple links of M 
orm a countable collection, and each nondegenerate link ts separable. 


Proor. By hypothesis, M contains a countable dense subset, H. 
By Theorem 12, p. 97, each nondegenerate simple link contains a 
cut point of M. Suppose that the collection, G, of all nondegenerate 
simple links of M is uncountable. Either (1) there is a point, P, com- 
mon to uncountably many elements of G, or (2) with Theorem 72, 
p. 50, and Theorem 68, p. 47, there can be shown to exist an uncount- 
able subcollection, G’, of G, two points, A and B, and a set, K, such 


19 Since a countable Moore space is completely separable, and hence metric, it 
cannot be connected, if it is nondegenerate. 
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that each element of G^ contains one and only one point of K, 
and such that each point of K separates A from B, and belongs to 
an element of G'. In the last case, each element, L, of G' is in- 
tersected by a connected domain, Dz, whose closure does not 
intersect Z(4, B)--A--B (which by Theorem 4.2, p. 51, of [4] is 
closed and compact). There is a point, X, of H which is common to 
uncountably many of the domains Dz. Let G” denote the collection 
of all links, L, of G’ such that Dz contains X, and let K’ denote the 
set of all points of K intersecting links of G". Some point, Y, is a 
point of condensation of K', and there is a connected domain, D, 
containing Y, such that for uncountably many elements L of G'', 
D:D —0. But then no point separates a point of an element of G” 
from any point of another element of G’’, which is impossible. A simi- 
lar argument shows that the first case is likewise impossible, P taking 
the role of Y. 

We show that each simple link is separable. Let L be any nonde- 
generate link of M, and let H be a countable dense subset of M. For 
each point X of H—H- M, there is a point, Px, of L which separates 
X from some point of L. The set, H’, consisting of H- L and all points 
Px is countable. If D is a connected domain intersecting L, and Y is 
a point of H-D, either Y is in L or Py is in D. In either case, D inter- 
sects H'. Hence H' is a countable dense subset of L. 

The last part of the theorem is false without local connectivity. 


THEOREM 7. If M is separable, and is not a simple link of itself, but is 
the sum of its simple links, and no two links of M intersect, then un- 
countably many are degenerate. 


Pnoor. This follows immediately from Theorems 5 and 6. 

The example of Jones referred to following Theorem 4 shows that 
the condition of separability in Theorem 7 cannot be removed. A 
simple modification of this example gives a similar example where in 
addition the almost cyclic elements are mutually exclusive. 
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PURDUE UNIVERSITY 


ON THE QUADRICS ASSOCIATED WITH A 
POINT OF A SURFACE 


SU-CHENG CHANG! 


It is well known that among the three-parameter family of quad- 
rics having a contact of the second order with an analytic surface at 
a point there are two systems of quadrics known as the quadrics ot 
Darboux and the quadrics of Moutard. The particular quadric of the 
. first family introduced in this note is of some interest. We propose 
to give a new geometrical construction for the cone of Segre by using 
Moutard quadrics and study the canonical pencil of lines associatec 
with the surface. 

Let x'(u, v) (£—1, -- -, 4) be the projective normal coordinates 
of a point on a surface S referred to its asymptotic net (v, v); then the 
functions x are solutions of a completely integrable system of differ- 
ential equations in Fubini's canonical form 


; Euu Usu + Bx + fus, 
(1) Eoo = tut Ooty + part, 
6 = log By. 
As usual we introduce nonhomogeneous local coordinates of a point 


with respect to the tetrahedron (xx«x«xv»), so that the equation of any 
quadric of Darboux is found to'be 


(2) s — xy + ksi = 0, 


where k denotes a parameter, while the equation of the quadric o: 
Moutard which belongs to the tangent,y — 1x —0, z =0 is 

[4(B + yn)? + 3n(Bu + 48,n + Ayun? + yont) | 2? 
g? 8? log 2d 


36n? | 2 — x — 
*- | ITs Oudo 


(3) 





1 dl 
— 12n(8 — 2yn?) O+- em x i j: 
u 


| 1 alo 
— 12n3(yn* — 28) (+> omer) = 0. 
v 


Received by the editors May 22, 1944. 
1 The stay of the author in the National University of Chekiang was made possible 
by the Board of Trustees of the Indemnity Fund remitted by the British governmen-. 
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These quadrics intersect each other in the asymptotic tangents and 
a conic in the plane 


z [se + yn)? + 3n(Bu + 480m + Ayun? + yrn!) +,36n°KBy 


9 log By 
WEE 
Ou 


— 6 


8 — Dan) — om PE 
v 


On — 2) | 


— 12n(8 — 2yn*)y — 12n?(yn* — 28)x = 0, 


where we have placed 
1 
(4) ulcus Ry: 


The plane coordinates of this plane are evidently 


uo = 0, 
(5) pu; = — i2n!(ym) — 28), pus = — 12n(8'— 2yn4), 
pus = 46? — 386 + 128n*y + (8By + 36KBy)n* + 12yón^ 
— Svn*p + 4yn?, 


where $ =ð log By*/du and y =ð log 8?y/ðv, so that the cone enveloped 
by it may be obtained by eliminating s from the equations 


mn! + on! tint s — 0, 
cti? + m+ on+p=0, 


(6) 


where 
w = Tuy /2 + 7435/2 — 6u;, ; 
T = uy — 2516, ; $ = ud — 285, 
s = (4+ 6K)f15, o = (4+ 6K)yus, 
t= mo + 6(1 + 2K)Bu, r= us + 6(1 + 2K)yu. 


The result of carrying out the computation for a given value of K is 


T € d 5 
c T w 
(7) | E 
0 br — os wp— rts bpi— ws 
ow — at of — 70 os — v 0 


It should be remarked that when and only when K = —2/3 the equa- 
tion of the cone enveloped by the planes (5) is different from (7), 
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since the latter in this case becomes an identity. From (2) and (4) 
we may infer naturally that in the pencil of Darboux the quadric 


(8) «G P Eee 0 

` mall, Vus 3 

differs from other quadrics by a certain geometrical characterization. 
The third polar of s=0 with respect to the cone (7) is 


(9) | 614293 — 3(un + teed) eta — (Bus T yu) = 0, 
which does not contain K. That is to say, aH the cones (T) with different 


values of K have the third polar of z=0 $n common. 
As to the second polar of the same plane z=0 we have 


(10) [- -> Juu: + uuo + 6 [s + upju — 2(Bus + yu)] = 0 
where [-- - ] does not contain w. Hence through each tangent of the 
surface S at P there are besides z=0 two tangent planes pı and ps of 
the cone (10) and the harmonic conjugate plane of s —0 with respect to pı 
and ps just envelopes. the cone (9). Thus we obtain a correspondence 
between a tangent of the surface and a plane through it. Especially, 
the three corresponding planes of the tangenis of Darboux are concurrent 
in the first directrix of Wilczynski. 

The equation of the cone (9) in point coordinates is found to be 


Q` 3 y 2 $ 8 ; 

-3 oL) +z (3+2) 
"s LAE » $N. 
(11) + 265( 2+ 25 7 pr (2+ D a) 
Br | 
"ET 


It follows that z—0 is the only double tangent plane along the two 
asymptotic tangents of S and therefore that there are three cuspidal gen- 
erators, each passing through one of the points 


s$ = 0. 





all 2 pace Bak ELA 3 
(0. ev RaO Dd bes). 


The harmonic conjugate line of z=0 with respect to the trihedral of the . 
three cuspidal generators is also the first directrix of Wilcaynsks. Further- 
more the three cuspidal tangent planes of the cone (9) are concurrent in 
the same directrix. 


\ 
Ü 
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It is worth noticing that the cones (10) with variable K have a 
common tangent plane which passes through each asymptotic tan- 
gent. The two planes thus obtained intersect in the canonical line 
C(—7/12).: 

Let us now attend to the particular quadric (8). Eliminating » from 
the equations 


mn! +on+ $290, 
Bwi(1 — 2(y/B)n*) = n(yn* — 28), 


we obtain that the cone in this case is 


 pyts 2ytip «Bu, wh, — 28u:p 
(12) — 2yruı + yuo yup = 2Brtts Bur a 
. T W $ 0 
' 0 T w ? 


The second polar of the plane z=0 with respect to this cone is 


(13) — sts" + (uir + usp) = 0. 


Therefore the quadric (8) 4s distinguished from other quadrics in the 
pencil of Darboux by the fact that the corresponding cone (12) decomposes 
inio a cone of the third class and a pencil of planes with C(—7/12) as 
sis axis. Let pı and pı be the two tangent planes of the cone (12) 
through a given tangent of S at P but distinct from z=0, and 1 a 
plane through the same tangent such that 


(s = 0, f; $1 $2) = T = const. 


Then the equation of £ is easily found to be 


l ; -7 
(1 — r) (uix + wey) + z E (Qui + us) — 5r(jpui + pus) 
(14) ; 3 


ui/ua being a parameter. This plane envelopes a cone of the fourth 
order with three cuspidal tangeni planes concurrent in the canonical line 
C(—(7 —5K)/12(1 — K)), while the laiter ts also the polar line of z20 
with respect to the irthedral of the three cusptdal generators. 

Finally, we shall give a geometrical interpretation to the cone of 


? This line appeared in Sannia's paper. See Rendiconti R. Accademia dei Lincei (6) 
vol. 9 (1929) pp. 1081-1085. 
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Segre. Consider the two quadrics of Moutard belonging to the tan- 
ents t and ?’ at a point of the surface; they intersect in the asymptotic 
tangents and a conic. The limiting position of the plane of this conic 
as t/t is 
[48* — 4y^n* — 26nd + 2yn5p + 48yn* — 4y$n*] 

+ 8(yn? + B)ntx — 8(8 4--yn*)ny = 0, 


which envelopes the cone of Segre. 


g 
(15) 
NATIONAL UNIVERSITY OF CHEKIANG 


ON A REPRESENTATION IN SPACE OF GROUPS OF CIRCLE 
AND TURBINE TRANSFORMATIONS IN THE PLANE 


J. M. FELD 


- 


1. Introduction. In a previous paper [6]! the author showed that 
the oriented lineal elements in the euclidean plane can be mapped 
continuously and (1, 1) upon the points of quast-ellipiic? three-space 
Qs so that the whirl-similitude group of turbine? transformations in 
the euclidean plane is represented isomorphically upon the group of 
projective automorphisms of Qs. By means of this representation 
proper turbines in the plane are mapped upon those real lines in Qs 
which do not intersect a line L, the real part of the quasi-elliptic 
absolute. It is the purpose of this note to investigate this representa- 
tion analytically and to extend it so as to yield a (1, 1) continuous 
mapping of the turbines (proper and improper) in the Moebius plane 
upon all the lines in projective Ss. By such means we establish the 
isomorphism between certain groups of projective transformations in 
space on the one hand, and on the other of Kasner's 15-parameter 
group of turbine trangformations [7] and some of its important sub- 
groups, namely the Moebius, Laguerre, and Lie groups of circle trans- 
formations. 

Other representations of turbines in space are due to Kasner and 
DeCicco [7, 8] and to A. Narasinga Rao [9]. The former use a 

Presented to the Society, February 26, 1944; received by the editors April 17, 1944. 

1 'The numbers in brackets refer to the bibliography at the end of this paper. 

2 The term quasi-elliptic space is due to Blaschke [1, 2]. The absolute of this space 
is composed of a pair of conjugate imaginary planes x3+x4=0 and a pair of conjugate 
imaginary points (1: +4:0:0). 

3 The geometry of turbines was initiated by Kasner [7]. An extensive bibliography 
on the subject is to be found in [5]. t 
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representation of lineal elements upon the points of S3, similar to that 
used here; the latter maps turbines in the plane upon the points of S4, 
and shows thereby that Kasner's group and its subgroups are iso- 
morphic with certain groups of projectivities in ,S4. Kasner and De- 
Cicco do not indicate how their representation would map Hie groups 
of Moebius, Laguerre, and Lie in S3. 


2. The mapping M. We shall need the following definitions. 

DEFINITIONS. A proper turbine is a series of œ! oriented lineal ele- 
ments the points of which lie on a cycle (oriented circle) and the direc- 
tions of. which are inclined at the same angle to the direction of the 
cycle. 

An improper turbine is a series of œ! oriented parallel lineal ele- 
ments the points of which lie on a straight line. 

A proper flat field is a set of œ? lineal elements which lie on the œ! 
cycles having a given lineal element (the center of the flat field) in 
common. 

An improper flat field is a set containing. all of the œ? lineal elements 
parallel to a given direction. 

The proper turbines include the point turbines (=point cycles); 
the improper turbines include the spears ( —oriented lines). 

Let the oriented lineal element e passing through the point x, y in 
the xy-plane have the direction 0. Let s=x-+éy, 8—x—1y, (=e%, 
0S8 «2s. Let the symbol (z, t) represents e; z and ¢ shall be called 
the coordinates of e. In terms of these coordinates a proper turbine 
has an equation [6] of the form 


(2.1) z—l-mrt. 


The point / is the center of the turbine and |r] is the length of its 
radius. We shall represent the turbine (2.1) by the symbol [}, r]; 
l, r shall be called its coordinates. Turbines [/, r] such that r--7—0 
are cycles, and those such that r =0 are point turbines. 

A proper flat field having the lineal element (s, o) for its center is 
given by the equation [6] 


(2.2) 2— s = (2— dot. 


Let the symbol s, c ] represent this flat field. Two proper flat fields 
{s, c] and {s’, o’} such that oo’ determine a proper turbine [/, r] 
where : 


(2.3) 1-2 (se — ye)/(s! e), r5 (6—3)/( — 8). 


Let a point p in S; have the homogeneous coordinates x1:x3:33:x4. 
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The representation M mapping (s, £)«2p continuously and (1, 1) is 
given by the equations 
(2.4) z = 2(a, + ixx)/ (x4 + io3), t = (x4 — iz)/(Ga + tx) 
and . ; 

pti = i(sf + 2), pXs = sj — Z, 

pxi = 2(f Te 1), PpP% = 2i(1 + B. 
These equations define M for all lineal elements in the euclidean plane 
and all points in Ss except those on the line L: x3=«,=0. The points 
of any plane 14x, —0 such that +4150, that is, a plane that does 


not pass through L, are mapped upon the lineal elements of a proper 
flat field (5, c] where 


(2.5) s = — (us + dud)/ (a + iu), o = (us — iu1)/ (u: + iui), 
pu = 2i(1 — 6), pus = 2(c + 1), 
pus = — (so + 3), pus = i(se — 3). 


(2.4*) 


(2:59) 


Any plane u that does pass through L is mapped upon an improper 
flat field composed of o? parallel lineal elements (s, ¢) where 


(2.6) t =, (us + iu)/(us — i). 


Let g be any line in S; except L. Let the Plücker axial coordinates of 
g be qij— 147;— up. Let us assume, as we may, that neither of the 
planes & and v» passes through L. Evidently g is mapped by $t upon 
a series of œ! lineal elements common to the proper flat fields (s, ø} 
and is ,0! ] which correspond respectively to u and v. Such a series 
is a proper turbine when oo’ and an improper turbine when e —6'.^ 
Consequently, the proper turbines in the euclidean plane correspond 
(1, 1) to those real lines in S; which do not intersect L, and the im- 
proper turbines correspond (1, 1) to the real lines in S, that do inter- 
sect L; line L itself so far has no M-image. The correspondence be- 
tween turbines and lines is given by the equations: 


pgs = 4i(7' — 4), 
pd = — i[(s — saa’ — (8 — 8) + (8+ s) — (s + 55e], 
Q.r I7 7 (s — seo’ — (8 — 9) + (s — Ke — (s' — Se", 
= — i(Ssz! — 388), 
pga = if(s — NEF — (8 — 9) + (s+ $28 — (5 4 se], 
pqs = (s — soe’ + (8 — 3") + (s — $a 4- (8 — s). 


4qmo’ if and only if g intersects L. 


3 
l 
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With the aid of equations (2.3) we find that the proper turbine 
determined by the flat fields £ c] and Ís’, o’} such that oxo’ is a 
cycle when ($—3’)oo’ =s—s’, and a point turbine when s =s’. If o =0' 
the pair of flat fields determines an improper turbine, which, in the 
event that (3—3^)e* — 5 —5', becomes a spear. From (2.7) we find that 
to the cycles and spears in the euclidean plane correspond (1, 1) all 
but one of the lines of the linear complex 


A: - gis — Jas = 0; 


the excepted line is L (qm:q1:9u:04:040:4:5 —0:0:0:1:0:0). To the 
point turbines in the euclidean plane correspond (1, 1) all the lines 
but one, namely L, of the rotationally symmetric elliptic congruence 


B: gis — Jaa = O, qu — 923 = O, 


which has the lines x1-]-523 — xs —1x4— 0 and x1— 4x3 — x3-- 4x4 — 0 as di- 
rectrices. 

To make M (1, 1) for all the lines of Ss, we therefore close the eu- 
clidean plane by adjoining one ideal point turbine at infinity te, which 
shall serve as the M-image of L. To the point turbines of the closed 
(Moebius) plane there now correspond continuously and (1, 1) the 
lines of 8, and to the cycles and spears of the Moebius plane there 
correspond (1, 1) the lines of A4. 

To the improper turbines correspond (1, 1) the lines of the special 
complex gq —0; this complex has the line L for its directrix. To the 
spears, therefore, correspond (1, 1) the lines of the special congruence 


Qi gis — Jaa = O, gu = 0. 


Let the terms Moebius cycle, Laguerre cycle, and Lie cycle designate 
respectively (1) a cycle with nonzero radius or a spear, (2) any cycle 
except te, (3) any cycle or spear in the Moebius plane. Since the 
Moebius group of circle transformations in the plane, regarded as an 
extended group of contact transformations, transforms point turbines 
into point turbines and Moebius cycles into Moebius cycles, its M- 
image in Ss is a group of «* collineations that transform the congru- 
ence B into itself and also transform the linear complex «4 into itself. 
The large (seven-parameter) Laguerre group in the plane is a group 
of contact transformations that convert epears into spears and La- 
guerre cycles into Laguerre cycles; consequently, this Laguerre group 
is isomorphic with a group of ~7 collineations in S, that leave invari- 
ant both the special congruence (? and the complex v/. Lie's 10-pa- 
rameter group of contact transformations transforming Lie cycles 
into Lie cycles is isomorphic with the group of œ! collineations in S3 
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that leave eA invariant. Kasner's 15-parameter group of turbine 
transformations in the plane is isomorphic with the group of pro- 
jectivities (collineations and correlations) in S}. ` 

Various other representations of the Moebius, Laguerre, and Lie 
groups have been given, for instance in [3, 4]. 
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ON THE PATHS WITH MONGE’S EQUATIONS OF THE 
SECOND DEGREE AS CONDITIONS OF INTERSECTION 


HSIEN-CHUNG WANG?! 


1. Introduction. The problem on the conditions of intersection of a 
family of curves was suggested by S. Lie! and systematically studied 
by F. Engel.? Under the latter’s initiative extensive researches have 
been made on the subject.* It is the aim of the present paper to point 
out the relations between this type of problems and. the geometry 
of paths, thus obtaining the geometrical interpretation of some im- 
portant invariants of a system of paths. To be definite, we consider 
in an (n--1)-dimensional space a 2n-parameter family of paths. By 
using Pfaffan forms, we can define the tensor of the lowest order 
of the paths in a simple way. This tensor is essentially the one which 
plays a róle in the so-called inverse problem of the calculus of varia- 
tions.? It turns out that its vanishing is a necessary and sufficient 
condition for the conditions of intersection of neighboring paths to 
be given by a system of Monge's equations of the second degree. 


2. The tensor. Let (x, y*) (1—1,---, n) be coordinates of an 
(n-+1)-dimensional space. A 2n-parameter family of paths is defined 
by a system of ordinary differential equations of the form 


d i 
(1) y” = Fi(z, yl, y”), j= 1523 1,8, y” = —, y" = 





which can also be written in a Pfaffian system 
(2) dy — pidx = 0, dp* — Fi(x, yt, pi)dx = 0, 


where pt are auxiliary variables. To simplify our calculations we in- 
troduce the following Pfaffian forms 


Received by the editors February 9, 1944. 

1 The author wishes to express his thanks to Professor Shüngdnen Chern for sug- 
gesting this problem. 

2 S. Lie and G. Scheffers, Geometrie der Bslrésetróadoaltss; vol. I, Leipzig, 
1896, p. 269. 

3 F. Engel, Eine neue Methode sur Invariantentheorie der Differentialgleichungen, 
Berichte über die Verhandlungen der Königlich Sachsischen Gesellschaft der Wissen- 
schaften vol. 57 (1905) pp. 161—232. 

£P: Steinbach, Pfaffsche Gleichungen als Schnitibedingung von Kurvenscharen, 
Mitteilungen des Mathematischen Seminars der Universität Giessen, vol. 2, no. 18, 
1930. 

* J. Douglas, Solution of the inverse problem of the calculus of variations, Proc. Nat. 
Acad. Sci. U.S.A. vol. 25 (1939) pp. 631-637. 
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(« = dy — pds, 

a = dj — F'dz — (aF'/ap" + &H)(dy. — 2 d2)/2, 

the function H=H(x, y, f!) being any particular solution of the 

partial differential .equation 

(4) ii TEN La A. 2< (=) = 
dx 8y! 0p! api api 


Here, as throughout this paper, Latin indices run from 1 to n, re- 
peated indices denote summation, and the operator d/d% denotes total 
differentiation with respect to x along any of the paths, that is, 


d/dx = ð/ðx + pid/dyi + F:0/8pf. 
By a simple calculation we find’ . 


per j i 1/0F' ; k 
ey = larl + (T + un) [ane }, 


(3) 


6) ey ipiis Ec TG 8) ee 


1 / oi i bd i jh y 
oe ler] + Calo ia 


where 
|. OF! 4 0FOF^ 1 d 
OF 3S nmn 
dy? 4 O0ph 0p! 2 dx\api 
1 A 1 oF" OF 1 d m 
layr 4 apt 0p" 2 dx 0p") ' 


(6) 


n 


while Q5 are functions formed from F and H whose expressions do: 
not interest us. The n? quantities Qj constitute a tensor in the follow- 
' ing sense. Let 


t= 2(x, y), jis y(x, y?) 


be a point transformation which carries our paths to a systern of paths 
of the space (2, 39. Suppose the new paths be defined by the Pfaffian’ 
system 


(7) dj — pidz=0, dp — F(a, 94, paz = 0, 


* E. Goursat, Leçons sur le probléme de Pfaff, Paris, 1922, pp. 15-20. 
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from which the forms à, zt and the functions H, Qj can be defined in a 
similar way. Under this assumption there exist functions 1, t, u$, r$, Sj 
such that T 


di quiz, 


mi 3j 
(8) Oo 4,0, 


a. 1d i d 


*$o—rg +sw. 


Taking the bilinear covariants of the above equations and comparing 
the coefficients on both sides, we obtain 


i 1 : 
= Si 
u 
dui ee 1 A d E LT, 
qoe ap h )- PEL st bt) 


dfi N 1af N 1af a ; 
o zl) mem) 


d 1 u (zZ i ) 
— Ss, = D —À — s —— — &,H 
dz i wn; LORD ae F i 


1 OF? 
= s xm ja). 
2 Nap 

Let v; and s be defined by the equations 


tf? i ii 
4,0, = Ôk, S = Sj 


8 being the well known Kronecker symbol. Then the first three sets 
of equations of (9) give 


S$ ‘ 
(10) si = — un 
n 


while the last set gives, after the elimination of dsi/dx, 
ds | su i 1 

(11) vj (= +— + su) = uu Os — — uO 
dx n u 

: Mulepiyiag (11) by vj and contracting, we get 


ds/dx + s*u/n + suf = 0, 
since Qf — Qr —0. Finally, we have Qi2ü/uw)wQrm, which shows 
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that the quantities (f undergo a linear iradsfonmdtión: The vanishing 
of Qj has therefore a geometrical meaning. 

The quantities Qj differ slightly from similar ones employed by 
Douglas.’ The condition Qj-0 makes them obey a simpler transfor- 
mation law. 


3. Conditions of intersection of paths. Let the system of finite 
equations defining the family of paths be 


(12) t = G*(x, C2), a= 1, NECS 2n. 


We can consider C* as coordinates in a 25-dimensional space Ran 
Whose points are our paths. Paths are said to be neighboring if the 
corresponding points are infnitely near. Let T and I’ be two neigh- 
boring paths defined by the parameters C* and C+ ôC“ respectively.' 
In order that they intersect, we must have 


(13) &y! = (0G*/9C7)8C« = 0, dic does, Ag. 


The! system of n—1 equations obtained by eliminating x from (13) 
gives the conditions of intersection. The n—1 equations are inde- 
pendent, otherwise the paths intersecting a given path would depend 
on more than +1 essential parameters, which case is excluded. 

We proceed to show how the conditions of intersection can be 
treated most simply by our symbolism. Let us introduce two differ- 
ential operations d and 6, the operation d denoting the variation along 
the path, while 6 denotes the change from one path to the other. By 
definition they satisfy the conditions i 


_dx¥0, dC*=0, 5x —0, ôC“ 0, 
so that 

e(d)-0, , (d) —0, 

w (B) = by = (0G /aC^)8C^, 


i i 1l/oF /— 4 i 


ð /0G OF =; NO0G^) a 
Gee 
9C* NOx api oc 


a=l,:++, 2n, 





According to the theory of completely integrable Pfaffian systems, the 
last 25 equations can be solved in terms of Ce, thus expressing C^ 
as linear combinations of w*‘(é) and m*(6). 
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_ Suppose that the system giving the conditions of intersection con- 
sists only of Monge's equations of the second degree: 
(15) ABCC BC = 0, aB y= oss neml, nl 
We express the left-hand side in terms of w‘(6) and r*(ô), getting 
(16) Asg(C")8C“C” = ate (0)o (0) + bio (E)r (0) + ex (8) (6), 

a, By =1,---,2n,e=1,°+-,n—- 1, 


where the a’s, b's, and e's are functions of x and C* and, for unicity 
of the coefficients, we can assume 


« e e a 
(17) Gij = Oy, T7 Crp = Eg. 


Since (15) is evidently satisfied when w‘(5)=0, ej must vanish, so 
that (16) becomes 


(16’) AiO VIC = alge (Bo (5) + byes Bn (3). 


The left-hand side of the preceding equation is independent of x, so 
that the same is true of the right-hand side. Thus we have 


(18) dfai (5o (9) + biw (8)x(8)} = 

To expand (18) we notice that from (5) we have . 

du (5) = dax (0) + (8 /0p + àH)dzw (0/2, 
dx (5) = Qidax (8) + (0F /3p! — 5;H)daw (0)/2. 
Substituting these expressions into (18) we get 


4 € Fi t e 
faos, + Ee + sta) + ae: | dahaa) + bidan (5)x'(8) 


(19) 


« 1 « OF! oF 
+ fant 2 (40% + bii — ape + Bik s) (ae: (8) = 0, 


e=1,2,---,n—1. 
It follows that 


bij + bg = 0, 


e 1 Co. OFF 
dbi, + — ; (toi T bu — apt + bp The E 0, 


du galt le (s ag) 


LI Fi - « « 
T M + sit) + b. + Biot ax = 0. 
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On account of the symmetry of ag and the skew-symmetry of bs in 
the lower indices the second set of equations of (20) gives 


QU." * aa = 0. 
The last two equations of (20) then become 
dba + = (5 LE bj A) dx = 0, 
2\" apt apt 
55,0: + ba; = 0. 


As a conclusion of our discussions we see that the existence of b, 
satisfying (22) is a necessary condition for the family of paths to 
have the prescribed property, that is, the conditions of intersection 
be given by a system of Monge's equations of the second degree. 


(22) 


4. The main theorem. Our main theorem can be stated as followa: 


THEOREM. Tite conditions of intersection of neighboring paths of the 
family defined by (2) consist only of Monge's equations of the second 
degree if and only if all the components of the tensor Qj vanish. 


In order to prove the theorem we first establish two simple lemmas. 


LEMMA 1. Let K* be n—1 skew-symmeirác matrices of order n whose 
first rows are linearly independent, and R be any matrix of the same 
order. Then the equations 


(23) | K*R— R'K* 50, . e—1,---,a — 1, R' = transpose of R, - 
imply that Ris a scalar matrix. 


Proor. By hypothesis, there exist 1 —1 linear combinations C* of 
K* having their first rows identical to 


(0, 1,0,--- , 0, 0), (0, 0, 1, --- ;0,0) €» , (0, 0,- , 0, 1) 
respectively. As the K’s satisfy (23), so do all the C’s, that is, 
C*R — R'C* — 0. 


By actually writing out the elements of the matrices, we can justify 
this lemma by a short calculation. 


LEMMA 2» Let bjxiy! —0, e=1, -- - , n —1, ben — 1 independent equa- 
tionsiin x, y, with skew-symmetric coeffictents 


bi + bj = 0. 
Let Q be a square matrix satisfying 
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(24) BO — Q'B* — 0, 


where 


B' = (bi. 
Then Q ts a scalar matrix. 
Proor. We can find x$ such that the »—1 linear equations in yf, 
bitoy = 0, 


are linearly independent. Let P be any nonsingular matrix with x$ as 
its first row. The first rows of PB“ are 


(bixo Dike; >, binae), 


respectively, and hence are linearly independent. It is easy to see that 
the matrices PB*P' satisfy all the hypotheses for K* in Lemma 1. By 
writing (24) in the form 


(PB*P')(P9P^) — (P39P^(PB*P') = 0 


it follows that P’—10P’, and hence Q, is a scalar matrix. 

PROOF OF THE MAIN THEOREM. Suppose that the conditions of in- 
tersection of neighboring paths of the family consist only of Monge's 
equations of the second degree. There exist bj (e—1,--- , n—1) 
satisfying (22) and having the property that the 5 —1 equations 

bio (Jr Q0) = 0 


are independent. From Lemma 2 it follows that 


QF = (1/n)3;0; = 0. 


Conversely, suppose Qj—0. We regard bf = —bj, as functions of x, 
C* and consider the system of (f —1)5/2 partial differential equations 


0b,./0x + (1/2)(b:,0Fi/ap* + ba9F1/8p*) = 0, 


where 
OF! dF1(x,G™, dG"/dx) 


apt ap! 
Let bt, be 1 —1 sets of integrals satisfying the initial conditions that 


all (5,j),—4, vanish except 


(bi e41) 2-28 m (LX 143 = 1. 
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The quantities by so obtained not only: satisfy (22) but also possess 
the propery that the equations 


1 


bo VOLA (8) = 0 


are independent. That these equations give lie conditions of inter- 
section of neighboring paths follows from: cur discussion. Therefore the. 
theorem is proved. . 


NATIONAL SOUTHWEST ÁssOCIATED UNIVERSITY, 
* KUNMING, CHINA 
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